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A density theorem of automorphic L-functions
and some applications
Y.-K. Lau & J. Wu
Abstract. We establish a density theorem of automorphic L-functions and give

some applications on the extreme values of these L-functions at s =1 and the distribution

of the Hecke eigenvalue of holomorphic cusp forms.
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& 1. Introduction

The distribution of zeros is an important area of the study of L-functions. There are
many arithmetical problems related to the location of the zeros. It is widely believed that
the generalized Riemann hypothesis (GRH) holds but a proof for this seems out of reach at
present. In the absence of GRH, the zero density estimates are often used as a substitute in
many applications, especially for the number of possible zeros close to the boundary of the
critical strip. The result of such an estimate is called a density theorem. The first zero density
result for the symmetric square L-function of Maass forms with large eigenvalues was obtained
by Luo [18]. Very recently Kowalski & Michel [16] have proved a very general density theorem
for automorphic L-functions with large conductors, which includes the case of holomorphic cusp
forms for large levels.

In this paper, we shall consider the analogue on the weight aspect. Our work is motivated
by two factors. Firstly it is natural to investigate the behaviour of an automorphic L-function by
varying each intrinsic parameter. Secondly we are interested in the following applications: the
extreme values of automorphic L-functions at s = 1 and the distribution of Fourier coefficients
of holomorphic cusp forms.

Let us begin with our notation. For a positive even integer k and a positive square-free
integer N, we denote by Hj(N) the set of all normalized Hecke primitive eigencuspforms of
weight k for the congruence modular group I'g(/V). Then, H}(N) forms an orthogonal basis of
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the space of holomorphic cuspidal newforms (of weight & and of level N). We have

E T -1+ o8,

pIN

(L.1) [Hy (V)] =

where the implied constant is absolute.

The Fourier series expansion of f € Hj(N) at the cusp oo is
o0
Z n(k 1) /2 2minz (%T)’LZ > 0)’

where Af(n) is the n-th eigenvalue of the (normalized) Hecke operator T,,, in particular it is a
multiplicative function of n. According to Deligne, for any prime number p there are af(p) and
B¢ (p) such that

« ( )V+1 ﬂf(p)y+1 (l/ > 1)

(12) M) = = Br(p) =

and

(1.3) {af(p) = (P2, By(p) =0 ifp|N

|y (p)| = af(p)Br(p) = 1 if pt N
with e¢(p) = £1. In particular Ay(1) = 1 and Ay(n) is real.
The m-th symmetric power L-function attached to f € Hj (V) is defined as
m —S 1
(1.4) L(s,sym™f) == [[ TI (1= oar®™78s@)p )"
p 0<j<m

for 0 > 1, where and in the sequel o and 7 mean tacitly the real and imaginary part of s, i.e.
s = o + i7. The product over primes admits a Dirichlet series representation: for o > 1,

(1.5) L(s,sym™ Z)\Symmf -

where Agymm ¢(n) is a multiplicative function. Following from (1.3) and (1.4), we have for n > 1,

(1.6) [Asymm £ (n)] < dmt1(n),

where d,,,41(n) is the divisor function, whose associated Dirichlet series is ¢(s)™*! ({(s) is the
Riemann zeta-function). The case m = 1 in (1.6) is commonly known as Deligne’s inequality.
According to [2, Section 3.2.1], the gamma factors of L(s,sym™ f) are

HFC s+ v+ 3)(k—1) if m = 2n+1,
(1.7) Loo(s,sym™f) := .
I'r(s + 62pn) H Ie(s+v(k—1)) if m=2n,

v=1

where T'g(s) := 77%/2T'(s/2), Tc(s) := 2(27)~°T'(s) and

{ 1 if 24n,
52@ = .
0 otherwise.
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For m = 1,2,3,4, it is known (see [10] for m = 1, [5] for m = 2 and [12, 13, 14] for m = 3,4)
that the function

(1.8) A(s,sym™f) := N™/2 L (s,sym™ f)L(s,sym™f)
is entire on C and satisfies the functional equation
(19) A(Sa bynlmf) = EsymmfA(l -5 5ymmf),

where egypym p = 1.

1.1. The density theorem for L(s,sym™ f)

We consider the possibility of the existence of a zero p = 8 + iy of L(s,sym™ f) for which
B is near 1. It is hopeful to show that such f € Hj (1) are very few. In other words, “almost
all” f € Hy (1) satisfy the quasi-hypothesis of Riemann. Let N(a,T,sym™ f) be the number of
zeros p = B+ iy of L(s,sym™f) with 8 > aand 0 <~y < T.

Our result is as follows.

Theorem 1. Letm =1,2,3,4, anye > 0 and r > 1 be given. Define E,, , = (m+1)(m+r)+4.
Then we have
Z N(a,T,sym™f) <o TIHY/7 B (1-0) / (3—20) +¢
feH;(1)
uniformly for % +e<a<1,2|kandT >1. The implied constant depends on € and r only.

Remark 1. (i) This theorem is nontrivial only when « is very close to 1 and the T-aspect
is essentially irrelevant. We have not put effort to reduce the exponents 1+ 1/r and E,, .

(ii) Since we are interested in the k-aspect, we restrict ourselves to the case N = 1 for
simplicity. All results of this paper can be generalized (without too much difficulty) to Hj (N)
with square-free N.

(iii) Theorem 1 is established only for the case 1 < m < 4 due to the lack of knowledge
about the high symmetric powers. One can extend the result to the general case for all positive
integers m under suitable assumptions (Hypothesis Sym™(f)). Interested readers are referred
to [2] for an excellent paradigm.

For each 7 € (0, 3), define

(1.10) Hy o (1) := {f € HE(1) : L(s,s5ym™ f) #0, s € S}

where S:={s: 0 >1—mn, |7] <100k"} U {s: o > 1}, and

H];Sym"ﬂ (1; 77) = Hz(l)\H;symm (17 77)'
Then an immediate consequence of Theorem 1 (with r = 1) is

(1.11) Hy o (1) < > N(1 — 7,100k, sym™ f)

FEH, um (1iM)

< Z N(1 —n,100k", sym™ f)
feHE(1)

<, K3

Combining this with (1.1), we obtain the following result.
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Corollary 1. Let 2|k, m =1,2,3,4 and n € (0, 3%) Then we have, for k — oo,

[H e (1;m)| ~ [HE(D)]-

This shows that for m = 1,2, 3,4, the functions L(s,sym™ f) of almost all f € Hj (1) satisfy
a weak form of GRH. Thus the zero density result is very useful and often replaces partially the
role of GRH in practice. As opposed to previous works (see [22], [23], [24], [25], [8] and [2]), we
shall consider H;Symm(l; n) instead of Hj(1). An advantage of this choice is that we can avoid
some assumptions there (such as GRH in [25] and Cogdell & Michel’s hypothesis LSZ™(N) in

[2]). Next we shall present some applications of Theorem 1 and Corollary 1.

1.2. Extreme values of L(1,sym™ f)

Motivated by problems in spectral deformation theory, Luo [18] studied the distribution
of the values of the symmetric square L-functions of Maass forms at s = 1. Luo’s work was
extended and further developed in [22], [23], [24], [25], [8] and [2], where the symmetric power
L-functions attached to holomorphic cusp forms with large square-free levels were investigated.

Here we are interested in the extreme values of L(1,sym™ f) on the weight aspect.
The Hoffstein-Lockhart bounds for L(1,sym™ f) are (see [9] and [6])

(1.12) log(EN)|™' < L(1,sym™ f) < log(kN)

for all f € H{(IN) and m = 1,2, where the implied constants are absolute. When m > 3, the
relevant results can be found in [2] on the level aspect and in Proposition 3.2 below on the
weight aspect for V = 1. The order of magnitudes of both the upper and lower bounds are
(respectively positive and negative) powers of log k.

We prove the following result in the opposite direction. As usual, we denote by log; the
j-fold iterated logarithm.

Theorem 2. Forn € (0, ;) fixed, m = 1,2,3,4 and 2 | k, there are fr € H} (1;m) such

» 31 k,sym™
that, for k — oo,

(1.13) L(1,sym™ f;}) > {1+ o(1)}(B}; logy k)™,
(1.14) L(1,sym™ f;,) < {1 + o(1)}(B;, logy k) ==,

where AE and Bt are positive constants given by

A =m+1, B =¢7 (m € N),
(1.15) A, =m+1,  By=eC@  (@tm),
Ay =1, By =¢7¢(2)77,
and
A; =2,
_ 4 (2p 0 6 3 3 6 10 1
By = i A e o (S R S T A A A =
(1.16) ! eXp{%Jrzp:(f)og{W( Ty TR T p6+p7)

27 p pr p pt p° p pr pP pt p))

Here ~y is Euler’s constant and g is given by (7.4) below.
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There are wide gaps between the results mentioned in (1.12) and those in Theorem 2: the
former is of size a power of log k while the latter is a power of log, k. Our next result suggests
that the latter estimates should be closer to the truth. For almost all f € H} (1), the magnitude
of L(1,sym™ f) lies between the powers of log, k shown in (1.13) and (1.14), so Theorem 2 is
the best possible up to a constant factor. To determine the plausible constants, we consider
the conditional result under GRH. The constants obtained turn out to be quite near those in
Theorem 2.

Theorem 3. Let m =1,2,3,4 and 2 | k.

1

(i) For any fixed n € (0,57) and all f € H;Symm(lgn), we have

(1.17) (log, k)~ *m < L(1,sym™f) < (log, k).
(ii) For any f € H;(1), under GRH for L(s,sym™ f) we have, for k — oo,
(1.18) {14 0o(1)}(2B;; logy k) ~*m < L(1,sym™ f) < {1+ o(1)}(2B;; log, k).

The constants A* and B are defined as in (1.15) and (1.16).

Remark 2. (i) In the extreme value problem of L(1,sym™ f), the result on the weight
aspect is different from that on the level aspect. As proved in [24] and [25], the extreme values
of L(1,sym™ f) are attained only for special levels (free of small prime factors).

(ii) Only the factor 2 in (1.18) remains in doubt on either side, in view of (1.13) and (1.14).

1.3. Asymptotic distributions of A;(p)

The distribution of Fourier coefficients of modular forms is one of the most important
problems in the theory of modular forms. Various questions are raised and studied: upper
bound estimate, equidistribution property, lacunarity, etc. Let 7(n) be Ramanujan’s function,
defined by

0o 0o
A(Z) — e27\'z'z H (1 _ e?rrinz)lQ — Z T(n)€27rinz ((\}mz > O)
n=1 n=1

The function A(z) is a holomorphic cusp form of weight 12, i.e. A(z) € Hf5(1). The classical
Ramanujan’s conjecture states as

(1.19) I7(n)| < d(n)n''/?  (n>1),
which is essentially optimal since Rankin [21] showed that

7(n)

(1.20) lim sup 1172

n—oo T

= Q.

Ramanujan’s conjecture was proved by Deligne in 1974 as a particular case of his well known
inequality (1.6). In particular this inequality gives us

(1.21) Ar(p) <2

for all f € H}(N) and all prime number p. Serre ([28], page 81) showed that this inequality
is essentially optimal: for any fized prime number p and for any € > 0, there is a constant
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xo = xo(e) such that for k + N > zo with pt NV there is a primitive form f € Hj (V) having the
following property

(1.22) ) =2 .

Later he proved that (1.22) holds for any fixed finite set of prime numbers ([28], page 87). Very
recently, under GRH for L(s,sym'f), Royer and Wu [25] extended it to the case of unbounded
set of primes for some primitive forms of sufficiently large levels.

Here we shall establish an analogue of ([25], théoréme 1) for large weights, but the assump-
tion of GRH is removed !

Theorem 4. Let A > 0,7 € (0, 5;) fixed, 2 | k and {(k) — oo (k — c0) be a function satisfying

&(k) <logg k. Then there are two forms fy € H;Syml(l; 7n) such that, for k — oo,

(1.23) p<(§w ; = (log, k){l +0a, (g(lk)) }
a2 > ptmn{ieoun(gg))

Asy (P)=2—¢€(k)/ logs k
p<(log k)*

Ar_(p)<—2+&(k)/ logg k

respectively.

Remark 3. The well-known Sato-Tate’s conjecture describes the distribution of the Fourier
coefficients, as follows: for any —2 < o < 3 < 2 and any f € H;(V), one has

Hp<z:a<As(p) <O} ~ (z — 00).

z /ﬁmdt

log x 2m

Theorem 4 shows that almost all initial terms of {A;(p)}, cluster around 2 or —2. Hence
Sato-Tate’s conjecture is not yet valid for z = (log k)4 — 0o, as k — oo.

Another problem of significant interest concerns the nonvanishing of Fourier coefficients of
modular forms. A famous open problem is the conjecture on the Ramanujan function 7(n) due
to Lehmer [17]. Lehmer found that 7(n) # 0 for n < 10'5 and conjectured that this is true
for every integer n. Although this conjecture remains open, Serre ([27], page 179) has made
substantial progress by proving that 7(n) is nonzero for the vast majority of n.

The next result gives some complementary information, which is an analogue of ([25],
théoreme 2), but the assumption of GRH is also removed.

Theorem 5. Let A > 0,1 € (0, ;) fixed, 2 | k and {(k) — oo (k — co) be a function satisfying

&(k) <logg k. Then there is f € H;Sme(l; n) such that, for k — oo,

(1.25) > %: (log k){1+OA,,,<£(1k)>}.

p<(log k)"
IAs(p)|<(£(K)/ logs k) /2
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In what follows, n € (0, 3) is a suitably fixed constant and we use c1, ¢, . . . to denote positive
constants depending on 7 at most, which may take different values at each occurrence. Since all
results of this paper are trivial when k is bounded, we can suppose that k > kq(n), where ko(n)
is a sufficiently large constant depending on 7 such that both inequalities (log k)'°%/" < k" and
logs k > 1000 hold for k > ko(n).

Acknowledgement. We are greatly indebted to the referee for the many valuable suggestions,
including the mollification process in Section 5 which simplifies much our previous argument,
and the insight in removing GRH in Theorems 4 and 5 of the early version. We would express
our sincere gratitude to Professors J. Cogdell & P. Michel for their preprint [2], and for their kind
help in our study of their work and the archimedean factor of the Rankin-Selberg L-function.
We would also thank Professor Kowalski for his reading and comments on an earlier form of this

paper.

§ 2. Archimedean factors

In order to prove our density theorem, we need a large sieve inequality. It is then necessary
to investigate the corresponding Rankin-Selberg L-function. Since we are interested in the k-
aspect, we have to evaluate explicitly the associated archimedean local factor, which is one of
the main difficulties. Thanking to the recent work of Cogdell & Michel [2] and the explanation
of Cogdell (in private communication), we can compute the factor along the same line — via the
local Langlands correspondence.

Form € N, f € Hj(1) and g € Hj(1), the Rankin-Selberg L-function of sym™ f and sym™g
is given by

m m m—2% m—2j —s\ 1
(2.1) L(s,sym™f x sym™g) := I I | I (1 —ay(p) 2 ay(p) 2p ) ,
p 0<i,j<m

where af(p) and a4 (p) are the “local roots” of L,(s,sym™ f) and L,(s,sym™g), determined by
(1.2) and (1.3).
The next result provides all information we need.

Proposition 2.1. Let 2 | k, f € Hi(1) and g € Hj(1).

(i) For m € N, the archimedean local factor of L(s,sym™ f x sym™g) is:

m—v—+1
b

Loo(s,sym™f x sym™g) = FR(S)%\MDC(S)[m/2]+62¢m H T'c (s +v(k— 1))

v=1

where I'g(s) := 7T_S/2F(S/2), Ic(s) :=2(2m)"°I'(s) and 0g)p, := 1 — dop.-
(ii) Let m = 1,2, 3,4, then the function

A(s,sym™ f x sym™g) := Loo(s,sym™ f x sym™g)L(s,sym™ f x sym™g)
is entire except possibly for simple poles at s = 0,1 and satisfies the functional equation

A(S, Symmf X Symmg) = Esym’"fxsym’”gA(l - S, Symmf X Symmg)
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with

E€sym™ fxsym™g — +1.

Proof. Part (ii) comes from RS 2 and RS 3 of [26], and part (i) with m = 1 is well known
(see [10], Theorem 13.8). Thus we only prove the assertion (i) for m > 2, which is done by the
method in [2].

Following the notation in [2], we let £ > 2 be an integer and D, the discrete series represen-
tation of GLy(R) of weight ¢. The representation D, corresponds to the infinite component of
the automorphic representation associated to a classical cusp form of weight /. Let Wg be the
Weil group of R, which can be realized as Wg = C* U jC* with j2 = -1 € C* and jzj ! =%
for z € C*. Then we introduce the following Weil group representations.

Let pi be the one dimensional representations of Wy defined by pE(z) = 1, pf () = 1 and
po (j) = —1. Let u € C such that 2u = £ — 1 € Z. Define the two dimensional representation p,

of Wg on the two dimensional vector space Va = (e, e1) given by
pe(z)eo = (2/Z)"e0,  pe(z)er = (Z/2) e,
pe(j)eo = e1, pe(i)er = (=1)" e

In matrix form, for z = re*

() <ei(é—1)e 61-(51)9) o) = <1 (—1)6—1) .

Then under the local Langlands correspondence py corresponds to Dy.

, we can write

Now we compute sym™ (pg) ® sym™ (pg). From Proposition 3.1 in [2], we have

@ Pev+l)(k—1)41  ifm=2n+1,
(2.2) sym™(pr) =4 0 .,
Py @ @ Pov(k—1)+1 if m=2n,

v=1

where par or py is selected when n is even or odd respectively.
We first consider the case m = 2n + 1. By using (2.2), we have

n n
sym™ (px) ®@ sym™ (py,) = @ P21 +1)(k—1)+1 @ @ P2ra+1)(k—1)+1
l/1:0 l/2:0

n n

- @ @ P +1)(k—1)+1 @ P20 4+1) (k—1)+1-
IJ1:0 V2:0
It reduces to calculate p, ® p, where a,b > 2. Tensoring the corresponding matrices, it
follows that
pilatb—1-1)0
" pila—b)o
0y _
Pa ® py(re’’) = ilat)0

e—ila+b—1-1)0
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and

Pa ®pb(]) =

Thus p, ® pp is decomposable with

pa®pb’< ) = Patb—1-

eo®ep, e1Qer

Moreover, for a > b, we see that p, ® pb| 2 pa—b41 via the change of basis

(eo®e1, e1®eo)

b

eg e —eyPeq, 61@60!—)(—1) _161 X eq.

Reversing the roles of a and b, we obtain p, ® pb| ) > pp_qt+1 for a < b. In the case

(eo®e1, e1®ep

a = b, it is reducible and indeed, p, ® pa‘ ( >~ pd @ py =: p1, say. Therefore for any

eo®e1, e1®eq)
a,b > 2, we have

Pa @ Pb = Patb—1 D Pla—b|+1-
It yields immediately that

n n

sym™ (p) @ sym™(px) = €D P Pt +vat1)(h—1)+1 D P2y o] (k—1)+1-

1551 =0 1) =0

From [15], we know that for £ > 2,
(2.3) L(s,pe) = I‘(c(s + %(Z — 1)), L(s,pg) = T'r(s), L(s,py) =Tr(s+1).

In view of the definition of p; and I'r(s)I'r(s + 1) = I'c(s), the first relation in (2.3) also holds
for £ =1 from the last two. Thus we obtain

n n

(24) Loo(s,sym™f @ sym™g) = H H Le(s+ (i +ve+1)(k—1))Tc(s+ [ — wal(k—1)),

v1=0rv5=0

which is equivalent to the required formula, in view of

Z 1{1/ if1<v<n,
0<in pe<n m—v+1l ifn<v<m,
vi+va+l=v

and .

Z 1_{n+1 if v =0,

0<trme<n m-—2v+1 ifl<v<n.

V1 —va|=v
For the case m = 2n, a similar argument yields the following formula:

n n
sym™ (py) ® sym™ (px) = py ® @ P2v(k—1)+1 D @ P2v(k—1)+1D
v=1

v=1

@ @ @ P2(v1+v2)(k—1)+1 D P2|vy —va|(k—1)+1-

l/1=1 V2=1

From this and (2.3), we can obtain, as before, the desired result. O
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§ 3. Bounds for symmetric power L-functions

In this section, we shall establish some estimates for the symmetric power L-functions in the
weight aspect, which will be needed later. Since they are known or easy to prove, we shall briefly
sketch the proof. We begin with the convexity bounds for L(s, sym™ f) and L(s,sym™ f xsym™g)
on the k-aspect.

Proposition 3.1. Let m=1,2,3,4, 2 | k, f € Hi(1) and g € Hj.(1). For any ¢ > 0, we have

(k + |7.|)([M/Q]-&-l)(l—v)-*'E if 2 f m
(3.1) L(s,sym™ f) <.

(1+|r))=9)/2(k 4 |r|) /2 A=)+ jf2 |,
and
(3.2) L(s,sym™f x sym™g) < (1 + [7[)Am (=9 (k 4 |r[)Br(0=o)+e

uniformly for 2 | k, 0 < o <1 and 7 € R, where [t] is the integral part of t, Ay, = (m+1)/2
and B, = m(m +1)/2.

We need an estimate for I'(s) in order to prove Proposition 3.1.

Lemma 3.1. Let A > 0 be a fixed number and ko = ko(A) a sufficiently large constant. Then
for all sufficiently large k > ko, we have

L'k —s) 9

k log
Dhts) <4kt
uniformly for |o| < A, where the implied constants depend on A only.

Proof. As usual we define the function log on C~\(—o00,0], the argument of which varies from
—7 to 7 anticlockwisely. We apply Stirling’s formula (see [30], § 4.42)

(s L gy losm) [T o)
(3.3) logT'(s) = (s 2> logs — s+ 5 —|—/0 Gt u)? du,
where ¢(u) := — [;'({v} — 3)dv ({v} is the fractional part of v). It is easy to show that
D)
(3.4) G <1  and ’ /0 R du’ <1 (03>1).

The relations (3.1) and (3.4) allow us to deduce that for |o] < A and k > ko,

—Re (logM) = ;(k—&—a - ;) log (W) +olog ((k—0)*+717)

) +0a(1)

+ Tarctan 7207
.

k2 — o2 4 72
=olog ((k—0)>+7°) + 04(1),

which implies the required inequality. ([

We are now ready to prove Proposition 3.1. By (1.6), we have

(3.5) L(s,sym™f) < ¢(1+¢)"™ <. 1 (s =1+4¢e+ir).
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On the other hand, in view of the relation I'(s + 1) = sI'(s) and (1.7), we have

Loo(l - s,symmf) — (on (n4+1)(2s5—1) - 1 . . F((V + %)(k‘ _ 1) — S)
Loo(&symmf) _(2 ) * I;I;[O((V—’_Z)(k 1) S)F((V—&—%)(k—l)—&—s)
if m=2n+1, and
Loo(1—s,sym™f) 5—1/209\n(25—1) (Hégnis) - o Fw(E—1) —s)
Lo(ssymmp) " @7 eEaey | K YT
if m = 2n.

From these, we use Stirling’s formula or Lemma 3.1 (for & small or large respectively) to
deduce that for s = —¢ + iT,

Loo(1—s, symmf) (k 4 |7-|)[m/2]+1+6 if 2 J( m,
Loo(s,sym™f) 7" | (1 4 |7)Y2(k + |/ 2+ i 2 | m.

Thus (3.5) and the functional equation (1.9) imply that for s = —¢ + i7,

(k + |7|)lm/2)+14e if 21 m,

(3.6) L(s,sym™f)| <c.m
| | 1+ [7)Y2(k + |7 m/2+e i 2 | m.

Now the desired inequality (3.1) follows from (3.5) and (3.6) with the Phragmén-Lindel6f theo-
rem ([30], § 5.65). The other one follows in the same way, with Proposition 2.1. (]

The next proposition contains the k-analogues of Lemmas 4.1 and 4.2 in [2]. We skip the

proofs as the methods are identical to the level cases.

Proposition 3.2. (i) Let m =1,2,3,4, 2 | k and f € Hj;(1). Then we have
L(s,sym™ f) < [log(kls|)]™*"

uniformly for o > 1 — 1/log(k|s|).
(ii) Let m € {1,2,4}, 2 | k and f € Hj(1). There is an absolute constant ¢ > 0 such that

L(s,sym™ f) > [log(k|s|)]

uniformly for o = 1.

Remark 4. The case m = 3 in part (ii) is unknown due to the possibility of the exceptional
zeros. (See [2] for a further discussion.)

Next we introduce the function log L(s,sym™ f) and prepare some results for later use.
Let m € N, 2| k, f € Hj;(1). Define

my (m=2)v o ... ()] | ifn =
(3.7) Ay () = { [a (p)™ + arp(p) ++ap(p) ™ ] logp if n=p,

0 otherwise.
Then it is apparent that |[Agymm ¢(n)] < (m+1)logn (n > 1) and we have

(3.5) L) = 2 (s sy ) = 3 R )

n=1
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for o > 1. This follows easily from taking logarithmic derivative on both sides of (1.4):

L' af m 2]p 510gp
o= 3 °

L m 2jp s
P 0<]<m

DHIDIE

p v>10<<m

(m 2j)v

log p

which is equivalent to (3.8).

Suppose f € H;;Symm(l;n), where 1 € (0, %) Then L(s) is holomorphic and zero-free in
the region S (see (1.10)), hence the integral of L(s) from 2 to s (s € S) defines the logarithm
log L(s,sym™ f), with the initial value taken as the usual natural logarithm of L(2,sym™ f). In

particular, we have the absolutely convergent series

: log L mpy = St AT 1
(3.9) og L(s, sym™ f) ; wlogn >
and the rather crude estimate
(3.10) [log L(s, sym™ f)| < (m +1)¢(0) <m (0 —1)"" (0> 1).

Let us write g = 1 — 7 for simplicity. The Borel-Carathedory theorem with the estimate
(3.1) implies that for o > g and |7| < 100k",

log k

(3.11) log L(s,sym™ f) <
g — 0p

where the implied constant is absolute. (See [7] for a detailed proof of the Dirichlet L-function
case.) Similar to Lemma 7.1 of [25], we can easily prove a better estimate under GRH.

Proposition 3.3. Let m=1,2,3,4, 2 | k and f € H;(1). If GRH for L(s,sym™ f) holds, then
for any € > 0 and any a > % we have

(3.12) log L(s,sym™ f) <c o [log(kls|)]? =)+

uniformly for a <o <1 and 7 € R.

Even without GRH, (3.11) can be refined for f € H‘k'“,symm(l; 7). To this end, we provide
the k-analogue of Lemma 4.3 in [2].

Proposition 3.4. Let n € (0, 3) fixed, 0o =1 —n, m=1,2,3,4, 2 | k, and f € H symm (157)-
Then we have
> A m (n) _
3.13 log L(s, sym™f) = Y —¥m" S /T | R
19 ou Loy g) = 3 B 0 o

uniformly for 2 | k, 3 <T < k", 09 <o < % and |7| < T, where
(3.14) R <, T~/ 2(logk) /(0 — 00)>.

Further for any 0 < &€ < § and § < a < 1, under GRH for L(s,sym™ f) where f € Hj(1), the
asymptotic formula (3.13) holds uniformly for a < o < % and T > 1, with

(3.15) R <o T7™ (log k)2(-0)Fe,
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Proof. From the absolute convergence of (3.9) and the lemma in [31, § 7.9], we have

(3 16) i ASymmf(n) —n/T 1 /2+i00 F( ) 1 L( mf) |
. —_— = — — SYInN .
2 e Togn e ot )y z — s)log L(z, sy z

Now we deplace the line of integration Re z = k to the path C consisting of straight lines joining
Kk —1t00, Kk —12T, oy —12T, o1+12T, k+12T, K+ 100,

where k := 14 1/logT and o1 := (0 + 0¢)/2. By the residue theorem, it follows that

> Asymm 1
Z w(f"/T =log L(s,sym™f) + — / I'(z — s)log L(z,sym™ f) T*~* dz.
i on? logn 2mi Je

Then we estimate the contribution from each line segment of C in the last integral. Applying
(3.10) and (3.11), we infer that the integral over C is

T91=%logk
< 7,5_;/ D(or — o +1iy)| dy
7790 Jyyl<sr
logk (", . o ,
+ TN —o+i(T —7))|dz
g — 0o o1

+ Tl"/| or II'(k — o +1y)| dy.
yl>

To handle the gamma function, we use Stirling’s formula of the form: for any fixed constant
Ci > 0 (Z = 17273)a

(3.17) o+ i7)| = VR 717217V (1.4 011~}

for —¢; < 0 < ¢ and |7| > c3. Together with |T'(w)| < |w|™" when —3 < Rew < ¢ and
|Smw| < e3, the formula (3.13) with (3.14) follows plainly.
Under GRH, we can shift the line of integration in (3.16) to Rez = o/ := o — ¢’ > § where
/

¢’ := $min(e,a — 1) > 0. Repeating the same argument, the remainder term in this case is

1 o’ +ioco

=g I'(z — s)log L(z,sym™ f) T~ dz

a’ —ioco
[e'S)

<<€,o¢ Ta',g-(log k)2(1*a')+€/ |F(OLI — o+ Zy)|[log(|y| + 3)}2(170/)4»6 dy

— 00

<<e,a Tf(afa)fa'(log k)2(17a)+2e
Len T—(a—a)(log k)2(1—a)+25

by (3.12) and o — o < —&’. This ends the proof after replacing 2¢ by e. O
Proposition 3.5. Letn € (0, 3) fixed, m = 1,2,3,4 and 2 | k. Then for any f € H;Symm(l; n),

we have

(log k)*/m —1

3.18 log L m
(318) o8 Lis, sym'™ ) < 2T

+ log(8k)

uniformly for o > 1—a>1— 1nand |7 < (log k)*/".
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Proof. 1t suffices to consider k > 16 and 1 —a < o < 2 in view of (3.10) and (3.11). We take
T = (logk)*" in Proposition 3.4 (recall oy = 1 — n), therefore the error term R in (3.14) is
O(1), because of o — o > 47. Clearly the sum in (3.13) is

(3.19) <Y p e T+ 0(1),

p

SO we may assume % <o < 1. By Lemma 3.2 of [29], partial integration leads to the inequality

1 yl=7 —1
3.20 — <L " tlog,y
(3.20) gp” (1—o0)logy 2

uniformly for % <o <1 and y > 3. Hence we have

_ _ _ log k)4(1_0')/77 — 1
3.21 7o P/T < o logs k
( ) Zp € = Zp < (1 —O') long + OgS

p<T p<T

» (log k)*e/m —1

logs k.
alogs k +loss

The contribution of p > T can be estimated as follows

es} t_Ue_t/T oo u e v
3.22 p e P <« / ——dt = Tl_"/ du
(3:22) ;»ZT T logt 1 log(Tw)
Ti-o log k 4(1—0o)/n _ 1
< (log k)
logT (1 —0)logs k
Our assertion follows from inserting (3.21) and (3.22) into (3.19). O

§ 4. A large sieve inequality

Proposition 4.1. Let m =1,2,3,4, D,,, :=m(m+1)/4+1, L > 1 and {as}i<1 be a sequence

of complex numbers. Then for any € > 0, we have

Z ’ Z (LE)\symmf(‘e)’z < k*(L+ kD""Ll/erE) Z |agl?.

feH;(1) (<L <L

Proof. By the duality principle (which follows from the same norms of a Hilbert space operator

and its adjoint), it suffices to show

2
(4.1) Z] > bfASymmf(E)‘ e k(L4 EPLY2HE) N by

(<L feH;(1) feH; (1)

for any sequence of complex numbers {bs} fem: (1)-
The left-hand side of (4.1) is

2
(4.2) <3| S gm0 e
€>1 feH:(1)

= Z byby Z Asym"‘f(E)Asym""g(e)eie/y

f.g€HL (1) >1
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From the well known formula
1

4.3 — | D(w)y”dw = e ¥ for ¢ >0
(4.3) 2 J,o) (w)y” dw =e (for ¢ > 0),

we obtain, together with a shift of line of integration,

(4.4) D Ay £ (0) Asymmg (O™
£>1
1
= — L(s,sym™f x sym™g)['(s)L* ds
271, (2)
= R_elsL(s,symmf x sym™ g)['(s)L*
1

— L(s,sym™ f x sym™g)['(s)L® ds.
21 J(1/2+¢)

The residue term comes only for f = g by [2, Section 5.1]. With the estimate (3.2), we have
Rfls L(s,sym™f x sym™g)'(s)L*
= lirﬁ(s — 1) L(s,sym™ f x sym™g)T'(s)L’

<c k65f,gL,

where 07, = 1if f = g, and = 0 otherwise.
The last integral in (4.4) is < km(m+N/4+e[1/24¢ by (3.2) again and (3.17). Therefore,

(4.5) Z )\bym”‘f Asymmg (g)e—f/L < k° ((SﬁgL + km(m+1)/4L1/2+5>.
>1
Inserting (4.5) into (4.2) with H} (1) < k, we obtain the result. O

§ 5. Proof of Theorem 1

Our proof is based on the method of Montgomery in [20], but at first, we show a factorization
to prepare a convenient mollifier for zero detection. The approach here is kindly suggested by
the referee.

Lemma 5.1. Let m € N, z > (m + 1)? be any fixed number and P(z) = [I,<.p. For any

o > 1, we have

L(s, Symmf)_l = Gf(s) Z Asym’”f(n)ﬂ(n){n‘_s

(n,P(2))=1
where the Dirichlet series G(s) converges absolutely for o > %, and G(s) <, .- 1 uniformly
foro > 1 +e.

Proof. By (1.6), we have [Aqymmf(p)] < m+ 150 1 — Agymm ¢(p)p~* is nonzero for o > 3 and
p > z, from our choice of z. Formally, we can write

m

=TT G~ 025 T {0~ A s S},

p<zj=0 p>z 7=0

by (1.4). If p > z, the p-local factor of G¢(s) is of the form 1+ O,,(p~2?), whence both the
absolute and uniform convergence of G(s) are justified in our specified regions. d
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Remark 5. Such a factorization (together with other delicate methods) is applied in
Kowalski & Michel [16] to count the zeros of automorphic L-functions on GL(n).

Now we are in a position to prove Theorem 1. Let us make two simple observations. Firstly
an argument similar to [31, §9.2] yields that

(5.1) N(3.j4,sym™f) = N(%,j — 1,sym™ f) < log(kj).

Thus the result of Theorem 1 is trivial if T' > k", in view of (1.1).
Secondly the case 1 < T < (logk)? can be deduced from the particular case T = (log k)3,
by (5.1) again. Therefore we assume

(5.2) (logk)> <T < k".

We cut the rectangle « < 0 <1 and 0 < 7 < T horizontally into boxes of width 2(log k‘)Q.
By (5.1) eachbox a <o <1land Y <7 <Y +2(log k)? contains at most O((log k)?) zeros. Let
Ngymm ; be the number of boxes which contain at least one zero p of L(s,sym™ f). Then

N(a,T,sym™ f) < ngymm s (log k)3
We shall complete the proof by showing that

(5:3) Sty Ky TREmr 1m0/ (3200t
feH; (1)

Consider o > 1 + 2¢. Let z,y € [1, k10m2(1+r)] and define

M:c(sa Symmf) = Gf(S) Z M(‘g))‘symmf(g)g_sv

<z

(6,P(2))=1
where G (s) and P(z) are defined as in Lemma 5.1. By Lemma 5.1, for o > % we have
1= (1= L(s,sym™ f) My (s,sym™ f)) + L(s,sym™ f) My (s, sym™ f).
Let p = B+ iy with 8> a (> 4 4+¢) and 0 <y < T be a zero of L(s,sym™f), and write
k=1/logk, ki=1—0+k(>0) and Ko =% —fB+e (<0).

In view of the preceding identity and (4.3) with ¢ = k1, we obtain

1

— /( ) (1 — L(p+w,sym™ f)M,(p + w, symmf))F(w)yw dw

-1/y _
¢ omi

1
b [ Ll w sy )My + w, sym™ )T (w)y”
(k1)
Observing that the zero of L(p 4+ w,sym™ f) cancels the simple pole of I'(w) at w = 0, we
translate the line of integration of the second integral to Rew = ko without introducing extra

terms. Thus we have

(5.4) e VY = 1 /( ) (1= L(p +w,sym™ f)M(p + w,sym™ f))['(w)y" dw

211

1
+to— L(p +w,sym™ f)M,(p + w,sym™ f)T'(w)y" dw.
ViwA (fiz)
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Next we estimate the contribution of |3mw| > (log k)? in the integrals of (5.4). Note that
for Rew = Ky = § — B+ &, we have the convexity bound (by (3.1))

(5.5) Lp4+w,sym™f) < (k+ T+ |gmw|)(m+1)/4+€
and the trivial estimate (with (1.6) and Gf(s) <. 1 by Lemma 5.1)
(5.6) My (p + w,sym™f) <. z1/2+e.

Thus the contribution of |Imw| > (log k)? to the second integral of (5.4) is

(5.7) e al/Freyl/2me / (k + T + |[Smw|) "D/ D (w)) | duwl

|Sm w|>(log k)?

<. x1/2+ay1/2—a(k+T)(m+1)/4+ee—(1ogk)2

e, 1/E,

by (5.5) and T' < k".
By (1.5) and (1.6), L(s,sym™f) < ((o)™*! for & > 1. Together with Lemma 5.1, we get
that for Rew =k =1—-F+rkand z > 1,

(5.9) 1-L(p 4+ w,sym™ )M, (p + w,sym™ f)
= Lo+ wsvm” Grlp ) 3 MO (6)
>z
(€,P(z))=1
e CAL+ K™Y " dpya ()07
>1
<. k°.

Hence the portion of |3mw| > (logk)? in the first integral of (5.4) is
(5.10) <oy ke 18R « 1 /k,

Inserting (5.7) and (5.10) into (5.4), the remnant of the right side in (5.4) is > 1. Noticing
the fact that 1 < C(a +b) = 1 < 2C?%(a + b?) (where a > 0,b > 0,C > 1), we deduce with
Cauchy-Schwarz’s inequality that

(log k)?

1< k20— / |1 — L1+ r+i(y+v),sym™ )M, (1 + 4+ i(y + U),Sym’"f)‘2 do
—(log k)2

(log k)?
+ y1/2_0‘ / |L(% +e+i(y+v), symmf)Mm(% +e+i(y+v), symmf)‘ dw.
—(log k)2

We label the boxes and separate them into two groups, for the odd-indexed and the even-
indexed respectively. This ensures the separation between two zeros from distinct boxes in the
same group at least 2(log k)2. Therefore, the number of boxes which contain at least a zero is

2T
(5.11)  nNggmmy <K ksyQ(lfo‘)/ |1 = L(1 + & +iv,sym™ f) M, (1 —|—f~£+iv,symmf)|2dv
0
2T
+yl/2me / |L(% + &+ v, symmf)Mx(% + & +iv, symmf)’ dv
0

— k€ (y2(17a)[;ymmf +y1/27a " ), say.

sym™ f
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Apparently (5.5) and (5.6) imply

(5.12) I;;mmf e Tx1/2+skr(m+1)/4+rs’

for T < k". Similarly to (5.9), we can write

1—-L(1+ & +iv,sym™ f)M,(1 + k + iv,sym™ f)

N(K))‘symmf(g) A1 (f)
<<E7m kE Z €1+n+iv + ks Z €1+I<a
T<h<X >X
(4,P(2))=1

4(log k)2

where X = e . Splitting =%/ out of the second sum, this term is

Lo KEX T2+ 5/2)™ T < k7L

Thus
2T 2
(5.13) > Ly <K / > W dv+T.
feH:(D) O renp(n)! a<e<x
(¢,P(z))=1

For any L € [z, X], we apply Proposition 4.1 with the sequence ay = pu(£)¢~0+5+) for I < £ <
2L with (¢, P(z)) = 1 and 0 otherwise to get

D ey +(0) 2
S| S s OF e gy ioen
feH:(1) ! L<e<2L
(¢,P(2))=1

Separating the range < £ < X in (5.13) into dyadic intervals, it follows with Cauchy-Schwarz’s
inequality that
/ 2 Dy, —1/2+
Z Isymr"f Lre k ET(l +hkTm / 8)'
feH; (1)

Thus we conclude

Z Naymm f K T$6k2re{y2(lfa) (1 + kD,,,L1,71/2) + y1/27a1,1/2k7‘(m+1)/4}.
feH; (1)

Taking z = k*Pm and y = kFmr/23=29) "the proof of (5.3), hence Theorem 1, is complete with
€/(2(Dy, + 1)) in place of €. O

§ 6. Moments of L(1,sym™f)

The aim of this section is to prove Proposition 6.1 below. We first introduce the preliminary
notation: for # € R, m € N and |z| < 1,

g(0) := diag [ei‘97 e_w},

imO’ ez(m72)0’ ) efime]

sym™[g(0)] := diag [e o ,

(6.1) tr(sym™[g(6)]) := Z em=20)9 — gin[(m + 1)0)]/ sin 6,
0<j<m

D(z,sym™[g(f)]) := det (I — z - sym™[g(0)]) = H (1- ei(mﬂj)ex)_l.

0<j<m
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Let z € C. For m € N and v > 0, we define A\%"[g(0)] by
(6.2) D(a,sym™[g(0)])" = > _Ai"[g@)a”  (lz] < 1).
v>0

Following the definitions, we have

(63 A 9(0)] = sy [g(o)]) = 202D,
(6.0 log D sym™[g(#)]) = tr(sym"[g(@)])z + OG?)  (Ja] < 1)

Besides, let 0;(p) € [0, 7] such that ay(p) = *%/(P) which is admissible by (1.3), then it is seen
that by (1.2) and (1.3),

05 () = IR eyl 0, 0) = 33 (65 0)
Moreover, it is evident that from (6.1) and (1.4),
(6.6) L(s, sym™ f)* HD *sym™[g(0;(p)))” (0> 1),

whence L(s,sym™ f)* admits a Dlrlchlet series

(6.7) L(s,sym™ f)? Z Adymm £ (0 (o >1)
n>1

where AZ . +(n) is multiplicative and by (6.2),

(6.8) Adymm 7 (07) = A5"[9(05(p))]-

Remark 6. The symbols in (6.1), though a bit heavy, carry interpretations in representa-
tion theory. The coefficients AZ"[g(6)] can be viewed as a function generated by the characters
of SU(2). The combinatorial structure of A7 . ;(p”) is encrypted in the decomposition of
AZV[g(0)] into irreducible characters. Furthermore, the Petersson formula (a main ingredient in
our proof) embodies the interpretation as the equidistribution of a certain family of tuples of
conjugacy classes. These are part of the salient points in [2], where readers will find the details.

In the sequel, we write

272

)= DL, symy)

and

Mg mm = H / L sym™ [9(0)]) “sin? 6 de.

Proposition 6.1. Let n € (0, 31) fixed, m = 1,2,3,4 and 2 | k. Then there are two positive
constants § = 6(n) and ¢ = ¢(n) such that

> W)L, sym™ f)7 = M m + Oy (70108 R/ 1082 F)
FEH] | um (Lim)
uniformly for
2|k and |z| < clog k/log, (8k) logs(8k).
The same asymptotic formula with Hj (1) in place of H;Symm (1;m) also holds if either Re z > 0,
or Re z < 0 but m # 3.

We need a couple of lemmas to prove Proposition 6.1. Our first lemma is to express
Aymm f
compact groups. But for the case SU(2), we choose to give a direct and “elementary” approach

(p”) in terms of As(p*). Cogdell & Michel [2] achieve it in a more general context of

which is more straightforward to the reader not used to the language of representation theory.
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Lemma 6.1. Let 2 |k, m €N, z € C and f € Hf(1). Then for any prime p and integer v > 0,

we have
(69) )‘gymmf (py) = ﬂfnl/,,/ >\f (pyl) )
o<v’'<mv
where
2 T
(6.10) pt == A2V [g(0)] sin[(v' + 1)6] sin 6 d6.
, T Jo

Further, letting §(a,b) be 1 for a = b and 0 otherwise, we have

(611) /U‘fr;,}y’ = 26(m7 V/) (0 S l/ S m)a
((m+1)z|+u1

v

(6.12) | <

> (0 <V <mw).

Proof. We start with the observation that 6 — D(z,sym™ [g(&)])z is even and

1 d¥
v! dzv

A [9(0)] = D(z,sym™[g(0)])”

w:O.

It follows that the function 0 — A2V[g(0)] is also even. Hence A% [g(6)]sin@ is an odd function
and a polynomial in e’ of degree < mv + 1. It is plain that um ', defined in (6.10) is the
coefficient of the Fourier (sine) series

(6.13) A [g(0)]sind = it sin[(v' 4 1)6].

0<v'<mv

We thus obtain (6.9) in view of (6.8) and (6.5).
By the series expansion

(l—x)_Z=Z<Z+Z_1>x”

v>0

valid for |z| < 1 and z € C, where
v—1
z 1 .
WEF G
P

with the convention (j) = 1, we have from the definition in (6.1) that

0
Dl sy g@) = [ 3 <Z T ) (itm=204)"
0<j<muwv; >0
_ Zwu Z H (Z + V] - 1> z(m72j)uj9’
v>0 Nm+1 0<j<m

where 7 := (vg,...,Vm) and |7 := vy + -+ - + vp,. Thus by comparing with (6.2), we get

(6.14) )\Z V Z H <Z +v;— > . emy =2t tmum)]0.

peN™mtl 0<j<m
|7|=v
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In particular,
sin[(m + 1)6]
sin 0

Atle(0)] = =

which yields (6.11) after a simple computation with (6.10).
Noticing that

v Zl+rvj—1 z _ .
Sor 5 T (M) = et <
v>0 peN™tl 0<j<m

|7|=v

and comparing the coefficients of ¥, we obtain

Z H <|z+1/]—1> ((m+1)|lzj+u—l).

geN™t1l 0<j<m
|7|=v

Thus we deduce from (6.14) that for any 6 € R,

’Afﬁ”[g(@)]’ < ((m+ Dzl +v— 1>.

v

By using the Plancherel identity and the preceding inequality, we have

2 2 (™, )
Z ‘“n’z,:ﬂ‘z—;/o ‘)\,,’1 [g(@)]smé’fd&

o<v’'<mv
((m+ ]z| +v— 1)2

14

which implies (6.12). O

Lemma 6.2. Let m,n € N, 2| k and z € C. Then we have

(6.15) Z W(f)Asymm £ (1) = A5ymm (1) + On, (k_S/Gnm/4 log(2n)rz, (n)),
feH; (1)

where A\, m (n) and 77, (n) are the multiplicative functions defined by

1 -1
(6.16) Npum () = 5y and 1A () = (my+l)<(m+ el v )
: v
respectively. Further there is a constant ¢ = ¢(m) such that
(6.17) Zr ) K tllog(et))? ™~ Lgelzloga(121+3)
n<t
uniformly for t > 1 and z € C, where z,, := (m + 1)?2* and z* is the smallest integer n such
that n > |z|.

Proof. Writing n = pi" - - - p}, the multiplicativity of A, (n) and As(n) allows us to deduce

POIREGPO R DI DN | [T ST P AR}

feH; (1) 0<vi<mr;  0<v) <mv, 1<j<r feH;’;(l)
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We apply Corollary 2.2 in [11] with the choice m = plfi ---p?':', n =1and N = 1 there. The

zZ,Vj5

principal term contributes [, < <, ft,, § = Adymm (n), and the error term constitutes a term

sym™
< k7%/%nm/ 4 10g(2n) H Z |#;V,i;|
1<5<r Ogug.gmvj' ’

< k7 %n™ 4 log(2n)rZ, (n).

This proves (6.15). The estimate (6.17) is Lemma 4.3 of [25]. O
For notational convenience, we write
- Af m™ ( ) —
(6.18) W g (2) =Y %e n/e,
n=1

The lemmas below are devoted to study its average over all primitive forms, which leads to the
integral formula in (6.20). This is a crucial step in the study of the moments, and is discovered
in [2] with the insightful idea of the “equidistribution” properties of g(6(p)) in (6.6).

Lemma 6.3. Let m €N, 2| k, x > 3 and z € C. Then we have

= )\g mm( ) —n/x — m z
Z W(f)wiymm ¢(x) = Z YT /e 4 O (k 5/64m/4 (2, + 1) log 2] ™).
FeH: (1) n=1

Proof. By (6.18) and (6.15), we can write

= )\:ymm —n/x 1 —n/z, .z
S el ielr) = 3 ot 0, (L5 BB v ).

FeH: (1) n=1 n=1

An integration by parts with (6.17) allows us to deduce

= log(2n) log(2
—n/z,.z _ 7t/m
> pl—m/4 € Tm(1) = /17 - m/4 dy

n=1 n<t

<, edlzoea(1z1+3) /OO log(BO)I*™ _1/a (1 + ) dt.
1

tl—m/4

But we have

xT 1 3t Zm t
/ llogBD]*™ i/ (1 + ) dt < 2™/*(log z)*"
1 X

tl—-m/4

log(3t)]*m t e
/ 7[ (lgl( m)/]4 et/ ( :c) dt < xm/4/ ™/ et [log(3ux)])*™ du
x 1

< xm/4(10gx)zm Z <2m> / W em du
v 1

v=0
< 2™ (2 + 1) log ],

This completes the proof. (I

Lemma 6.4. Let m € N, z € C and 2, := (m + 1)|z| + 3. Then there is a positive constant
¢ = c¢(m) such that for any o € (3,1] we have

|/\bymm( )| ’ ’ Z;r(Ll o)/e -1
(619) Z T S exp CZm 1Og2 Zm + m .

n>1
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Further we have
(6.20) Z Ay (). _ H 2 /7T D(p~*,sym™[g(6)])" sin® 0 do
' n St Jo ’ '

Proof. Using the multiplicativity of AZ,» (n) and (6.16), we obtain that for any o > i

(621) Z |)‘sym7” 70 = H Z "u;;l,’dpfya'

n>1 p v>0

From (6.11) and (6.12), we have

(6.22) - Mol 1<(m+ 1)]e] +v 1) (mt D)

Therefore, we deduce that by the estimate (3.20),

|M 1 —(m+1)|z|
(6.23) < II (1—J>
po <z, v>0 po <z}, p
<exp{ ( > rreom))
11/o

P<Zm,
e log, 2/ +&
= oxp 82 (1—o0)logzl, ) )’

12

(624) H Z |M < exp{ Z sz} <e /l/a/logz

p2a'

whereas for p” > 2/, ,

via (6.22). (Note the term for v =1 on the right of (6.22) vanishes.) Noticing that

/o Z/(lfa)/o (1—0)/o

Zm 1 Am ; Rm -1

= <
log 2/, “m logz!, — “m (1—0)logzl,’

we obtain (6.19) by inserting (6.23) and (6.24) into (6.21).
The multiplicativity of AZ = (n) and (6.10) imply

sym™ :u‘m
ZyifHZ 3

n>1 p v>0

/ Z Avi V sm2 0do

v>0

117
H;/o D(p~t,sym™[g(0)])” sin® 6 o),

by (6.2). This completes the proof. (I
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Lemma 6.5. Let m € N, 0 € [0,3), 2 > 3 and z € C. There is a positive constant ¢ = c(m)

such that
[ A? mm (Tl) —n/z z —0o Z;g/(l—lf) -1
nzﬂ SR = M+ O (:s exp {Czin < logy 2 + = jogar

The implied constant depends on m only.

Proof. We first write

)2

Zomm (M) _ Apmm (10
5o A0 e 52 B0y 4y,

n=1

where
|AZ

sym™™

n>x

n
n>1

A

Ry := Z — (n)|, Ry = Z 7sym;(n)| |e*”/z — 1.

n<x

bl

Clearly for any o € [0, 1), we have

ifn>x,

1
(Tl/I) > { |67n/:c _ 1|

ifn<uz.

Thus Lemma 6.4 implies

Az m 7
R+ Rk Z 7| sym ()] <n>

n x

n>1

Z;g/(l_o) -1
olog 2!, '

The proof is done. O

<m 77 exp {cz;n < log, 21, +

Lemma 6.6. Let n € (0,5;) fixed, m=1,2,3,4, 2| k and f € H; (1;7m). Then we have

k,sym™

L(l, Symmf)z S (I) + On((xfl/log2 k + Ic|z|€7(log k)2)ec\z\ log3(8k))

z
sym™ f

uniformly for 2 | k, x > 3 and z € C, where the positive constant ¢ = ¢(n) and the implied

constant depend at most on 7.

Proof. The method of proof is similar to that of Proposition 3.4. We express (6.18) with (4.3)

and (6.7) into
1
Wiymm ¢(T) = —/ L(s+ 1,sym™f)*T'(s)x®ds
1)

T oW

and shift the line of integration (1) to the path C consisting of straight lines joining

K1 —1t00, K1 —t1, —ko—1i1, —kro+il, ky+1T, K1+ 100,

where k1 :=1/logx, kg :=1/log, k and T = (log k). Therefore,

1
(6.25) Waymm () = L(1,sym™ f)* + 5 / L(s+ 1,sym™ f)*T'(s)z® ds.
c
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By Proposition 3.5 with the choice v = kg, log L(s + 1,sym™ f) <, logs(8k) for all s € C
with |7| < 4T, and by (3.10), log L(s + 1,sym™ f) < log z for Re s = k1. It follows that

1
3 L(s 4 1,sym™ £)*T(s)2® ds <, x~"2el*I18s k/ IT(1 = k2 +iy)| dy
T Jc ly|<T

K1

+eclzl1°g3k/ IT(1+4 a+iT)|da
s

+ ec|z|1°gl’/l - IT(1 4 Ky +iy)| dy.
yi=

The proof is then complete with (3.17). O

Now we are ready to prove Proposition 6.1. We deduce from Lemma 6.6 that

(6.26) S wHLLsym™f) = > w(f)wlmm () + Oy(Ry),

feH;ﬁymm (L;m) feH)::Syan (L;m)
where for ¢ = ¢(n) a positive constant and

Ry := (xfl/log2 k + xc\z\ef(logk)2)6c|z|10g3(8k:)'

Here we have used

(6.27) Sws Y wlf) =140,

SEHS | am (Lim) feH; (D)

On the other hand, for e > 0, f € H;(1), z > 3 and z € C, we have

1

Waymm f (2) = 5— /(E) L(s+ 1,sym™ f)°T(s)z* ds < o(e) ™ =la=,

where ((g) = ((1+ &)™ > 0 is a constant depending on . Together with (1.11), we see that

’ Z w(f)w:ymmf(z)‘ <, 1(e)Fezlgegsin=t,
fEHI:,sym"b(l;"])

Hence we input the forms of H; _..(1;n) into (6.21) with a negligible additional error to get

S wHL(Lsym™f) = D w(f)wimm (@) + Op(Ra),

FEH yrm (1) fem; (1)
where Ry := Ry 4+ 2k~ 1,(¢)I?l. Finally by using Lemmas 6.3 and 6.5, we have

(6.28) > W)L, sym™ f) = MZm + On(Rs),
SEHT pum (Lin)

where

Ry = (xfl/logzk _|_xc|z|€7(logk)2)ec\z\logg(Sk) + k(=3I e ()12

z™/4 Z;g/(l—a) 1
+ W[(Z'm +1)log z]* + 277 exp {cz;n (log2 zn + ) }

ologz!,
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Now taking & = z=—, 2™ = k'/10 and o = 1/log(|2| + 8), it is easy to verify that there are
two positive constants ¢ and ¢ depending at most on 7 such that

Ry < e—élog k/logsy k

uniformly for 2 | k£ and |z| < clogk/log,(8k)logs(8k). This proves the desired asymptotic
formula.

Finally by using Proposition 3.2 (note L(1,sym™f) > 0) and (1.11), for m = 1,2,3,4 if
Rez>0orm=1,2,4if Rez < 0, we have

> Ww(f)L(1,sym™ f)* <, K317 (log k)°.
fGH]:,Symm,(lﬂ'])

Hence the input of these forms into (6.28) causes a tolerable error there. The same choice of
parameters allows us to obtain the required result. O

§ 7. Proof of Theorem 2

From Proposition 6.1, we have

FMgram < Yo W)L sym™f)*
JEHT pum (Lin)

for 0 < r < clogk/log,(8k)logs(8k) and all sufficiently large even integer k. In view of (6.27),
there are f+ € H; (1;m) such that

k,sym™

(7.1) M3 m < 2L(1, sym™ f5)*7.

1
2 sym™

According to [2] and [25], we have

tr gk + r
(7.2) log M m = Ajrlog (B, logr) + O, <logr) ,

where

AL = max :I:tr(symm[g(ﬁ)]) = itr(symm[g(Qi)]),

0€[0,7)
(7'3) + 1 -1 m + A,r:.i
Bm '=exp {7 + s Z + IOgD(p , Sy [g(em,p)]) - T .
A p
Here 7 is a constant determined by
(7.4) > L gyt 40+ 0(—
. b g2 Yo log ¢

p<t

and 0% € [0, 7] are real numbers such that
D(p*17symm[g(0:;b7p)]) = 01611[63);] D(p*l’ sym™ [9(9)]),

D(p~t,sym™[g(6;, ,)]) = Jmin D(p~t,sym™[g(0)]).

(7.5)
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The choice r = clog k/log,(8k) logs(8k) in (7.1) gives the required result.

In view of (6.1), the constants A, B, 6% and 6%  are indeed defined for all m € N. For
completeness, we give a general discussion. It is easy to see that for all primes p, ;) = 9;‘,‘171, =0
formeN, 0, =0, ,=nfor2f{mandf, =0,,= 3. These give the listed values for A%
and BE in (1.15) (see [8], [23] and [2] for the computation).

When m > 4 and 2 | m, a simple expression for B, seems not available. We only give the
detailed computation for m = 4. It is plain to see that Ay = —tr(sym®*[g(6;)]) = 3, where
0, € [0,7] satisfies cosf, = —1.

Clearly we have

D(p~",sym*[g(6;,)])
A simple calculation shows that

D(p~ Y sym*[g(0)]) T = (1 —p {1 +p )2 +2p " hy(cosh) },

= oren[g);]D( symﬂg(@)})il.

where
hy(t) :=4p~ 3 =21 +p )2 — (1 +p H2+1+p 2
It is then easy to show that 0, , € [0, 7] is determined by
cosly , = (1 +p 2= \/1+3p 1 +82+3p 3 + p—4)/(6p_1).

From these formulas, an elementary calculation leads to (1.16). This completes the proof. O

§ 8. Proof of Theorem 3

The proofs for parts (i) and (ii) are essentially the same, both relying on Proposition 3.4,
except for different choices of parameters: s = 1 and T = (log k)*/" without GRH (or s = 1,
a =2 and T = (logk)*™° under GRH). Then for f € H} sym™
fixed constant (or any f € Hj(1) under GRH), we derive that

(1;m) where n € (0,5;) is a

2\ Agymm
(8.1) log L(1,sym™f) = E we_”/T + o(1).
n=2

With the trivial estimate for (3.7), Lebesgue’s dominated convergence theorem implies that

z Z sym’"f *P"/T — eiup/T) —0 (k - oo)

pal logp

Thus we manipulate with (3.7) as follows,

oo
ZAsymW’f T3 Y Asymrn £ (07) —p /1
o nlogn palt pY logp
_ ZZ bymmf —Vp/T+O(1>
o 51 P logp”

m—2j)v

Sy S W o

p v>10<5<m

=3 )" log <1O‘fe(2;;2j>l+o(1)

p 0<j<m

= log D(e "/ Tp~" sym™[g(04(p))]) + o(1),

p
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by (6.1), where 0¢(p) € [0, 7] such that af(p) = e?7(®).

On one hand, we have

/T 1
—p/Tp—1 (oom e
S o D (e sy )| € 3 S o 0
p>T p>T
and on the other hand,
—2/Tp=1 sym™[g(0 1—eP/T
" log ( e - ym™ [g( f(lﬁ)]))’ P Pl 0.
2 Sy g0y () 2T Siwr
Inserting these relations into (8.1), we get
(8.2) log L(1,sym™ Z log D(p~",sym™[g(05(p))]) + o(1).
p<T
Thus the definition of 65 , (see (7.5)) allows us to write
(8.3) Z log D(p~",sym™[g(6;; ,)]) + o(1) > log L(1,sym™ f)
p<T
> Z log D(p~*,sym™[g(6,, ,)]) + o(1).

p<T

By (6.4) and (7.3),

o [P0 sym™[g(6)))
0 < Flog <D(p—1,symm[9(9$ P)]))

+ r(sym™ +
_ AR (yp |90 1) o(pl)
AR Fu(ym™e(Or,)
s (1)

Since A% F tr(sym™ [g(@i’p)]) > 0, it follows that

AL F tr(sym™[g(6F 1
(8.4) mF (yp g ,p)])<<pZ.

On the other hand, we have
(8.5) log D(p~ ", sym™[g(0;, ,)]) — tr(sym™[g(6;, ,)]) /p < 1/p?
by (6.4) again. From (8.4) and (8.5), we deduce that

+log D(p~ ", sym™[g(6;5 ,)]) — A /p < 1/p°

and hence,
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Combining these two, we infer that

Z log D (p71 ,sym™ [Q(Gi,p)])

p<T

— 1 Z An iZ (:I:logD ,sym™[g(67, ))]) — /f@) +O<legT)

p<T

= +A% log (B log T
mog( m 08 )+O(TlogT>

with (7.3). Inserting it into (8.2), we obtain (1.17) and (1.18) accordingly in view of the param-
eters chosen at the beginning of the proof. We also remark that the constant 2 before B in
(1.18) comes from the factor 2 in the exponent of logk in (3.15). O

§ 9. Proofs of Theorems 4 and 5

According to (8.2), for m = 1,2,3,4, 2 | k, T = (logk)*/" and f € H} symm (137) where
n € (0, 57) is a fixed constant, we have by (8.2), (6.4) and (6.5),

(9.1) log L(1,sym™ Z log D(p~ ", sym™[g(0¢(p))]) + o(1)
_ Z )\119 ()] +0,(1)
- L(pm) +0(1).
p<r P

By using (1.14) of Theorem 2, there is f,, € H symm(lg 1) such that
Z fm =log L(1,sym™f, )+ O(1) < —A,, logs k + O(1).
p<T
From (6.8) and (7.3), A, (p™) + A, > 0. As 35 _rp~" = logz k + O(1), we obtain
)+ A
o<y Ap™) + An < 1.

p<T

Therefore, for any function £(k) — oo (k — o00) satisfying (k) < logs k, we have

A 4+ X —(p™
Z 1 < log]ik Z m I (p™) < log]ik,
= p = &k) = p (k)
X = (0")Z= AL +6(k)/ logs k
whence
It S D VI
p<T Poop<r? p<T p
X, (0")<— A +6(R)/ logs k X, (02— A +6(R)/ logs k

=logz k + O, <1Z%z)k> .
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Our result

1 log, k:)
— =logz k+ O < .
2 p o BETEAT ey

p<(logk)*
A= (P™)<—AL, +E(k)/ logs k

follows, since

Z 1 <aq L

T<p<(log k)4

Taking m = 1 and m = 2 give (1.24) and (1.25), but for the latter result (1.25), we need the
observation Af(p)? = A¢(p?) + 1 and A5 = 1, in other words, Af(p)? = A;(p?) + 45 .

1]
2]

To prove (1.23), it suffices to replace f,, by f;& and reverse the corresponding inequalities.
O
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