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Abstract—By employing Mawhin’s continuation theorem, the existence of periodic

solutions of the p-Laplacian Liénard equation with a deviating argument

(ep(@' (1)) + f(x(t))a' () + g(x(t — 7(1))) = e(t)

under various assumptions are obtained.
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1. INTRODUCTION

As it is well known, the existence of periodic solutions for Duffing equation and Liénard equation
was extensively studied (see [1, 4-6, 9] and the references therein). In recent years, the existence of
T—periodic solutions to several types of second order scalar differential equations with deviating
arguments were studied in [10, 12-14]. For example, In [10], Huang and Xiang studied the following

type of Duffing equation with a single constant deviating argument

"
2" (t) + g(z(t — 7)) = p(2). (1.1)
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Under a one-sided boundedness condition imposed on g(x) such as
lg(x)] < Ry for |z| > M, (1.2)

and a signal condition zg(z) > 0 for |z| > M, where M > 0, Ry > 0 are constants, the authors
obtained a periodic solution for Eq.(1.1). In [14], Ma, Wang and Yu studied delay Duffing equations
of the type

" (t) +mPa(t) + g(a(t — 7)) = p(t). (1.3)

They established several criteria to guarantee the existence of periodic solutions of Eq.(1.3) by
assuming

M = sup |g(z)| < . (1.4)
z€ER

In [12], Lu and Ge discussed the existence of periodic solutions for the second order differential

equation with multiple deviating arguments

n

2(t) + f(a(0)2' () + ) Bi(t)g(a(t —;(t)) = p(t).

Jj=1

In their work, some linear growth condition imposed on g(x) such as

i 9@l
|z|—+oo  |z]

=7 € [0,+00) (1.5)

was required.
In this paper, we study the existence of periodic solutions for a p-Laplacian Liénard equation

with a deviating argument

(ep(z (1)) + f@(t)a'(t) + g(a(t — (1)) = e(t), (1.6)

where p > 1 is a constant, ¢, : R — R,¢,(u) = |[ulP"%u, f,g,e,7 € C(R,R), e, are periodic
with period T, and fOT e(s)ds = 0. By using the time maps and the phase plane analysis, some
researchers discussed the existence of periodic solutions to Eq.(1.6) for 7(¢) = 01in [2, 3, 7, 11, 15].
But the corresponding problem of Eq.(1.6) for p # 2 and 7(t) # 0, as far as we know, has not
been studied. The purpose of this paper is to establish some criteria to guarantee the existence
of T-periodic solutions to Eq.(1.6). The methods used to estimate a priori bound of periodic
solutions are different from the corresponding ones in [10, 12-14]. Furthermore, the significance of
this paper is that Theorem 3.1 does not require any one-sided growth condition on g but instead,
it is related to the deviating argument 7(t), and the one-sided growth condition imposed on g(z)
in Theorem 3.2 is weaker than the corresponding ones, namely, (1.2), (1.4) and (1.5) in [10], [14]
and [12].



2. MAIN LEMMAS

First, we recall Mawhin’s continuation theorem which our study is based upon.

Let X and Y be real Banach Spaces and let L : D(L) C X — Y be a Fredholm operator
with index zero, here D(L) denotes the domain of L. This means that I'm L is closed in Y and
dim Ker L = dim(Y/Im L) < 4o00. Consider the supplementary subspaces X; and Y; such that
X=KerL®XiandY =Im L&Y, andlet P: X — Ker L and Q : Y — Y; be the natural
projections. Clearly, Ker LN(D(L)NX1) = {0}, thus the restriction Lp := L|p(1)nx, is invertible.
Denote by K the inverse of Lp.

Let © be an open bounded subset of X with D(L)NQ # ¢. A map N : Q — Y is said to be
L— compact in Q, if QN () is bounded and the operator K(I — Q)N : 2 — X is compact.

LEMMA 2.1[8] Suppose that X and Y are two Banach spaces, and L: D(L) C X — Y is a
Fredholm operator with index zero. Furthermore, Q C X is an open bounded set and N : Q — Y
is L— compact on Q. If

(1)Lz # ANz,Yx € 90N D(L), A € (0,1);

(2)Nz ¢ Im L,Yx € 00N Ker L; and

(3)deg{JQN,QN Ker L,0} # 0, where J : Im Q — Ker L is an isomorphism,
then the equation Lz = Nz has a solution in Q) D(L).

The following Lemma is important for us to estimate a priori bound of periodic solutions in
Section 3.

LEMMA 2.2[12] Let 0 < a < T be a constant, s € C(R,R) be periodic with period T, and

rr[la% |s(t)] < a. Then for any u € C*(R,R) which is periodic with period T, we have
telo,

T T
/ lult) — ult — s(8))2dt < 2042/ o (£)|2dt.
0 0
In order to use Mawhin’s continuation theorem to study the existence of T—periodic solutions

for Eq.(1.6), we rewrite Eq.(1.6) in the following form

() = @q(r2(t)) = |w2()|7 222 (t)
wo(t) = =gzt —7(1)) = f(21(8))pq(22(1)) + e(t),

(2.1)

where ¢ > 1 is a constant with %—&—% = 1. Clearly, if z(t) = (z1(t), z2(t)) " is a T—periodic solution
to Eqgs.(2.1), then x4 (¢) must be a T—periodic solution to Eq.(1.6). Thus, the problem of finding
a T'—periodic solution for Eq. (1.6) reduces to finding one for Eq. (2.1).

Now, we set Cp = {¢p € C(R,R) : ¢(t +7T) = ¢(¢)} with norm |¢|o = t]g{l(&)tﬁ lp(t)], X =Y =

{z = (21(),22(+)) € C(R,R?) : x(t) = x(t + T)} with norm ||z|| = max{|z1|o, |r2]o}. Clearly, X

and Y are Banach spaces. Meanwhile, let

./L'/
L:D(L)cX—Y, Ly=a=| "
)



N:X—Y, Nz= Pal®2)
—g(z1(t = 7(t))) — f(z1(2))pq(z2(t)) + €(t).

It is easy to see that Ker L=R? Im L={y €Y : foT y(s)ds = 0}. So L is a Fredholm operator

with index zero. Let P: X — Ker Land Q : Y — Im Q C R? be defined by

and let K denote the inverse of L|xe,pnp(r). Obviously, Ker L = Im Q = R? and

Ky(t) = / G(t, s)y(s)ds (2.2)

where

G(t,s) =

From (2.2), one can easily see that N is L—compact on §, where (2 is an open, bounded subset of

X.
For the sake of convenience, we list the following assumptions which will be used for us to study

the existence of T—periodic solutions to Eq.(1.6) in Section 3.

[

H,] There exists an integer m such that § := |7(t) — mT|o < T.
[H3] There is a constant d > 0 such that ug(u) does not change sign for |u| > d.

[Hs] There is a constant [ > 0 such that

lg(ur) — glu2)| <llup —ua| Vup,uz € R.

) ;.

[H4] There is a constant r € [0, +00) such that lim Tl

3. MAIN RESULTS

THEOREM 3.1 If [H;| — [Hs] hold, and there is a constant o > 0 such that |f(s)| > o for
all s € R, then Eq.(1.6) has at least one T'—periodic solution if 21/21§ < o.

Proof: Consider the following operator equation
Lz = ANz, X € (0,1). (3.1)

r1(t
Let Oy ={zx € X : Ly = ANz, A € (0,1)}. If z(¢) = 1) € 4, then from (3.1)we have
(1)

) = Aeylealt) = Naa(O)]72a(t) 62)
gl (= 7(0) = A (1 (1) g @2(t)) + Ae(t).

wy(t) =
©p(52)(t)), which together with the second

From the first equation of (3.2), we have xs(t)
equation of (3.2) yields

[0 (550) ] + £ )21 0) + Aglan (e = 7(2))) = A,



[op (@1 (£)] + X1 f (1 (0)a)(6) + Mgl (t — (1)) = Ne(t), (3.3)
Integrating both sides of (3.3) over [0, T], we get
/OT gz (t — 7(£)))dt = 0. (3.4)
So there is a constant ¢ € [0, 7] such that
g(@1 (6 = 7(£)) = 0.

From assumption [Hs], we see |z1(§ — 7(&))| < d. Write & — 7(§) = kT + to, where k € Z and
to € [0,7). Thus |z1(to)| = |x1(§ — 7(£))| < d, which implies

T
|z1]o < d+/0 |7 (s)]ds. (3.5)

On the other hand, multiplying both sides of Eq.(3.3) by z(¢t) and integrating over [0,T], we

have

T T T
/ o (@ () (£)dt + A~ / Flan(6) [ (6t + AP / gl (t — (1)) (t)dt
0 0 0

If we write w(t) = ¢, (2} (t)), then

[ et = [ ewe)uo = o
0

0

which together with (3.6) yields

/ " () ] < | / glan(t— rio))at ]+ / Cwswal 60

Furthermore, from condition |f(s)| > o for all s € R and |f| > o everywhere, we see that

-/ e / ) et )Pt - | / ()l (0]

So we have from (3.7) that

o / a0 < | / Cglar(t— 0ol 0] + | / ety ()] (3.8)



In view of fOT g(z1(t))2'(t)dt = 0, we find from (3.8) that

T
JREURE
0

[ o) = ottt solatoar] +| [ cowi

IN

IN

/ 9 (8) — gl (t — (@) |} (D]t + / ()12 (1))t
0 0

IN

T T
! / 2 (8)] 01 (£) — 0 (£ — 7(2))]dt + / ()|, ()| dt

IA

l(/OT Ixi(t)lzdt)”?(/oT |21 () — a1 (t — 7(8)) |Pdt) /% +

( " les) )2 / " (o) ey

= l(/OT Ix’l(t)lzdt)l/2(/0T |w1(t) — a1 (t — 7(8) + mT)|*dt)/? +
(f " Je(s) sy % / "R .

0 0
(3.9)
By Lemma 2.2, we have
T 1/2 T 1/2
(/ B0 —xl(t—r(t)+mT)\2dt) < 21/25(/ |m'1(t)|2dt) .
0 0
Substituting this into (3.9), we obtain
T
o [ 1o
0
T T 1/2 T 1/2
< 25 [ pa@des ([ leolas)” ([ mope)”
and so .
g vz _ (fy le(s)ds)!/?
/ 2 < 0 —
([ wtopar)”™ < S ST R,
It follows from (3.5) that
lz1lo < d+TY2Ry =: M. (3.10)

By the first equation of (3.2), we have

T
/ (2 (5)[ 1 25(5)ds = 0,
0

which implies that there is a constant to € [0,T] such that z2(t2) = 0. So

T
2o < / 1y (s)]ds.

Then by the second equation of (3.2), we obtain

/ " (s)ds

IN

T
Agar T + A / (@1 ()] 22(s)| s + Mely
0

T
— Mg T+ / | (@1(5))]], ()| ds + el

g, T+ | floT 2Ry + |el1,

IN



where g, = lr‘n<a1\)/§ lg(s)| and |e|; = fOT le(s)|ds. So we have
S|

|$2|0 < ngT + ‘f|0T1/2R0 + |€|1 =: Mo>. (311)

Let Qo = {x € Ker L : Nz € Im L}. If z € Qy, then 2 € Ker L and QNz = 0. By the

assumption on e, we see that
220|722y = 0,
g(z1) =0.

So

|$1|SdSM1, $2=O§M2.

Let Q = {z = (z1,22) T € X : |z1]o < Ny, |@2lo < No}, where Ny and Ny are constants with
Ny > My, Ny > Ms and (N2)? > dgq, where g4 = |1;IL1‘22)(§|9(1L)| Then ; C Q, Oy C Q. From (3.10),
(3.11) and the above, it is easy to see that conditions (1) and (2) of Lemma 2.1 are satisfied.

Next, we claim that condition (3) of Lemma 2.1 is also satisfied. For this, define the isomorphism

J:Im Q — Ker L by

(r2,21), if wug(u) <O for |u] > d,
J($1,$2> =

(—x2,21), if wug(u) >0 for |u| > d,

and let H(v,p) := po + FEJQNv, (v,p) € Q x [0,1]. By simple calculation, we obtain, for
(x,pn) € 0(QN KerL) x [0,1],

x3) + 17T“(—a:1g(331) + |z2]?) >0, if ug(u) <0 for |u| > d,

x2) + 1_T“(:clg(xl) + |z2|?) > 0, if ug(u) >0 for |u| > d.
deg{JQN,QN KerL,0} = deg{H (z,0),Q2N KerL,0}

= deg{H(z,1),QN KerL,0} = deg{I,2N KerL,0}

7 0,

and so condition (3) of Lemma 2.1 is satisfied.

Therefore, by Lemma 2.1, we conclude that equation
Lx=Nx

has a solution x(t) = (x1(t),22(t))"T on Q, i.e., Eq.(1.6) has a T—periodic solution x;(t) with
|z1]lo < M;. This completes the proof of Theorem 3.1.

Observe that if 7(t) = kT, where k is an integer, then we may take m = k and § = 0, and so



in this case assumption [H3] in Theorem 3.1 can be removed. In fact, from (3.8) we see that

T
o/|a@Wﬁ
0

< /Og(xl(t—T Y (t dt‘—i—’/ t)z)(t t’
= /OTg(xl(t—kT dt’+‘/o ) (t dt’
= ATmma»ﬂam4+]A e(t)a (1)t

_ ‘ATdﬂmﬂﬂﬁ’

< (ATdﬂ%QUYAT%wW@f7

which implies

([ wioran)” < U R

|2ds>1/2

g

So

|-/I/'1|O <d+T1/2 fO |

Therefore, we have

COROLLARY 3.1 Suppose [Hs] holds and there is a constant o > 0 such that |f(s)| > o for
all s € R. Furthermore, assume 7(t) = kT, where k is an integer. Then Eq.(1.6) has at least one
T —periodic solution.

THEOREM 3.2 If [H] and [Hy4] hold, then Eq.(1.6) has at least one T'—periodic solution if

2rTP < 1.
: 1 (t)
PROOF: Let 1 be defined as in Theorem 3.1. If z(t) = ( ) € 4, then from the proof
(1)
of Theorem 3.1 we see that
[op (@ (8)) + A THf(21(8)2 (1) + Ng(ai(t = 7(t))) = Ne(t), (3.12)
T
/ gl (t — (1))t = 0. (3.13)
0
and
T
1o < d+/ 12, (s)|ds. (3.14)
0

Multiplying both sides of Eq.(3.12) by z1(t) and integrating over [0, T], we have

o Teop(@h ()] @ ()dt + AP=1 [ Ty (8) f( (8)ah (Bt + NP [ g(ai(t —7(8))) 21 (£)dt

= W [z (t)e(t)dt.
(3.15)
In view of fOT x1(t) f(x1(8))2 (t)dt = 0 and fOT[cpp(x'l( )] fo |z (t)|Pdt, it follows from
(3.15) that
Rpie < 7 lo(oe=rO) el + ol

< ailo fy |g(z(t = 7(8))|dt + |z1]olels,



where |e|; = fOT le(s)|ds. From 2rT? < 1, we easily see that there is a constant e > 0 (independent
of \) such that
2TP(r+¢) < 1. (3.17)

For such a constant € > 0, we have from assumption [Hy] that there is a constant p > d (indepen-
dent of \) such that

lg(u)] < (r +¢e)|ufP~t, for u < —p. (3.18)
Let By ={t € [0,T]: |xw1(t —7(t))| < p}, Ea ={t € [0,T] : 21(t — 7(t)) > p} and E3 = {t € [0, T :
z1(t — 7(t)) < —p}. From (3.13), we have

(/E +/Ez+/ES)9($1(t—T(t)))dt— 0.

It follows from assumption [Hs| that

| laa=ronlat=| [ glarie=ren)ae] < [ loarie=ro)lar+ [ Jotorte— i)l

E; ’ E3

and then by (3.18), we have
T
/ lg(z1(t — 7(t)))|dt

(O/El +/E2+/ES)}9(wl(t—T(t)))|dt

2/51 |g(x1(t—7(t)))’dt+2/E lg(z1(t — 7(t)))|dt

3

IN

< 29,7 +2(r+e)T|a1fh 7,

(3.19)
where g, = glé}; lg(s)]. Substituting (3.19) and (3.14) into (3.16), we get
T
| mora
< 2(r+e)Tlanfg + [29,T + lel]lz1]o
< 2(r+ E)T(d + /OT |x’1(s)|ds>p + (29,T + le|1) /OT |2} (s)|ds + (29,T + |e|1)d.
(3.20)
We claim that there exists a constant M; > 0 such that
|z1|o < M;. (3.21)

Case 1. If [ |2} (s)|ds = 0, then by (3.14), |z1]o < d.
Case 2. If fOT |z} (s)|ds > 0, then

a+ [ ki) = ([ tetconas) 1+ L] 522

0

From elementary analysis, there is a constant A > 0 (independent of \) such that

I4+z)P <1+ 1+px VYze(0,h]. (3.23)



If > h, then

RTdi
o lzi(s)lds
T
[ 15lds < s,
0
which implies that
|$1|0 <d+ d/h (324)

If RT‘,UIW < h, then from (3.22) we have
0 l‘l S S
T p
[d+/ 24 (s)ds|
0
T p (p+1)d
(/ af()ds)” 1+ P 0]
0 fo |z (s)|ds

([ tolas)” + vl [ witonas)”™

T / 1 T / /4
< 0 [gpas e+ var ([ ras)
0 0

IN

Substituting this into (3.20), we obtain
T
JREIURE
0

1+p/q ! / P (p+a—1)/q ’ ’ P Ya
2r +&)T |2, (5)|Pds + 2(r + €)(p + 1)dT ( 1z, (5)| ds) +
0 0

IN

T 1/
29,T + |6|1]T1/q (/ \Q:’l(s)|l’ds) ! + [29,T + |e|1]d
0

T (p+a—1)/ a 1a
2+ )17 [ [a()Pds+ 20+ 2)po+ Dar ([ s)pas)
0 0

T 1/
29,T + |6|1]T1/‘1 (/ \x’l(s)vjds) 3 + [29,T + |e|1]d.
0

In view of 1/¢g < 1,1/p < 1 and 2(r + ¢)IT? < 1, it follows that there is a constant My > 0
(independent of \) such that fOT |2 (t)|Pdt < My, which together with (3.14) yields that

[w1lo < d+T9(Mo)'/>. (3.25)

This proves the claim and the rest of the proof of the theorem is identical to that of Theorem 3.1.

REMARK 3.1 From the proof of Theorem 3.2, it is easy to see that if assumption [Hy] is
replaced by

[Hi] Jim (548 = € [0, +00),
the conclusion of Theorem 3.2 is still true.

REMARK 3.2 The one-sided linear growth condition [H,] imposed on g(x) in Theorem 3.2 is

weaker than the corresponding ones in [12] and [14].

Example 3.1. Let us consider the following equation
2" (t) + f(z(t))2'(t) + g(x(t — sint)) = cost, (3.26)
where f(z) is an arbitrary continuous function,

—, x <0
gle) =

zexpz®, x>0.

10



Corresponding to Eq.(1.6), we have p = 2, T = 27 and r = lim,_,_o L@

1 .
zp—T = 8a241- Since

2TPr = % < 1, by Theorem 3.2, we conclude that Eq.(3.26) has at least one 2w —periodic
solution.
Remark 3.3: In example 3.1, one can easily see that g(x) does not satisfy conditions (1.2),

(1.4) or (1.5). So the above result cannot be obtained by [10, 12, 14].

Example 3.2. Let us consider the following equation
[ (2 ()] + (14 22(t))2' (t) + z(t — O cost) = sint, (3.27)

where p > 1 is an arbitrary constant, and 6 € (0,1) is a parameter. Corresponding to Eq.(1.6), we
have T = 27, f(z) = 1+ 22, g(z) = z and 7(¢) =  cost. So we can choose 0 =1,§ =0, d=L =1
such that assumptions [H;] — [H3] hold. If 6 € (0,+/2/2), then v/2LJ < o. By using Theorem 3.1,

Eq.(1.6) has a 2w —periodic solution.
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