THE WARING-GOLDBACH PROBLEM UNDER
THE HASSE-WEIL HYPOTHESIS
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ABSTRACT. In this paper, it is proved that under the HW3 hypothesis, with at most O(N%)
exceptions, all positive integers up to IV satisfying some necessary congruence conditions, are sums
of four cubes of primes; and that every sufficiently large odd integer N with N # 0(mod9) is the
sum of seven cubes of primes.
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1. INTRODUCTION

It is conjectured that all sufficiently large integers n satisfying some necessary congruence con-

ditions, are the sum of four cubes of primes, i.e.
n=pi +p3+ i+ pi. (1.1)
Such a strong result is out of reach at present. In a recent paper [16], the author has proved that
a positive proportion of positive integers can be written as (1.1).
In this paper, we go further to study the representation (1.1) under the assumption of the
generalized Riemann hypothesis for the cubic Hasse-Weil L-functions. For a brief description of
the hypothesis, we postpone to the next section.

We consider positive integers n satisfying the following conditions
2|n, n # +1,£3(mod9), n # +£1(mod7)}. (1.2)

Let E(N) denote the number of those n up to N that can not be written in the form of (1.1).
Our first result is the following conditional improvement on the result in [16].
Theorem 1. Assume HW3. Then
E(N) < N3%.
It therefore follows that almost all positive integers n satisfying (1.2) can be represented as (1.1).
Similar argument also gives
Theorem 2. Assume HW3. Then every large odd integer N with N # 0(mod9) is the sum of
seven cubes of primes,

N=pi+p+-+ph (13)

and an asymptotic formula holds for the number of representations.
Our results can be compared with those of Hua [4], which states:
(H1) Almost all odd integers n in the set

MN={n>1:n%#0,£2(mod9),n # 0(mod7)}
can be represented as sums of five cubes of primes;
(H2) All sufficiently large odd integers are the sum of nine cubes of primes.
We prove our Theorem 1 and 2 by the circle method. To get a result of this strength, we have
to deal with rather large major arcs, to which the Siegel-Walfisz theorem does not apply. Usually,
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one treats the enlarged major arcs by employing the Deuring-Heilbroun phenomenon. Here we
prove Theorem 1 and 2 by a different approach, which has been successfully applied in several
other occasions, for example [10], [11] and [15]. The key point of this approach is that we can
save the factor 75" in Lemma 5.2 and (8.5) below. With this saving, our enlarged major arcs
can be treated by the classical zero-density estimates (in Lemma 4.3) and zero-free region for the
Dirichlet L-functions (defined in (5.16)). Previously, the factor ry " is divided equally to each
variable (see for example (5.7) and (5.8) in [15]), and this causes some waste. In this paper, we
use an iterative procedure to retrieve the loss. For this, Huxley’s zero-density estimate involving
arithmetic progressions is applied. Moreover, in handling the minor arcs, we employ Wooley’s result
in [23] to give the upper bound estimate for trigonometric sums over primes (see Lemma 3.1 ).
We prove theorem 1 in detail in section 3-7, and give only a sketch of the proof of theorem 2 in

section 8.

Notation. As usual, ¢(n) and A(n) stand for the function of Euler and von Mangoldt re-
spectively, and d(n) is the divisor function. We use xy mod ¢ and x° mod ¢ to denote a Dirichlet
character and the principal character modulo ¢, and L(s, x) is the Dirichlet L-function. We write
N for a large positive integer and L = log N. Further r ~ R means R < r < 2R. If there is no
ambiguity, we write § +6 as a/b+6 or § + a/b. The same convention will be applied for quotients.
The letters € and A denote positive constants, which are arbitrarily small and arbitrarily large

respectively. We may write cA as A for positive constant c¢. This is also applied to e.

2. RIEMANN HYPOTHESIS FOR THE CUBIC HASSE-WEIL L-FUNCTIONS

Let m,x € Z5, consider the linear form
mx = mix1 + moxo + ... + Mexg
and the cubic form
g(x)=a+ .. +ap

with discriminant defined by
3 3 3
A(m) = 3H (mf +m3 + ... —|—m62> .

For each prime p, one can define local factors L,(m;s) according as p { A(m) or p|/A(m),
respectively; this has been done by Bombieri and Swinnerton-Dyer [1], Deligne [2], and Serre [19].
Multiply all these local factors one gets the following global (modified) Hasse-Weil L-function

L(m;s):HLp(m;s): H Ly(m;s) ( H Lp(m;s)>.
) PIA (m)

p|A(m)
For o > 5/2, set
£(m;s) = (2m)%I%(s) B (m) L(m; s),

where B(m) is the conductor of the L-function.

Then the Riemann hypothesis for the cubic Hasse-Weil L-functions (which we abbreviate as
HWs3) states that



(i) £(m; s) is a meromorphic function of finite order that is reqular everywhere save possibly for
poles at s =5/2 and 3/2.

(i1) £(m;s) satisfies the following functional equation
§(m; s) = w(m)§(m; 4 — s),

where w(m) = £1;

(iii) &£(m;s) # 0 if o # 2 (Riemann Hypothesis).

Roughly speaking, a Hasse-Weil L-function is the product of local factors, which are defined via
the number of solutions of cubic Diophantine equations. The assumption HWj3 asserts that each
Hasse-Weil L-function, defined in the way above, has analytic continuation to the whole plane, and
all its non-trivial zeros lies on the critical line. Going back to the arithmetic background from the
assumption HW3, Hooley [8] and Heath-Brown [7] have established independently the so-called
hypothesis R* which we record as the following

Lemma 2.1. Let r3(n) denote the number of representations of n as the sum of three non-
negative cubes. If the HW3 be assumed, then

> r3(n) = O(X'e).

n<X

3. OUTLINE OF THE METHOD

In order to apply the circle method, for large NV > 0, set

ol

P =N Q=NP '™  and U=(N/11)3, (3.1)

where § = 5/87+n and n = 10~%. By Dirichlet’s lemma on rational approximations, each o € (0, 1]

may be written in the form

a 1
a=—+ )\ AN < — 3.2
. RY 0 (3.2)

for some integers a,q with 1 < a < ¢ < @, and (a,q) = 1. We denote by M(q,a) the set of «
satisfying (3.2), and write 9t for the union of all M(q,a) with 1 < a < ¢ < P. The minor arcs m
are defined as the complement of 9 in (0, 1]. It follows from 2P < @ that the major arcs 9M(q, a)

are mutually disjoint.
Define

S(a) = Z A(m)e(m3a), and G(a)= Z(logp)e(p3a), (3.3)
m~U p~U
where e(r) = exp(i27r). Let
r(n)= Y logp---logps.

n=p3+...4+p3
pi~U

r(n) = /01 G*a)e(—na)da = {/Em—k/m}GZl(a)e(—na)da.
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To handle the integral on the major arcs, we need to obtain the following
Theorem 3. For N/2 <n < N, we have

/ S4(a)e(—na)da = &(n)3(n) + O(ULA). (3.4)
M
Here &(n) is the singular series defined as in (5.3) and satisfies &(n) > (loglogn)~¢" for some

positive absolute constant ¢*. J(n) = J(n;1,...,1) is defined as in (5.10) and satisfies
U<Jn) <U. (3.5)

To deal with the minor arcs, we will make use of the following result of Wooley [23].
Lemma 3.1. Let U > 2. Suppose that « is a real number, and that there exist integers a and q

satisfying
(a,q) =1, 1<q<Uz and \qa—a!SU_%. (3.6)

Then one has

)

cw(q)2U(log U5
3 (logp)e(p®a) < U + ¢(9)?U(log V)
U<p<2U (1+U3|Oé—a/q|)2

where w(q) is a multiplicative function defined by

w(ptY) = 3p_“_%, when u >0, and v=1;
p Y when w>0, and v=2,3.

Proof of Theorem 1. On noting that the measure of the major arcs 9 is O(PQ~!'), and

moreover that
o0
S()=Ga) <Y > logp< Utlogl,
h=2U<ph<2U

one finds from the trivial estimate |S(a)| < U that

‘/WS(Q)46(—na)da—/mG(a)4e(—na)da

This along with Theorem 3 gives

< Uit PQ~l < Ui.

/ GH(a)e(=na)da = S(n)3(n) + OULA). (3.7)
m
Now by Bessel’s inequality, we have
‘/ G(a)e(—na)da <<sup\G |2/ |G (a)[%der. (3.8)
aem

N/2<n<N
By Dirichlet’s lemma on rational approximations, for each o € m, there exist positive integers a
and ¢ satisfying (3.6). Since a € m, we deduce that ¢ > P or ¢ < P but |ag —a| > Q. Hence by
Lemma 3.1, and on noting that qfé <w(q) < qfé, we have

sup |G(a)| < Unte 4 U P~s < UMHePs. (3.9)
acm
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While by Lemma 2.1, one easily derives that
1
/ |G(a)|da < U3Te. (3.10)
0

Inserting (3.9) and (3.10) into (3.8), then the right-hand side of (3.8) becomes O(U5+€P7%). There-
fore with at most O(NP_%+5) = O(N%) exceptions, for all integers N/2 < n < N satisfying (1.2),

one has

< U'—=.

/m G(a)le(—na)da

This along with (3.7) shows that for those unexceptional n, the expression (1.1) holds and the

number of expressions satisfies
r(n) = &(n)J(n) + OUL™™).
Now the assertion of Theorem 1 follows by summing over dyadic intervals. [

The following Sections 4-7 are devoted to the proof of Theorem 3.

4. AN EXPLICIT EXPRESSION

The purpose of this section is to establish in Lemma 4.2 an explicit expression for the left-hand
side of (3.4).
For x mod ¢ and x° mod ¢, define

q 3
am
Clua) = Yo xtme () and Claa) = CO%a) (4.1)
m=1
Then Vinogradov’s estimate (see for example [22], Ch.VI, problem 14b(«)) gives
C(x.a) < 2q7d%(q). (4.2)
Define
2U 2U
D(N) :/ e(Mu®)du and V(A p) :/ u’te(Mu®)du. (4.3)
U U

Now we give the following formula for S(a) with a € 9.
Lemma 4.1. For a =a/q+ A € M, we have

S(a) = 51(A) + 52(A) + S3(N),

where

510 = Vg, S == X Clua) 3 ),

x mod ¢ [vI<T

and
1:.U 3y72
S3(\) = 04 q2 f(1+|)‘|U VL= 5.

Here p = 3 + iy denotes a non-trivial zero (possibly the Siegel zero) of the Dirichlet L-function

L(s,x)-
Proof. See Lemma 3.1 in Ren [17]. O



Define for j =0,1,...,4,

I = <4> Sy e<—“”> / ;Oosf—j(A)sg(A)e(—nA)dA. (4.4)

J

Now we state the main result of this section.
Lemma 4.2. Let T = Pi*2) . Then we have

4
/gﬁ St(a)e(—na)da = le +O0(UL™™).

J=0

To prove this result, we need the following lemmas on zero-density estimates.
Let N(o,T,x) denote the number of zeros of L(s,x) in the region ¢ < Res < 1, |Ims| < T.
Define

N(o,T,q)= Y N(o,T.x), N(oT.X,d)= »_ Z N(o,T,x),

d d
xmodq q= O(modd)XmO a

where * means that the summation is restricted to primitive characters y mod ¢q. Write N*(o, T, X ) =
N*(o,T, X, 1).
Lemma 4.3. Let n = 107* and T > 1. Then for1<d< X,

12
. (X2T/d)5He =) 1/2 <o <1 -
N*(0,T,X,d) < { (X372) (o)1), l-p<o<l. (4.5)

In particular
N*(0,T, X) < (X27)(5 +)1-2)

holds for 1/2 < o < 1.
Proof. For 1/2 <o <1 -1, (4.5) follows easily from (1.1) of Huxley [5]. For 1 —n <o <1,
the left-hand side of (4.5) is bounded up by N*(o, T, X), which admits the following estimate

N*(0,T, X) < (x372)1+90=7)

This can be found in Jutila [9]. This proves Lemma 4.3 [J
Proof of Lemma 4.2. At first, we have

S1(N\), Sa(\) < ¢ 2t min(U, |\ 3)L2, (4.6)

by (3.6) in Ren [17]. Next we show that, on substituting S(«) by S1(A) + S2(A) in the integral in

Lemma 4.2, the resulting error is acceptable, i.e.

4 —noa)da — g e —% é 46 —n _A. .
/ms (@)e(—na)d ;‘D Z ( q)/_qb{sl(x)wm)} (—n\)d\ < UL (4.7)

 (aq)=1
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By Hoélder’s inequality, the left-hand side of (4.7) is bounded by

> D Z /qQ |51 [°|Sa 7| S| FdA

itj+k=4q<P a=1
k> (a,q)=1

< 3 T sl ([

itj+k=4q<P qQ
k>1

RUTC IR
|55 |*dA ClSsltany (4.8)
T aQ

By (4.6), one has

1

U3 S
/ |51\ < g 2+€L8{/ U4d)\+/ )\gd)\} < ¢ *EULR.
0
qQ

And analogously

1

/ |So|td\ < ¢ 2TEU LS.
qQ

Moreover, by Lemma 4.1,

1

% U4 U3 0 U
a q
/ 1 |S5/*d)\ < I ¢rerL? (/0 d\ + /US()\U3)4d)\> < ﬁq—3+€P5(1+n)L8‘

qQ

Inserting these estimates into (4.8), we get

Z Z Z /QQ |S1["]S2|7| S5 dA

itj+k=4q<P a=1

k>1 (a,g)=1
<UL Y 7rpTUm N it « s N pokpT ) « ypa,
1<k<4 q<P 1<k<4

on choosing T' = P1(+20) Thig proves (4.7).
Finally we extend the interval of integration in the second integral in (4.7) to (—o0, +00), then

by (4.6), the resulting error is bounded by
ZZ/ 1S1(A) + Sa(A)[1dr < LB g7 it / I\~ 3d)
q<Pa=1 q<P é

< L8Q3 Z 3T < [8QsP3TE < UL,
q<P

on recalling (3.1). Therefore (4.7) becomes

/m54(a) —na)da =Y Z ( > /:O{sl(x) + So(M) Me(—=nA)dA + O(UL™4).

q<P a=1
(a,9)=1

This proves Lemma 4.2. [J



5. ESTIMATION OF Iy, Is, I3, 1y

The purpose of this section is to establish the following Lemmas 5.1 and 5.2.
Lemma 5.1. Let I be as defined in (4.4). Then for j =1,...,4, we have

I; < UL~ (5.1)

We need some more notations. Let C(x,a) and C(q,a) be as defined in (4.1). For x; mod g,
define

q
an
B(n7q7X17"'7X4) = Z e (_q> C<X17a> o 'C(X47a)7 B(n7q) - B(n7Q7X?7 7X2)7 (52>

and

Aln, q) = j}jﬁzg), S(n) = ZlA(n, q). (5.3)

This &(n) is the singular series appearing in Theorem 3.

Lemma 5.2. For j = 1,...,4, let x; be primitive characters modr; and X" the principal char-
acter modq. Write ro = [r1,...,14], the least common multiple of r1,...,r4. Then for all positive
integers n up to N, one has

1 _
Z W’B(naq7X1X07'“7X4XO)| < TO 1+€L260' (54)

q<P ®
rola

Proof. By (4.2), one has

q 4
B(n, g, x1x" - xax’) < Y0 [[1C0Gx" 0)l < ¢*d%(g).

(=1’
Thus
1 348 - &8
Z WLB(”J q, X1X07 '-'7X4X0)‘ <K Z 4 4((3) < T 1+8L4 Z ﬂ
<p ¥\ = P\ = 4
rolq rolg

Now (5.4) follows from Lemma 4.2 of Pan [13]. O

Lemma 5.3. Let X > 1. Assume U and P be as defined in (3.1) and T be as in Lemma 4.2.
Then for positive integer g > 1, we have

S olgr Y T Y Ut < g A(g)G(X) L,

X<r<P x mod r |y|<T
where
XL NI g=1;
G(X) = { 1, g>1



Proof. We first consider the case g > 1. Note that [g,7] = gr(g,7) ", hence

Z lg,7] 71+ Z * Z hs-1 Sg—1+azd1—e Z p—l+e Z * Z 8-1. (5.5)

X<r<P x mod r |y|<T ddSIP XSdTSP x mod r |y|<T
g ka

Now we have

DD VRS DL L L T LD DD DD DL LY

X<r<P x mod r |y|<T r~R xy modr |y|<T
dlr - dlr =

Integrating by parts, we get

)ID DR IS

r<2R y mod r |y|<T
d|r -

1-n 1

_ UEN*(1/2,T, 2R, d) + log U ( |+ ) UTINY (0, T, 2R, ). (5.7)
1 1-n
2

By Lemma 4.3, we have

6
N*(1/2,T,2R,d) < (R*T/d)>"",

/1 o N (0. T, 2R, dydo < U~ (R2T/d) > + (- Ty e ),
and
/1 1 U "'N*(0,T,2R,d)do < 1+ (U’l(RSTQ)HS)n.
-7
Putting these estimates in (5.7), then by (5.6) we come to the estimate

St S S U w12 (@ d i N ). (5.8)

XSd‘TSP x mod r |y|<T
T

Here we have used the supposition that § = 5/87 + n. Now the desired estimate for g > 1 follows
easily from (5.8) and (5.5).
If g = 1, then instead of (5.5) and (5.6), we have

Lt "N Ul «log P Rt N AL 5.9
> Y kP e B Y Y 59
X<r<P x mod r |v|<T r~Rxmodr |y|<T
By letting d = 1 in (5.7) and then making use of Lemma 4.3, we obtain
X 6
> X Ty vt (1huti(mn)).
r~Rxmodr |y|<T

Putting this in (5.9) we get the desired result for g = 1. O
To prove Lemma 5.1, we will use the following lemma, which is a modification of Lemma 4.7 in
Liu and Tsang [12].



Lemma 5.4. Let p; be any complex numbers with 0 < Rep; <1, j=1,...,4. Then

+o0 4
1 2L L2, |
/ e(—nA) H V(A pj)dh = 4/ u?® -oeud  durdugdus
—o0 j=1 3 D
= 3(”7 P1, "'7p4)7 (51())
where
D = {(u1,..,u3) : U® < uy,...,uq <8U3} (5.11)

with ug = n — up — Uy — U3.

Now we establish the main results of this section.

Proof of Lemma 5.1. We treat the case j =4 in (5.1) in detail. In other cases, the proofs for
(5.1) are similar and better ranges of 6 (in (3.1)) available, so we will only give a sketch.

By (4.4), Lmma 4.1 and (5.2), one has

q

L = Zj(q) 3 e<_‘m>/ { S Cva) S \IJ()\,p)}4e(—n/\)d)\

<r? a=1 1 x mod g [v|<T
(a,9)=1

-y ¥ ¥ ”q’X1’ 5 X4) D > Iy pa),

q<P x1 mod ¢ x4 mod g SD q [v1|<T |v4|<T

where J(n; p1, ..., ps) is defined by (5.10) with © defined by (5.11). Now we recall that if a primitive
character x mod r induces a character 1 mod k, then 7|k and ) = xx°, where X" is the principal
character modulo k. Collecting all contributions made by an individual primitive character, one

obtains

PORED DD DERTED DEND DIED DI eera

r<P  r4<P x1 mod x4 modry |yi|<T  |ya|<T
(n,q, X1X s oo XaX0)
X Z . (5.12)
q<P )
Tolg

Now we come to an upper bound estimate for J(n; p1, ..., p4). By definition,

1 (80 ;g 8U% 5y min(8U°,3—U%)  p3 o4y
J(ns p1y ey pa) = 8/ (N dul/ Uy’ dU2/ us® (v —uz)3  dus,
U3 ax(U3,x—8U3)

where we have written

r=nNn-—uy — us.
By (3.1), one has # < 9U3, hence min(8U3,z — U3) = x — U? and max(U3,z — 8U3) = U3. If
x < 2U3, then x — U3 < U?, and thus the innermost integral is 0. For 2U? < 2 < 9U3, we make
the substitution usz = zu, then the innermost integral is bounded by

U3 8

1-U°
B3, 8 T B
g3l /3 us ta - u) “Ldu <« UPsThi- / uw (1 —u) " Ldu < UPstF3
U3

1

10



Estimating the other integrals in J(n; p1, ..., p4) trivially, one gets the following bound:
3(n; p1, ey pa) < UUPTHBa—A (5.13)
Inserting (5.13) into (5.12), one yields

I, < UZ Z * Z Uﬁl—l...z Z Z [781— 12 B(n,q, x1x ’)"7X4X0)

ri1<Pxi1modry |y|<T Ta<Pxamodry |y|<T Q<|P
rolq

= UJ, (5.14)

say. In the following, we will prove that J <« L~=4.

By Lemma 5.2, one has

J < L9 Z Z * Z Uhr=1... Z Z * Z Uﬁ4_1[7“1,’r2,7“3,7"4]_1+5.

r<Pximodry |y|<T r4<P x4 mod ry |y|<T

Note that [ry, 72,73, 74] = [[r1,72, 73], 74], S0 by Lemma 5.3,

>y ) > U ey vy rg,ma] T < [y, g, )L,

r4<P x4 modry |y4|<T

Repeating the above process for triple sums over (rg, Xk, [7|x) for &£ = 3 and k = 2 successively, one

finally achieves

J< LN N T ST Ut < 19500+ ), (5.15)

r1<Px1modry |y|<T

where J; and Js represent the contributions from those with r1 < L and those with LE < r; < P,
respectively with B = 24 + 4.

By Lemma 5.3, one sees
Jy < L* (L7P079 4 N77) < 174,

Now we turn to J;. By Satz VIIL.6.2 of Prachar [14], there exists a positive constant ¢; such that
HX mod ¢ L(s, x) is zero-free in the region

o >1—¢;/ max{logg, log% N}, lt| < N, (5.16)

except for the possible Siegel zero. But by Siegel’s theorem (see [3],§21), the Siegel zero does not
exist in this situation, since ¢ < LZ. Let n(N) = ¢ logfé N. Then by Lemma 4.3,

* 12 _
o< S Y Y vt <L max (£2P7) g
r<LBxmodr |y|<T So<L=n()

n(N)
7

< I max NBI—5(-0) o N—

% o<1-n(N)

< expl-eLs} < L4,

This proves the desired estimate for Ji, hence for J.
11



To conclude the proof, we need to sketch how to estimate Ii,...,I35. As an example, we only

consider I3. By arguments similar to those leading to (5.12), we have

3:422 ( )/ S1(N)S3(A)e(—nA)dA

< a=1
LP(M)
* *
< Z Z Z Z Z Z Z 13(n; 1, 05 p3, 1))
r1<Pro<Pr3<Px; modry x3 mod r3 |y |<T |vs|<T

x Z B(na qs X155 X3, XO)
v*(q) ’
q<P

Now instead of (5.13), we have

J(n; p1,p2,p3,1) < yybit-+hs=3

So I3 can be estimated as

b < UY > *ZUﬁl—l > Z S gty anIa-)aX?nX)

r1<Px1 modry |y1|<T r3<P x3 mod r3 |y3|<T q<P

=: UK,

say. By the same approach as used in estimating J above, we will obtain K < L™ for § = 5/87+7.
This proves Is < L~4. The proof of Lemma 5.1 is thus finished. 0

6. THE SINGULAR SERIES

The main result of this section is the following:
Lemma 6.1. We have

3" JA(n,q)l = Oz~ T*4d(n)),

q>z

so the singular series defined in (5.3) is absolutely convergent. Moreover, we have
S(n) > (loglogn) *

for some positive constant c*.
To prove Lemma 6.1, we need the following lemmas.
Lemma 6.2. If (q1,q2) = 1, then A(n,q1q2) = A(n,q1)A(n, q2).
For the proof of this lemma, one is referred to Lemma 8.1 of Hua [4].
Lemma 6.3. Let
1, 3;
7= { 2, Zi 3.
Then we have A(n,p') = 0 whenever t > 7.
This is an easy consequence of Lemma 6.2 and Lemma 17 in Roth [18].

Lemma 6.4. For p = 2(mod3), we have

_ (p_ 1)_37 p’n;
Aln.) _{ (=17 pin.
12



While for p = 1(mod3), we have when p > 13,
12p~1, pln;

A
Al <{ gor g M

Proof. By (5.3), we have

A(n,p) = Lpz(?‘l(p,a)e (—?)

o (p) —
1 a,(_an
i) ;(S(p’a) —le <_ p > ’ (6.1)

where

If p = 2(mod3), then S(p,a) = 0, by Lemma 4.3 of Vaughan [21], and hence

 1\-3 n:
) ={ 05 P o

This proves the first part of Lemma 6.4.
If p = 1(mod3), then the same lemma of Vaughan [21] gives

S(p,a) = x(a)7(x) + x(a)7(x), (6.2)

where x and its conjugate Yy are non-principle characters modp such that y? is the principal chai-

acter. 7(x) is the Gauss sum defined by

Recall that |7(x)| = p2. Since x(=1) = x3(—=1) = 1, we also have 7(¥) = 7(x).
For 7 =0,1,...,4, write

p—1
E; = ZSj(p, a)e <_cm> .
a=1 p
Then by (6.1), one has
o (p)A(n,p) = Ey — 4E3 4+ 6y — 4F) + Ej. (6.3)

Now we go to estimate each E; for j = 0,1, ...,4 separately.

At first it is easy to derive the following

Eo = { -1, ptn.
13



Next we have

B = Y (R0 +x(@r)e (

By noting x? = x and x? = ¥, we see that

p—1
By — Z(X(G)T(X)er(a)f()‘c))ze(

a=1

- 72<x>§x<a>e (-2 +2r0070) S (-2

_ { 2p(p — 1),

x(n)7T3(x) = 2p + x(n)73(%),

Also,

Finally we have

p—1
B - Z(x(a)T(X)+x(a)T(x))46<—)



Collecting the above estimates, we get from (6.3)

3
6p® + 8p2 + 12p + 1) (p—1), pln
v (p) [A(n, p)| < ( 5 ) 3
10pz + 30p% 4+ 20p2 +20p+ 1, pin.

And hence for p > 13,

12p~1, plns
A 6.4
Ampl < { o g M (6.4

This finishes the proof of Lemma 6.4. [J
Proof of Lemma 6.1. The first part of Lemma 6.1 can be proved in the same way as Lemma
18 in Roth [18].

To prove the second part, write

v = | 1+A(mDp), p#3;
? 1+ A(n,p) + A(n,p?), p=3.

Then by Lemma 6.2, we have
sm)=11v%=( II % |(Il%]|: (6.5)
2<p<1l p>13
For p = 2,5,11, we have Y,, > 0, by Lemma 6.4. For p = 3,7, we have
V3 =9(9) °N(n,3?%),  Yr=(7)°N(n,7),
where for j = 1,2, N(n,p’) denote the number of solutions of the equation
mi +m3 +ms +mj =n(modp!), 1<m;<yp’, (msp)=1

By Lemma 8.12 of Hua [4], we have N(n,9) > 1 for n # £1,+3(mod9), and hence Y3 > 0.

Counting the number of solutions of the equation

mi’++m2:n(mod7)’ mi:1727...,6,

we get Y7 > 0 for n # +£1( mod 7). Collecting these estimates we get H2§p§11 Y, > 0 for n satisfying
(1,2). This along with (6.4) and (6.5) shows that

S(n) > <H (1 —30p§)> (H (1- 12p1)> > H (1—12p~") > (loglogn) .

p>13 p>13 p>13
n pln pln

This finish the proof of Lemma 6.1. [J

7. ESTIMATION OF [y AND THE PROOF OF THEOREM 3
Lemma 7.1. With the notation of Theorem 3, we have
Ip = 6(n)3(n) + O(UL™),

where J(n) = J(n;1,1,1,1) is defined as in (5.10) and satisfies U < J(n) < U.
15



Proof. By definition,

qu(p ( a=1 q —00
(avq =1
Using Lemma 5.4, we get
B(n,q) . N
<P ¥ M q<P

where we recall that J(n) = J(n;1,...,1). Now by Lemma 6.1, we have

3" A(n,q) = &(n) + O(P~1*4d(n)),
q<P

so (7.1) becomes
Iy =6(n)3(n) + O(UL™™).
Here in the O-term we have used the estimate
U<Jn)<U, (7.2)

which will be established now.
We first note that the second inequality in (7.2) is a consequence of (5.13). To bound J(n) from

below, we define the set
D = {(ul, enuz) s U <, ug < 3U3/2}.

For (ug,...,u3) € ©*, one easily derives from U? = N/11 and N/2 < n < N that
Ul<ug=n—us —...—usg < 8U°.
Thus ©* is a subset of © in (5.11), and consequently,
1 _2 _2 _2 _2
J(n) > 34/ uy Py Pug Puy Pduy - duz > UL
@*

This proves (7.2), and hence Lemma 7.1. [
Proof of Theorem 3. The absolute convergence and positivity of &(n) have been proved in
Lemma 6.1. Other assertions of Theorem 3 follow from Lemmas 4.2, 5.1, and 7.1. OJ

8. PROOF OF THEOREM 2

Let G(a) be defined by (3.3) with U defined by (3.1). Define

r(N)= > logpi---logpr.
N:gtbw%
Then
r* = 17ae—aa— "(a)e(—Na)da
<N>/0G<><N>d{/M+A}G<><N>d, (.1)



where 9 and m is the major arcs and minor arcs defined in section 3 with P, () defined in (3.1).

Making use of (3.9) and (3.10), the minor arcs can be estimated as

1
< sup |G(a)| / IG5 (a)|da < U<P~5 < UL, (8.2)
0

acm

/m G"(a)e(~Na)do

So we remain to estimate the major arcs.
Let Sj(A) with j = 1,2 be as in Lemma 4.1. For j =0,1,...,7, write

I = <]7) ;3 Zq; e (—T) /_:O ST (NS (N)e(—NN)dA.
=~ (a,9)=1

Then by arguments similar to those as used in Section 4, we obtain

7
/ G"(a)e(~Na)da = > I + OU'L™™). (8.3)
Besides, we can prove that for j =1,2...,7,
* 47 —A
I; <UL (8.4)

Since the method used in proving (8.4) is similar to that used in proving Lemma 5.1, so we only
give a sketch for j = 7.

Firstly, instead of Lemma 5.2, we now have

1 __5
> S B s o) < 5, (8.5)
qu@ q
Tolq

where 7y = [r1, 79, ..., 77| and

The anology of Lemma 5.3 is
Mo olgrl i Y TS U< g i a(g) G(X) L,
X<r<P x mod r |y|<T

where

5
X 2T 4 N7 g=1;
GX) = { 1 §> 1

Next, by an argument similar to that leading to (5.14), we will obtain

I%k < U4 Z Z ' Z Uﬁl*l.-- Z Z * Z Uﬂ771,r707%+8

r1<Px1 modry |y1|<T r7<P x7 mod r7 |y7|<T
= UL,

say. By similar method as used in estimating .J in Section 5, we get L < L™ for § = 5/87 + ),

and hence (8.4) follows.
17



Now we go to estimate Ij. Write

. B B*(N,
B (qu):B(N7q)X(l]77X9)’ A (N’q)zsog(q)Q)

and
&*(N) =) A*(N,q).
q=1

Then by Lemma 8.10 and 8.12 of Hua [4], the above series is convergent absolutely and for all odd
integer N with N # 0(mod9) ,

G*(N) > ¢ >0, (8.6)

where ¢ is an absolute constant. Also by making use of (4.2) we see that

3" AM(N,q) = 6*(N) + O(P~2*%). (8.7)
q<P
Define
P1_q p2_ 26 _
JH(n; p1y ey p7) = / u? 1u23 t ug 1(N L u6)p‘77_1du1du2 - dug,
3]
where
D = {(uy,...,up) : U3 <wuy,eyug, N —up — . —ug < 8U3}.
And write

JUN) = JH(N; 1., 1),
Then by analogous arguments as in section 7, we get

I =J"(N)Y A*(N,q) = &"(N)J*(N) + O(U*L™) (8.8)
q<P

for @ = 5/87 +n. Here in the O term we have used the estimate
U* < J*(N) < U* (8.9)

which can be established in a similar way as (7.2).
Theorem 2 now follows from (8.1)-(8.4), (8.8) and (8.9). O
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