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1 Introduction

We begin with a brief introduction to the theory of packing and covering. More details on this subject can
be found in [2, 8]. A clutter C is an ordered pair (V, ), where V is a finite set and £ is a collection of subsets
of V such that A; € Ay, for all distinct Ay, As € £. Members of V' and & are called vertices and edges of C,
respectively. The blocker of C is the clutter b(C) = (V,£’), where £’ is the collection of all minimal subsets
B C V such that BN A # (), for all A € €. It is well known that b(b(C)) = C holds for every clutter C.

Let I be a set and let « be a real-valued function with domain I. Then, for any finite subset S of I, we
denote by «(S) the sum of a(s), over all s € S. Let Ry and Z, denote the sets of nonnegative real numbers
and nonnegative integers, respectively. Let M be the £-V incidence matrix of a clutter C = (V, ). That is,
rows and columns of the 0-1 matrix M are indexed by members of £ and V', respectively, such that, for any

AefandveV, My, =1if and only if v € A. For any vector w € ZK, let
ax{z’1: z e RS, "M <w'},

in{fwly: ye RK, My > 1},

v (C) = max{zT1: z € Z5, "M < w'},

=min{w’y: y € Z_Y_, My > 1}.

Combinatorially, each vector x € Zf_ with 27 M < w? can be interpreted as a collection F of edges (repetition
allowed) of C, for which each vertex v € V' belongs to at most w(v) members of F. Such a collection is called
a w-packing of C. Tt is clear that 1,,(C) is the maximum size of a w-packing of C. Similarly, 7,,(C) is the
minimum of w(B), over all edges B of b(C). Notice that

v (C) < 1, (C) = 74,(C) < 7w(C), (1.1)

where the equality follows from the LP Duality Theorem. One of the fundamental problems in combinatorial
optimization is to identify scenarios under which either one or two of the above inequalities hold with equality.
In particular, C is ideal if 7(C) = 7,(C), for all w € ZY, while C is Mengerian if v (C) = v,,(C), for all
w € ZK. It follows from a well known result of Edmonds and Giles [5] that being Mengerian is actually

equivalent to v,,(C) = 7,(C), for all w € ZY. Therefore, every Mengerian clutter is ideal.

In this paper, we consider a special class of clutters. For any simple graph G = (V| E), let Ce = (V, &),
where & consists of V(C), for all induced cycles C of G. Our work is a continuation of the work done in

[3, 4], by two of the authors and Xu. To clarify our motivation, we summarize the main results in [4].

We first define a few graphs. A ©-graph is a subdivision of K5 3. A wheel is obtained from a cycle by
adding a new vertex and making it adjacent to all vertices of the cycle. A W-graph is a subdivision of a
wheel. An odd ring (see Figure 1 below) is a graph obtained from an odd cycle by replacing each edge e = uw
with either a triangle containing e or two triangles uab, ved together with two additional edges ac and bd. A
subdivision of an odd ring is called an R-graph. Let L be the class of simple graphs G such that no induced
subgraph of GG is isomorphic to a ©-graph, a W-graph, or an R-graph.

Theorem 1.1 ([4]) The following are equivalent for every simple graph G:
(i) Ca is Mengerian;



Figure 1: An odd ring obtained from a cycle of length 7.

(ii) Cq s ideal;
(iii) G € L.

It was proved by Lehman [7] that a clutter is ideal if and only if its blocker is ideal. Therefore, the

equivalence of (ii) and (iii) in Theorem 1.1 implies the following.
Corollary 1.2 The clutter b(Cg) is ideal if and only if G € L.

A subset of V(G) is a feedback vertex set (FVS) if its removal from G results in a forest. Clearly, edges
of b(Cq) are precisely minimal feedback vertex sets of G. The idealness of C¢ and b(Cg) can also be stated
as follows. Let G = (V,E) € L. Then vertices of the polyhedron {z € RY : z(V(C)) > 1,VC € Cg} are
precisely characteristic vectors of minimal feedback vertex sets of G. Meanwhile, vertices of the polyhedron
{z e RY : 2(F) > 1,VF € b(Cg)} are precisely characteristic vectors of induced cycles of G.

At this point, a natural question suggested by Guenin [6] arises: When is b(C) Mengerian? In general,

the blocker of a Mengerian clutter does not have to be Mengerian (see Section 79.2 of [8]). However, the

following theorem, our main result in this paper, says that C¢ and b(Cg) are always Mengerian together.
Theorem 1.3 b(Cg) is Mengerian if and only if Cq is.
Using graph theoretical language, Theorem 1.3 can be restated as follows.

Theorem 1.4 The following two statements are equivalent for every simple graph G = (V, E):

(i) For any w € ZY, the minimum of w(F), over all feedback vertex sets F of G, is equal to the
mazimum number of cycles (repetition allowed) of G such that each v € V' belongs to at most w(v)
of these cycles;

(ii) For any w € ZY, the minimum of w(V(C)), over all cycles C of G, is equal to the mazimum
number of feedback vertex sets (repetition allowed) of G such that each v € V' belongs to at most

w(v) of these feedback vertex sets.

It can be seen from Theorem 1.3 and Theorem 1.1 that b(Cg) is Mengerian if and only if G belongs to

L. A structural characterization of these graphs is available from [4], which we will use to prove Theorem



1.3. It is worthwhile pointing out that this structural characterization yields a polynomial-time algorithm
for recognizing graphs in £. We also remark that our proof is constructive and thus can be converted into a

polynomial-time algorithm to find an optimal feedback vertex set packing for graphs in L.

The remainder of this paper is devoted to the proof of Theorem 1.3. Since every Mengerian clutter is ideal,
the “only if” part of Theorem 1.3 follows immediately from Corollary 1.2 and Theorem 1.1. So it remains
to prove, by Theorem 1.1, that b(Cg) is Mengerian if G € L. Our proof heavily relies on the structural
characterization of graphs in £ obtained in [4], which asserts that every graph in £ can be constructed from
some “prime” graphs by “summing” operations. This structure will be explained in detail in Section 2. Then
we show in Section 3 that being Mengerian is preserved under our “summing” operations. Finally, we prove

in Section 4 that all prime graphs have the required Mengerian property and thus establish our main result.

2 Structures

In this section, we summarize some results from [4] that describe how graphs in £ can be constructed from

“prime” graphs. First, we clarify our terminology.

All graphs considered in this paper are undirected, finite, and simple, unless otherwise stated. The reader
is referred to [1] for undefined terminology. Let G = (V, E) be a graph. For any U CV or U C E, let G\U
be the graph obtained from G by deleting U, and let G[U] be the subgraph of G induced by U; when U is a
singleton {u}, we may write G\u instead of G\{u}.

Let G1 and G be two graphs. The 0-sum of G; and G5 is obtained by taking the disjoint union of these
two graphs; the 1-sum is obtained by identifying a vertex of G with a vertex of Go. A 2-sum of Gy and
G4 is obtained by first choosing a triangle z;y;z; from G; (i = 1,2) such that z; has degree two in G;, then
deleting z; from G; (i = 1,2), and finally, identifying 1y, with zoys. A triangle T of a graph G is called
stable if G\V(T) is connected and every vertex in T has degree at least three in G. A 3-sum of G; and Gs
is obtained by identifying a stable triangle in G; with a stable triangle in Gs.

A rooted graph consists of a graph G and a specified set R of edges such that each edge in R belongs
to a triangle and each triangle in G contains at most one edge from R. By adding pendent triangles to the
rooted graph G we mean the following operation: for each edge uv in R, we introduce a new vertex t,, and

two new edges uty, and vt,,. The following is a reformulation of Theorem 3.1 in [4].

Lemma 2.1 For any graph G € L, at least one of the following holds.
(i) G is a k-sum of two smaller graphs, for k =0,1,2,3;
(i1) G is obtained from a rooted 2-connected line graph by adding pendent triangles.

An edge is pendent if at least one of its ends has degree one. Two distinct edges are called in series if

they form a minimal edge cut. The following statement is contained in Lemma 4.7 of [4].

Lemma 2.2 Two distinct edges are in series if neither is a cut edge, and every cycle that contains one must

also contain the other.



Let us also consider every edge as being in series with itself. Then being in series is an equivalence
relation. We call each equivalence class a series family. A series family is trivial if it has only one edge and
nontrivial otherwise. A graph G is weakly even if, for every nontrivial series family F' of G with |F'| odd,
there are two distinct edges zy and xz of F' such that they are the only two edges of G that are incident
with x. A graph is subcubic if the degree of each vertex is at most three. A graph is chordless if every cycle
of the graph is an induced cycle. Let K; be obtained from K4 by deleting an edge, W, be obtained from
a wheel on five vertices by deleting a rim edge, and K;: 3 be obtained from K5 3 by adding an edge between

the two vertices of degree three. We shall follow convention to let L(G) denote the line graph of G.

Lemma 2.3 Suppose G € L is not a 2-sum of two smaller graphs. If G is obtained from a rooted 2-connected
line graph L(Q) by adding pendant triangles, where @Q has no isolated vertices, then

(i) Q is connected, subcubic, and chordless;

(ii) every cut edge of Q is a pendent edge;

(iii) Q is weakly even;

(iv) if Q has a triangle, then G € {Ks, K, Wi, K3}

In this lemma, statement (i) follows instantly from the assumption that G is in £, because if @ has a
vertex of degree at least four, or a cycle with a chord, then G would have one of the forbidden induced
subgraphs (a subdivision of a wheel). Other statements (ii-iv) can all be found in the proof of Lemma 4.10
in [4].

The next two lemmas expose some other facts on series families, and the first one is implicit in the proof
of Lemma 4.10 in [4].

Lemma 2.4 If Q is subcubic and chordless, then every noncut edge belongs to a nontrivial series family.

A path with end vertices v and v is called a u-v path. If a vertex v has degree three, then the subgraph
formed by the three edges incident with v is called a triad with center v. Our next lemma follows from

Lemma 4.9 in [4], where the indices are taken modulo ¢.

Lemma 2.5 Suppose Q is connected and subcubic, and all its cut edges are pendent edges. If F' = {e1, ea,
..., et} 18 a nontrivial series family of Q, then Q\F has precisely t components Q1,Q2,...,Q:. The indices
can be renamed such that each e; is between V(Q;) and V(Qit1). In addition, if |V (Q;)| = 2, then the only
edge in E(Q;) is a pendent edge of Q and it forms a triad with e;_1 and e;; if |[V(Q;)| > 2, and uw and v are

the ends of e;_1 and e; in Q;, then u # v and Q; has two internally vertex-disjoint u-v paths.
The following statement is a combination of three lemmas (4.3-4.5) from [4].

Lemma 2.6 Let G € L be a k-sum of two smaller graphs. Then the following hold.
(i) If k € {0,1,2}, then G is a k-sum of two smaller graphs that belong to L.
(i1) If G is a 3-sum of Gy and G2 over a triangle x1x2x3, then all Gy, (1<i1<2,1<j<k<3)are

in L, where Gyji; is obtained from G; by adding a new vertex x5, and two new edges x;j,x; and ;5T



Recall that the definition of 3-sum for graphs requires a stable triangle; this requirement is actually

needed for the above (ii) to be true.

In the remainder of this section, we prove two lemmas. It should be pointed out that within the rest of

this section, graphs may have parallel edges, but no loops.

Let G = (V,E) be a graph. For any v € V, let Ng(v) be the set of vertices that are adjacent with v,
while d¢(v) be the set of edges between v and Ng(v). The degree of v is defined by dg(v) = [6g(v)]. A
2-edge coloring of G is an assignment of one of two colors to every edge in E. We will say that a color is
represented at a vertex v if at least one edge in dg(v) is assigned that color. It is not difficult to show that
a graph G has a 2-edge coloring in which both colors are represented at each vertex of degree at least two,
provided no component of G is an odd cycle (see Section 6.1 of [1]). The following is a minor modification
of this fact.

Lemma 2.7 Let G = (V,E) be a graph and let U C V. Suppose G[U] is bipartite and dg(u) > 2, for all

u € U. Then G has a 2-edge coloring such that both colors are represented at every vertex in U.

Proof. Let v € V — U be an arbitrary vertex and let dg(v) = {e; = vu; : i = 1,2,...,dg(v)}. By
disassembling v we mean the operation of replacing v with a set V,, = {v1,v2, ..., v45(») } of new vertices and
making each e; (i = 1,2,...,dg(v)) joining from u; to v;, instead of v. Let us perform this operation at
every v € V — U. It is clear that the resulting graph G’ is bipartite and de (u) = dg(u) > 2, for all u € U.
Therefore, G’ has a 2-edge coloring A such that both colors are represented at every vertex in U. Since

E(G') = E(G), X is also a 2-edge coloring of G, and it is easy to see that A has the required property. L]

Let G’ be a connected subgraph of G. Then the contraction of G’ in G is obtained from G\E(G[V(G")])
by identifying all vertices of V(G’). This is the same as the ordinary contraction except we also delete the

resulting loops. Notice that the contraction of a simple graph may have parallel edges, but no loops.

Lemma 2.8 Let G = (V, E) be subcubic, chordless, and weakly even. If G' = (V' E') is obtained from G by
repeatedly contracting induced cycles, and U = (V' —=V)U{v € VNV’ :dg(v) = 3}, then G'[U] is bipartite.

Proof. By definition, two distinct edges are in series if and only if they form a minimal cut. Hence two
edges of G’ are in series if and only if they are in series in G. By definition, edges of any contracted cycle are
not in series with any edge not in this cycle, so each series family of G’ is a series family of G. Let C be a
cycle of G’. Then its edges can be partitioned into series families Fy, Fs, ..., F; of G. If C is an odd cycle, it
is clear that there exists an F; with odd |F;|. By Lemma 2.4, |F;| # 1. Since G is weakly even, there exists
a vertex v of G such that v is incident with two edges of F; and dg(v) = 2. Consequently, v € V(C) yet
v & U, which proves that G’[U] has no odd cycles and thus is bipartite. n

3 Sums of hypergraphs

The purpose of this section is to prove a few results, which assert that being Mengerian is preserved under

some natural summing operations.



A hypergraph H is an ordered pair (V,€), where V is a finite set and £ is a collection of subsets of V.
Members of V' and & are called vertices and edges of H. An edge is minimal if none of its proper subset is
an edge. It is clear that clutters are special hypergraphs. Our problem is essentially a problem on clutters.

We use the language of hypergraphs just to simplify our terminology.

The concept of w-packing and blocker can be extended obviously from clutters to hypergraphs. These
are formalized as follows. Let H = (V&) be a hypergraph and let w € ZK. A w-packing of H is a collection
F of edges (repetition allowed) of H, for which each vertex v € V belongs to at most w(v) members of F.
The blocker of H is the clutter b(H) = (V, "), where £’ is the collection of all minimal subsets B C V such
that BN A # (), for all A € £. We also define b(H) = (V, "), where £” consists of all B C V such that
BNA#(, for all A € &. Finally, let r,(H) = If{leilgw(A).

Lemma 3.1 The following hold for any hypergraph H = (V, £).
(i) Tw(b(H)) = ry(H), for allw € ZY ;
(it) The clutter b(H) is Mengerian if and only if b(H) has a w-packing of size ry,(H), for all w € ZY .

Proof. In general, the equality b(b(H)) = H does not hold, but it is easy to see that edges of b(b(H))
are precisely minimal edges of H (see Section 77.6 of [8]). Therefore,

Tw(b(H)) = acmin w(A) = minw(A) = ry(H),

which proves (i). To prove (ii), notice that edges of b(H) are precisely minimal edges of b(H). Thus b(H)
has a w-packing of size r,,(H) if and only if b(H) has a w-packing of size r,,(H), which is equivalent to
vy (b(H)) > 1y(H) = 7y(b(H)). On the other hand, since b(H) is a clutter, we deduce from (1.1) that
Vo (b(H)) < 7 (b(H)). Therefore, b(H) has a w-packing of size r,,(H) if and only if v, (b(H)) = 7, (b(H)),

which proves (ii). -

Let Hy = (V1,&1) and Hy = (Va, &) be two hypergraphs. If k := [V N V3| < 1, then (V3 UV5,E U &) is
called the k-sum of Hy and Ho.

Lemma 3.2 Suppose H is the k-sum (k = 0,1) of Hy and Hy. If both b(Hy) and b(Hs) are Mengerian,
then so is b(H).

Proof. Let H = (V,&), w € ZY, and r = r,,(H). By Lemma 3.1, we only need to show that b(H) has
a w-packing of size r. For i = 1,2, let H; = (V;,&;), and w;(v) = w(v), for all v € V;. Since & = & U &y,
it follows that r = min{r,, (H1),7w,(H2)}. By Lemma 3.1, as b(H;) (i = 1,2) is Mengerian, b(H;) has a
wi-packing {Bi, Bs, ..., Bt}. In case k = 1, we further assume that, without loss of generality, if = is the
common vertex of Hy and Hs, then 2 appears only in B}, B, ..., B,ﬁ (i =1,2). Now it is straightforward
to verify that {B} U B?, B U B2,..., B} U B2} is a w-packing of b(H) as desired. =

Before proceeding, let us prove three technical lemmas which will be used in our discussions on 2- and

3-sums.

Lemma 3.3 Suppose b(H) has no w-packing of size r,(H), for some w € ZY . If we choose such an integral
vector w so that w(V (H)) is minimized, then w(v) < r.,(H), for allv e V(H).



Proof. Let r = r,(H) and V = V(H). Suppose w(vg) > r for some vy € V. Let w’ € ZY such that
w'(vg) = r and w'(v) = w(v), for all v € V' —{vg}. It follows from w(vg) > r that vg does not belong to any
edge of H of minimum weight. Therefore, r,(H) = r. By the minimality of w, b(H) has a w’-packing of
size r, (H) = 7. Notice that every w’-packing is also a w-packing, as w’ < w, thus b(H) has a w-packing of

size r. This contradiction proves the lemma. ]

Lemma 3.4 Suppose b(H) has a w-packing B of size v, where w € ZY. If B is chosen so that ||B|| =
> peg | Bl is mazimized, subject to |B| = r, then every vertex v of H is contained in exactly min{r, w(v)}

members of B.

Proof. Suppose some vertex v is contained in fewer than min{r, w(v)} members of B. Then, as |B| =r,
there must exist B € B that does not contain v. Let B’ be obtained from B by replacing B with B U {v},
which is another member of b(H). It is straightforward to verify that B’ is still a w-packing of b(H) of size
r, yet |B'|| > ||B]|. This contradicts the maximality of ||B|| and thus every vertex must belong to at least
min{r, w(v)} members of B. However, since B is a w-packing of b(H) with [|B|| = r, no vertex is contained

in more than min{r, w(v)} members of B, and thus the lemma follows. n

Lemma 3.5 Let Hy = (V1,&1) and Ho = (Va, &) be hypergraphs with Vi N Vo =Vy. Let H = (V,E), where
VoCVCWViuVaand E ={Ae & UE: ACVE Letw € ZK, w; € ZKl, and wy € ZKQ such that
w(v) = w;(v), for allv € VNV, and i =1,2. Let r = r,(H). Fori=1,2, suppose b(H;) has a w;-packing
B; of size r. Then at least one of the following holds.

(i) b(H) has a w-packing of size r;

(ii) b(H) has no w'-packing of size v, (H), for some w' € ZY with w'(V) < w(V);

(i) B1 N'Vy # Ba N Vy, for all By € By and By € Bs.

Proof. We prove that (i) holds if both (ii) and (iii) fail. Let By € By and By € By with ByNVy = BaNVp.
Let x1, X2, and x be the characteristic vectors of By, Bs, and B := (B; U Bg) NV, which are considered
as subsets of Vq, Vo, and V, respectively. We define w} = w; — x1, wh = we — X2, and w’ = w — x. For
i = 1,2, since b(H;) has a w/-packing B; — {B;} of size r — 1, it follows from (1.1) and Lemma 3.1(i) that
T (Hi) = 7y (b(H;)) > 7 — 1. Therefore, 7, (H) > r — 1. Notice that B is an edge of b(H). If B =0, then
(i) holds trivially. If B # ), then w’(V) < w(V). Since (ii) is false, b(H) has a w’-packing B’ of size r — 1.
Hence (i) holds again, as B’ U { B} is a w-packing of b(H) of size r, which proves the lemma. L]

Let Hy = (V1,&1) and Hy = (V5,&3) be hypergraphs with V4 NV, = {x1,29}. Suppose, for i = 1,2, H;
has an edge A; = {x1,x2,y;} which is the only edge containing y;. Let V/ =V, — {y;} and &/ = & — {A4;}.
Then (V] U VY, & UEYL) is called the 2-sum of Hy and Hs.

Lemma 3.6 Let H be a 2-sum of Hy and Hy. If both b(Hy) and b(H2) are Mengerian, then so is b(H).

Proof. Let H = (V,€). Like in the proof of Lemma 3.2, we will show that, for all w € ZY,

(*) b(H) has a w-packing of size r := r,,(H).



Let us use the terminology in the definition of a 2-sum. Suppose (*) is false for some w € Z_Y_'. Then we

choose such a w with w(V') as small as possible. By Lemma 3.3,
(3.6.1) ww) <rforalveV.

Let i € {1,2}. We define w; € ZY* such that w;(y;) = max{0,7 — w(z1) — w(x2)} and w;(v) = w(v), for
all v € V; — {y;}. Notice that other than A; every edge of H; is an edge of H, so ry, (H;) > r. Since b(H;)
is Mengerian, we conclude from Lemma 3.1 that b(H;) has a w;-packing B; of size r. We choose such a B;
with ||Bil| = >_pcp, |B| as large as possible. Then, by (3.6.1) and Lemma 3.4,

(3.6.2) for any 4,5 € {1,2}, z; is contained in exactly w(z;) members of B;.
Furthermore, by Lemma 3.5,
(363) BN {1’1,1’2} # By N {.’El,l'z}, for all By € By and B> € Bs.

If w(zy) + w(zz) > r, we deduce from (3.6.2) that, for i = 1,2, there exists B; € B; that contains both
x1 and z3, which contradicts (3.6.3). So we must have w(z1) + w(z2) < r. By the definition of w; (i = 1,2),
we have w;(A;) = r. Therefore, |B; N A;| = 1, for all B; € B; (i = 1,2), as every edge of H; should meet
every edge of b(H;). Since (*) does not hold, r > 0 and thus B; # (. Take any B; € B;. There must exist
a1 € A; such that By N Ay = {a1}. It follows that wy(a1) # 0. Let az € Ay be the vertex corresponding to
ay. Then wo(az) = wi(ar) # 0. By (3.6.2), some By € By contains ay. Since |By N Az = 1, we conclude
that By N {x1,x2} = By N {x1,z2}, contradicting (3.6.3), which completes our proof of the lemma. L]

Let Hy = (V1,&1) and Hy = (Va, &) be hypergraphs with ViNVa = {1, 29, z3}. Suppose A = {z1, 22,23}
is an edge of Hy and Hs. Then (V4 U Va, & U &) is called the 3-sum of Hy and Hs over A.

Lemma 3.7 Let H be the 3-sum of Hy and Hs over A = {x1,x9,23}. Fori=1,2 and 1 <j <k <3, let
H;ji, be obtained from H; by adding a new vertex x5, and a new edge Aijr = {xiji, xj, x}. If all b(Hyji)

are Mengerian, then so is b(H).

Proof. Let H = (V,£). Again, we prove that, for all w € ZK,

(*) b(H) has a w-packing of size r := r,,(H).

We use the terminology in the definition of a 3-sum. Suppose (*) is false for some w € ZK. Then we
choose such a w with w(V') as small as possible. Our proof is very similar to the proof of the last lemma.
First, by Lemma 3.3,

(3.7.1) ww) <rforalveV.

Let 1 <i<2and 1< j< k<3 Let Vijy =V, U{xr}, which is the vertex set of H;j;,. We define
Wiji € Z_‘fjk with wiji(zi5) = max{0,r — w(z;) — w(zk)} and w;;x(v) = w(v) for all v € V;. Since other
than A;j, every edge of H,jy is an edge of H, it follows that r., , (Hijx) > 7. Then, as b(H;j;i) is Mengerian,
we conclude from Lemma 3.1 that B(Hij;g) has a w;ji-packing By of size 7. We choose such a B;j, with

1Bijkll = >_pen... |Bl as large as possible. Then, by (3.7.1) and Lemma 3.4,
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(3.7.2) forany 1 <i<2,1<j<k<3,and 1 <h <3, z), belongs to exactly w(z;) members of B, ;.
Furthermore, by Lemma 3.5,

(3.73) BNA#B'NA, forall Be Bij, and B’ € Byjry with 1 <j <k <3,and 1 <5 <k <3.
Since r, (H) = r, it follows that w(A) > r. We prove that

(3.7.4) w(A) >r.

If w(A) = r, then A is an edge of H;12 (¢ = 1,2) of minimum weight. It follows that [B N A| = 1, for
all B € Bj1a (i = 1,2), as |B;12] = r and every member of B;12 should meet every edge of H;15. Since (*)
does not hold, we have r > 0 and so, w(xy) # 0, for some h = 1,2,3. Therefore, by (3.7.2), there exists
B2 € Bi12 (i = 1,2) with By1a N A = {x3} = Ba12 N A. This contradicts (3.7.3) and thus (3.7.4) is proved.

(3.7.5) w(z;) +w(xg) >r, forall 1 <j<k<3.

Suppose otherwise. By symmetry, we assume that w(z1)+w(z2) < r. Then we deduce from the definition
of w;12 that wi12(A4s12) =7 (i = 1,2). Tt follows that A;12 (i = 1,2) is an edge of H;12 of minimum weight,
and thus no member of B;1o can contain both z; and 5.

If w(zy) + w(xs) > r, by (3.7.2) there exists Bj12 € Bz (i = 1,2) that contains both z; and z3.
Therefore, By1a N A = {x1, 23} = Ba1a N A, contradicting (3.7.3). Hence w(z1) + w(z3) < r. By symmetry,
we must also have w(xzz) + w(xz) < r. Therefore, the conclusion we made in the previous paragraph holds
not only for B;i12, but for all B;j. That is, |B N {z;,zx}| < 1, for all edges B € B;;i. On the other hand, by
(3.7.4) and (3.7.2), each B;j;, has an edge B, with |B;;, N A| > 1. Thus, by (3.7.3), {B1;x N A, Bajr NA} =
Hzj, 2o}, {ze, ze}} (1 <j <k <3), where £ € {1,2,3} — {j,k}.

Without loss of generality, let B1ioa N A = {x1,23}, and Bo1o N A = {x2,23}. We deduce from (3.7.3)
that Byiz N A # {xg,23}. Thus By N A = {z1,22}, and Ba13 N A = {z3,23}. Now Bagz N A is {x1, 22} or
{z1,23}. But (3.7.3) is violated in either case, which completes the proof of (3.7.5).

(3.7.6) |[BNA| <2, forall Be Bk, wherel <i<2and1<j<k<3.

Suppose the claim is false. Without loss of generality, we assume that some By has a member By 2O A.
It follows that [BNA| <2, for all B € Baja UBa13U Bags. Let 1 < j < k < 3. Since w(x;) +w(zx) > 7, Bojk
has a member By, that contains both z; and zj, which implies Byj, N A = {z, 1 }. Therefore, by (3.7.3),
|[BNA|#2, for all B € By12 U By13 U Bias.

Let 1 < j <k <3and ¢ € {1,2,3} — {j,k}. Let By, consist of members of By that contains z,.
By (3.7.2), [By;| = w(x¢). Notice that (3.7.5) implies wy;(21%) = 0. Since every member of By, must
meet Ajj, which is an edge of Hy i, we deduce that every member of Bij, contains at least one of x; and
. In particular, every member of B’ljk contains at least one of z; and x;. Therefore, B O A, for all
B € By, as |[BN Al # 2. Consequently, w(z;) > w(zy). Since j, k, £ were chosen arbitrarily, it follows that

w(z1) = w(z2) = w(xs). It also follows that B, = Bijk, and thus w(z1) = w(z2) = w(zz) = r. On the

10



other hand, since |BN A| < 2, for all B € Baj2, we deduce from (3.7.2) that r = |Ba12| > w(A4)/2 = 3r/2, a
contradiction, which completes the proof of (3.7.6).

Finally, let ¢ € {1,2}. By (3.7.5), w(z1) +w(x2) > r, which implies BB;12 has a member B;15 that contains
both z; and x5. Then, by (3.7.6), we must have B;10 N A = {x1, 22}, which contradicts (3.7.3). The lemma

is proved. ]

We finally point out that performing k-sums on graphs agrees with performing k-sums on hypergraphs.

We omit the proof of the next lemma since it follows from the corresponding definitions immediately.

Lemma 3.8 Let G be a k-sum (k = 0,1,2,3) of G1 and G2. Then Cq is the k-sum of Cq, and Cg,.
Moreover, if H=Cq and H; = Cq, (i = 1,2), then each hypergraph H,j;, defined in Lemma 3.7 is precisely
Cag,;.» where Gijy is the graph defined in Lemma 2.6.

4 Packing feedback vertex sets

We have shown in the preceding section that the Mengerian property is preserved under summing operations.
To prove Theorem 1.3, it remains to verify that every prime graph G enjoys the desired Mengerian property.
Recall Lemma 2.1, G is obtained from a rooted 2-connected line graph L(Q) by adding pendent triangles.
Since G belongs to a finite set of sporadic graphs if @ has a triangle (see Lemma 2.3), it is natural to divide
our proof into two parts, depending on the presence or absence of a triangle in ). Our next two lemmas are

concerning the case when @ is triangle-free, while the opposite case is established by the third lemma.

When @ is triangle-free, we start with an arbitrary collection F of subsets of V(G) such that |F| = 7, (Cq)
and every vertex v belongs to exactly w(v) members of F. We then adjust the collection to make it more
efficient, meaning to make sets in F to meet as many induced cycles as possible. We prove that if F is
optimal then it is a w-packing of feedback vertex sets. When we make the adjustments, we distinguish
triangles and other cycles. They behave quite differently because triangles in G correspond to triads in @,
as @ is triangle-free, and other induced cycles of G correspond to cycles of (). We first make sets in F meet
all triangles and then other cycles. One of the key steps for making these adjustments is to find a better

partition of the union of two members of F. This is our first lemma.

Lemma 4.1 Let G be obtained from a rooted line graph L(Q) by adding pendent triangles, where Q is
triangle-free and satisfies (i-iii) in Lemma 2.3. Let C be a collection of induced cycles in G, which includes
all triangles of G. Suppose S C V(G) with |SNV(C)| > 2, for every C € C. Then S can be partitioned into
R and B such that RNV (C) £ 0 # BNV (C), for every C € C.

Proof. Suppose the lemma is false. Then we can choose a counterexample Q2 = (G,C,.S) such that

(a) |C| is minimized;
(b) subject to (a), to = |[{C € C: |V(C)| =3 and V(C) C S}| is minimized;
(c) subject to (a) and (b), dg = |[{v € V(G) : dg(v) > 4}| is minimized.
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A pair (R, B) that satisfies the conclusion of the lemma is called a certificate for (G,C,S). Since L(Q)
is an induced subgraph of G, we will view elements of V(L(Q)) indifferently as vertices of G or edges of Q.

We proceed by proving a sequence of claims.
(1) €] =2.
This is clear since € is a counterexample.
(2) If x € V(G) belongs to a triangle T of G and dg(x) = 2, then z ¢ S.

Let x,y, z be the three vertices of T. If T is a pendent triangle added to L(Q), then y,z € E(Q). If T is
not such a pendent triangle, then z is a pendent edge of @, as @) has no triangles. In both cases, it is clear
that Q' = (G\z,C —{T}, S — {x}) satisfies the assumptions of the lemma. By the minimality of |C|, 2’ has a
certificate (R, B). Since S contains at least two vertices of T', at least one of R and B, say R, contains either

y or z. Therefore, the partition (R, BU{z}) of S is a certificate for €2, a contradiction, which proves (2).
Tt follows immediately from (2) that

(3) §CEQ).

Let x = uv be an edge of Q. Let 65 (u) = dg(u) — {z} and 65 (v) = dq(v) — {z}. Since Q is simple,
g (u) and & (v) are disjoint. On the other hand, Ny (q)(7) = dg(u) Udg(v). Let Q. be obtained from @ by
subdividing = with a new vertex w. Observe that every series family of @), that does not contain uw or wv
is also a series family of @, while the series family containing uw must also contain wv, and dg(w) = 2, thus
Q. is weakly even as well. Moreover, L(Q,) can be obtained from L(Q) by replacing = with two adjacent
vertices uw and vw, such that uw is adjacent to all vertices in 6’Q (u), and vw is adjacent to all vertices in
do(v). Since @ has no triangles, L(Q) has no edges between dg,(u) and g (v). Therefore, this “splitting”
operation performed on L(Q) (to get L(Q,)) does not destroy any of its triangles, which means that there
is a natural correspondence between triangles in L(Q) and triangles in L(Q,). It follows that L(Q.) can be
rooted the same ways as L(Q) was rooted. Let G, be obtained from the rooted L(Q.) by adding pendent

triangles. Then the following is clear.
(4) If z is not a pendent edge of @, then G, satisfies the assumption of the lemma.

For any induced cycle C' of GG, we define an induced cycle C, of G, as follows. If C' is a triangle, let C,
be the triangle in G, that naturally corresponds to C. If C has length at least four, then C' can be expressed
as L(D) for a cycle D of Q. If ¢ E(D), then we define C, = C. If z € E(D), let D, be obtained from D
by subdividing = with w and let C,, = L(D,). Finally, let C,, = {C, : C € C}.

(5) tq =0. That is, |[SNV(T)| = 2, for all triangles T of G.

Suppose (5) is false. Then G has a triangle T" such that all its three vertices, say, z,y, z, belong to S.
By (3), T is not a pendent triangle. Let us name these three vertices such that, if T contains a root edge at

which a pendent triangle is attached, then this root edge is yz. Suppose, as an edge of @, that = has ends u
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and v, where u is the common end of z,y, z. Then x is not a pendent edge of @, for otherwise dg(z) = 2, so
x ¢ S by (2), a contradiction. Then it is routine to verify, using (4), that Q, = (G4, Cys, (S — {z}) U {wov})
satisfies the assumptions of the lemma. Moreover, |C,| = |C|, but tq, = tq — 1. By the minimality of tg, we
conclude that Q. has a certificate (R, B). Now it is easy to see that replacing wv with z in (R, B) results in

a partition of S, which is a certificate of ). This is a contradiction and thus (5) is proved.

(6) G = L(Q).

Suppose z is a vertex of G that does not belong to E(Q). Then there is a unique pendent triangle T" that
contains . From the minimality of |C| we deduce that Q' = (G,C — {T'}, S) has a certificate (R, B). Let y, z
be the other two vertices of T'. By the rule of adding pendent triangles, L(Q)) must have a triangle, say 7",
that contains both y and z. It follows from (2) and (5) that SNV(T") = {y, 2z}, and thus each of R and B

contains precisely one of y and z. Therefore, (R, B) is a certificate for 2, a contradiction, which proves (6).

Tt follows instantly from (6) and (2) that
(7) If z = wv is a pendent edge of @, then z & S.

From (6) we also deduce that members of C are line graphs of triads and cycles of Q). This fact suggests

that all properties of 2 can be verified via Q. An edge uv € E(Q) is mazimum if dg(u) = dg(v) = 3.
(8) Every maximum edge of @} belongs to S

Suppose there exists a maximum edge = ¢ S. Then z is not a pendent edge in Q. It is straightforward
to verify that Q, = (G,,C,, S) satisfies the assumptions of the lemma. Moreover, |C,| = |C|, tq, = tq, but
dg, = dg — 1. By the minimality of dg, Q. has a certificate (R, B). Then the definition of G, implies that

(R, B) is a certificate for , a contradiction, which proves (8).

By (5), every triad T of @) contains precisely two edges in S. Let St be the set of these two edges. Let
D be the collection of cycles D of @) such that L(D) € C.

(9) |ST N E(D)| <2, for all triads T of @ and all cycles D € D.

Suppose Sr C E(D), for a triad T of @ and a cycle D € D. By the minimality of |C|, there exists
a certificate (R, B) for @ = (G,C — {L(D)},S). Since L(T) € C — {L(D)} and |St| = 2, it follows that
RN Sy # () # BN Sr. Therefore, RN E(D) # 0 # BN E(D), which implies that (R, B) is a certificate for

Q, a contradiction, which proves (9).
(10) No cycle in D contains a maximum edge.

Suppose x is a maximum edge contained in D € D. By Lemma 2.2, two distinct edges are in series iff
neither is a cut edge, and every cycle that contains one must also contain the other, so the series family F'
that contains z is a subset of E(D). Since z is a maximum edge, we deduce from Lemma 2.4 and Lemma
2.3(ii) that t := |F| > 2. Let edges 1,2, ..., 2; of F and components @1, Q2, ..., Q; of Q\F be indexed as in
Lemma 2.5. If |[V(Q;)| = 2, for some i, by Lemma 2.5, the only edge y of E(Q;) is a pendent edge of @ and
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it forms a triad with z;_1,z;. Now (7) implies y ¢ S but (9) implies y € S. This contradiction proves that
[V(Q;)| #2foralli. Let I ={i:1<4<tand|V(Q;)| > 2}. It follows from the choice of = that |I| > 2.
For each 1 = 1,2, ..., t, let x; = w;v; such that u; € V(Q;) and v; € V(Q;+1), where Q41 = Q1.

CrAM 1. For each i € I, vertices v;—1 and u; are nonadjacent, where vy = v;.

Assume the contrary: v;_; and u; are adjacent. Since F' is a series family, Lemma 2.5 guarantees the
existence of two edge-disjoint paths linking v;_; and w; in @Q;; let P denote one of them that is different
from edge v;_1u;. Let D’ = D if D does not contain edge v;_1u;, and let D’ be the cycle obtained from
D by replacing edge v;_ju; with path P otherwise. Then v;_ju; is a chord of cycle D’, contradicting the
hypothesis that @ is chordless. So claim 1 is justified.

Let us proceed by distinguishing between two cases.

We first assume that I = {1,2,...,t}. It follows from Lemma 2.5 that all edges in F' are maximum, and
thus they are in S, by (8). Let Zo = Q2 and Z; = Q\V(Q2). For i = 1,2, let Q) be obtained from Q by
contracting Z; (j € {1,2} — {i}) into a vertex w;, and then adding a pendent edge y; at w;.

CLAIM 2. Q! is triangle-free and satisfies (i-iii) in Lemma 2.3, for i = 1 and 2.

From Claim 1 we see that @} is triangle-free and chordless. Since @ is connected, subcubic, and every
cut edge of @ is a pendent edge, from the construction of @} we deduce that all these properties also hold
on Q). Observe that each series family of @} is either a series family of @, or it contains both x; and z3. In
the latter case, the series family is just {z1,z2} if ¢ = 2, while it is F' if ¢ = 1, but |F| must be even since all
the edges in F' are maximum in Q. So Q} is weakly even, and thus Claim 2 is established.

Fori=1and2,let G, = L(Q}),C; ={C € C: V(C) CV(G;)}U{z122¥; }, and S; = (SNE(Z;))U{z1, 22}
It follows from {z1,z2} C S that S; contains at least two vertices from every cycle in C;. Notice that Z;
(5 € {1,2} — {i}) contains at least two vertices v with dg(v) = 3, so |C;| < |C|. By Claim 2 and the
minimality of C, (G;,C;,S;) has a certificate (R;, B;). Since 27 and xo are the only members of S; that are
contained in the triangle x;x5y;, we may assume that x; € R; and zo € B;. Now it is routine to verify that
(R1 U R2, B1 U By) is a certificate for 2, which is a contradiction.

Next, we assume that |I| < ¢. Without loss of generality, let 1 ¢ I. Take any i € I. Let Q) =
Q[E(Q;) UE(D)] and Z; = E(Q;) U {zi—1,z:}. Let G; = L(Q}), Si = SNZ;,and C; = {C : C € C
and V(C) C Z;} U{L(D)}. It follows from the definition of I, Lemma 2.5, and the definition of @} that
dq/(vi-1) = dg/(u;) = 3. Let Ty, , and Ty, be the two triads centered as these two vertices. Since
|[E(D)NTy,_,| = |E(D)NT,]| =2, by Claim 1, v;_; and wu; are nonadjacent. Therefore, we deduce from
(5) that |S; N E(D)| > 2, and thus |S; N V(C)| > 2, for every C € C;. Clearly Q; = (G;,C;,.S;) satisfies the
hypothesis of the lemma. Notice that, for any j € I —{i}, Q); contains at least two vertices v with dg(v) = 3,
so |C;] < |C|. By the minimality of C, Q; has a certificate (R;, B;). In addition, since 1 ¢ I, renaming R’s
and B’s if necessary, we may assume that, for each ¢ with {i,4+1} C I, if S; N S;11 # @ (which implies that
x; is their common edge), then z; belongs to either both R; and R;11, or both B; and B;y1. It follows that
(R,S — R), where R = U;csR;, is a certificate for Q. This contradiction completes the proof of (10).

For each cycle D € D, edges of @ that have precisely one end in V(D) are called connectors of D.

(11) Every D € D has at least two connectors.
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If D has no connectors, then, as @ is connected, @ = D, which contradicts (1). If D has only one
connector x, then x is a cut edge of @, which means z is a pendent edge. Now (7) implies x &€ S but (9)

implies « € S. This contradiction proves (11).
(12) Cycles in D are pairwise vertex-disjoint.

Suppose some D € D shares a common vertex with another cycle in D — {D}. By the minimality of C,
O =(G,C—{L(D)},S) has a certificate (R, B). Since (R, B) is not a certificate for {2, we may assume that
SN E(D) C R. Since E(T) N B # ( for each triad T and E(D) N B = (), all connectors of D belong to B.

Let D; € D — {D} with V(D;) N V(D) # (. Since Q is subcubic, D; must contain two (or more)
connectors of D; let x; denote one of them and let yq,2; be the two edges of D that are incident with
x1 such that y; € R. By (10), {z1,y1,21} is the only triad in @ that contains 1 or y;. So there must
exist a cycle Dy in D — {D, D1} such that RN E(D3) = {y1} and z1 ¢ E(Ds), for otherwise (R’, B'), with
R = (R—{y1})U{x1} and B’ = (B — {x1}) U {y1}, would be a certificate for €, a contradiction. Let P
be a maximal common segment of D and Dy with SN E(P) = {y1}, and let {x;,y;, 2:}, i = 2,3, denote the
triads whose centers are the two ends of P, such that x5, z3 are connectors of D contained in Dy. From the
choice of Da, we see that {y2,y3} C SN (E(D) — E(P)) and that x1,z2,x3 are distinct. Let v; be the center
of the triad {x;,y;, z;} for i = 1,2,3. Symmetry allows us to assume that y; is on the subpath of P from v
to ve. Now define R” := (R — {y2}) U {x2} and B” := (B — {x2}) U {y2}. Let us show that (R”, B") is a

certificate for Q.

For any triad T of @, since both x5 and y, are contained in cycles of D, it follows from (10) that either
T has center ve or T' contains neither xs nor yo. Therefore R’ NE(T) # 0 # B” N E(T) in either case. Next,
suppose D' € D. If vy & V(D'), it is clear that R" N E(D') = RNE(D') #0 # BNE(D')=B"NE(D"). It
D’ = D, we have y; € R"NE(D) and y2 € B”" N E(D). Finally, suppose D' # D yet vy € V(D).

If one of R" N E(D’) and B” N E(D’) is empty then, as D’ contains at least two indicators of D that are
in B, we have RN E(D') = {y2} and z2 ¢ E(D’). Since SN E(P) = {y1} and since, by (10), D contains no
maximum edge, 1, xq, z3 are the only connectors of D incident with vertices on P. Thus from y, € E(D’)
and xo & E(D’), we deduce that y; € E(D’). Recall that RN E(D’) = {y2}, so y1 = y2, contradicting the
fact that y; € E(P) while y, ¢ E(P). Hence (12) holds.

Let Ep = UpepE(D) and Vp = UpepV (D). Let @Qp be obtained from @ by contracting D, for every
cycle D € D, into a vertex vp. Let U = {vp : D € D}U{v € V(Q) — Vp : dg(v) = 3}. Then, by Lemma
2.8, QplU] is a bipartite graph. Let S’ C E(Qp) be the set of edges corresponding to those in S — Ep, and
let Q' = Qp[S’]. Then Q'[U] is bipartite. By (5), (11) and (9), dg/(u) > 2, for all w € U. Thus, by Lemma
2.7, Q' has a 2-edge coloring ' such that both colors are represented at every vertex in U. Let us view S’
as a subset of S. Then )\ can be extended into a 2-edge coloring on S as follows. For each z € Ep, if x is
not incident with a connector of D then we assign a color to x arbitrarily; if x is incident with a connector
2’ of D, then z’ is unique, by (10), and thus we assign z a color different from that of «’. Let R, B be the
color classes. Then it is routine to verify that (R, B) is a certificate for €, a contradiction, which completes

the proof of the lemma. n
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Lemma 4.2 Let G = (V, E) be obtained from a rooted line graph L(Q) by adding pendent triangles, where
Q is triangle-free and satisfies (i-iii) in Lemma 2.3. Then b(Cg) is Mengerian.

Proof. Let w € ZY. By Lemma 3.1, we need to show that b(C¢), which consists of all feedback vertex
sets of G, has a w-packing of size r := r,(Cg), which is the minimum of w(V(C)), over all cycles C of G.

By decreasing the value of w(v) to r, if necessary, we may assume that w(v) <r, for all v € V.

Let C’ consist of all triangles in G and C” consist of all other cycles in G. For any F C V, let a(F') and
B(F) be the number of cycles in C’ and C”, respectively, that F' meets. Clearly, there is a collection F of
subsets of V' such that

(a) |F| =r; and

(b) every v € V is contained in exactly w(v) members of F.

We choose such an F such that

(¢) a(F) =3 per @ F) is maximum, and

(d) subject to (c), B(F) = > per B(F) is maximum.

We prove that every member of F is an FVS of G. This implies that F is a w-packing of b(Cg) of size r,

which would prove the lemma.

(1) FNV(C)#0Q, forall F e Fand C €.

Suppose, by contradiction, that there exist Fy € F and Cy € C’ with Fy NV (Cy) = 0. From (a), (b),
and the fact w(V(Cy)) > r we deduce that there exists Fy € F with |[Fy NV (Cp)| > 2. As usual, let
FoAF, = (Fy — F1) U (Fy — Fy). Let FS = (FoAF) N E(Q) and FS = (FoAFy) — E(Q). Let C) be the
collection of all cycles C' € €’ with V(C) N (Fy N Fy) = § and [V(C) N FE| > 2. Clearly, for each C € C,
there exists a triad in @ that contains all members of V(C) N FdQl. Let U be the set of centers of all these

triads.

For each pendent triangle C' € C{, we perform the following operation on Q. Let x,y be the two edges
in V(C)n Fé_?f. Let u be their common end and let z = uv be the other edge incident with u. We replace
z with «'v, where v’ is a new vertex. In other words, edges in dg(u) are split into two groups, x,y are still
incident with u, but z is moved from u to the new vertex u’. Let @’ be the resulting graph, after performing
this operation over all pendent triangles C' € C{. Let Q" = @’ [Fﬁ] Then the definitions of U and @’ imply
that dg~(u) > 2, for all w € U. On the other hand, by Lemma 2.8, Q[U] is bipartite, so Q'[U] is bipartite,
which in turn implies that Q" [U] is bipartite. By Lemma 2.7, Q" has a 2-edge coloring so that both colors

are represented at each vertex of U. Let Ry and R; denote the two color classes.

For each z € V(G) — E(Q), let T, denote the unique (pendent) triangle of G that contains z. Let
So={z€ F§ :|V(T.) N Ro| < |V(T.) N Ry|} and Sy = E — Sp. Fori = 0,1, let F/ = (FoNFy) UR; US;.
Let F' = (F —{Fo, F1 }) U{F}, F{}. Notice that (RgU Sy, Ry US7) is a partition of FyAF;, thus F’ satisfies
(a) and (b). Let D = {C € ' : V(C)N (Fo U F1) # 0}. Let Dy = {C € D : V(C)N (Fo N Fy) # 0},
D, ={C e€D—-Dy:|V(C)N(FyAF;)| = 1}, and Dy = D — Dy — D;. Then it is clear that Cy € Dy and
a(Fy) + a(F1) < 2|Dg| + |D1| 4+ 2|D2 — {Co}| + |{Co}|- On the other hand, the definition of (Ry, R1) implies
that each cycle in C) meets both Ry and R;. Similarly, the definition of (Sp, S7) implies that every cycle in
Dy — Cfy meets both Ry U Sy and Ry U S;. Therefore, every cycle in Dy meets both F| and FY, which means
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a(F})) + a(F)) = 2|Do| + |D1| + 2|Da| > a(Fy) + a(Fy). Tt follows that «(F') > a(F), contradicting (c), and
thus (1) is proved.

(2) For any « € V, if G’ is a block of G\z, then there exists a triangle-free graph @', which satisfies (i-iii)
in Lemma 2.3, and such that G’ is obtained from L(Q’) by adding pendent triangles.

Clearly, we may assume that |V(G’)| > 3. Let Q1 = Q[V(G’) N E(Q)]. Since G’ is 2-connected and has
three or more vertices, for each z € V(G') — E(Q), the unique (pendent) triangle T, of G that contains z is
contained in G’. If T,\z is contained in a triangle of L(Q1), for all z € V(G') — E(Q), then it is routine to
verify that ' = @1 has the required properties. Therefore, we may assume that some T\ z is not contained
in any triangle of L(Q1). Let Z be the set of all such vertices z. Observe that G'\(V(G') — E(Q) — Z)
is isomorphic to L(Q’), where @' is obtained from @y by adding |Z| pendent edges. It follows that G’
can be obtained from L(Q') by adding pendent triangles. Furthermore, it is routine to verify that Q' is
triangle-free and satisfies (i-ii) in Lemma 2.3. To verify that @’ is weakly even, notice that Q" and Q; have
the same nontrivial series families, since the two graphs only differ by some pendent edges. In addition,
every nontrivial series family of ()1 can be partitioned into series families of @, as Q)1 is a subgraph of Q.
Therefore, each odd series family S; of ()1 contains an odd series family S of ). By Lemma 2.4, |S| > 1.
It follows that @ has a degree-two vertex u, which is incident with two edges of S. From the way we add

pendent edges we deduce that dg/(u) = 2, which proves that Q' is weakly even, and thus (2) is proved.

Now we are ready to prove that each F' € F is an FVS. Suppose otherwise. By (1), there exist Fy € F
and Cy € " with Fy N V(Cp) = . Again, there must exist Fy € F with |Fy N V(Cp)| > 2. Suppose that
G1,Ga,...,Gy are all blocks of G\ (FoNFy). Let i € {1,2,...,k}. By (2), G; is obtained from L(Q;) by adding
pendent triangles, where Q; is triangle-free and satisfies (i-iii) in Lemma 2.3. Let S; = (FoAF1) NV(G;) and
let D; be the collection of cycles C of G; with |[V(C)NS;| > 2. By (1), D; contains all triangles of G;. Then,
by Lemma 4.1, S; can be partitioned into (B;, R;) such that each cycle in D; meets both B; and R;. We
further assume, by interchanging B; with R; when necessary, that if any distinct S; and S; have a common
vertex v then either v € R;NRjorv € B;NB;. Let B=B;UByU...UByand R =R URyU...URy. Let
Fj=(FoNnF)UBand F| = (FoNF1)UR. Let F' = (F — {Fy, F1}) U{F{, F{}. Since (B, R) is a partition
of FoAF,, F' satisfies (a) and (b). By (1) and by the constructions of (B, R), we see that a(F’) > a(F).
However, 3(F") — (F) = B(F}) + B(F}) — (3(Fo) + A(F1)) > 2/D"| - (D" — {Co}| + [{Co}) = 1, where D"
consists of all cycles C' in C” that are contained in G\ (Fy N Fy) with |V(C)N(FyAF1)| > 2. This contradicts
the maximality of S(F), which completes the proof of the Lemma. n

Lemma 4.3 If K € {K3, K, W477K§f3}, then b(Ck) is Mengerian.

Proof. Let K = (V,E) and w € ZK. Suppose vy, v, ..., vjy| are all the vertices in K such that vivavs
is a triangle in K of minimum weight and that dx(v1) > di(va) > dx(vs). We only need to exhibit an
FVS w-packing F of K of size w(v1) + w(ve) + w(vs). Let V' =V — {v1,v2}. It is routine to verify that, if
K € {K3,K;, K33}, then F = {w(vi){v1}, w(va){va}, w(vs)V'} is as desired, where the number w(z) in
front of each set indicates the number of times the set appears in F.

Next, suppose K = W, . Then dx(v1) = 4. When vvs ¢ E, we may assume that vertices on the

path K\v; are ordered as wsvavsvs. It follows that w(ve) < w(vg) and w(vs) < w(vs). Again, it is
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straightforward to verify that F = {w(vy){v1}, w(va){va,va}, w(vs){vs,vs}} has the required property. It
remains to consider the case where vqvs € E. Let us assume vertices on the path K\v; are ordered as
v3020405. Then w(vs) < w(vyg). In this case, we have to consider two subcases. If w(ve) < w(vs), then F =
{w(v1){v1}, w(vs){vs,va}, w(ve){ve,vs}} has the required property; if w(vs) > w(vs) then F = {w(vy){v1},
w(vs){vs, va}, w(vs){va,vs}, (w(vy) — w(vs)){ve,v4}} is as desired for w(ve) + w(vs) < w(vy) + w(vs). m
Remark. For each K € {K3, K, , W, K;f:g}, let vyvovs be a triangle in K with dg (vi) > dg (v2) > dg (vs3),

and let the vertices on the path W, \v1 be ordered as vsvavsvs. It is easy to see that the edge sets of

b(cK) (K = Ks, Kzfv K;?w Wz;) are {{Ul}v {’Ug}, {7)3}}, {{’Ul}ﬂ {7)2}, {03704}}7 {{’U1}, {02}7 {0371)477}5}}7
{{v1}, {va, v3}, {va, va}, {vs, v5}}, respectively. In every case, the incidence matrix for b(Cg) is totally uni-

modular, which also implies that b(Cx) is Mengerian (See Section 83.3 of [8]).

Proof of Theorem 1.3. As observed at the end of Section 1, we only need to show that, if G is in
L then b(Cg) is Mengerian. We apply induction on |V(G)|. The case |V(G)| = 1 is trivial, so we proceed
to the induction step. By Lemma 2.6, Lemma 3.2, and Lemmas 3.6-3.8, we may assume that G cannot
be represented as a k-sum (k = 0,1,2,3) of two smaller graphs, for otherwise we are done by induction.
Then we conclude from Lemma 2.1 that G is obtained from a rooted 2-connected line graph L(Q) by adding
pendant triangles. Clearly we may assume that () has no isolated vertices. If ) has a triangle, then we are
done by Lemma 2.3(iv) and Lemma 4.3. Thus we may assume that @ is triangle-free and satisfies (i-iii) in

Lemma 2.3. Now the result follows from Lemma 4.2. n
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