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Abstract. A well-known cancellation problem of Zariski asks when, for two
given domains (fields) K; and K5 over a field k, a k-isomorphism of K |[t]
(K1(t)) and Ks[t] (Ko(t)) implies a k-isomorphism of K; and K. The main
results of this article give affirmative answer to the two low-dimensional cases
of this problem:

1. Let K be an affine field over an algebraically closed field k of any char-
acteristic. Suppose K(t) ~ k(t1,tq,13), then K ~ k(t1,t3).

2. Let M be a 3-dimensional affine algebraic variety over an algebraically
closed field k of any characteristic. Let A = K|z,y, z,w]/M be the coordinate
ring of M. Suppose Alt] ~ k[xy,xo,x3,24], then frac(A) ~ k(xq,x2,1z3),
where frac(A) is the field of fractions of A.

In the case of zero characteristic these results were obtained by Kang in [14]
and [15]. However, the case of finite characteristic is first settled in this
article, that answered the questions proposed by Kang in [14, 15].
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1 Introduction

There are well-known cancellation problems of Zariski:

Problem 1. Let K and K be affine domains over a field k and let K;[t] ~
Kyt] over k. Is it true that Ky ~ Ko over k?

Problem 2. Let Ky and K, be an affine fields over a field k and let K;(t) ~
Ky(t) over k. Is it true that Ky ~ Ky over k? In particular, if K(t) is a
field of rational functions over k, is it true that K is also a field of rational
functions?

The answers of these problems are no in general, even if £k = C. See, for
instance, [4] and references therein.

However, for some low dimensional cases Problem 2 has a positive solution.
See, for instance, [14].

Since there are well-known counterexamples for Problem 1 (See, [8] and [4]
and references therein), a special case of that problem (when K3 is a poly-
nomial ring over k) has been brought more attentions:

Cancellation Conjecture of Zariski. Let D be a domain over a field
k. If D[t] is k-isomorphic to k[zy,...,x,][t] where k is a field. Then D is
k-isomorphic to k[xq,. .., x,).

The Zariski conjecture is settled for n = 1 by S. S. Abyankar, P. Eakin and
W. J. Heinzer in [1] and M. Miyanishi in [17] for an arbitrary field k& and
for n = 2 by T. Fujita in the case k = C [9]. For n > 3, the Conjecture
remains open, to the best of our knowledge. See [16], [18], [13], [8], [3], [21]
for cancellation conjecture and problems of Zariski and related problems.

In the sequel all rings (fields) are commutative over a field k, all ring and
field embeddings (isomorphisms) are k-embeddings (k-isomorphisms). Recall
that an affine domain is a domain of finite transcendence degree over a field
k; and an affine field is a field of finite transcendence degree over a field k.

For an affine field of transcendence degree two over a field k of characteristics
zero, Problem 2 was solved in the positive by Kang [14].



In this article we shall prove the following new results for low dimensional
cases of the Cancellation Problem, that answer a question of Kang in [14]
positively.

Theorem 1.1 Let K be an affine field over an algebraically closed field k of
arbitrary characteristic. Suppose K(t) ~ k(t1,ta,13), then K ~ k(t1,t3).

Theorem 1.1 has the following generalization.

Theorem 1.1’ Let K be an affine field over an algebraically closed field
k of arbitrary characteristic. Suppose K(t1,...,tn2) =~ k(t1,...,t,), then
K~ k'(tl, t2>

In the case of zero characteristic (e.g. for & = C) both Theorem 1.1 and
Theorem 1.1 were proved by Kang [14]. The following examples show that
there is no much room left for any possible improvement of both Theorem
1.1 and Theorem 1.1°.

Example 1.1 ([5], Theorem 1 and Theorem 2) Let k be a nonalgebraic
closed field with char(k) # 2. Consider the field extension K over k,

K =k(z,y,2) where 2* —ay® = f(2)
where x,y are independent indeterminates over k, such that
o f(2) € k[z] is irreducible of degree three, and
o a=disc(f(z)) € k\{0} is square-free.

Then K is not isomorphic to k(ts,ty,ts) over k, but K(t1,t3) is isomorphic
to k’(tl, tg, t3, t4, t5) over k.

Example 1.2 ([5], Theorem 1’ and Theorem 3) Let k be an algebraic
closed field with char(k) # 2. Consider the field extension K over k,

K =k(z,y,z,w) where 2* — a(w)y® = f(w, 2)
where x,y, z are independent indeterminates over k, such that

o f(w,z) € klw, 2| is irreducible of degree three in z, and



o a(w) = disc,(f(w, z)) € k[w]\{0} is square-free of degree > 5.

Then K is not isomorphic to k(ts, ty,ts5,ts) overk, but K(t1,ts) is isomorphic
to k’(tl, tg, t3, t4, t5, tG) over k.

The examples give a negative answer to an analog of the Concellation Conjec-
ture of Zariski (for rational fields) orginally proposed also by Zariski. Based
on the above examples, the general mathematical community believe that
there should be a counterexample also for the Cancellation Conjecture of
Zariski for polynomial rings whenever n > 3, although it is still an open
problem, to the best of our knowledge.

However, if we replace equivalence by a weaker condition of birational equiva-
lence, we can obtain the following new positive result that answers a question
of Kang in [15] positively:

Theorem 1.2 Let M be a 3-dimensional affine algebraic variety over al-
gebraically closed field k of any characteristic. Let A = Klz,y,z,w]/M be
the coordinate ring of M. Suppose R[t| ~ klxi,xs, x3,24], then frac(R) =~
k(x1, 9, x3), where frac(A) is the field of fractions of A.

In the case k = C, Theorem 1.2 was also established by Kang [15].

2 Proofs of Main Results

In [4] the following main results was obtained by the authors of this article
together with Makar-Limanov:

Proposition 2.1 Let Ky and K5 be affine domains over an arbitrary field k
and Ki[t] can be embedded into Ks[t]. Then Ky can be embedded into Ks.

Proposition 2.2 Let K and Ky be affine fields over an arbitrary field k
and K;(t) can be embedded into K5(t). Then Ky can be embedded into Ks.

Let Ky = k(xy1,25), where k is an algebraically closed field of characteristic
zero. Then any subfield of K; with transcendence degree two over k is iso-
morphic to K (It is a variation of Liiroth’s Theorem. See, for example, [20]).
Suppose K (t1,t2) ~ k(x1, 2, x3,x4). Then by Proposition 2.2, K can be em-
bedded into k(xq,xs) so using the Liiroth theorem obtained by Castelnuovo
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in 1894 (all references can be found in [20]) we conclude that K ~ k(z1, z2).
Similarly Kang’s previous results (the zero characteristic case of Theorem
1.1) can also be deduced this way.

Unfortunately, Liiroth’s Theorem does not hold in general (See [20]), hence
we are not able to conclude that unirationally equivalence implies isomor-
phism in general. Therefore, we cannot answer Problem 2 affirmatively in
general. From our discussion, it is obvious that the Cancellation type of
problems are closely related to Liiroth’s Theorem.

We recall that Liiroth theorem holds in two dimensional case for an algebraic
closed field k of any characteristic if field K5 is separable over ¢(K7) (Namely,
if : K1 — Ky and ¢ : K3 — K, are both k-embeddings between fields K;
and K5 over k, the transcendental degree of K; over k is two, K5 is a separable
extension over ¢(K;) then K; is isomorphic to Ky over k, see [20]). Hence
in order to obtain 2-dimensional cancellation theorem for any characteristic,
we need establish the main results in [4] for separable embeddings.

Definition Let A and B be two affine domains over a field k. We call
an embedding ¢ : A — B good if B is a separable extension of a pure
transcendental extension of image of A under p. Two affine k-fields K and
L are good unirationally equivalent if there exists two good embedings ¢ :
K — L and ¢ : L — K. A transcendence basis z1, ...,z of Ais good if A is
a pure separable algebraic extension of k[z, ..., z].

Every affine domain has a good transcendence basis. (This is because every
affine domain of transcendence degree d has d differentials with non-zero
internal product. See, [22]).

Remarks.
1. An equivalent definition: an embedding ¢ : A — B is good if there exist
for some s an extension map ¢ : Alty,...,ts] such that B is a separable

extension of image of the embedding ¢.

2. An embedding ¢ : A — B may be not good but the fractional field of B
may not contain proper non separable extension of fraction field of A (this



is because there exists a pure inseparable extension of Z,[z] which is not
generated by one element, but any algebraic extension of Z, is separable.
3. Certainly an isomorphism is a good embedding.

4. A composition of good embeddings is a good embedding.

The following two theorems are similar to the main results in [4]:

Theorem 2.1 Suppose there exists a good k-embedding ¢ : A[t] — Blr].
Then there exist a good k-embedding ) : A — B.

The similar fact is true for fields:

Theorem 2.2 Suppose there exists a good k-embedding ¢ : Ky (t) — Ka(T).
Then there exist a good k-embedding ¢ : K1 — K.

Now, we shall prove the main results of this paper by using the above two
theorems first, then prove the above two theorems, as the latter proofs are
quite long.

By repeatly using Theorem 2.2 first, then applying the 2-dimensional Liiroth
theorem we obtain the following

Theorem 2.3 Let K be an extension field of an algebraically closed field k
and let Ky be a pure transcendental extension field of k with tr.degy(Ky) = 2.
Then Ki(ty, ... t,) ~ Ky(71,...,7,) implies Ky ~ K.

Proof of Theorem 1.1 and Theorem 1.1’
Both theorems are direct consequences of the above theorem. O

Proof of Theorem 1.2

We identify A[t] with k[z1, z2, 3, x4] and A with a subring of k[z1, xa, x5, x4].
Let B = klxy,z9, 23], K4 and Kp be the fields of fractions of A and B
respectively. Recall Proposition 7.4 in [1]:

Proposition 2.3 Let A be an integral domain and suppose A is of finite
transcendence degree over the subring A, generated by units of A (in par-
ticular, affine ring). Suppose that Alx] = Bly| and let K and L denote the
fields of fractions of A and B, respectively. If A # B, then K and L are
both ruled over the quotient field k of R, — i.e., K and L are both simple
transcendental extensions of fields containing k.
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If A = B in our case then of course K4 = Kp is a field of rational functions,
therefore my may assume that A # B. By Proposition 2.3 Ky is ruled,
ie. K4 = K'(7) is a simple transcendental extension of some field K’ of
transcendence degree 2. Hence K'(7,t) = L(x3,24) where L = k(x1,25). By
Theorem 2.4 the fields K’ and L are good unirationally equivalent over k.
By Liiroth theorem the Proof of Theorem 1.2 is completed. a

Proof of Theorems 2.1 and 2.2
To prove Theorem 2.1 and Theorem 2.2 we need the following two proposi-
tions:

Proposition 2.4 Let &, ..., & be algebraic over k[, ..., x,]. Suppose that
the rational function (in particular, it could be a polynomial) Q(R, T, 5) Z0,
then there exists a polynomial R € k[x1], such that Q(R, T, E) % 0. Moreover,
if n > 1 1is sufficiently large, we may assume R = x7.

Proof.

—

Step 1. Consider a basis & of field extension k(Z)(§) over k(Z). Then
Q(R,%,& ) can be presented in the following form:

QR ,§) = Z@-(R, Z)/Ty(R, D)€

Q #Z0iff 30 : Q; # 0 and Vi, T; # 0. Hence it is enough to prove that
for each finite set of nonzero polynomials {P;(R,Z) | j = 1,...,1}, if n is
sufficiently large, any polynomial in the set {P;(z7, 7) is not identically
Zero.

J=1

Step 2. If we can find for each j such n; that for all n > n; polynomial
R;(27,7) # 0. Then we can choose N = max(n;) and such n satisfies
conditions of step 1. Hence we may assume [ = 1 in Step 1, so we only need
to deal with one polynomial

degr(Q)

Q(R, %) = Z RIS,(T).

Step 3. Because Q(R,¥) # 0, S; # 0 for some j. Let N = max;{deg(5;)}+
1. It is easy to see that for any n > N, Q(z},Z) # 0. O
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The above proposition has the following consequence.

Proposition 2.5 Let&, ..., & be algebraic and separable over k[xy, ..., xy],
and let the external product of differentials of the polynomials

m
N dQi(t, 7,6 ) #0
i=1
Then there exist a specialization of t1, ..., ts, t; — R; such that

=1

Proof. In case char(k) = 0, as the external product of the differentials of
the polynomials is not zero if and only if the polynomials are algebraically
independent, the conclusion follows from the proofs of main results (Propo-
sition 2.1 and Proposition 2.2 in this paper) in [4]. Hence we may assume
that char(k) = p > 0. By induction it is enough to consider the case s = 1,
i.e., the case of just one parameter (denoted by t). The external product can
be presented in the following form:

—

NdQi(E 7€) =
i=1
= Rday -+ dwy + Y Tydtdr, - da; - da, (1)
=1

The convention Ja;, means that this factor is omitted.
Consider two cases.

Case 1. R # 0. Then we can substitute x'f"’ — t. dt goes to 0 and apply
Proposition 2.4 to R.

Case 2. R = 0. Then T; # 0 for some i. Due to renumeration we can
assume that 77 # 0. Let k # Omod p. Substitute 2% — ¢. Then all terms of

sum 2111 Tidtdxy - - - dx; - - - dx,, except first one vanishes and we get

T1|xk_,t k- 7\d$z

=1



According to Proposition 2.4, T1|,+_, # 0 for sufficiently large k.
Now, we continue Proof of Theorem 2.1 and Theorem 2.2.

In the sequel we proceed only for rings. The case of fields is similar, i.e.,
we only need to replace rings of polynomials by fields of rational functions.
First of all we deduce the proof to the case when Trdeg(A) = Trdeg(B). If
Trdeg(A) < Trdeg(B), then Trdeg(A[t]) < Trdeg(B[r]). Hence there exists
a good embedding Aly, t] — B]7] sending y to some element in a good tran-
scendence basis, by additing this element to a completes good transcendence
basis of Im(A[t]), we obtain a good transcendence basis of B[r]. Now we may
replace A’ = A[z] and conclude by induction on Trdeg(B)—Trdeg(A). There-
foe without of loss of generality, we may assume that Trdeg(A) = Trdeg(B).

There exists a transcendence basis {x1,...,2,,} of A such that A is a sep-
arable extension of k[xq,...,z,]. (Indeed every affine field has a separable
transcendence basis {T; = P;/Q;}, see p.57-77 in [22]). Hence A, dT; # 0.
It implies that for some sequence {R;} such that for each i either R; = P,
or R; = @Q; the external product A,dR; # 0. Therefore Aft] is a sepa-
rable extension of k[t,zi,...,z,,]. Hence B[r]| is a separable extension of
o(k[t,zq1,...,2,]). According to [22], this means that the external product

do(t) Ndp(x1) A= A dp(zm) # 0.

In particular,
m

/\ d(;) # 0.

i=1
By Proposition 2.5, there exists a specialization of ¢ — z for some ¢, such
that

\de(z:) #0 (2)

where ¢(x;)" € B, the element corresponding to ¢(z;) after this specializa-
tion. The equality (2) means that B is a separable extension of image of
klx1,...,2,) under ¢'. Hence B is separable over ¢'(A). O



Remark. The following theorem generalizes Proposition 2.4. It is very
useful because it allows to find an ‘elements of general position’ in case of
finite fields and it is very important in the dimension theory (Proposition 2.4
corresponds to the case r = 0 of this theorem).

Theorem 2.4 Let &, ...,& be algebraic over klxy, ..., x,], the polynomials
Qz(f, f,g );i = 1,...,n are algebraically independent for some value of set
of parameter t = (t1,...,t,.) in some extension field ki of the ground field k.
Then there ezist polynomials R; € ®[z1];i=1,...,r, R= (Ry,...,R,) such
that the set of polynomials

{Q1(§7 f?E)? cee 7Qn<ﬁ7 f7g)}

15 algebraically independent.

Moreover, if the growth of the sequence n; <K ny K --- K n, 1s sufficiently
fast, we may be assumed R; = .

The similar fact is hold for fields and rational functions Q;. In this case we
also can put R; = 1™ (as well as z").

Instead of x; one can take any other variable z;; ® = Z, if Char(k) = p and
¢ = Z if Char(k) = 0.

Because we do not use this theorem in full generality (for our purpose Propo-
sition 2.4 is enough), we omit the proof.

Acknowledgements

The first author is grateful to the Department of Mathematics of the Uni-
versity of Hong Kong for its warm hospitality and stimulating atmosphere
during his visit when this work was initiated. The authors are grateful to
Arno van den Essen and L. Makar-Limanov for useful discussions. They also
thank Ming-chang Kang for pointing out the references [14] and [15].

10



References

[1] S. S. Abhyankar, P. Eakin and W. J. Heinzer, On the uniqueness
of the coefficient ring in a polynomial ring, J. Algebra 23 (1972),
310-342.

[2] M. Artin and D. Mumfold, Some elementary examples of unirational
varieties which are non-trivial, Proc. London Math. Soc. 25 (1972),
75-95.

[3] T. Bandman and L. Makar-Limanov, Affine surfaces with isomorphic
cylinders, Non-published.

[4] A.Belov, L. Makar-Limanov and Jie-Tai Yu, On Generalized Cancel-
lation Problem J. Algebra, Vol. 281, N1, pages 161-166.

[5] A. Beauville, J-L Colliot-Thelene, J-J Sansuc and P. Swinnerton-
Dyer, Varietes stablement rationnelles non rationnelles, Ann. Math.

121 (1985) 283-318.

(6] C. H. Clemens, Jr. and P. A. Griffiths, The intermediate Jacobian of
the cubic threefold, Ann. Math. 95 (1972), 281-356.

[7] P. M. Cohn, Free Rings and Their Relations, Second Edition, Acad-
emic Press, 1985.

(8] W. Danielewski, On the cancellation problem and automorphism
groups of affine algebraic varieties, preprint, Warsaw 1989.

9] T. Fujita, On Zariski problem, Proc. Japan Acad. Ser. A Math. Sci.
55 (1979), 106-110.

[10] P. Gordan, Uber biqudratishe Gleichungen, Math. Ann. 29 318-326.

[11] On a theorem of Liroth, Mem. Coll. Sci. Univ. Tokyo, Ser A. Math.
26 251-253.

[12] V. A. Iskovskih and Yu. I. Manin, Three diemsional quartics and
counterexamples to the Liroth problem, Math. Sb. 86 (1971), 140-166
(in Russian).

[13] S. Kaliman and M. Zaidenberg, Families of affine planes: the exis-
tence of a cylinder, preprint.

[14] Kang, Ming-chang, A note on the birational cancellation problem, J.
Pure Appl. Algebra 77 (1992), 141-154.

11



[15] Kang, Ming-chang, The cancellation problem, J. Pure Appl. Algebra
47 (1987) 165-171.

[16] H. Kraft, Challenging problems on affine n-space, Astérisque 237
(1996), 295-317.

[17] M. Miyanishi, Some remarks on polynomial rings, Osaka J. Math. 10
(1973), 617-624.

[18] M. Miyanishi and T. Sugie, Affine surfaces containing cylinderlike
open sets, J. Math. Kyoto Univ., 20 (1980), 11-42.

[19] P. Samuel. Some remarks on Liiroth theorem. Mem.Univ.Kyoto 27
(1952-53), 223-224.

[20] A. Schinzel, Selected Topics on Polynomials, Ann Arbor, The Uni-
versity of Michigan Press, 1982.

[21] V. Shpilrain and Jie-Tai Yu, Affine varieties with equivalent cylinders.
J. Algebra, 251 (2002), 295-307.

[22] T.A.Springer. Linear algebraic groups. Second edition. Progress in
Mathematics, 9. Birkhauser Boston, Inc., Boston, MA, 1998, ISBN:
0-8176-4021-5.

Hebrew University of Jerusalem,
Moscow Institute of Open Education

e-mail address:kanel@math.huji.ac.il, kanel@mccme.ru
and

Department of Mathematics, The University of Hong Kong, Pokfulam Road,
Hong Kong SAR, China

e-mail address: yujt@hkusua.hku.hk
http://hkumath.hku.hk/ ™ jtyu

12



