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1. Introduction

It is well recognized that integral inequalities in general provide an effective tool to the study
of quantitative as well as qualitative properties of solutions of differential and integral equations.
Among these, the following Opial’s inequality has been one of the most useful few and has contin-
uously drawn people’s attentions over the past few decades.

Theorem (Opial [17]). If f ∈ L1[0, h] satisfies f(0) = f(h) = 0 and f(x) > 0 for all x ∈ (0, h),
then ∫ h

0

∣∣f(x)
∣∣ ∣∣f ′(x)

∣∣dx ≤ h

4

∫ h

0

∣∣f ′(x)
∣∣2dx .

Over the years, Opial’s inequality has been generalized to many different situations and settings.
For example, in [3, 22] it was generalized to the case of many functions of 1 variable, in [9, 10, 11,
18, 19] to the case of many functions of many variables, and in [5, 6, 7, 12, 13, 14, 18, 21] to the case
involving higher order derivatives. Meanwhile, in [4], Agarwal first introduced and established some
general Opial-type inequalities involving general ρ-derivatives, that is, for the class of differential
operators D

(n)
ρ , which properly contains the class of disconjugate linear operators

L := D(n) +
n∑

i=1

ai(t)D(n−i) .

Anastassiou [1] then established for the first time Opial-type inequalities for general linear differ-
ential operators, and his results have later on been generalized in many directions by Anastassiou-
Pečarić [2] and Koliha-Pečarić [16].

This work is a further generalization of the works in [2] and [16].

Let I ⊂ R be a closed interval, a ∈ I, n ∈ N, and we consider linear differential operators

Li = Dm +
m−1∑
α=0

φi,α(t)Dα , φi,α ∈ C(I) , i = 1, . . . , n .

Let Gi(x, t) be the Green’s function for Li. For any h ∈ C(I), it is well-known (see, e.g. [15]) that
for each i = 1, . . . , n,

yi(x) :=
∫ x

a

Gi(x, t)h(t)dt

is the unique solution for the initial value problem
{

Liy = h

y(j)(a) = 0 , j = 0, 1, . . . , m− 1 .

Collectively, if we consider L = L1 ⊗ · · · ⊗ Ln as operating on C(I)× · · · × C(I) (n copies), then

y := (y1 · · · yn)

is the unique solution for the initial value problem
{

Ly = h

y(j)(a) = 0 , j = 0, 1, . . . , m− 1 ,

where h = (h, . . . , h) and for each j, y(j) = (y(j)
1 , . . . , y

(j)
n ).

In [16], the case n = 1 was considered and estimates for the integral
∫ x

a

U(s)
∣∣y(s)

∣∣β∣∣h(s)
∣∣αds

for any function 0 ≤ U ∈ C(I) and any real numbers α, β > 0 were established. These provide
valuable information to the unique solution of the aforesaid initial value problem for the case
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n = 1. In this paper, we extend the results of [16] to the case where n > 1, and also obtain discrete
analogues which are equally useful in discrete initial value problems. As a far-reaching application,
these are applied to obtain estimates of fractional derivatives.

2. General Weighted Opial-type Inequalities

In the sequel, let I be a closed and bounded interval in R, and a ∈ I. Let N ∈ N be a fixed
integer and for the sake of simplicity, the index i will always run from 1 to N .

The following is a generalization of Theorem 2.4 in [16] and Theorem 1, Theorem 2, and
Corollary 1 in [2].

Theorem 2.1. Let Ki ∈ C(I × I) be positive, and yi, h ∈ C(I) satisfy

∣∣yi(t)
∣∣ ≤

∣∣∣
∫ t

a

Ki(t, s)
∣∣h(s)

∣∣ds
∣∣∣ for all t ∈ I .

Then for any constants pi ≥ 0, p :=
N∑

i=1

pi > 0, q > 0, r > max{1, q}, and any u, v ∈ C(I) with

u ≥ 0 and v > 0,
∣∣∣∣∣
∫ x

a

u(t)
∣∣h(t)

∣∣q
N∏

i=1

∣∣yi(t)
∣∣pi

dt

∣∣∣∣∣ ≤ A(x)
∣∣∣∣
∫ x

a

v(t)
∣∣h(t)

∣∣rdt

∣∣∣∣
p+q

r

for all x ∈ I, where

A(x) =
( q

p + q

) q
r

∣∣∣∣∣
∫ x

a

u(t)
r

r−q v(t)−
q

r−q

N∏

i=1

∣∣Pi(t)
∣∣ pi(r−1)

r−q dt

∣∣∣∣∣

r−q
r

,

Pi(t) =
∫ t

a

v(s)−
1

r−1 Ki(t, s)
r

r−1 ds .

Proof. Consider first t ≥ a. By assumption and Hölder’s Inequality with indices r
r−1 , r,

∣∣yi(t)
∣∣ ≤

∫ t

a

Ki(t, s)
∣∣h(s)

∣∣ds

=
∫ t

a

v(s)−
1
r Ki(t, s)v(s)

1
r

∣∣h(s)
∣∣ds

≤
(∫ t

a

v(s)−
1

r−1 Ki(t, s)
r

r−1 ds
) r−1

r ·
( ∫ t

a

v(s)
∣∣h(s)

∣∣rds
) 1

r

=
∣∣Pi(t)

∣∣ r−1
r

( ∫ t

a

v(s)
∣∣h(s)

∣∣rds
) 1

r

,

hence
N∏

i=1

∣∣yi(t)
∣∣pi ≤

( ∫ t

a

v(s)
∣∣h(s)

∣∣rds
) p

r
N∏

i=1

∣∣Pi(t)
∣∣ pi(r−1)

r .

Therefore, by applying Hölder’s Inequality with indices r
r−q , r

q ,

∫ x

a

u(t) ·
N∏

i=1

∣∣yi(t)
∣∣pi · ∣∣h(t)

∣∣qdt

≤
∫ x

a

u(t) ·
N∏

i=1

∣∣Pi(t)
∣∣ pi(r−1)

r ·
( ∫ t

a

v(s)
∣∣h(s)

∣∣rds
) p

r ∣∣h(t)
∣∣qdt

=
∫ x

a

u(t)v(t)−
q
r

N∏

i=1

∣∣Pi(t)
∣∣ pi(r−1)

r

( ∫ t

a

v(s)
∣∣h(s)

∣∣rds
) p

r

v(t)
q
r

∣∣h(t)
∣∣qdt

≤
( ∫ x

a

u(t)
r

r−q v(t)−
q

r−q

N∏

i=1

∣∣Pi(t)
∣∣ pi(r−1)

r−q dt
) r−q

r ·
( ∫ x

a

(∫ t

a

v(s)
∣∣h(s)

∣∣rds
) p

q

v(t)
∣∣h(t)

∣∣rdt
) q

r
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for any x ≥ a. Let

Ψ(t) =
∫ t

a

v(s)
∣∣h(s)

∣∣rds .

Then
[ ∫ x

a

(∫ t

a

v(s)
∣∣h(s)

∣∣rds
) p

q

v(t)
∣∣h(s)

∣∣rdt
] q

r

=
( ∫ x

a

Ψ(t)
p
q Ψ′(t)dt

) q
r

=
( q

p + q

) q
r

Ψ(x)
p+q

r .

Hence ∫ x

a

u(t)
( N∏

i=1

∣∣yi(t)
∣∣pi

)∣∣h(t)
∣∣qdt ≤ A(x)

( ∫ x

a

v(s)
∣∣h(s)

∣∣rds
) p+q

r

for any x > a. The case for x < a can be obtained immediately from the relation
∫ a

x

(·)ds = −
∫ x

a

(·)ds .

Hence the theorem.

Corollary 2.1. Let Ki ∈ C(I × I) be positive, and yi, h ∈ C(I) satisfy

∣∣yi(t)
∣∣ ≤

∣∣∣
∫ t

a

Ki(t, s)
∣∣h(s)

∣∣ds
∣∣∣ for all t ∈ I .

Then for any constants pi ≥ 0, p :=
N∑

i=1

pi > 0, q > 0, with p + q > 1, and any u, v ∈ C(I) with

u ≥ 0 and v > 0,
∣∣∣∣∣
∫ x

a

u(t)
∣∣h(t)

∣∣q
N∏

i=1

∣∣yi(t)
∣∣pi

dt

∣∣∣∣∣ ≤ A(x)
∣∣∣∣
∫ x

a

v(t)
∣∣h(t)

∣∣p+q
dt

∣∣∣∣

for all x ∈ I, where

A(x) =
( q

p + q

) q
p+q

∣∣∣∣∣
∫ x

a

u(t)
p+q

p v(t)−
q
p

N∏

i=1

∣∣Qi(t)
∣∣ pi(p+q−1)

p

∣∣∣∣∣

p
p+q

,

Qi(t) =
∫ t

a

v(s)−
1

p+q−1 Ki(t, s)
p+q

p+q−1 ds .

Proof. It follows from Theorem 2.1 by taking r = p + q > max{1, q}.
Theorem 2.2. Under the same conditions as in Corollary 2.1, for any u, v ∈ C(I) with u ≥ 0
and v > 0,

∣∣∣∣∣
∫ x

a

u(t)
N∏

i=1

∣∣yi(t)
∣∣pi · ∣∣h(t)

∣∣qdt

∣∣∣∣∣ ≤ ‖v‖p
∞‖h‖p+q

∞

∣∣∣∣∣
∫ x

a

u(t)
N∏

i=1

Qi(t)pidt

∣∣∣∣∣

for all x ∈ I, where

Qi(t) :=
∣∣∣∣
∫ t

a

v(s)−1Ki(s, t)ds

∣∣∣∣ .

Proof. For any t ≥ a and any i = 1, . . . , N ,

∣∣yi(t)
∣∣ ≤

∫ t

a

Ki(t, s)
∣∣h(s)

∣∣ds =
∫ t

a

v(s)−1Ki(t, s)v(s)
∣∣h(s)

∣∣ds ≤ Qi(t)‖v‖∞‖h‖∞ ,

thus
N∏

i=1

∣∣yi(t)
∣∣pi ≤ ‖v‖p

∞‖h‖p
∞

N∏

i=1

Qi(t)pi .
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So for all x ≥ a, ∫ x

a

u(t) ·
N∏

i=1

∣∣yi(t)
∣∣pi ·

∣∣h(t)
∣∣qdt

≤
∫ x

a

u(t) ·
N∏

i=1

Qi(t)pi · ‖v‖p
∞‖z‖p

∞ · ∣∣h(t)
∣∣qdt

=
(∫ x

a

u(t)
N∏

i=1

Qi(t)pidt
)
‖v‖p

∞‖h‖p+q
∞ .

The case for x < a can be obtained by the relation
∫ a

x

(·)ds = −
∫ x

a

(·)ds .

3. Discrete Versions

This section deals with discrete analogs of the results in Section 2.
As above, N ∈ N is a fixed integer and i runs 1 to N . Let m ∈ N be another fixed integer.
The following results generalize the main results of [8].

Theorem 3.1. For any i = 1, . . . , N and α, β = 0, . . . ,m − 1, let Ki
αβ > 0 and ai

α, bβ be real
numbers such that

|ai
α| ≤

α−1∑

β=0

Ki
αβ |bβ | .

Then for any constants pi ≥ 0, p :=
N∑

i=1

pi > 0, q > 0, r > max{1, q}, and any Uα ≥ 0 and Vα > 0,

m−1∑
α=0

Uα

( N∏

i=1

|ai
α|pi

)
|bα|q ≤ C

q
r
mAm

( m−1∑

β=0

Vβ |bβ |r
) p+q

r

,

where
C1 = 0 ,

Cα =
q

p + q

( 1
p + q

) p
q

(1− Cα−1)−
p
q , α = 2, 3, . . . ,m ,

Am =
[ m−1∑

α=0

U
r

r−q
α V

− q
r−q

α

N∏

i=1

(P i
α)

pi(r−1)
r−q

] r−q
r

, and

P i
α =

α−1∑

β=0

V
− 1

r−1
β (Ki

αβ)
r

r−1 .

Proof. For any i = 1, . . . , N and α = 0, . . . , m− 1,

|ai
α|pi ≤

( α−1∑

β=0

Ki
αβ |bβ |

)pi

=
( α−1∑

β=0

V
− 1

r

β Ki
αβV

1
r

β |bβ |
)pi

≤
[ α−1∑

β=0

V
− 1

r−1
β (Ki

αβ)
r

r−1

] pi(r−1)
r

[ α−1∑

β=0

Vβ |bβ |r
] pi

r

.

Thus
N∏

i=1

|ai
α|pi ≤

{ N∏

i=1

[ α−1∑

β=0

V
− 1

r−1
β (Ki

αβ)
r

r−1

] pi(r−1)
r

}
·
{ α−1∑

β=0

Vβ |bβ |r
} p

r

=
{ N∏

i=1

(P i
α)

pi(r−1)
r

}
·
{ α−1∑

β=0

Vβ |bβ |r
} p

r
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and so
m=1∑
α=0

Uα

( N∏

i=1

|ai
α|pi

)
|bα|q

≤
m−1∑
α=0

UαV
− q

r
α

[ N∏

i=1

(P i
α)

pi(r−1)
r

]
· V

q
r

α |bα|q
[ α−1∑

β=0

Vβ |bβ |r
] p

r

≤
[ m−1∑

α=0

U
r

r−q
α V

− q
r−q

α

N∏

i=1

(P i
α)

pi(r−1)
r−q

] r−q
r ·

[ m−1∑
α=0

( α−1∑

β=0

Vβ |bβ |r
) p

q

Vα|bα|r
] q

r

.

Write

Xα =
α−1∑

β=0

Vβ |bβ |r ,

then
∆Xα = Vα|bα|r

and

[ m−1∑
α=0

( α−1∑

β=0

Vβ |bβ |r
) p

q

Vα|bα|r
] q

r

=
[ m−1∑

α=0

(Xα)
p
q ∆Xα

] q
r ≤ [

CmX
p
q +1
m

] q
r = C

q
r
mX

p+q
r

m

by Lemma 2 in [7]. Thus

m−1∑
α=0

Uα

( N∏

i=1

|ai
α|pα

)
|bα|q ≤ C

q
r
mAmX

p+q
r

m = C
q
r
mAm

( m−1∑

β=0

Vβ |bβ |r
) p+q

r

.

Corollary 3.2. For any i = 1, . . . , N and α, β = 0, . . . , m − 1, let Ki
αβ > 0 and ai

α, bβ be real
numbers such that

|ai
α| ≤

α−1∑

β=0

Ki
αβ |bβ | .

Then for any constants pi ≥ 0, p :=
N∑

i=1

pi > 0, q > 0, with p + q > 1, and any Uα ≥ 0 and Vα > 0,

m−1∑
α=0

Uα

( N∏

i=1

|ai
α|pα

)
|bα|q ≤ C

q
p+q
m Am

m−1∑

β=0

Vβ |bβ |p+q ,

where
C1 = 0 ,

Cα =
q

p + q

( 1
p + q

) p
q

(1− Cα−1)−
p
q , α = 2, 3, . . . ,m ,

Am =
[ m−1∑

α=0

U
p+q

p
α V

− q
p

α

N∏

i=1

(P i
α)

pi(p+q−1)
p

] p
p+q

, and

P i
α =

α−1∑

β=0

V
− 1

p+q−1
β (Ki

αβ)
p+q

p+q−1 .

Proof. It follows from Theorem 3.1 by setting r = p + q > max{1, q}.
Remark. Let {uα} be a sequence of real numbers,

∆0uα = uα ,

∆1uα = ∆uα = uα+1 − uα ,

∆iuα = ∆i−1uα+1 −∆i−1uα , i = 2, 3, . . . ,
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if we write {
ai

α = ∆iuα , i = 1, . . . , N − 1

bα = aN
α = ∆Nuα

then clearly there exist Ki
αβ > 0 such that

|ai
α| ≤

α−1∑

β=0

Ki
αβ |bβ |

and so Theorem 3.1 and Corollary 3.2 apply. In particular, observe that these generalize the main
result of Alzer in [8].

4. Applications to Fractional Derivatives

We first recall the following basic notations and facts (see, e.g. [20]): For any x > 0,

Cn[0, x] = {functions on [0, x] with continuous mth order derivative},
AC[0, x] = {absolutely continuous functions on [0, x]},
ACn[0, x] = {functions f ∈ Cn[0, x] with f (n−1) ∈ AC[0, x]},
L(0, x) = {Lebesgue integrable functions on (0, x)},
L∞(0, x) = {Lebesgue measurable functions that are essentially bounded on [0, x]}.

Let α > 0 and f ∈ L(0, x). The Riemann-Liouville fractional integral Iαf of f of order α is
defined by

Iαf(t) :=
1

Γ(α)

∫ t

0

(t− s)α−1f(s)ds , t ∈ [0, x] , (4.1)

where Γ is the usual Gamma function. Note that the RHS of (4.1) exists for almost all t ∈ [0, x],
and Iαf ∈ L(0, x) (see [20]). The Riemann-Liouville fractional derivative of f of order α is defined
by

Dαf(t) :=
( d

ds

)m

Im−αf(t) =
1

Γ(m− α)

( d

ds

)m
∫ t

0

(t− s)m−α−1f(s)ds ,

where m = [α] + 1, [α] = the largest integral part of α, provided that the derivative exists. As a
convention, we define

D0f := f ,

I0f := f ,

I−αf := Dαf for α > 0 ,

D−αf := Iαf for 0 < α ≤ 1 .

Observe that Riemann-Liouville fractional derivatives are generalizations of regular derivatives,
that is, if α ∈ N, then

Dαf =
dαf

dsα
.

Let m = [α] + 1. A function f ∈ L(0, x) is said to have an integrable fractional derivative Dαf

if {
Dα−kf ∈ C[0, x] , k = 1, . . . , m

Dα−1f ∈ AC[0, x] .

Lemma 4.1. Let ν > µ ≥ 0. If f ∈ L(0, x) has an integrable fractional derivative Dνf , and

Dν−jf(0) = 0 for all j = 1, . . . , [ν] + 1 ,

then

Dµf(t) =
1

Γ(ν − µ)

∫ t

0

(t− s)ν−µ−1Dνf(s)ds

for all t ∈ [0, x].
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Proof. By the Index Law for fractional derivatives [20],

Iν−µDνf = Iν−µI−νf = I−µf = Dµf .

Hence the result.

Theorem 4.1. Let pi, q, µi, ν, r (i = 1, . . . , N) be real numbers such that pi ≥ 0, p :=
N∑

i=1

pi > 0,

q > 0, ν > µi + 1 ≥ 0 for all i = 1, . . . , N , and

r > max
{

1, q,
1

ν − µi
: i = 1, . . . , N

}
.

Suppose f ∈ L(0, x) has an integrable fractional derivative Dνf ∈ L∞(0, x), and

Dν−jf(0) = 0 for all j = 1, . . . , [ν] + 1 ,

then for any u, v ∈ C[0, x] with u ≥ 0 and v > 0,

∫ x

0

u(t)
∣∣Dνf(t)

∣∣q
N∏

i=1

∣∣Dµif(t)
∣∣pi

dt ≤ A(x)
[ ∫ x

0

v(t)
∣∣Dνf(t)

∣∣rdt
] p+q

r

, (4.2)

where

A(x) =
( q

p + q

) q
r
{ ∫ x

0

u(t)
r

r−q v(t)−
q

r−q

N∏

i=1

∣∣Pi(t)
∣∣ pi(r−1)

r−q dt
} r−q

r

,

Pi(t) =
∫ t

0

v(s)−
1

r−1 Ki(t, s)
r

r−1 ds , 0 ≤ t ≤ x ,

Ki(t, s) =
(t− s)ν−µi−1

+

Γ(ν − µi)
, 0 ≤ t, s ≤ x , and

(t− s)+ = max{t− s, 0} .

Proof. First observe that
(i) since ν > µi + 1, Ki ∈ C

(
[0, x]2

)
for all i;

(ii) since r > 1
ν−µi

for all i, we have

(ν − µi − 1)r
r − 1

> −1 for all i

and so for any fixed t ∈ [0, x],

Ki(t, s)
r

r−1 =
(t− s)(ν−µi−1)r/(r−1)

+

Γ(ν − µi)r/(r−1)

is integrable over [0, t]. Since v > 0 and is continuous, Pi(t) is well-defined;
(iii) since v > 0, and by assumption Dνf ∈ L∞(0, x), v(t)

∣∣Dνf(t)
∣∣r is integrable over [0, x], so the

RHS of (4.2) is well-defined.
By Lemma 4.1, for each i = 1, . . . , N ,

Dµif(t) =
1

Γ(ν − µi)

∫ t

0

(t− s)ν−µi−1Dνf(s)ds

for all t ∈ [0, x]. Letting

h = Dνf ,

yi = Dµif ,

Ki(t, s) =
(t− s)ν−µi−1

+

Γ(ν − µi)
, 0 ≤ t, s ≤ x ,

8



we have ∣∣yi(t)
∣∣ ≤

∣∣∣
∫ t

0

Ki(t, s)
∣∣h(s)

∣∣ds
∣∣∣

for all i = 1, . . . , N and all t ∈ [0, x]. Hence by Theorem 1, for any u, v ∈ C[0, x],

∫ x

0

u(t)
∣∣h(t)

∣∣q
N∏

i=1

∣∣yi(t)
∣∣pi

dt ≤ A(x)
[ ∫ x

0

v(t)
∣∣h(t)

∣∣rdt
] p+q

r

,

that is ∫ x

0

u(t)
∣∣Dνf(t)

∣∣q
N∏

i=1

∣∣Dµif(t)
∣∣pi

dt ≤ A(x)
[ ∫ x

0

v(t)
∣∣Dνf(t)

∣∣rdt
] p+q

r

.

Remark. Note that Theorem 4.1 reduces to Theorem 4.2 in [16] when N = 1.

An interesting special case of Theorem 4.2 is the following

Corollary 4.2. Under the same conditions as in Theorem 4.1,

∫ x

0

∣∣Dνf(t)
∣∣q

N∏

i=1

∣∣Dµif(t)
∣∣pi

dt ≤

N∏
i=1

(r − 1
σi

) pi(r−1)
r

N∏
i=1

Γ(ν − µi)pi

·
(

r − q
N∑

i=1

σipi + r − q

) r−q
r

· x[
NP

i=1
σipi+r−q]/r

,

where for each i = 1, . . . , N , σi := νr − µir − 1.
Proof. By taking u = v ≡ 1 in Theorem 4.1, we have

∫ x

0

∣∣Dνf(t)
∣∣q

N∏

i=1

∣∣Dµif(t)
∣∣pi

dt ≤ A(x)
[ ∫ x

0

∣∣Dνf(t)
∣∣rdt

] p+q
r

,

where

A(x) =
( q

p + q

) q
r
{ ∫ x

0

N∏

i=1

∣∣∣
∫ t

0

( (t− s)ν−µi−1
+

Γ(ν − µi)

) r
r−1

ds
∣∣∣

pi(r−1)
r−q

dt
} r−q

r

=
1

N∏
i=1

Γ(ν − µi)pi

·
{ ∫ x

0

N∏

i=1

(r − 1
σi

· t σi
r−1

) pi(r−1)
r−q

dt
} r−q

r

=

N∏
i=1

(r − 1
σi

) pi(r−1)
r

N∏
i=1

Γ(ν − µi)pi

·
{ ∫ x

0

t
1

r−q

NP
i=1

σipi

dt
} r−q

r

=

N∏
i=1

(r − 1
σi

) pi(r−1)
r

N∏
i=1

Γ(ν − µi)pi

·
(

r − q
N∑

i=1

σipi + r − q

) r−q
r

· x[
NP

i=1
σipi+r−q]/r

,

hence the result follows.
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Appendix

Direct proof of Corollary 2.1.
Proof. t ≥ a:

∣∣yi(t)
∣∣pi ≤

( ∫ t

a

Ki(t, s)
∣∣h(s)

∣∣ds
)pi

=
[ ∫ t

a

v(s)−
1

p+q Ki(t, s)v(s)
1

p+q

∣∣h(s)
∣∣ds

]pi

≤
{[∫ t

a

v(s)−
1

p+q−1 Ki(t, s)
p+q

p+q−1 ds
] p+q−1

p+q ·
[ ∫ t

a

v(s)
∣∣h(s)

∣∣p+q
ds

] 1
p+q

}pi

(Hölder with indices p+q
p+q−1 , p + q)

N∏

i=1

∣∣yi(t)
∣∣pi ≤

[ N∏

i=1

( ∫ t

a

v(s)−
1

p+q−1 Ki(t, s)
p+q

p+q−1 ds
) pi(p+q−1)

p+q
]
·
[ ∫ t

a

v(s)
∣∣h(s)

∣∣p+q
ds

] p
p+q

∫ x

a

u(t)
( N∏

i=1

∣∣yi(t)
∣∣pi

)∣∣h(t)
∣∣qdt

≤
∫ x

a

{
u(t)v(t)−

q
p+q

[ N∏

i=1

(∫ t

a

v(s)−
1

p+q−1 Ki(t, s)
p+q

p+q−1 ds
) pi(p+q−1)

p+q
]

· v(t)
q

p+q

∣∣h(t)
∣∣q

( ∫ t

a

v(s)
∣∣h(s)

∣∣p+q
ds

) p
p+q

}
dt

≤
{ ∫ x

a

u(t)
p+q

p v(t)−
q
p

N∏

i=1

( ∫ t

a

v(s)−
1

p+q−1 Ki(t, s)
p+q

p+q−1 ds
) pi(p+q−1)

p

dt
} q

p+q

·
{ ∫ x

a

v(t)
∣∣h(t)

∣∣p+q
( ∫ t

a

v(s)
∣∣h(s)

∣∣p+q
ds

) p
q

dt
} q

p+q

(Hölder with indices p+q
p , p+q

q ) .

Let

Φ(t) =
∫ t

a

v(s)
∣∣h(s)

∣∣p+q
ds .

Then
Φ′(t) = v(t)

∣∣h(t)
∣∣p+q

.

So { ∫ x

a

v(t)
∣∣h(t)

∣∣p+q
( ∫ t

a

v(s)
∣∣h(s)

∣∣p+q
ds

) p
q

dt
} q

p+q

=
{ ∫ x

a

Φ′(t)Φ(t)
p
q dt

} q
p+q

=
{ q

p + q
Φ(x)

p+q
q

} q
p+q

=
( q

p + q

) q
p+q

Φ(x) .

Hence ∫ x

a

u(t)
( N∏

i=1

∣∣yi(t)
∣∣pi

)∣∣h(t)
∣∣qdt ≤ C A(x)

∫ x

a

v(s)
∣∣h(s)

∣∣p+q
ds .

The case for x < a can be obtained immediately from the relation
∫ a

x

(·)ds = −
∫ x

a

(·)ds .
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