PARTITIONS OF THE WONDERFUL GROUP COMPACTIFICATION

JIANG-HUA LU AND MILEN YAKIMOV

ABSTRACT. We define and study a family of partitions of the wonderful compactification
G of a semi-simple algebraic group G of adjoint type. The partitions are obtained from
subgroups of G x G associated to triples (A1, A2,a), where A1 and As are subgraphs of
the Dynkin graph T' of G and a: A; — As is an isomorphism. The partitions of G of
Springer and Lusztig correspond respectively to the triples (0, 0,id) and (T, T,id).

1. INTRODUCTION

Let G be a connected semi-simple algebraic group over an algebraically closed field k.
De Concini and Procesi [5, 6] constructed a wonderful compactification G of G, which is
a smooth irreducible (G x G)-variety with finitely many (G x G)-orbits. Let Ggiag be the
diagonal subgroup of G x G. In his study of parabolic character sheaves on G in [14, 15],
Lusztig introduced (by an inductive procedure) a partition of G by finitely many Gajag-
stable pieces. The closure of a Gaiag-stable piece was shown by X.-H. He [8] to be a union
of such pieces. Let B be a Borel subgroup of G. Then G is also partitioned into finitely
many (B x B)-orbits. The (B x B)-orbits in G, as well as their closures, were studied by T.
Springer in [18]. In [8], X.-H. He gave a second description of Lusztig’s Ggiag-stable pieces
using (B x B)-orbits in G, which then enabled him to give [9] an equivalent definition of
Lusztig’s character sheaves on G. Further properties and applications of the G giag-stable
pieces were obtained by X.-H. He and J. F. Thomsen in [7, 9, 10].

Both Ggiag and B x B are special examples of subgroups R4 of G x G associated to
triples (Aj, Az, a), where A; and Ay are subgraphs of the Dynkin graph T' of G, and a is
an isomorphism from A; to As. If P4, and P4, are the standard parabolic subgroups of
G corresponding to A; and A,y respectively, then, roughly speaking, R4 is a subgroup of
Py, x Py,, obtained by identifying the Levi subgroups of P4, and P4, via the map a. The
precise definition of R4 is given in §2.1. For example, every stabilizer subgroup of G x G in
G is conjugate to a group of this form. Moreover, Gldiag is associated to the triple (I',T',id)
and B x B to the triple (0, 0,id), where () is the empty set.

In this paper, for any subgroup R4 of G x G associated to a triple (A1, Az, a), we study a
partition of G into finitely many R 4-stable pieces indexed by a subset of the Weyl group of
G x G. Our definition of the R 4-stable pieces is based on our earlier paper [12] on (R4, Re)-
double cosets in G x G for any pair of subgroups R4 and R¢ associated to triples (Aj, As, a)
and (Cq,Cq,c). We give two additional descriptions of the R 4-stable pieces, which for the
case of Ggiag-stable pieces, reduce to Lusztig’s inductive description in [14, 15] and He’s
description in [8] using (B x B)-orbits. In particular, we show that the R 4-stable pieces are
smooth, irreducible, locally closed subsets of G, fibered over flag varieties of Levi subgroups
of G. We also show that the closure in G of an R 4-stable piece is a union of such pieces. We
then describe the combinatorics for the closures of the R 4-stable pieces, generalizing both
the result of He [8] for the Gaiag-stable pieces and that of Springer for the (B x B)-orbits.
The closure relations of the R 4-stable pieces are expressed in terms of intersections of the
closures with the unique closed (G x G)-orbit in the boundary of G.

2000 Mathematics Subject Classification. Primary 20G15; Secondary 14M17, 141.30.
1



2 JIANG-HUA LU AND MILEN YAKIMOV

Our motivation for studying the R 4-stable pieces in G for an arbitrary triple (A;, Az, a)
comes from Poisson geometry. In [13], we study a class of Poisson structures on G induced
by Belavin-Drinfeld r-matrices [1]. The triples (Aj, As, a) needed there are precisely the
Belavin-Drinfeld triples for the r-matrices. The R_4-stable pieces in G as well as their closures
are Poisson subvarieties of G for the corresponding Poisson structures. To understand these
Poisson structures, one needs to first understand the geometry of the R 4-stable pieces.

In §2 - §5, we in fact assume that G; and G2 are any two reductive algebraic groups over
an algebraically closed field, and that R4 and R¢ are subgroups of G; X G associated to two
triples (A1, As,a) and (C1,Cs,c) for G; X Ga. The precise definitions of the subgroups R4
and R are given in §2.1. Each pair (R4, R¢) of such subgroups gives rise to a decomposition
of G; x Gy into (R4, Re)-stable subsets of the form [vy,v2] 4., where (v1,v2) runs over a
subset of the Weyl group for G; x G2 (see (2.4) for detail). In §4, we give a description of
the set [v1,v2]a,c as iterated fiber bundles. The closures of the sets [v1,v2]ac in G1 X Ga
are described in §5. In §6 and §7, the results in §5 are used to prove our main theorems
on the R 4-stable pieces in G for a semi-simple algebraic group G of adjoint type. Precise
statements of our results are summarized in §2. In the appendix we collect a few facts on
the Bruhat order on Weyl groups that we use in the paper.

Acknowledgements. We would like to thank Sam Evens and Xuhua He for helpful
answers to our questions. The first author was partially supported by HKRGC grants 703304
and 703405, and the second author by NSF grant DMS-0406057 and an Alfred P. Sloan
research fellowship.

2. NOTATION AND STATEMENTS OF RESULTS

2.1. Admissible quadruples. For i = 1,2, let G; be a connected reductive algebraic group
over an algebraically closed field k. Let B; and B, be a fixed pair of opposite Borel subgroups
of G;. Set T; = B; N B, , and let I'; be the set of simple roots determined by (B;,T;). For
a € I';, denote by U/* the one-parameter unipotent subgroup of G; defined by «. For a subset
A; of I';, let Py, and P be the standard parabolic subgroups of G; containing respectively
B; and B;". Let Ma, = Pa, N P, be the common Levi factor of ij, and let Z4, be the
center of M4,. The unipotent radicals of P4, and PA will be denoted by Ua, and U, A,
respectively. Let W; be the Weyl group of I'; and W4, the subgroup of W; generated by
reflections defined by simple roots in A;. Let WzA and 4 W; be the sets of minimal length
representatives of cosets from W; /Wy, and W4, \W; respectively. For each w; € W;, we also
fix a choice w; of a representative of w; in the normalizer of T; in G;. The length function
on W; will be denoted by [. If a group G acts on a set X, g.x denote the action of g € G on
z € X. For an element g € G, the map G — G : h — ghg~! will be denoted by Ad,. The
identity element of a group will be denoted by e or 1.

For subsets A; of the Dynkin graphs I';, i = 1,2, we call a bijective map a: A7 — As an
isomorphism, if it preserves the type of each arrow.

Definition 2.1. An admissible quadruple for G; X G is a quadruple A = (A1, As,a, K)
consisting of subsets A; of I'y and A, of I's, an isomorphism a: A; — As, and a closed
subgroup K of M4, x My, of the form

(21) K= {(ml,mg) S ]\4‘,41 X MA2 | Ga(lel) = mQZQ},
where, for i = 1,2, Z; is a closed subgroup of Za, and 0, : Ma,/Z1 — Ma,/Z> is an
isomorphism mapping T /Z; to To/Zs and U{* to US(O‘) for each o € A;. Here we identify

U and Uy (@) with their images in M4, /Z1 and Ma,/Z> respectively. Given an admissible
quadruple A = (A1, A, a, K) of Gy x Ga, define

(2.2) Roa=K(Ua, XxUa,) C Pa, X Pa,, R;‘:K(UZI XUAz)CP/L X Py,.
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Note that when G; = G2 = G, the diagonal subgroup Ggiag and B x B for a Borel
subgroup B are examples of the groups R4. If further GG is of adjoint type, all stabilizer
subgroups of G x G in the De Concini—Procesi [5] compactification G of G are conjugate to
groups of the type R (see §2.3).

2.2. An (R4, Rc)-stable partition of G; x Gs. In [12] we obtained a classification of
(R4, Re)-double cosets of G x G5 for two arbitrary admissible quadruples A = (A1, A, a, K)
and C = (C1,Cy, ¢, L) for G1 X Ga. Given vy € chl,UQ € A2W,, set

(2.3) Co(v1,v2) = {B € Cy | (vy 'avic™ )" B is defined and is in Cy for n = 1,2,...}.

In other words, Cy(v1,v2) is the largest subset of Cy that is stable under v;lavlc_l. We
proved [12] that each (R4, Rc)-double coset of G; x Gz is of the form R 4(01,02ms)Re for
some v € chl,vg € AW, and my € Mecy (v, ,0)- Two such double cosets R4 (01, 92me) Re
and R4 (0], v5mb)Re coincide if and only if v] = v; for ¢ = 1,2, and ms and m}, are in the
same (vy 1av1c_1)—twisted conjugacy class in M¢, see Theorem 3.1 for details.

For vy € chl and ve € 42Wy, let

(2.4) [vl,vg]A,C = RA(“17U2MCQ(U1,U2))RC C G1 X Gg.

711,1)2)7

Then by the above result from [12], we have the decomposition

(25) G1 X G2 = I_l [’Uh’l)z]_A’C.

v1 Gchl w2 €42Wy

Here and below | | stands for disjoint union. Note that (2.5) is constructed in such a way
that the (R4, Rc)-double cosets of G x G4 corresponding to the same discrete parameters
vy € ch U and vy € 42W; but possibly different continuous parameters my € Mc, (v, ,0,) are
put together in a single stratum. Alternatively we have the decomposition

(2.6) (G1 xG32)/Re = |_| [v1,v2) 4,c/Re

C
v1EW] 1 ,U2€A2W2

of (G1 x G2)/R¢ into R 4-stable subsets.

The main objects of study in this paper are the sets [v1, va]a.c for v; € WE, vy € AW,
We describe their geometry, as well as their closure relations. The results are then applied
to the wonderful group compactifications.

The following theorem summarizes our results for the decompositions (2.5) and (2.6), see
Corollary 4.9, Proposition 4.10, Proposition 4.11, and Theorem 5.2.

Theorem 2.2. Given any two admissible quadruples A and C for G1 x G, the following
hold for every vy € chl and vy € 425,

(1) [v1,v2]ac is locally closed, smooth, and irreducible. Its projection [vi,va]ac/Rc to
(G1 x G2)/Rc fibers over the flag variety Ma, /(Ma, 0 Pa, (v, v,)) with fibers isomorphic to
the product of Mc, (v, v,)/Y2 and the affine space of dimension

dim Uy, (v, vp) — dim(Ur N1 (Ug, ) + 1(v2),

where Aq(vy,va) = vie  Cq(v1,v9) C Ay, and Yo = {m € M¢, | (e,m) € L} C Zc,.
(i1) Alternatively the set [v1,v2)ac is given by

(2.7) [v1,v2]a,c = Ra(B1 x Ba)(vi,v2)Re.

(i11) The Zariski closure of [v1,v2)a,c in G1 x Ga consists of those [w1,wa]a,c with wy €
chl and wy € 42Wy for which there exist x; € Wy, and y1 € We, such that

ziwryr <wvp and  a(z)wae(yr) < vs.
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(i) If A" = (A1, As,a,L") and C = (C1,C4,¢, L") are two other admissible quadruples
containing the same triples (A1, Aa,a) and (Cq,Ca,c), then there exist to, so € Ty such that

[v1,v2) 0 00 = (e, t2)[v1,v2] 4 (e, 82), Vo € Wih v € W0,
Example 2.3. When A =C = (0,0,id, T} x T5) so that Ry = R¢ = By X By, we have
[v1,v2) ac = (B1 X Ba)(v1,v2)(B1 X Ba),  V(v1,v2) € Wi x Wa.
Thus (2.5) reduces to the Bruhat decomposition

G1 X G2 = |_| (Bl X BQ)(Ul,UQ)(Bl X Bg)
v1EW1,02€EW2

Part (iii) of Theorem 2.2 in this case is the well-known statement for the closures of Bruhat
cells.

2.3. Partitions of the wonderful group compactification. Now we specialize to the
case when G; and G2 are both isomorphic to a connected semisimple algebraic group G of
adjoint type. All data for G will be denoted as in §2.1, omitting the index 4. In particular,
B and B~ will be two fixed opposite Borel subgroups of G, T'= BN B~, and I" will be the
set of simple roots determined by (B,T).

For J C T, let wy: My — Mj;/Z; be the natural projection. By abuse of notation, we
will denote by J the quadruple (J, J,id, L), where

L;= {(ml,mg) € My x My | 7Tj(m1) = Wj(mg)};
SO
(2.8) R; =L;U; xUy) ={(p1,p2) € Py x Py m;(p1) = ms(p2)}-

Recall that the wonderful compactification G of G is a smooth irreducible projective
(G x G)-variety containing G as an open (G x G)-orbit. It was defined and studied (in the
more general framework of symmetric spaces) by De Concini and Procesi [5] in the complex
case and by De Concini and Springer [6] for the general case of an algebraically closed field
k. The (G x G)-orbits on G are parameterized by the subsets .J of I'. A base point h; of the
(G x G)-orbit corresponding to J C I" has stabilizer subgroup R .

The partitions (2.5) induce partitions of G as follows. Given an arbitrary admissible
quadruple A = (A4, A, a, K) for G x G, by setting

(2.9) [J,v1,v2)4 = RA(B x B)(v1,v2).hy, JCL,u3 €W’ vy €W,
we obtain the following partition of the wonderful compactification
(2.10) G = | ] [J, 1, v2] 4,

JCT,v1 €W ,wg€d2W

cf. (2.6) and (ii) of Theorem 2.2. We will refer to the sets [J,v1,v2] 4 in (2.10) as R 4-stable
pieces of G. If the subgroup K in A is changed to K’, the partition (2.10) is changed by

an overall left translation by (e, t) for some t € T (see (iv) of Theorem 2.2 and Proposition
4.11).

Example 2.4. Let A be the trivial admissible quadruple (@, 0,1d, T xT). Then R4 = Bx B
and we recover Springer’s partition [18] of G by (B x B)-orbits:

(2.11) G = | ] (B x B)(v1,v2).hy.
JCT v €W v eW
On the other hand, let A be the quadruple I'ging := (I',T',id, Gdiag) Where Gaiag is the
diagonal subgroup of G x G. By [8], we recover Lusztig’s partition [14, 15] of G :
(2.12) G= || [J o1, Ury., = Gaiag(B x B)(v1,1).h,.
JCT,veWw
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For a general admissible quadruple A for G x G, our partition (2.10) is a discrete inter-
polation between Springer’s partition (2.11) and Lusztig’s partition (2.12) of G.

The closure relations of the strata in (2.10) can be derived directly from part (iii) in
Theorem 2.2. This is stated in Proposition 7.3. However, we give a more elegant description
of the closures using the unique closed (G x G)-orbit on the boundary of G, namely the orbit
(G xG).hg 2 G/B~ xG/B, where () is the empty subset of I'. More precisely, for any J C T’
and v; € W7, vy € 42, let [J,v1,v2] 4 be the closure of [J,v1,v2]4 in G, and set

6@[J,v1,v2]A = [J,’Ul,vg]_A N (G X G)h@

The following is a summary of Theorem 7.4 and Theorem 7.6.

Theorem 2.5. Let A be an admissible quadruple for GxG. LetI,J C T',v; € W7, v} € W1,
and vy, vl € A2W. Then

(i) [I,v],v5] 4 C [J,v1,v2] 4 if and only if I C J and [0, v}, vh]a C Ig[J, v1,v2]4;

(i1) [I,v],v4]a C [J,v1,v2]a if and only if I C J and there exist © € Wy, and z € Wy
such that zv] > vi1z and a(x)vh < vaz.

Example 2.6. Consider the case when A = (0,0,1d, T x T'), so that R4 = B x B. Theorem
2.5 implies that for any I,J C T, vy € WY v} € W!, and vq, v € W,
(B x B)(vy,v4).h; C (B x B)(v1,v2).hy

if and only if I C J and there exists z € E/J such that v} > v1z and v§ < wvyz. This
description of the (B x B)-orbit closures in G, which is simpler than what is given in [18],
was independently obtained in [11]. When A = T'4iag as in Example 2.4, Theorem 2.5 implies
that for any I,J C T, v; € W/, vj € W1,

Gdiag(B X B)(Ull, 1).h[ C Gdiag(B X B)(’Ul, 1).h]

if and only if I C J and there exists z < z € Wy such that zv] > v1z. It follows from [8,
Corollary 3.4] (see Lemma 8.7 in the Appendix) that the above description of the closures
of the Ggiag-stable subsets is the same as that given in [8] by X.-H. He.

3. (R4, R¢)-DOUBLE COSETS IN (G; X (G AND THEIR STABLIZER SUBGROUPS
In this section, we first recall some results from [12].

3.1. Classification of (R4, R¢)-double cosets in G x G3. Fix two arbitrary admissible
quadruples A = (A1, As,a,K) and C = (Cy,Cq,¢, L) for G; x Ga. In [12] we obtained a
classification of the (R4, R¢)-double cosets of G1 x Ga.

For v, € chl and vy € 425, recall the definition (2.3) of the set Cy(vi,v2) C Co.
Similarly, let

(3.1) Ay(v1,v9) = {a € Ay | (vic vy ta)"ais defined and is in Ay forn = 1,2,...},
so Aq(v1,v2) is the largest subset of A; that is stable under vlc’lvgla. Note that
(3.2) v;la and cvflz A1 (v1,v2) — Co(v1,v9)

are isomorphisms. Define

(3.3) K, vy) = (MAl(Ul»Uz) X MCz(Ulﬂ’Z)) N Ad(_fii)2)K’
(34) L(vl,vz) = (MAI('Uh'U2) X MC2(U1,U2)) N Ad(i)l,e)L’
(35) Q(vl,vg) = {(ma ml) € MCQ(UI,'UQ) X MCg(vl,vg) | dn € MAl(vl,vz)

such that (n,m) € Ky, v,y and (n,m’) € Ly, )}
and let Q(y, v,) act on Mg, (4, v, from the left by

(3.6) (m,m’) -mg :=mmy(m/)",  (m,m') e Q(v1,09)s M2 € Mey (v, 05)-
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Theorem 3.1. [12] Let A= (A1, As,a,K) and C = (C1,Cs,¢, L) be two admissible quadru-
ples for G1 X Go. Then every (R4, R¢)-double coset of G1 x Go is of the form

S c A
RA(01,09ma2)Re  for some vi € W™, va € “2Wa, ma € My (v, v,)-

Two such double cosets R (01, vama)Re and R (0}, 05mb)Re coincide if and only if v = v;
fori=1,2 and my and my are in the same Q(y, v,)-0rbit in Mc, (v, v,), cf. (3.6).

In [12] we dealt with a slightly more general class of the groups R 4 for which the projec-
tions K — My4,, for i = 1,2, do not have to be surjective.
Recall from (2.4) that given any two admissible quadruples A4 and C for G; x G5, we have

[v1,v2]a.c = Ra(v1,vaMcy, (0, 05)) Be € G1 % G2
for v, € ch U and vy € A2W,. Theorem 3.1 immediately implies:
Corollary 3.2. For any two admissible quadruples A and C for G1 x G,

G x Gy = |_| [v1,v2]4c (disjoint union).
(U17U2)€chl x A2W5

Lemma 3.3. For any v € chl and vy € 425,
(3.7) [v1,v2]a,c = Ra(vi,v2(Ba N Me, (v, ,0,))) Re,

and R a(v1,v2T2)Re is dense in [vi,v2]a,c, where Ty = By N By .

Proof. 1t is easy to see that oy, 4,) = Ad;21 0,Ad;, 0! defines an automorphism of Gy (vr,02)-

The action of Qy, v,) o0 Mc, (v, ,0,) descends to an action on G, (v, ,v,)- The orbits of the
latter are exactly the oy, .,)-twisted conjugacy classes of G, (u,,v,)- (Here and below for
a group F and o € Aut(F), by a o-twisted conjugacy class of F' we mean an orbit of the
action g.x = gx(o(g))~* of F on itself.) Lemma 3.3 now follows from the following results
in [16] and [20, Lemma 7.3]: If G is a connected reductive algebraic group, o € Aut(G), and
B is a o-stable Borel subgroup G, then

(1) all o-twisted conjugacy classes of G meet B;

(2) for every maximal torus T of G inside B the union of all o-twisted conjugacy classes
that meet T' is a Zariski open subset of G. 0

3.2. Stabilizer subgroups. For (g1,g2) € G1 X Ga, set
(3.8) Stab.,c(g1,92) = Ra N Ad(g, 4,) Re-

An explicit description of the subgroups Stab . c(g1,92) was given in [12]. We only recall
some facts about these groups that will be used in this paper (see the proof of Proposition
4.8).

For v; € chl and vy € A2Ws, let As(vy,v0) = aAq(vy,v2) C As.

Proposition 3.4. [12] For g = (01,0am), where v € chl,vg € AWy, and m € My

red uni

Staba.c(q) C Pa;(vr,00) X Pay(vy,0), and Stab 4 c(q) = Stab¢(q) Stabj’c(q), where

Ul,U2)7

Stabjfjlc(q) :StabAyc(q) N (MAI(U17U2) X MAz(Ul,’Uz))
:(MAl('Uly'U2) X MAQ(U1,1)2)) NKN Ad(ﬁl,i)zm)L

uni

and Stab’y'c(q) = Staba c(q) N (Ua, (v1,05) X Uay(vr,00)) has dimension equal to
dlm(U1 n Ul(Ucl)) + dim(UA2 n ’UQ(UQ)).
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4. AN INDUCTIVE DESCRIPTION AND THE GEOMETRY OF THE SETS [v1,V2]A.c

In this section, we modify the inductive arguments in [12] to give an inductive description
of the sets [v1, v2] 4,¢. Consequently, we will be able to describe the sets [v1, v2] 4,¢ as iterated
bundles. Our arguments generalize those of Lusztig’s in [14, 15] for the special case when
G1 = G2 = G and R4 is the diagonal subgroup of G.

4.1. Construction of new admissible quadruples. For ¢ = 1,2 and E;, F; C I';, let
Bwl = Fw, nwl

Given an admissible quadruple C = (Cy,Cs,¢, L) for G1 X Go, a subset E; of T'y, and any

Y1 € ElVVlC 1 we construct another admissible quadruple C(F1¥1) for Gy x Gy as follows: set

CEEIJJI) = E1 Ny (Ch), CQ(El’yl) =c(C1 N yl_l(El))

L(E1y) (MciEl,yl) X MCéEl’yl)) ﬂAd(yhe)L.

Lemma 4.1. In the above setting the following hold:

(i) The quadruple CF1¥1) = (CfEl’yl),CéEl’yl),cyf17L(E1’y1)> is an admissible quadru-
ple for Gy x Gs.

(ii) Let Rocs, v,y be the subgroup of Gy x Gy defined by C'F11) as in Definition 2.1. Then
(PE1 X GQ) N Ad(y17e)RC C RC(E1JJ1) .

Proof. Part (i) follows directly from the definition of admissible quadruples. To prove (ii),
let (p, g2) € Pg, x Gy be such that (y; 'pi1, g2) € Re. For notational simplicity, set

Dy =Ci Ny Y(E) =y H(CE)), Dy = ¢(Dy) = O,
Then by [12, (4.11) in Lemma 4.2],

(4.1) 91 'pin € Po, N Ady ' Py, = Mp, (Up, N Ad;}UCiEl,yﬂ) C Pp,.
It follows from [12, (3) in Lemma 3.4] that g» € P.p,) = Pp, = P51, and
2
(4.2) (97 'Pin, 92) € (P, X Pp,) N Re = ((Pp, x Pp,) N L)(Ue, x Uc,)
(43) C ((MD1 XMDQ)QL)(Upl XUDQ).
Thus by (4.1), (97 'p91,92) € (Mp, x Mp,) ﬁL)(Ad;llUciEl,yl) x Up,) and hence (p, g2) €
RC(E1»y1> . O

4.2. The first step of the induction. Fix two admissible quadruples A and C for G1 X G.

Given vy € ch U and vy € 42W5, we will use Lemma 4.1 to construct a sequence of admissible

quadruples for G; x Go which will be used to give an inductive description of [v1, v2]a.¢c/Re C

(G1 X G2)/Rc. In this subsection, we present the first step of the inductive description.
Consider the projection

pPo : (G1 X GQ)/RC — (Gl X GQ)/(PCl X PCz)'

By [12, Proposition 8.1 and Proposition 4.1], every R4-orbit in (G x G2)/(Pe, X Po,)
contains exactly one point of the form (z1, z2).(Po, X Pc,), where

(4.4) zo € 2WE? and 1z € “71(A2m2(c2))W101.

Let Qg be the set that consists of all pairs (x1, x2) satisfying (4.4). For (z1,22) € Qo, let
O@Lr2) — RA(xl,mQ)A(Pol X PCQ) C (G1 X GQ)/(PCl X PC2),
X @1e2) — pal(o(wl’xz)) C (Gl X GQ)/RC
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Then clearly,
X(au,wz) = {(7“11.,‘17 Tgi‘gm).Rc | (T1,7“2) S RA, m e MCQ}'

By letting By = a~! (A3 Nx5(Cy)) and y; = 21 in Lemma 4.1, we get the admissible quadru-
ple

(4.5) c@nm2) . (B zn) (nghwz)’ 6«2(9«*1,962)7 C(zl,x2)7 L(zl,zg))
and the corresponding subgroup R(z;.25) 0f G1 X Ga, where in particular,
(4.6) 1) — 71 ( Ay N 29(Cy)) Ny (Cy),

(4.7) i) — (01 N oy ta N (As N 22(Cy))),

(4.8) clEe2) — cxl_lz Cfxl’“) — 02(11’12).

Lemma 4.2. For any (z1,22) € Qo, the map fo: X@12) — (Gy x G)/Repr .20 given by
(49) fo: (7”1.@1, Tgigm).RC — (7‘1, TQi'Qm).RC(xl,mQ), (7’1,7‘2) S RA, m e _]\402
is a well-defined R 4-equivariant morphism of algebraic varieties.

Proof. Assume that (r1d&1,redom).Re = (rid1, rhdem’).Re for (rq,ra), (r],75) € Ra and
m,m’ € Mc,. Then
(4.10)

()Y, (1) rre) € Ra and (27 t(r) T hedy, (m!)Trag t(rh) Tlradam) € Re.

It follows from (4.10) that (r})~'ry € Pa, N22(Pc,) C Paynzy(cy)s Which, together with
(4.10) and [12, (3) of Lemma 3.4], imply that (1) "1 € Py=1(a,00,(c,))- By (ii) of Lemma
4.1, we know that ((r})"'ry, (m')"Yiy ' (rh) " 'radam) € Rpy.es). Thus fo is well-defined.

Clearly fo is R4-equivariant. To see that fy is a morphism, note that since the fiber of
po over the point (&1, &2).(Po, X Pe,) is (&1, 32)(Pe, X Pe,)/Re, we have

x(@1,72) o R xR, (‘/'-Elvi.Q)(Pcl X PC2)/RC7

where R1 = R N Adg, 4,)(Pc, X Pc,) is the stabilizer subgroup of R4 at the point
(Z1,%2).(Po, X Po,). Let Yo = {m € Mc¢, | (e,m) € L} C Z¢g,. Then the inclusion
map of {e} x Mg, — Pg, X P, induces an isomorphism

o

o1: (in.d2)({e} x Moy)/({e} x Ya) = (i1,d2)(Pe, x Pey)/Re.
Note that {e} x Y5 C L(z1.z2) Re(zy,20) 50 we have the projection
$2: (G1xG2)/({e} xY2) = (G1 X G2)/Reer ).

Consider the morphism

by Ra x (Gr x Ga)/({e} x Ya) — (G1 x Go)/({e} x Ya) :

((r1.72), (g1, 92)({e} X Ya)) = (r1@7 " g1, r2g2)({e} x Ya).

The composition of ¢3 with ¢o gives rises to a morphism

R x (&1,22)({e} x Me,)/({e} x Y2) — (G1 X G2)/Ree1,x0) -

Let Ry act on (&1,22)({e} X Mc,)/({e} x Y2) so that the isomorphism ¢; is Rj-equivariant.
Then the well-definedness of fy implies that

for X" 2 Ry xp, (#1,22)({e} x Mc,)/({e} x Y2) — (G1 X G2)/Reay.a)

is a morphism of varieties. O
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Let now v; € WC and vy € 42W,. By [3, Proposition 2.7.5] (see Lemma 8.2 in the
Appendix), ve can be uniquely written as
(4.11) Vs = TolUp, Where x5 € A2WQC2, and ug € Cﬂ%_l(A?)WCQ.

Given the decomposition ve = xous, write vy as

1 C(u ,@2)
(4.12) v1 = u1x1, where x1€® (AQMQ(CQ))WFH and uy € W 21 (Asnza(Ca))

with Cfxl’m) given in (4.6). Here and below, for ¢ = 1,2 and E; C D; C T;, we let
Wit =Wp, n W/

(21,0 ) C(m z2) C(Il z2)
It is easy to see that [v1,va]a,c/Re C x*+*2). Since uy € W 2 (Asra(Ca)) © Wit , We

have the set

[U1,V2] g ca1.22) [ Retey o) = R A (U1702MC§m1,m2>(u17v2)) “Reey .00 C (G1 X G2)/Reay o0,

where C’(I1 @2) (u1,v2) is the largest subset of Céxl’M) that is stable under the map

-1 (z1,22)\—1 _ ,,—1 -1
vy rauy (VT T = vy tavie

An argument similar to that in the proof of [12, Lemma 5.3] shows that C(z1 -2) (u1,v9) =
C5(v1,v2). The following Proposition 4.3 now follows directly from Theorem 3.1.

Proposition 4.3. Let v; € WE* and vy € 42Wy have the decompositions (4.12) and (4.11).
Then [v1,v2] a,c consists of those (g1,92) € G1 X Ga, for which

(91.92).Re € X7 and  fo((g1,92)-Re) € [u1,v2] 4 cter o2/ Reter oa -
Moreover, fo: [v1,v2]ac/Rec — [ul,vg]Aycm.mz)/Rc(ml,w) induces a one-to-one correspon-

dence between the R 4-orbits in [v1,v2]4,c/Rc and the R a-orbits in [uq, vg]AC(m,w)/RC(ml,mQ) .

4.3. Inductive description of the sets [v;,va]4c/Re. Given vy € WE* and vy € A2Wy,
by repeating the construction in §4.2, we get a sequence

¢ = (.0, L), i=0,12,.

of admissible quadruples for G; x G5 and a sequence u ) e VV1 ,1=0,1,2,... which gives
rise to the sequence of double cosets

Z(l) = [UY% UQ]A,C(i) /Rc(z‘) - (Gl X G2)/Rc(i)7 1= Oa ]-v 27 e

Here C(©) =, ugo) =wv1, 2O = [vy,v)ac/Re, CV) = C172) as in (4.5), and ugl) = uy as
n (4.12). In general, once (C¥, u{") is given, (CO+D u{") is constructed from (€@, u{?)
in the same way as (C(*1:%2) u;) was from (C,v1) in §4.2. Namely, first decompose vy as the
unique product vy = xé )u(;) with

) )
(4.13) l‘g) IS A2W2C2 , ué) IS e n(g”)” 1(AQ)VV o

Then decompose ugi) as the unique product ugi) (Hl)xgz), where

(i) a—l(A2mI(i)(C(i))) Cii) (i+1) _1(A2ﬂa;g)(C(l)))ﬁz(l)(c(”)
xy’ € R A T GWa LA (00))
The admissible quadruple CcltD g constructed as in §4.1 by taking C to be C, E; to be
a"1(Az2N xgl)(Céz))) and y; to be ;UY).
For i > 0, let p; be the natural projection

pi (G1x Ga)/Rew — (Gr X Go) /(P X Po),
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00 .= R A(xgi),xg”).(})qi) x Pego), and
xW .= pi_l(o(i)) C (G1 X GQ)/RCU).

Then X is a locally closed subset of (G; X G2)/Ree). By Lemma 4.2 and Proposition 4.3,
we have a well-defined R 4-equivariant morphism f;: X — (G x G32)/Req+1) such that

(4.14) 20 cx®  and 2O = 1 (Z(i“)) . Vi
Let ig > 0 be the smallest integer such that CéiOH) = Céi‘)). It is then easy to see that
(415) C(ZO) = C(Oo) = (Al(’Ul,’Ug)7 CQ(’Ul,’UQ), cvl_l, L(vl,vz)) and ’U,(ll) =e, VZ Z io + 1,
where L(,, ,,) is given by (3.4). Set Z(>0) = Z(ot1) and x (=) = xCot Tt follows from
(4.15) that

20 = 20 = x0) = [e, 5] 4 o) [Retowr, Vi > g+ L.
Proposition 4.4. For every i >0, 2% is locally closed in (G1 x G2)/Ree.

Proof. By the inductive description of the sets Z(®) in (4.14), if for some i > 0, Z(+1) is
locally closed in (G x G2)/Rei+1), then Z( is locally closed in (G x G3)/Re because f;
is a morphism. Since Z(>) = X(>) is locally closed in (G x Ga)/Re(w), it follows that Z()
is locally closed in (G X G2)/Re) for every i > 0. O
Let poo 1= Pig+1+ (Gl X GQ)/RC(OO) - (Gl X GQ)/(PA1(U1,v2) X PC2(’U1,’U2))7 and
O(OO) = O(i0+1) = R.A(ea v2)<(PA1(1)1,1)2) X PCg(vl,vQ))v

so that Z() = () = p=1(O(*)), Then we have the projection ps: Z(>) — O(>). Note
that the stabilizer subgroup of R4 at the point

(e’UQ)'(PA1(U17v2) X PCz(vth)) € (Gl X GQ)/<PA1(U1,02) X PC2(7J1,v2))

is

(4.16) RaN (PAI('UIA,U2) X /UQ(PCQ(EI"UZ))) CRaN (PAI('Ul,ﬂQ) X PAz(vl,vg))v
where Ay (v1,v2) = aAj(vy,vs). For notational simplicity, set
(417) R(U17’02) =R4aN (PAl(U17U2) X PA2('U1,U2))'

Then we have the projection p/ : O — R /Ry, v, induced by the inclusion map in
(4.16). Thus we have the sequence of R 4-equivariant morphisms
(4.18)

(1, v2)ac/Re = 20 L2 2 1, omp glio) o, gio) 2, o(0) P, gy yR

Lemma 4.5. The quotient Ra/Ry, v,y 15 isomorphic to the flag variety My, /(Ma, N
Pa, (v ,05)) of Ma,, and the fibers of the fibration pl, o peo : Z() RA/R, v, are iso-
morphic to the product (Us Nwa(Uy ) X (Mcy (v ,0s)/Y2), where Yo = {m € Mg, | (e,m) €
L} C Zc,-

Proof. Consider the group homomorphism
p: Ra— My, : (ri,me)—my if ry =mquy for my € Ma,,uy € Ug,.

Since p is surjective, the action of R4 on My, /(Ma, NP4, (v, v,)) through the homomorphism
p is transitive. The stabilizer subgroup of R4 at the point e.(M4, N Pay(v1,02)) 18 Ry )
by [12, (3.7) in Lemma 3.4]. Thus Ra/R(y, v,) is isomorphic to Ma, /(Ma, N Pa, (v, ,0,))- It
is easy to see that the fibers of p are isomorphic to Mc, (q, v,)/Y2 and the fibers of pl are
isomorphic to Us Nwa(Uy ). O
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4.4. The set [v1,v2]4c/Rc as an iterated fiber bundle. Assume the setting from §4.3.
We will show in this subsection that each morphism f; : Z2() — Z(+1 in (4.18) has fibers
isomorphic to an affine space.

Notation 4.6. Fix m € Mg, (4, v,)- For i > 0, let zf(,iL) = (ugi),i)gm).RCm e 2 and

S,(,i) =RaN Ad(ugi)ﬂ.um)Rc(i)
be the stabilizer subgroup of R4 at 27(7? € 20, Set

B = 1716 € 29,

Lemma 4.7. For any m € Mc, (v, v,) and i > 0, 57(,? C S,(,Z-LH),
(119) P = SE 0 2 0+ 50
Proof. Let i > 0. Since fi(zﬁ,i)) = 28*Y and since fi is Rg-equivariant, we clearly have
S5 c 8GY and SGTY 0« B 1t suffices to prove (4.19) for i = 0, and we only need
to show that Fy(,?) C Sf,%).z,(g).

Recall that C(1) = C(#1:22) a5 in (4.5), and u® = u; as in the v; = w2 decomposition
in (4.12). To show that FT(,?) C Sﬁ)zg), assume that (ry,72) € Ra and m’ € Mg, (y, v,) are
such that (r101,7909m’). Re € F,(,?). Then

RA(uh me/)RC(h‘lz) = R.A(ulv '[}Qm)-RC(Il«Iz) .

By applying Theorem 3.1 to the quadruples (A,C(*1:#2)), noting that the largest subset of
A; that is stable under ul(c(zl*“’))’lfugla = vlc’lvgla is Ay (v1,v2) and that

(MAl(vl,vg) X MCQ(U],UQ)) N Ad(ul,e)L(zl)Iz) = L(’l}1,U2)7

we obtain that there exist my € My, (v, ,) and n,n' € Mg,y v,) With (m1,n) € Ky, 4,
and (m1,n') € Ly, v,) such that m’ = nm(n')~!, where K (v, v5) and Ly, ) are respectively
given by (3.3) and (3.4). Thus
(1101, 7999m’). Re = (1101, ravaenm(n’) ™). Re = (rimy901, rotonm). Re
= (T17T2)(m17Ad®2 (’I’L))(’Ul, ij?m)'RC = (T,17Tl2)27(”2)’
where (r],r5) = (r1,72)(m1,Ady,(n)) € Ra. On the other hand, since (r191,r209m’).Re €
F#?), we have

2 = (ritn, rotam’). Reeey ea) = (P11, ro0enm(n’) ™). Ry ea) = (17,75)20,
so (ry,rh) € .5’7(71), and thus (r1901,7909m’). Re € S,(,%).zﬁl”. Hence F,Sg) C Sﬁi).z,(,?). O

Proposition 4.8. For each i > 0, the fibers of the morphism f; : 2 — Z0E+) gre
isomorphic to the affine space of dimension

(420) dim (U1 n ugiH) (UC£i+1))> — dim (U1 n Ugn (UCY))) .
Proof. Let i >0 apd m G MCQ(@,@;)- By Proposition 3.4, we have the semi-direct product
decompositions S = §&)redgliunt here

S%)’md = ST(;) N (MAl(Ul,'uz) X MAg('ul,vz))a Sv(i?’uni = ST(;) N (UAl(Ul,vg) X UAg(vl,vz))'

It also follows from Proposition 3.4 that Glred _ glid)red “rppyg by (4.19) and by Propo-
sition 3.4, Ff,i) o Sfﬁﬂ)’um/S,(,?’um is isomorphic to an affine space of dimension (4.20). O

For vy € chl and vy € AZWQ, set

def
Xwr,v0) = Ruy00) (V1,02 Mey (0 0,))-Re C [v1,v2)a,c/Re.
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Corollary 4.9. For any vy, € chl and vy € A2 Wy,

(1) X (01,00 15 a smooth locally closed subset of (G1 x G2)/Re isomorphic to the product of
M, vy ,00)/ Y2 and the affine space of dimension dim Uy, (4, v,) — dim(Ur N1 (Ue,)) + 1(v2),
where Yo = {m € M¢, | (e,m) € L} C Z¢,, and l(vs) is the length of va.

(i) the action map of Ra on [v1,v2]ac gives rise to an isomorphism

Ra XRy, yy X(orwe) — [U1,02]4,¢/Re.
In particular, [v1,v2] a.c/Re is a smooth irreducible locally closed subset of (G1 x G2)/Re.

Since G1 x G — (G1 X Ga)/R¢ is a locally trivial fibration, [vi,vs]ac is a smooth

irreducible locally closed subset of G; x G2 which establishes the first part (i) of Theorem
2.2.

Proof. Consider the composition

Po = Pfx; 0 oo © fig © fig—10-- 0 frofo: [v1,v2lac — R.A/R(Ul,vg)~

It is easy to see that X, .,y is precisely the fiber of py over the point e. Ry, v,) € Ra/R(v, vs)-
Since pg is R 4-equivariant, by [17, Lemma 4], the action map of R4 on [v1,v2]4,¢ induces
an isomorphism

RA XR(vl, X(’Ul,vg) — [Ul,vg]Ac

v2)
of R 4-varieties. Since py is a fibration, X(,, ,,) is a smooth locally closed subset of (G x
G2)/Rc. The rest of the claim in 1) follows from Lemma 4.5 and Proposition 4.8. O

4.5. Another description of the strata [vi,vs]a.c/Rc.

Proposition 4.10. For any v; € chl, vy € A2Ws, one has
(421) [’Ul, 'UQ]A7C/RC = R_A(Bl X Bg)(’l}l,vg).Rc.
Proof. By Lemma 3.3, we have
[v1,v2]a,c/Re = Ra(vi,va(Ba N Me, (v, 0,)))-Re C
RA(Ul,’UgBQ).RC = RA(Bl X Bg)(’Ul,’Ug).Rc.

It remains to show that R4(B1 X Ba)(v1,v2).Re C [v1,v2)a,c/Rc. Write va = zaus and
v = uiz; as in (4.11) and (4.12) and let fo: X@1%2) — (Gy x Ga)/Re(er.=s) be as in
Lemma 4.2. Then

RA(Bl X Bz)(vlﬂ}z),Rc
fo(Ra(B1 x Ba)(v1,v2).Re) =

A(v1,v2(By N Mg,)).Re € X(@12),
Alur,v2(B2 N Mc,)). Ry .0
A(ur,v2(Ba N Mcéwl,m))-Rc(wl,xz)
A(B1 x Ba)(u1,v2). Retey v0) -

R
R
R
R

By Proposition 4.3, if Ra(B1 x Ba)(u1,v2) Rey.es) C [U1,V2] 4 cte1.00) /Ry oo, it would
follow that R4(B1 x Bg)(v1,v2).Re C [v1,v2)4,¢c/Rc. Consider the sequence of fibrations in
(4.18). Since

Ra(B1 x Bs)(e,v2).Retey = Ra(e,v2(B2 N Mgy (o, 0y)))-Reoer = 209,
we see inductively that R4 (B x Bg)(ugi),vg).RCm c Z( holds for all i > 0. O

Proposition 4.11. Given two admissible triples A = (A1, As,a,K) and C = (C1,Ca,¢, L),
suppose that A’ = (A1, As,a,K') and C = (Cy,Cy, ¢, L") are two other admissible quadruples
containing the same triples (A1, A2, a) and (C1,Cs,¢). Then there exist ta, so € To such that

[v1, 2] a0 = (e, t2)[v1, 2] ac(e, s2), Vo € WS, vg € A2Wy.
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Proof. Let K be given as in (2.1), and assume that
K’ = {(my1,ma) € Ma, x Ma, | 0,(m121) = maZs},

where, for i = 1,2, Z{ is a closed subgroup of Z4,, and 0] : Ma,/Z] — Ma,/Z} is
an isomorphism having the same properties as 6,. The isomorphisms from My, /Z4, to
Ma,/Z 4, induced by 0, and 0/, will still be denoted by the same symbols. Then our as-
sumptions imply that the automorphism 6 := (0/)710, of My, /Z4, is inner. Since 6 leaves
both Th/Z4, and (By N My,)/Z4,) invariant, 6 = Ad,, for some t; € T7. It follows that
K'(B1xB3) = (e,t2) K(B1 X By) for some to € T. Similarly, (B; xBs)L' = (B1xBs)L(e, s2)
for some sy € T. Proposition 4.11 now follows from Proposition 4.10. O

Example 4.12. Consider the case when G; = Gy = G. Take A1 = A; =T and a = id,
where I is the set of all simple roots for a pair (B, T") of Borel subgroup B of G and maximal
torus T C B. Take R4 = K = Gajag and for some t € T, take R4 = K' = {(g,tgt™') : g €
G}. Let Re = Rer = B x B. Then it is easy to see that

R.A’ (Uv 1)(B X B) = (E,t)R_A(U, 1)(3 X B)
for all v in the Weyl group of (G, T).

5. CLOSURES OF THE SETS [v1,U2]ac IN G1 X G2

5.1. The set [v1,v2]ac for any v; € Wi and vy € Wi, Let A = (41, 42,a,K) and
C = (C4,Cs,¢, L) be two arbitrary admissible quadruples for G; x G5. Extending (4.21), let

(5.1)  [v1,v2)ac = Ra(B1 X Ba)(v1,v2)(B1 X B2)Re C G1 X G, Vv € Wy, v9 € Wha.

Lemma 5.1. When v, € W,

(5.2) (B1 X B3)(v1,v2)(B1 X B2)Re = (B X Ba)(vi,v2)Re, Vg € Wa.

Proof. Since vy € chl, one has Byv(B1 N Mg, ) = Bivr, and thus

(B1 x Bg)(v1,v2)(B1 X Ba)Re = (By x By)(v1,v2)(B1NMe, x{e})Re = (By x Ba)(v1,v2)Re.
O

Thus when v; € chl and vy € 42Wy, the set [v1,v2]ac in (5.1) is the same as what we
defined before. Our main result in this section is the following Theorem 5.2 which describes
the closure of [v1,v2])4,c in Gy x Gg for any v € Wi,v, € Wa. The proof of Theorem 5.2,
which uses a series of lemmas proved in §5.2, will be given in §5.3. In this section, if X is a
subset of G1 x G2, X always denotes the closure of X in G; x Gs.

Theorem 5.2. For any v1 € Wy, vy € Wo,

(5.3) [v1,v2]ac = |_| [V, v5]ac  (disjoint union).
v € WE vl € AWy
dz, € WAUyl S WC1 s.t.
Ty < v
a(w1)vec(yr) < va

Remark 5.3. A special case of (2.6) says that for any admissible quadruple C, the (B; x Bs)-
orbits in (G x Ga)/Re are precisely of the form (By x By)(v1,vs). Re, where v; € WE* and
vy € Wa. Combining Lemma 5.1 and Theorem 5.2, we see that for any (B; x By)-orbit O in
(G1 X G3)/Re, the closure of the set R4O in (G; x G2)/Rc is a disjoint union of some sets
of the form R4(By X By)(v1,v2).Re with v; € W and vy € 42W,.
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5.2. The closures of (B; X Bs, R¢)-double cosets in G; x G3. In this section, we will
describe the (B; X B, R¢)-double cosets in the set

(Bl X Bg)(vl,vg)(Bl X BQ)RC C Gy x Gy

for any v; € Wy, ve € Wa. Note again that by Lemma 5.1, (By X Bg)(v1,v2)(B1 X Ba)Rc is
a single (B X Ba, R¢)-double coset when vy € chl.
For y1,21 € W1, let

Wi(y1,21) = {z1 € Wi | Biz1 By C Biy1 Biz1B1}.

The following Lemma 5.4 on W;(z1,21) can be either proved by induction on the length
of z1 or can be seen as a direct consequence of the explicit description of Wi (y1,21) in [2,
Remark 3.19].

Lemma 5.4. Let yi,21 € Wy be arbitrary. Then every x4 € Wi(y1,21) is of the form
r1 = y1uy for some uy € Wy, uy < z1.

Lemma 5.5. Let y; € Wy,ya € Wa. Then every (By x Ba, Re)-double coset in
(B1 x B2)(y1,y2)(B1 x B2)Re
is of the form (By X Ba)(y1,u2)Re for some us € Wa, ug < ya.
Proof. Write yo = wyzo, where wo € WQC"‘, z9 € We,. Then
(B1 x B2)(y1,y2)(B1 x B2)Re = ((Biy1B1) x (Bawa22))Re
= (Biy1Bic™ ' (231)) x (Baw2))Re
(BiyiBic™ ! (25 1)) x (BawaBs))Re
(Biyy Bic (2 1)B1) X (Baws))Re
U ((Biz1B1) x (Bawz))Re

1 EW: (y1,c7 (25 1))

U (Bl X BQ)((El,’UJQ)RC.
z1EWL(y1,e7 (25 1))

~—~ o~ o~

By Lemma 5.4, every z1 € Wy (y1, 671(2271)) is of the form x; = yu; for some u; € Wy such
that u; < ¢~ (25 1), i.e. c(u;?) < zo. For such an 1 € Wi (y1,¢ (25 1)),

(Bl X Bg)(ajl,wz)RC = (Bl X Bg)(yl,wgc(ufl))Rc,
and wgc(ul_l) < wgzo = y3. This completes the proof the Lemma. O

Lemma 5.6. For any vi1 € Wy and vy € Ws, one has

(Bl X Bg)(vl,vg)(Bl X BQ)RC = (Bl X Bg)(vl,vg)(Bl X BQ) Rc.

Proof. The Lemma follows from [19, Lemma 2, P. 68] (see Lemma 8.1 in the Appendix) by
noting that R¢/((B1 x Bz2) N Re) is isomorphic to the full flag variety of M¢, (see Lemma
4.5) and is hence complete. O

Lemma 5.7. For any v1 € Wi and vy € Wy, one has

(54)  (By x By)(v1,v2)(B1 x Ba)Re = U (B1 x Ba)(wy,w2)Re.

w1 € Wi, we € Wyt
w1 < v, wg < V2
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Proof. By Lemma 5.6 and the Bruhat decomposition,

(Bl X Bz)(’Ul,Ug)(Bl X BQ)RC = U (B1 X B2)(y1,y2)(B1 X BQ)RC.
Y1 € Wi,y2 € Wa e
y1 S 1,Y2 S v

Let y; € Wh,y2 € W3 be such that y; < vy,y2 < vo. By Lemma 5.5, every (By x Ba, Rc)-
double coset in (By x Bs)(y1,y2)(B1 X Bs)Re is of the form (By x Bs)(y1,us)Re with
us € Wo,us < yo < vg. Thus (By X Bg)(vy,v2)(By X Bs)Rc is contained in the right hand
side of (5.4). Conversely, let w; € W1, ws € Wy be such that wy < vy, ws < ve. Then

(Bl X BQ)(U}l,U}Q)RC C (Bl X BQ)(’wl,U)Q)(Bl X BQ)RC C (Bl X BQ)(’Ul,’UQ)(Bl X BQ) Rc.

Thus the right hand side of (5.4) is contained in (B; X Bz)(vy,v2)(B1 x B2)Re. O

Proposition 5.8. For any v1 € Wi and vy € Ws, one has the disjoint union

(Bl X BQ)(’Ul,’Ug)(Bl X BQ)RC = |_| (Bl X BQ)(’Ujh’wg)RC.

w1 EWFI,IUQ €Wy
Ju; € We, s.t.
wiug < vy, wac(ur) < vg

Proof. Proposition 5.8 follows from Lemma 5.7 by decomposing the element w; € Wi in the
right hand side of (5.4) according to the decomposition Wi = W W, and by the fact that
(T x Ta)(u1,c(ur))Re = (T1 x Te)Re for any u; € We,, where Ty and Ty are respectively
the maximal tori of G; and G5 as fixed in §2.1. O

Corollary 5.9. For any vy € chl,vg € Wa, one has the disjoint union

(Bl X Bg)(vl,vg)Rc = |_| (Bl X Bg)(’wl,wg)Rc.

w1 Gchl,wz €Wy
Ju; € We, s.t.
wiur < vp, wac(ur) < vy

Remark 5.10. By Lemma 8.3 in the Appendix, Corollary 5.9 is equivalent to the following
description of closures of (B; x B, R )-double cosets in G; x G5 as given in [18, Lemma
22] for vy € chl,’Ug € Wo,

(Bl X BQ)(’Ul,UQ)RC_ = |_| (Bl X Bg)(wl,wg)Rc_.

w1 Echl,wg e Wy :
Juy € We, s.t.
viuyt < wy,wae(uy) < s

Lemma 5.11. Let wy € Wi, wy € Wa, v, € WE, and vl € 42W,. Suppose that
(5.5) (Ra(By x Bs)(wi,w2)Re) N [vy, v5]ac # 0.
Then there exist 1 € Wa, and y1 € We, such that

rojyr <w;  and  a(wy)vhe(yr) < ws.

Proof. One sees from (5.5) that (w1, we)Re C (By x B2)Ra(B1 X Ba)(vi,v5)(B1 x Ba)Rc.
Since
(By x By)Ra(By x Bp) = | (B1 x By)(w1,a(x1))(B1 x By),

z1EWa,
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we have
(wl,wg)Rc C U ((BlmlBl’UIlBl) X (Bga(xl)BQUéBg)) Rc

z1€EWA,

= U ((lelBlvllBl) X (Bga(l'l)’l)éBg))Rc,
z1€Wa,

where in the last step we used the fact that {(a(z1)vh) = l(a(z1)) + I(vh). Thus there exists
x1 € Wy, such that (wy,ws) € ((Bix1B1vB1) X (Baa(z1)vhBs))Re. Since

Rec |J ((BunBi) x (Bac(y1)Ba)),

neWe,
there exists y; € W, such that
(w1, w2) € (Brxy B1v) Biy1 Br) x (Baa(x1)vyBac(y1)Ba)

= (Bix1B1viy1 B1) % (Baa(z1)vhBac(y1)Bs).
By Lemma 8.4 in the Appendix, w; > x1vjy; and we > a(x1)vhe(yr). O
5.3. Proof of Theorem 5.2. Fix v; € W; and vy € Ws. Let

T (v1,02) = {(v),05) € W x Wa | [or,v]ac 0[], v5lac # 0.

Then

[U1, V2] ac = | | [v1,va]a.c N [v1,v5]ac
(v],v3) €T (v1,v2)
We will first show that

(5.6) T (v1,v9) = {(v],vh) € W x 425 |
Jr1 € Wa,,y1 € We, s.t. z1viyr < wvr, alzr)vhe(yr) < va}
Indeed, by Lemma 8.1 in the Appendix,
[v1,v2)ac = Ra (B1 X Ba)(v1,v2)(B1 X B2)Re.
Thus by Lemma 5.7,
[v1,v2]ac = |_| RA(B;1 X By)(wy,ws)Re.

w1 GWl,wg EWQI
w1 < v, wg < U2

Suppose that (v],v5) € J(v1,v2). Then there exists (w1, ws) € Wi x Wy with wy < vy, wy <
vy such that
(Ra(B1 x B2)(wi,w2)Re) N [v},v5]a¢ # 0.
By Lemma 5.11, there exist 1 € Wy, ,y1 € W, such that
rviyr <wp <wvp and  a(zy)vhe(yr) < wa < vo.

Thus (vf,v4) is in the set of the right hand side of (5.6). Conversely, suppose that (v}, v}) €
chl x A2, are such that z1vjy; < vy and a(z)vhe(y1) < vy for some x; € Wa, and
y1 € We,. Let wy = x1viy1 and we = a(z1)vhe(yr) so that

vp=aytwyy b and vy = ey wae(y; ).
It follows that (v|T%, v5Ts) = (z7 'wiy; T, a(zy)wac(y; H)Ts) and hence
(5.7) (’UiTl, UIQTQ) C R_A(Bl X Bg)(wh’wg)Rc C [Uhvg]A,c,

where T; = B, NB; for i = 1,2. Thus [v1, v2] a,cN[v], vhlac # 0, and so (v], v5) € T (v1,v2).
This completes the Theorem 5.2.
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For any (v}, v}) € J(v1,v2), it follows from (5.7) that
R_A(Ui, 'U/2T2)RC = RA(UiTl, UI2T2)RC C [’Ul,vQ}A7C.

By Lemma 3.3, R4 (v}, v4T2)Rc is dense in [v], vj] 4. Hence [v], vh]ac C [v1,v2]a,c, and
[v1,v2] a,c N [V],v5)ac = [v],v5]ac. This completes the proof of Theorem 5.2.

6. THE (Ra, R; )-STABLE SUBSETS [v1, V2] ¢

6.1. The subsets [vy, vg]zw of G; X Gy. Let again A and C be two admissible quadruples

for G; x Ga. Let wor, and wpc, be the longest element in W; and W, respectively.

Associated to C, we have the admissible quadruple C* def (CT,C5,c*, L*), where

(68) Cf = —Wo,r, (Cl), C; = CQ, C* = C(woyrlwo)cl)_l, L* = Ad(

wo,r; Wo,C S)L'

It is easy to see that Re~ = Ad(ﬂ,ovFl R . Moreover,

Wo,cy 5 €)
(6.9) WE (wo,r, wo,c,) " = W
Proposition 6.1. For vy € chl and vy € AZWQ, let

[1}171}2];\76 = Ra(vi,vaMcy (v, 00)) Be = Ra(B1 X B2)(vi,v2) Rz C Gy x Ga.
Then (i)

G1 x Gy = |_| [U1,02) 4 ¢ (disjoint union);
v1 EVVIC1 W2 EA2W,
(i) [1}171)2];1,6 = R4(B1 x By)(v1,v2)R; for every v; € chl and vy € AWy ;
(iii) [v1,v2).a,c is locally closed, smooth, and irreducible. Its projection [vi,ve]ac/Rg to
(G1 x G2)/Rg fibers over the flag variety Ma, /(Ma, N Pa, (v, v,)) With fibers isomorphic to

the product of Mc, (v, v,)/Y2 and the affine space of dimension dim U 4, (4, v,y — [(v1) +1(v2),
where Yy is as in Theorem 2.2.

Proof. Let vi = vy (wor,wo.c,) "t € chf. All the statements in Proposition 6.1 follow from
the fact that

[U1, UQ]Z,C = RA(Bl X Bg)(’l)ik7 ’U2)(B1 X BQ)RC* (’u.}()’rl’wo’cl s e).

6.2. Closures of the sets [1}17’1}2];\’6 in G x Ga. For each v1 € Wi and v € Wa, set
(610) [’Uth];LC = R_A(Bl X Bz)(’Ul,'Ug)(w(]’Cl (B;) X BQ)RE C G1 X GQ.

It follows from Lemma 5.1 that

(6.11) [v1,v2] 4 ¢ = Ra(B1 x Ba)(v1,v2) Rz, when vy € Wi, vy € W

Theorem 6.2. For any vy € Wi and vy € Wy, with [Ul,vg];‘,c given in (6.10), one has

[UlaUQ];,C = |_| [Uiavé];,C'
v € WE vl € AW,
dz1 € Wy, ,y1 € Wey, s.t.
TV Y1Wo,0y > V1Wo,04
a(z1)vae(yr) < vz
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Proof. For vy € Wy, let again v} = vy (wo,r,wo,c,) . Then again we have
[Ul, UQ];LC = R_A(Bl X BQ)(UT,UQ)(Bl X Bg)Rc* (U')(),Fﬂbo,cl,@), Vv, € Wl, vy € Wh.

For y1 € Wey, set (y1)« = (wo.r, wo.c, )y1(wo,r, wo.c,) "t € Wes. Then by Theorem 5.2,

[01,112];\,(; = |_| Ma“ﬁ];x,c = |_| Ma”ﬁ];\,o
v e W wh € AWy v e W wh € AWy
Jz; € Wyu,,y1 € We, s.t. Jz, € Wy, ,y1 € We, s.t.
21 (v])* (Y1)« < 0F TV Y1 Wo,Cy > V1W0,Cy
a(@1)vye(yr) < vs a(x1)vhe(yr) < v
O

7. THE R4-STABLE PIECES IN G AND THEIR CLOSURES

We retain the notation in §2.3. In particular, G is a semi-simple algebraic group of adjoint
type, and G denotes the De Concini-Procesi compactification of G. In this section, unless
otherwise stated, if X is a subset of G, X always denotes the closure of X in G.

For each J C G, recall that h; is a point in G such that the stabilizer subgroup of G x G
at hyis R given in (2.8). Let A = (Ay, As,a, K) be any admissible quadruple for G x G.
Then we have the decomposition of G into R 4-stable pieces

G = |_| [J7’U17U2].Aa
JCT,v1 €W wg€d2W

where for J C T' and for v; € W and vy € 42W, the subset [J, vy, vs]4 of G is defined by
(2.9), namely
[J, ’Ul,’UQ]A = RA(B X B)(’Ul,’l)g).hj.

By part (iii) of Proposition 6.1, we have
Proposition 7.1. Let A be any admissible quadruple for G x G. Then for any J C T and
vy € WY vy € A2W, [J,v1,v2)4 45 a locally closed smooth subset of G. It fibers over the flag
variety Ma, /(Ma, N Pa, (v, ,0)) With fibers isomorphic to the product of My, v,)/Z and
the affine space of dimension dimU 4, (4, v,y — U(v1) + I(v2), where J(vi,v2) is the smallest
subset of J stable under v;lavl and Ai(vy,va) = v1J(v1,v9) C Ay,

When R4 = Gaiag, the Proposition 7.1 coincides with the description of the geometry of
Lusztig’s Ggiag-stable pieces given in [8].

In this section, we study the closures of the subsets [.J, v1,v2]4 in G.

7.1. The first description. For J C " and v; € W7, vy € W, let

[J,v1,v2] = (B x B)(v1,v2).hy C G.
The following Lemma 7.2 follows immediately from Lemma 8.1 in the Appendix.
Lemma 7.2. For any admissible triple A for G x G and all J C T, vy € W7, vy € A2W,

[Ja U17U2].A = R.A[J7 ’1)1,’02].

Proposition 7.3. Let A be an admissible quadruple for G x G. Then for any J C T’ and
(Ul,Ug) e W’ x A?’W,

(7.1) [Jv1,v2]a = | | L] [1, v}, vh]a.
1cJ vy € Wl vl e A2
Jrx e Wy,,ye Wi,z € W} s.t.
l(v2z) = l(v2) +1(2)
TV YW, 1 > V12Wo, 1
a(z)vyy < v2z
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Proof. Tt is well-known [5] that for I;, I, C T,
(G X G).h[l n (G X G).h[2 7é 0
if and only if I C I;. Thus

Torvala = || ([7oneala 0 (G x G) o)

IcJ
Fix I C J. By Lemma 7.2,

[T, 01,054 N (G x G).hy = Ra ([J,vl,vg] N (G x G).hI) .
By [18, Lemma 2.3],

[J,v1,v2] N (G x G).hy = |_| 1, vz, 1122]1,
ze Wi,
l(vaz) = U(v2) + 1(2)
where, for a subsets Y of (G x G).hy, V" denotes the closure of Y in (G x G).h;. Thus

[J,v1,v2)4 N (G x G).hy = |_| Ra[I, vi2, vgz]l.
z € W}
l(v2z) = l(v2) +1(2)

By Lemma 8.1, R4 [I, vz, vgz]I = Rull, vz, vgz]l for every z € W1. The decomposition
in (7.1) now follows from Theorem 6.2. O

In the following §7.2 and §7.3, we will simplify the descriptions of the the closure relations
in Proposition 7.3.

7.2. The second description. Recall that (G x G).hy = (G x G)/(B- x B) is the unique
closed (G x G)-orbit in G. For J C T and v; € WY, vy € 42, let

OplJ, v1,v2]a = [J,v1,02) 4 N (G X G).hy.
Theorem 7.4. Let A be an admissible quadruple for GxG. LetI,J C T, vy € W7, v} € W1,
and vy, vh € A2W. Then the following are equivalent:
(i) [1,v1,v5]a C [J,01,v2] s
(ii) I C J and Op[I,v],v5]la C Op[J, v1,v2)a;
(iii) I C J and [0, v7,v5]a C Oy[J, v1,v2] 4.

Proof. Tt is clear that (i) implies (ii). Since [0, v],v5]a C 9p[l, v}, v5] 4, one sees that (ii)
implies (iii). It remains to show that (iii) implies (i).

Assume (iii). By Proposition 7.3, there exist x € Wy, and z € W; with [(v2z) =
I(ve) +1(z) such that zv] > v12 and a(z)vh < vez. Write 2 = uy with u € W1 and y € W7.
Then the set

S={(2,y) € Wa, x Wy | 2'v] > viuy’, a(a’)vh < vouy'}

is non-empty. Let (xo, yo) € Wa, x Wi be a minimal element in S. We claim that

(7.2) (zov})! > viuyo(zovy);!  and  a(zo)vhyy ' < vou,

where (zov})! € W! and (z¢v}); € Wy are such that zgv] = (2¢v})! (2¢v});. By Lemma
8.3, it would follow from (7.2) that

r . —1 7, —1
ToU1Yg wo,r > niuwgr  and  a(zo)vay, T < vau,

and, since [(vou) = I(ve)+1(u), we would see by Proposition 7.3 that [I, v}, v5]4 C [J,v1,v2) 4.
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It remains to prove (7.2). We first show that a(zg)vhyy " < vou. Indeed, since a(wg)vh <
vouyg, it follows from Lemma 8.7 in the Appendix that there exists y; < yg such that

(7.3) vou = vauyoyy * > alzo)vhyy .
Again by Lemma 8.7, there exists yo < y; such that
a(zo)vh = a(zo)viyy y1 < vouys.

Since yo < y1 < yo, we have zgv] > viuyy > viuye. Thus (xg,y2) € S. Since (zg,y2) <
(z0,y0) and since (zg,yo) is minimal in S, we must have yo = yo. Hence y; = yo, and
a(zo)vhyyt < vou by (7.3).

We now show that I(zgv]) = l(xg) + 1(v]). Indeed, if I(zov]) < l(xo) + I(v}), then by
Lemma 8.6 in the Appendix, there exists x1 < xg such that ziv] > zov] > viuye. Since
a(z1)vh < a(zo)vh < wvauyy, we have (x1,y9) € S. Since (z1,y0) < (Zo,Y0), this is a
contradiction to the minimality of (zg,y0) in S. Hence I(zgv]) = l(zo) + I(v}).

By Lemma 8.7 in the Appendix, there exists y; < (21v])r such that

(wov))" = (wov))(wov}) ;" > vruyoy; -
By Lemma 8.8 in the Appendix, there exists 2o < xo such that (zov})!y; = 29v]. Now

/ AV —1
z2vy = (xov1) Y1 > MUYy, Y1 = v1uYo,

and a(x9)vh < a(xg)vh < vouyy. Hence (x2,y0) € S. By the minimality of (zg, ) in S, we
have x5 = 20, 50 y1 = (210})1, and (o))’ > viuye(w1vf); . This proves (7.2). O

As a corollary of (iii) in Theorem 7.4 and Proposition 7.3, we get the following second
description of the closure relations on the R 4-stable pieces in G.

Corollary 7.5. Let A be an admissible quadruple for G x G. Then for any J C T and
(Ul,vg) e W’ x AQW,

(74) [Ja UlaDQ]A = |_| |_| [Iv UL UIQ]A'
el vl e Wlivh € 42w
dr e Wy,,z€ Wy s.t.
l(v2z) = l(v2) +1(2)
v > vz, a(x)vh <wvgz

7.3. The third description. In this section, we show that the condition I(vez) = l(va)+1(z)
in (7.4) can be dropped. Namely, we have

Theorem 7.6. Let A be an admissible quadruple for G x G. Then for any J C T' and
(v1,v2) € WY x A7,

(7.5) [J, 01,024 = |_| |_| [I, v}, vh]a.
el oyl e Wlivh € 42w
dx € Wa,,z€ Wy s.t.
xv] > vz, a(z)vh <wvez

Proof. Fix J C T and (v1,v9) € W7 x 42W. It is enough to show that the right hand
side of (7.5) is contained in the right hand side of (7.4). To this end, let I C J and let
(vi,vh) € WT x 42W be such that there exist # € Wy, and 2z € W with 2v} > v,z and
a(x)vh < wvaz. Choose such an x € Wy, and let

Z={eW,| zv] > vz, a(z)v) <wvyz'}.
Then Z # (). Let zp € Z be a minimal element. We claim that I(vazo) = I(v2) + 1(20).

Indeed, if I(vez0) < l(ve) 4+ 1(%0), then by Lemma 8.6 in the Appendix, there exists z; < zg
such that vez; > v229. Thus vaz; > a(z)vh. Since v; € W7 and 21,29 € W, we also have
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v121 < 0129 < zv]. Thus z; € Z, which contradicts to the fact the zg is a minimal element
in Z. This shows that [(vezg) = l(v2) + 1(20), and thus [I,v],v}] 4 is contained in the right
hand side of (7.4). O

Remark 7.7. Note that in the proofs of Proposition 7.3, Corollary 7.5, and Theorem 7.6,
we did not use the fact that vy € 42W. In fact, the decomposition formulas (7.1), (7.4), and
(7.5) hold for any v; € W and vy € Wy. Thus the closure of R4 in G for any (B x B)-orbit
O in G is a union of the sets of the form [I,v],v4]4 for I C T, v} € W! and vy € 42W.
Proposition 7.3, Corollary 7.5, and Theorem 7.6 give three equivalent descriptions of the
decomposition. See also Remark 5.3.

8. APPENDIX

8.1. A lemma from [19]. The following is [19, Lemma 2, P. 68]. We state it here for the
convenience of the reader.

Lemma 8.1. Let G be an algebraic group acting on a variety V. Let H be a closed subgroup
of G and let U C V be a closet subset of V', invariant under the action of H. Assume that
G/H is complete. Then G.U is closed.

8.2. A few facts on the Weyl group. Let G be a any connected reductive algebraic group
over an algebraically closed field. Let T be a maximal torus of G, let B a Borel subgroup of
G containing T', and let I" be the set of simple roots for (B,T). Let W be the Weyl group
of I'. For the convenience of the reader, we collect in this section a few facts on W that are
used in this paper. Recall that for two subsets A and C' of T we denote ‘W = AW N W¢E.

Lemma 8.2. [3, Proposition 2.7.5] For any A,C C T', every v € W can be uniquely written
as a product v = zu, where x € ‘W and u € sz_l(A)Wc.
For C C T, let wy,c be the longest element of We.

Lemma 8.3. [18, Page 79] Let z,w € W and u € We. Then zu™t < w if and only if
TWo,c < WUW,C -

Proof. If zu~! < w, then TWo,c = mu‘luwo’c < wuwy,c. Conversely, assume that xwy c <

wuwg,c. Then there exist w; < w and y < uwg ¢ such that zwy,c = wyy. It follows from
y < uwp ¢ that ywo,c > u, so u™' <wy eyt Thus zu~! < zwocy™' = w; < w. O

For y,z € W, let W(y,2) = {x € W | BtB C ByBzB}.
Lemma 8.4. Lety,z € W. Then x > yz for any x € W(y, z).

Proof. Let x € W(y, z2). Then (yBz) N (BzB) = ((yz)(2~'Bz)) N (BxB) # 0. By 27 'Bz =

((z7*Bz) N B7)((2~'Bz) N B), we know that (yz((2~1Bz) N B~)) N (BzB) # (. Since
(ByzB~)N (BxzB) D (y2B~) N (BxB) D (yz((2 *Bz) N B~)) N (BxB),

we know that (ByzB~)N (BxzB) # 0. By [4], yz < z. O

Lemma 8.5. [8, Lemma 3.3] For any u,w € W, the subset {vw | v < u} of W contains a
unique mazximal element uyw. Moreover, l(uyw) = l(u1) + l(w).

Lemma 8.6. If u,w € W are such that [(uw) < l(u) + l(w), then there exists uy such that
up < u and uw > uw.

Proof. The u;y such that ujw is the maximal element in the set {vw | v < u} is as required.
O

Lemma 8.7. [8, Corollary 3.4] Let u,w,w’ € W and assume that w' < w. Then
(i) there exists uy < u such that w'uy < wu;
(i) there exists ugs < u such that w'u < wus.
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Lemma 8.8. [8, Lemma 3.10] Let J C Tyw € WY, and u € W be such that l(uw) =
l(u) + l(w). Write uw = zv with x € W’ and v € W;. Then for any v' < v, there evists
u' < u such that uw'w = xv'.
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