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MORPHISM

XIAOTAO SUN

ABSTRACT. Let X be a smooth projective variety of dimension
n over an algebraically closed field k with char(k) = p > 0 and
F : X — X be the relative Frobenius morphism. For any vector
bundle W on X, we prove that instability of F,W is bounded
by instability of W @ T¢(Q%) (0 < £ < n(p — 1))(Corollary 4.9).
When X is a smooth projective curve of genus g > 2, it implies
F,W being stable whenever W is stable.

Dedicated to Professor Zhexian Wan on the occasion of
his 80th birthday.

1. INTRODUCTION

Let X be a smooth projective variety of dimension n over an alge-
braically closed field k with char(k) = p > 0. Fix an ample divisor
H on X, by a semistable (resp. stable) torsion free sheaf, we mean a
H-slope semistable (resp. H-slope stable) sheaf in this paper. For a
torsion free sheaf F on X, there is a unique filtration

O=FCHhC- CF=F
such that F;/F;_1 (1 <i < k) are semistable torsion free sheaves and
ﬂmax(f) = M("Tl) > M(:FQ/:Fl) > > :u(fk/‘/fkfl) = ,umin(f)‘
The instability of F was defined as I(F) = pimax(F) — tmin(F), which

measures how far from F being semi-stable. In particular, F is semi-
stable if and only if [(F) = 0. On the other hand, there are sub-bundles
THOQL) € (Q%)® 0 < £ < n(p — 1), which are the associated bundles
of Ok through some elementary (perhaps interesting) representations
of GL(n). These representations do not appear in characteristic zero.

Let F': X — X; be the relative Frobenius morphism, for any vector

bundle W on X, let I[(W, X) be the maximal value of I(W ® T*(Q%))
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where 0 < ¢ < n(p — 1). Then one of our results in this paper shows
(Corollary 4.9): When Kx - H*~! > 0, we have

[(EW) < p" k(W) (W, X).

In particular, if the bundles W @ T¢Q%), 0 < ¢ < n(p — 1), are
semistable, then F,W is semistable. In fact, when Ky - H*"! > 0, we
can show that the stability of W @ T*(Q}), 0 < ¢ < n(p — 1), implies
the stability of F,W (Theorem 4.8).

The main theorem has an immediate corollary that when X is a
smooth projective curve of genus g > 2, the stability of W implies
stability of F,W. This is in fact our original motivation stimulated by
a question raised by Herbert Lange at a conference. When W is a line
bundle, it is due to Lange and Pauly ([6, Proposition 1.2 ]). The present
version is based on our earlier preprint ([8]), where the theorem was
completely proved only for curves. It should be pointed out, in case of
curves, Mehta and Pauly have proved independently that semi-stability
of W implies semi-stability of F,WW in a different method. However,
their method was not able to prove the stability of F,WW when W is
stable. In fact, they asked the question: Is stability also preserved by
F, 7 (ct. [7, Section 7] for the discussions).

To describe the idea of proof, let us compare it to its opposite case,
a Galois étale G-cover f : Y — X. Recall that for a semi-stable
bundle W on Y, to prove semistability of f,WW, one uses the fact that
F*(f«W) decomposes into pieces of W9 (o € G). To imitate this idea
for F': X — Xj, we need a similar decomposition of V' = F*(F,IW).
Indeed, use the canonical connection V : V' — V®Q4, Joshi-Ramanan-
Xia-Yu have defined in [4] for dim(X) = 1 a canonical filtration

o=V,cV,hCc---CcV,CcVih,C---ViCcW=V

such that V,/Vy1 &2 W @ (Q4)%%. It is this filtration and its general-
ization that we are going to use for the study of F,W.

As the first step, we generalize the canonical filtration to higher
dimensional X. Its definition can be generalized straightforwardly by
using the canonical connection V : V' — V ® QL. The study of its
graded quotients are much involved. We show (Theorem 3.7) that
there exists a canonical filtration

0=Vip-1)41 C Vop-y C---CVi C Vo=V = F*(F.W)

such that V induces injective morphisms V;/Vii4 Y, (Vi1 / Vi) @ QL of
vector bundles and the isomorphisms V;/V,; & W @ TYQL ), where
THQL) C (24)%° are subbundles given by representations of GL(n)
(cf. Definition 3.4). In characteristic zero, T(Q%) = Sym‘(Q}). In
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characteristic p > 0, T*(Q%) = Sym‘(Q%) only for £ < p. In general,
there is a resolution of T¢(Q%) (Proposition 3.5) by symmetric powers
of Q% and exterior powers of F*(Q) (After [8] appeared, Indranil
Biswas told me that a similar filtration was defined and studied in
Proposition 4.1 of their preprint [1]. However, since their map (4.7)
was wrong, the Proposition 4.1 (also Proposition 4.2 consequently) of
[1] was wrong. After we pointed out these gaps, they have corrected
these mistakes in [2]).

To prove the main theorem, we also need to compare sub-sheaves of
Vi/Vig1 to sub-sheaves of Vi, ,—1)—¢/Viap—1)—r+1 which are V-invariant
(Proposition 4.7). It is reduced to consider the (graded) K-algebra

n(p—1

)
R— [9171/2, Jy]: @RZ
=0

(Y7 Y5, un)

with a D-module structure, where

n(p—1)
K
D— [fyu aczyn] :K[tl,tz,"' 7tn]: @ D,
( Yyt yn) /=0

which acts on R through the partial derivations dy,, Oy,, ..., 0,,. For
any subspace V. C R’ let L(Dg¢—pn@p-1) - V) be the linear subspace
spanned by Dos_pp—1) -V C R™»=D~L Then we are reduced to ask if

1
dim(V) < dim L(Dag_n(p_1) - V) when nip=1)

<l<np-1)7
Our Lemma 4.5 and Proposition 4.7 give an affrmative answer to it.

When X is a smooth projective curve of genus g > 1, the proof of
theorem is very elementary and simple, which does not need the more
involved arguments of higher dimensional case and shows the idea of
proof best. Thus, although it is a direct corollary of the general case
(Theorem 4.8), we still put its proof in an independent section. It
is also convenient for a reader who is only interested in the proof for
curves.

Acknowledgements: 1 would like to thank Hélene Esnault, Eckart
Viehweg, Hourong Qin, Manfred Lehn, Indranil Biswas, Herbert Lange,
Christian Pauly for their interest and discussions. The proof of the
purely combinatorial Lemma 4.6 is due to Fusheng Leng. I thank him
very much for his help. Finally, I would like to thank the referee for
the helpful comments.
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2. THE CASE OF CURVES

Let k be an algebraically closed field of characteristic p > 0 and X
be a smooth projective curve over k. Let F': X — X; be the relative
k-linear Frobenius morphism, where X; := X X; k is the base change
of X/k under the Frobenius Spec (k) — Spec (k). Let W be a vector
bundle on X and V = F*(F,W). It is known ([5, Theorem 5.1]) that
V has a canonical connection V : V — V ® QY with zero p-curvature.
In [4, Section 5], the authors defined a canonical filtration

(2.1) o=V,cV,,C---cVpCcVoluC---ViCcWy=V
where V; = ker(V = F*F,W — W) and

(2.2) Vi = ker(V; % V@ Qk — V/V,© Q).

The following lemma belongs to them (cf. [4, Theorem 5.3]).

Lemma 2.1. (1) Vo/Vi 2 W, V(Vpy1) CV, @ Q% for € > 1.

(i) Vo/Viia AR (Vo1 / Vi) @Q% is an isomorphism for 1 < ¢ < p—1.
(iii) If g > 2 and W is semistable, then the canonical filtration (2.1)
1s nothing but the Harder-Narasimhan filtration.

Proof. (i) follows by the definition, which and (ii) imply (iii). To prove
(11), let I() = F*F*Ox, ]1 == ker(F*F*OX - Ox> and

(2.3) Loy = ker(I; 5 Iy @ Qk — Io/I, @ Q)

which is the canonical filtration (2.1) in the case W = Ox.
(ii) is clearly a local problem, we can assume X = Spec (k[[z]]) and

W = k[[z]]®". Then Vy:=V = F*(F.W) = I5", V, = I}" and

(24) Vi/Viga = (Le/Lp1)™" - (L1 /T @ 3)®" = Vi Ve ® Q.
Thus it is enough to show that

(2.5) L) Iy 5 (Iq )1 @ Q%

is an isomorphism. Locally, Iy = k[[z]] @) k[[z]] and

(2.6) V ¢ k(2] ®ugary kll2]] = Io @0y O,

where V(g ® f) = ¢ ® f' @ dz. The Ox-module

(2.7) Iy := ker(k[[]] ®xfary Kl[2]] — K[[2]])

has a basis {#'®1—1®x"}1<;<p—1. Notice that I; is also an ideal of the
Ox-algebra Iy = k[[z]] Qe k[[z]], let @« =2®1—1®z, then o € L.



DIRECT IMAGES OF BUNDLES UNDER FROBENIUS MORPHISM 5

It is easy to see that o, a2, ..., a?~! is a basis of the Ox-module I;
(notice that o = 2P ® 1 — 1 ® a? = 0), and

(2.8) V() = o' @ da.

Thus, as a free Ox-module, I; has a basis {af, a'*1,... oP~'} which
means that I,/I,, has a basis of, (I,_1/I;) ® Q% has a basis o/~ @ dz
and V(a!) = —fa*~! @ dz. Therefore V induces the isomorphism (2.5)
since (¢,p) = 1, which implies the isomorphism in (ii). O

Theorem 2.2. Let X be a smooth projective curve of genus g > 1.
Then F.W is semi-stable whenever W is semi-stable. If g > 2, then
F. W is stable whenever W is stable.

Proof. Let £ C F,W be a nontrivial subbundle and
(2.9) oOocV,NF€C ---cVINF*ECVoNF*E =F*E

be the induced filtration. Let r, = rk(VZTg ;‘fg) be the ranks of quo-

tients. Then, by the filtration (2.9), we have

1 - V,NF*E
2.1 FE) = (),
(2.10) WEE) = ey ;” ASmreyard

By Lemma 2.1, V;/Viy 1 & W ® (Q%)®¢ is stable, we have

Ve F*E
. Vg N EF*E

Then, notice that u(V') = p(W) + (p — 1)(g — 1), we have

(2.11) ) < (W) +2(g — 1)L

212)  p(EW) — p(€) > 29—_2) SoEL o

which becomes equality if and only if the inequalities in (2.11) become
equalities. It is clear by (2.12) that u(E.W) — p(€) > 0if m < 2.
Thus we can assume that m > 2%1, then we can write

m —1
p—1 S p—1
(2.13) Z(T—z)m: > (- )t
/=0 l=m+1
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On the other hand, since the isomorphisms V;/V;q v, (Vi1 / Vo) @ Q4
in Lemma 2.1 (ii) induce the injections
ViNnF*€ . Vi_iNEF*E
Viei N F*E ViN F*&E

® Q%

we have ro >ry > - >ry_1 >r;> -+ >1r,. Thus

W(EIV) () > B2 sy

If u(F,W) —u(€) =0, then (2.12) and (2.13) become equalities. That
(2.12) becomes equality implies inequalities in (2.11) become equalities,

which means rg = r; = --- = r,, = rk(WW). Then that (2.13) become
equalities implies m = p — 1. Altogether imply £ = F.W, we get
contradiction. Hence F,W is stable whenever W is stable. OJ

3. THE FILTRATION ON HIGHER DIMENSION VARIETIES

Let X be a smooth projective variety over k of dimension n and
F: X — X, be the relative k-linear Frobenius morphism, where X; :=
X Xy k is the base change of X/k under the Frobenius Spec (k) —
Spec (k). Let W be a vector bundle on X and V' = F*(F,.W). We have
the straightforward generalization of the canonical filtration to higher
dimensional varieties.

Definition 3.1. Let Vy :=V = F*(F.W), Vi = ker(F*(F,W) - W)
(31) Vi =ker(Ve 5 V @0y Ok — (V/Ve) ®oy Q)

where V : V — V ®0, Q) is the canonical connection (cf. [5, Theorem

5.1]).

We first consider the special case W = Ox and give some local
descriptions. Let Iy = F*(F.Ox), I} = ker(F*F.Ox — Ox) and

(32) ]g_,_l = keI‘(Ig Z> ]0 ®OX Qﬁ( — Io/]g ®(9X Qﬁ()

Locally, let X = Spec (A), Iy = A ®a» A, where A = k[[z1,--- ,z,]],
AP = k[[zY,- -+ ,2P]]. Then the canonical connection V : Iy — [y ® Q%
is locally defined by

n

(3.3) V(g ®ar f) =) (9O

=1

of
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Notice that Iy has an A-algebra structure such that Ip = A®4» A - A
is a homomorphism of A-algebras, its kernel I; contains elements

(3.4)  ofak2... b where a; = 2; @ap 1 — 1 @up 74, Zk‘, > 1.

n
=1

Since o = 27 @ 401 —1® gpa? = 0, the set {af - akn | ky+- -+ k&, > 1}
has p™ — 1 elements. In fact, we have

Lemma 3.2. Locally, as free A-modules, we have, for all £ > 1,

(3.5) L= B (oA

kit-tkn>

Proof. We first prove for ¢ = 1 that {o/" - -af |ky + - + k, > 1}
is a basis of I; locally. By definition, [ is locally free of rank p” — 1,
thus it is enough to show that as an A-module I; is generated locally
by {af' - afn | ki + -4k, > 1} since it has exactly p" — 1 elements.

It is easy to see that as an A-module I; is locally generated by
{ab @l —1@uat - akn k4 4k, >1, 0<k; <p—1}.
It is enough to show that any z%' - 2% @4 1 — 1 @up 2% -+ 2Fn is
a linear combination of {af" .-k |k +--- + k, > 1}. The claim is
obvious when ki +-- -+ k,, = 1, we consider the case k1 +---+ k,, > 1.
Without loss generality, assume k,, > 1 and there are f;, _; € A such
that

k kn—1 k kn—1 ]
T @l l@palt kT = YT (ot a) - f
jl+"'+jn21

Then we have

x’flxzn ®Ap 1— 1®Ap IL’IfI J?Zn = Z (Oé{ ]n+1) f]l, »Jn
i1
Y el S o @,
Ji+tin>1

For ¢ > 1, to prove the lemma, we first show
(3.6) V(akt .. afn) = — Z (ot afimto o okny @ day
i=1

Indeed, (3.6) is true when ky + -+ k, = 1. If by +---+ k, > 1, we
assume k, > 1 and o' .- afr=1 = > @ar fj. Then

ay' g = angj ®@ar fj — Zgj Qar fitn -
J J
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Use (3.3), straightforward computations show
V(alfl Cen Oéﬁ") = anV(alfl e aﬁn_l) _ (Oé,fl Cen CVZ"_I) R4 dxn
which implies (3.6). Now we can assume the lemma is true for ,_; and

recall that I, = ker(/,_y Y Ih®4 QL — (In/I,-1) ®4 Q). For any
f= Z (@ o) fuy g € Liety frkn € A,

oy +---kin >0—1
by using (3.6), we see that 5 € I, if and only if
(3.7) Yoo (el el ki fe o € T

[ |
for all 1 < 7 < n. Since {a’fl---aﬁnlk1+---+kn > 1} is a basis of I
locally and the lemma is true for I,_1, (3.7) is equivalent to
(3.8) For given (k1,...,k,) with ky +---+ &k, =0 —1
kifryhn =0 forall j=1,....n

which implies f, ., = 0 whenever k; + -+ + k, = ¢ — 1. Thus I, is

,,,,,

generated by {af*---afn |k + -+ k, > 1) O
Lemma 3.3. (i) Iy =0 when £ > n(p—1), and V(Iyy1) C [,@Qk
for £ >1.

(ii) Lo/Ipsq Y, (I;-1/1;) ® Q% are injective in the category of vector
bundles for 1 < { <n(p—1). In particular, their composition

(3.9) VO I/ I — (Io/1h) ®ox ()% = ()%
1s injective in the category of vector bundles.

Proof. (i) follows from Lemma 3.2 and Definition 3.1. (ii) follows from
(3.6).
U

In order to describe the image of V* in (3.9), we recall a GL(n)-
representation T(V) C V®* where V is the standard representation of
GL(n). Let S, be the symmetric group of ¢ elements with the action
on V® by (@ Qup) 0 =V,1) @+ @ Vg for v; € Vand o € S,.
Let e, ..., e, be a basis of V', for k; > 0 with ky +--- + k, = £ define
(3.10) vk, k) =) (M@ @) o

o€ESy
Definition 3.4. Let T“(V) C V® be the linear subspace generated by
all vectors v(ky, ..., k,) for all k; > 0 satisfying ky + -+ + k, = (. Tt

is clearly a representation of GL(V). If V is a vector bundle of rank
n, the subbundle T*(V) C V®¢ is defined to be the associated bundle
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of the frame bundle of V (which is a principal GL(n)-bundle) through
the representation T*(V).

By sending any ef'e5? - - - ef» € Sym*(V) to v(ky, ..., k,), we have
(3.11) Sym*(V) — TV)

which is an isomorphism in characteristic zero. When char(k) = p > 0,
we have v(ky,...,k,) = 0 if one of ki, ..., k, is bigger than p — 1.
Thus (3.11) is not injective when ¢ > p, and T*(V) is isomorphic to the
quotient of Sym*(V) by the relations e/ = 0, 1 < i < n. In particular,

(3.12) TY(V) =2 Sym*(V) when 0</{<p

and TY(V) =0if £ > n(p—1). For any 0 < £ < n(p—1), T%V) is a
simple representation of highest weight

(p—1,--- p—1,0,0,-- ,6), where £ = (p—1)a+b,0<b<p—1

and is called a ‘Truncated symmetric power’ (cf. [3]). In next proposi-
tion, we will describe T¢(V') using symmetric powers and exterior pow-
ers. The case of GL(2) is extremely simple, it is a tensor product of
symmetric powers and exterior powers. In general, let F*V denote the
Frobenius twist of the standard representation V' of GL(n) through the
homomorphism GL(n) — GL(n) ((@ij)nxn — (a};)nxn), We have only a
resolution of T*(V') using symmetric powers of V and exterior powers
of F*V. Fix a basis ey, ... , e, of V, we define the k-linear maps

q
(3.13) Sym (V) @y, \(V) % Sym’ @ D7(V) @, /\
such that for any h = f_gp, ® e, Ao+ Aeg, (k1 <--- < k), we have

q

(3'14) ¢(h) = Z( )Z tel f@ gp ® €y N /\éki /\"'/\ekq'

i=1

Proposition 3.5. (i) When n = 2, as GL(2)-representations, we have

Ty = { ) when £ < p;
Sym*P V=4V @ det(V)- D) when € > p
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(i1) Let £(p) > 0 be the unique integer such that 0 < € —{(p)-p < p.
Then, in the category of GL(n)-representations, we have exact sequence

£(p) {(p)—1
0 — Sym“ (V) @, \(FV) S Sym 002y @ N\ (F7V)
q g1
— oo — SymTIP(V) @y, /\(F*V) <, Syme_(q_l).p(v) ®k /\(F*V)
— o Sym (V) @ BV S Sym! (V) — THV) — 0.

Proof. (i) When ¢ < p, TYV) = Sym‘(V) follows the construction.
When ¢ > p, the simple representation T*(V) has highest weight
(p=1,L—p+1)=02p—2-60)+ ({—-p+1)-(1,1)

where (2p — 2 — ¢,0) and (1,1) are the highest weights of the simple
representations Sym*27¢(V') and A?(V') = det(V) respectively. Thus

TY(V) = Sym*P" D=4V @ det (V) 1),

(ii) The elements e}, b, ... €2 € Sym®*(V) form clearly a regu-
lar sequence for Sym®(V'), thus the Koszul complex K,(ef, ..., eP) of
Sym®(V')-modules is a resolution of

Sym*(V)

(e, eb, ..., en)Sym® (V)

where K7 = Sym®*(V) ®; V' with basis 1 ® €1, ..., 1 ® e, and K; =
A'K;. Notice A'K; = Sym®*(V) @, A"V (as Sym*(V)-modules), the
sequence in the proposition is exact in the category of k-linear spaces
(This was pointed out by Manfred Lehn).

We only need to show the k-linear maps ¢ in (3.13) are maps of
GL(n)-representations if A"V is twisted by Frobenius. It is enough to
show, for any A = (a;j)nxn € GL(n) and h = 1® ey, A --- A ey, that

¢(A-h)=A-p(h)

To simplify notation, we assume h =1® e; A --- A ¢eg, then

Ah=1® Z D(kl’k2"”’kq>€k1/\"'/\€kq7 where

1,2,...
ke <<y ) 4y 4

PP P

Apy> Py v+ 5 Ay,

PP p

D ki ko, ... ky _ Aogys Aogyr -+ -5 Ao,
1,2,...,q : : :

p P p

Agky > Cak - -+ Vg,
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Then, by definition of ¢, we have

q
ki ko,... Kk .
Z Z(_ 11p®kD< 117227”"qq)ekl/\"'/\eki/\"'/\ekq

k1<‘..<kq =1

-y Zek@@kz Jlagkip(ll ; qq>eklA...AekiA...Aekq
WS
_Z Z Z%kek ®kD< " ,j,. N q)ekl/\"'Aeki/\"'Aekq-

k1<-<kq 1=1

On the other hand, we will show

Z Za]kek ®kD(/{21,.. ? kq)ekl/\“'/\éki/\"'/\ekq

ki< - <kq =1

(B (Boe) (o) (B2

q—1 . .
21y« .50g-1
- E: ( a?ikeli)k>®kD<1,”‘j”q‘q)eh/\"'/\eiq—l

11 <-<fg—1
andZ( )jlp D( 7/17..:\.72(]*1 ):0(1§k§q_1) Thus

¢(A-h) = A-(h).

In fact, the second equality corresponds to developing a determinant
having the i;-th column repeated. To show the first equality, write

(zn: aji z) Rk <2n: a]17i€z‘> A A (i a?lez> A A (zn: a;;iei)
B . =1 i=1
) Z <Z R Z) ®kD< 1""3’-2161_1(1>eil/\"'/\€¢q_1

1< <ig1 \i=1 v
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For given iy < --- < i,_q,let S ={i1, ..., i,_1}, write

(E a§i6f>®kD(11 3 qlq)eil/\---/\eiq_lz
p R B

Y

Uyl
Za?td;@kD( 11.v..37. q 1q ) ei /\"'/\eiq,l‘f’

ey

t¢S

q—1 . .
11y 0. 50g—1

g a?,'kefk ®ng(1 P )6i1/\"'/\6iq1
g q

k=1 ’

notice that for any ¢ ¢ S there is a unique £y < --- < k, with k; =t

~

such that (ki,..., ki, ..., kg) = (i1, ...,74-1), we have

TR
E a§t€f®kD<1 ~ 4 >6i1/\"’/\6iq1:
Y gy q

a‘lj)kieii(ng(kl?---;é’i?-.-jk‘lq)ekl/\.../\éki/\..-/\ekq
kz 1,...,79,...,q
1< <kg

where the summation is taken for all k; < -- -k, satisfying

~

(kb ceey ki7 ceey kq) - (Z.la ...,iq_l).

Then, taking summation for all 4y < --- < 7,_; and exchange the order
of two summations, we got the claimed equality. U

Lemma 3.6. With the notation in Definition 3.4, the composition
(3.15) VL I — Q%)%
of the Ox-morphisms in Lemma 3.3 (ii) has image T*(Q%) C (%)%,

Proof. 1t is enough to prove the lemma locally. By Lemma 3.2, I;/I;1q
is locally generated by

(3.16) {obr afn |k k=)

By using formula (3.6) and the formula of permutations with repeated
objects, we have

(3.17) Vi - ray) = (1) Y (daf® @ dall) o
oESy
which implies that V*(I,/I,1) = TH(QY) C (L)%~ ]

Theorem 3.7. The filtration defined in Definition 3.1 is
318) 0=Vip-1)1 CVap-n C---CViC Vo=V = F(FW)
which has the following properties
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() V(Vigr) C Vi@ QL for £>1, and Vo/Vi =W,

(i) Vo/Via AN (Vi_1/Vi) @ Q% are injective morphisms of vector
bundles for 1 < { < n(p— 1), which induced isomorphisms

VOV Vi 2 W @0, THQY), 0< < n(p—1).
The vector bundle T4(QY) is suited in the exact sequence
0 — Sym ™ P7(QL) @ FQP L sym~@-Dr(QL) @ FrQP !
— = SymTIP(QL) @ FrL S Sym P (b)) @ FrQY!
— = Sym (L) @ FROL S Symf(QL) — THQL) — 0
where £(p) > 0 is the integer such that £ — £(p) - p < p.

Proof. It is a local problem to prove the theorem. Thus V,;—1)41 = 0
follows from Lemma 3.2. (i) is nothing but the definition. (ii) follows

from Lemma 3.3, Proposition 3.5 and Lemma 3.6. U
Corollary 3.8. When dim(X) = 2, we have
Vi Vs = { W® SymiES}%)_e 1 o when £ < p
W @ Sym=* (Qy) ®wy when £ > p
Proof. 1t follows from (i) of Proposition 3.5. O

4. STABILITY IN HIGHER DIMENSIONAL CASE

Let X be a smooth projective variety over k of dimension n and H
a fixed ample divisor on X. For a torsion free sheaf £ on X, we define

ue) = 2 —

Definition 4.1. A torsion free sheaf £ on X is called semistable (resp.
stable) if, for any 0 # & C &, we have

p(E') < u(&)  (resp. u(€) < u(&)).

For any torsion free sheaf E on X, there is a unique filtration, the
so-called Harder-Narasimhan filtration

O=EyCEyC---CLE,=F
such that F;/E; 1 (1 <i < k) are semistable torsion free sheaves and
fmax(E) := p(Er) > p(Ey/Ey) > - > p(Eg/ Ep-1) := fimin(E).
The instability of F was defined as
I(E) = pmax(E) = pimnin(E).
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Then it is easy to see that for any subsheaf F' C E we have
(4.1) p(F) = p(E) < HE) = pmax(E) = fimin(E).

Let F' : X — X be the relative k-linear Frobenius morphism and
W a vector bundle of rank r on X.

Lemma 4.2. Let ¢;(Q%) = Kx. Then, in the chow group Ch(X1)g,

r(p" —p" 1)
9

1
WEF*FW) =p- u(FW) = ”TKX CHP 4 (W),

Vs

(4.2) o (F,W) = Kx, +p" e (W),

Proof. The proof is just an application of Riemann-Roch theorem. In-
deed, by Grothendieck-Riemann-Roch theorem, we have

(4.3) A (FWV) = %KX FE(e(W) ~ TKx).

We remark here that for any irreducible subvariety Y C X, its image
Fx(Y) C X (under the absolute Frobenius Fx : X — X) equals to Y,
and the induced morphism Fx : Y — Fx(Y) =Y is nothing but the
absolute Frobenius morphism Fy : Y — Y (which has degree pd™()),
In particular, Fy(c;(W) — $Kx) = p" ' (ci(W) — 5 Kx,) proves (4.2).
That p(F*EW) = p - u(F.W) also follows from this remark. O

Let V = F*F,W, recall Theorem 3.7, we have the canonical filtration
(44) 0= Vn(pfl)Jrl C Vn(pfl) c---C ‘/1 - ‘/0 =V = F*(F*W)
with V,/Vier 2 W ®0, THOQ).

Lemma 4.3. With the same notation in Theorem 3.7, we have

£(p)

l _

(45)  a(T@)= (D (-DCL- O3, | Kx

q=0
(p)

/—

tk(T(Q)) = D_(-DCL- i,y

q=0

In particular, we have pu(TY(QY)) = £Kx - H* 1

Proof. The formula of rk(T¢(Q%)) follows directly from the exact se-

quence in Theorem 3.7 (ii). To compute c¢;(T¢(2%)), we use the fact
that for any vector bundle F of rank n, we have

(4.6) ¢ (Sym?(E)) = crt 1 a(B)

n+q—

(4.7) o (NE)=CI"1 -1 (E).
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Then, use the exact sequence in Theorem 3.7 (ii) and note that
al(FQ%) = p-a(Q%),
we have the formula (4.5) of ¢;(T*(2%)). O

Let £ C F.WW be a nontrivial subsheaf, the canonical filtration (4.4)
induces the filtration (we assume V,, N F*E # 0)

(4.8) 0CV,NFEC - CVINF*E C VN F*E = F*€.

Lemma 4.4. In the induced filtration (4.8), let

VinF*E Vi
Fy = = rk(F).
CEGanFE SV Tk

Then there is an injective morphism Fy AR Fo1 @ QL and

. n—1 —
H(EW) = pl€) 275 SN0y,
=0

__Zm W@Tﬁ(@l))

the equality holds if and only if equal@tzes hold in the inequalities
(4.10)  p(Fe) — u(Ve/Viga) <TW @ THQY)) (0 < €< m).
Proof. The injective morphisms V;/Vy;4 AR (Vi_1/Vy) Q% in Theorem
3.7 (ii) induces clearly the injective morphisms

fKXFE—1®Q§(, (=1 ...,m
To show (4.9), note u(F.W) — u(€) = %(M(F*F*W) — u(F*€)) and

p(FE) =

using Lemma 4.2, we have

(4.11) W(F*FW) — p(F€) =
ey 2o (P ) () ).

For F, C Vg/VgH =W @ THQL) (0 < ¢ < m), using Lemma 4.3,

(112) () < p() 4 Ky BN I © THOY)).

Substitute (4.12) into (4.11), one get (4.9) and the equality holds if and
only if all of inequalities (4.12) become equalities.
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U
Let K be a field of characteristic p > 0, consider the K-algebra
1)
K[y . nlp- .
R=—F——7>+ R,
(yp ’ yn @

where R is the K-linear space generated by
{yf oy b+ 4k =( 0<k<p-—1}

The polynomial ring P = K|[d,,,---,0,,]| acts on R through partial
derivations, which induces a P-module structure on R. Note that 9%
(t=1,2,...,n) act on R trivially, the P-module structure is in fact a
D-module, where

1)
K[D,,, - ,0,] nip-
D = g o K[t17t27 7 va
A -
where D, is the linear space of degree /¢ homogeneous elements and
t1, ta, ... ,t, are the classes of Oy, Oy,, ... ,0y,.

Lemma 4.5. Let V C Dy be a linear subspace. Then, when { < @,
there is a basis {d; € V'} of V' and monomials {6; € Dyp—1)—20} such
that {9;d; € Dyp—1y—¢} are linearly independent.

Proof. We reduce firstly the lemma to the case when V' has a basis of
monomials. Define the Lexicographic order on the set of monomials of
D¢, Dyp—1)—¢ respectively. For any v € Dy, one can write uniquely

V= AyMy + Z A
m>my

where 0 # A\, A, € K, m, and m are monomials of D,.
Let dim(V') = s, then it is easy to see that there is a basis

di=Xmi+ > Aigm, N #0, (1<i<s)
m>m;

of V such that {m4,...,ms} are different monomials of D,. If there
are monomials {J; € Dy,(—1)-20}1<i<s such that {6;m; € Dyp_1)—¢}1<i<s
are different monomials, then we claim that

{6:d; € Dn(pfl)ff}lgigs

are linearly independent. To prove the claim, we only remark that for
any monomials m, m' € Dy, and monomial § € D,,,—1)_2¢, we have

m <m' = dm < dm’ whenever dm, dm’ are nonzero.
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Thus we have
d;im>om;

which are linearly independent.
If we identify the set of monomials of D, with the set

M ={v=(v,...,0)|0<v; <p—1(1<i<n), Zvizg}'

i=1
Then the lemma is equivalent to the existence of an injective map
E ME N Mn(p—l)—f
such that for any v € M*, we have v < p(v): v; < p(v); (1 <i < n).
O

The existence of ¢ is a special case of the following lemma.

For any (ai,...,a,) € Z%, let Mf(ay, ..., a,) be the set

{v=(v1,...,0)[0<v;<a; (1<i<m), Y vy=L(}

=1

For any v € M(ay,...,a,) and o' € M' (ay,...,a,), by v < v/, we
mean v; < v} (1 <1i <n). Then we have the following lemma, its proof
was suggested by Fusheng Leng

Lemma 4.6. Let 0 = > a;. Then, when { < %0, there exists an
i=1

injective map @ : M:(ay, ..., a,) — M2 (a1, ..., a,) such that
<), Vve Mo, .. an).

Proof. The strategy of proof is to do induction for n and . The lemma
is clearly true when n = 1. Assume the lemma is true for n — 1. To
show the lemma for n, we do induction for ¢. The lemma is trivially
true for any n when ¢ = 1. Thus we can assume n > 2 and o > 2.
Without loss of generality, we assume a,,_; > 0 and a,, > 0. Let

St={ve M(ay,...,an)|Vp1 =010t v, =0},

SO’—@ = {1} - Mg_g(al, Ce ,an> ‘ Up—1 = Ap—1 O Up = O}?

C'=M(ar,...,a,)\S* and C°* = M2 “(ay,...,a,)\ S°¢ We will
show the existence of injective maps

o1 St — S”‘e, Vg : ot — oot
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with v < ¢1(v), v < pa(v) (Vv € S Vo € CY by induction of n, o
respectively. In order to use the induction, we identify S* (resp. S7~¢)
with M’ | (ay,...,ap_1 + ay) (vesp. MS~Hay, ..., an_1 + ay)) by

n—1

fo: 8" — Mﬁ_l(al, cospeg Fan),  fo(v) = (Vi U, Uy Uy)

(resp. fy_¢:S7¢ — M~ {(ay,...,an_1 + ay)). Indeed, f; (resp. fr_;)
is a bijective map. To see the injectivity of f,, if fo(v) = fi(v'), then
v, =v, (1 <i<n-—2)and v,_1 +v, = v,_; +v,. We claim that
Vp_14+v, = v),_,+v! implies v, = v/, (thusv,_; = v/, ) since v, v’ € S*.
Indeed, if v, = 0 then v}, = 0, otherwise v/, ; = a,_; (by definition of
S%) and v, | = an_1 + v, > a,_; (a contradiction to the definition of
Mf(ay,...,a,)). Similarly, v/, = 0 implies v, = 0. If both v, and v/,
are not zero, by definition of S¢ v, | = a,_; = v/,_;, thus v, = v/,
To see it being surjective, for any w € M! (a1, ...,a,_1 + a,), notice
that w; < a; (1 <i<n-—2)and w,_ 1 < a,_1+ a,, we define

v = (w17 ceoy Wp—2, Wn—1, 0) if Wn—1 S Ap—1
(wh ceey Wp—2,0p-1,Wn—1 — an—l) if Wp—1 > Gp—1

then v € S* such that f,(v) = w. Similarly, f,_, is bijective.
By the inductive assumption for n, there exists an injective map

Yy ME(ay, ... a1+ a,) — M ay, ... an_1 + ay)
such that v < (v) (Vv € M! |(ai,...,an_1 + ay)). Then, we define
p1 = fa__lg - for SP— 87
For any v = (v1,...,v,) € S% we need to show v < ¢;(v). Let
V1(fe(v) = (wr, ..., W9, Wp_1) € M E(ay,. .. an_1 + ay).
<71

Then v; < w; (1 n—2), U1+ v, < w,_; and

. (wl, e, Wh—2,Wp—1, 0) if Wp—1 S Qp—1
p1(v) = .
(U)l, <oy Wp—2,0n—-1,Wn-1 — an—l) if Wp—1 > Gp-1

by the definition of fy, 1; and f,_p. Thus v; < ¢1(v); (1 <i<n—2).
We still need to check v,—1 < ¢1(v),—1 and v, < ¢1(v),. If v, =0
(thus v, < ¢1(v),), then v, < w,_1 (since v,_1 + v, < w,_1), thus

Vp—1 < min{wn_1, Gp—1} < 91(0)p-1.
If v,, # 0, by the definition of S, v,,_; = a,_1, which implies
Up1 < Gp_1+ Uy = Up1 + Uy < Wy1.

Thus Spl(v)n—l = Qp—1 and @1(”)71 = Wp—1 — Up_1 = Wp_1 — Up_1 = Up.
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Next we construct the injective map o, : C* — C~* by using induc-
tion for 0. By the definition of C* and C°~*, we have

C'={ve May,... a0) |01 <apoi—1, v, >1}
Ct={v e M7 ay,...,an) |V, <apy—1, v, > 1}

Let 6 =a;+-+apo+(tn1—1)+(ap—1)=0c—2and { =(—1,
we have the following clear identifications

m: Cf > Mﬁ(al, ey pg, Gy — 1ya, — 1)
Top: C°7% = Mg_z(al, ey Qp9, Q1 — 1,a, — 1)
where m,(v) = (v1, ..., V1,V — 1), Te_p(V') = (V],... 0, _;, v, —1).

Notice that ¢ < %6, by induction for o, there exists an injective map
Yo : Mg(al, ey Op_g, Gy — 1, a,—1) — Mg*z(al, ey Qp_gy Q1 —1, a,—1)
such that v < 4(v) for any v € Mf:(al, ey Qp_g,Gp_1 — 1 a, —1). Let
Yo = 7;_14 by -mp s C— C77E
For any v = (vy,...,v,) € C% we have to check that v < ,(v). Let
Uo(mp(v)) = (w1, ..., wy) € MZ(ar, ... a9, an_1 — 1,an — 1),
then v; <w; (1 <i<n-—1),v, —1<w, and
wa(v) = (W, ..., Wy_1,w, + 1) € co*

by the definition of 7, 19 and 7,_,. Thus v, < w, + 1 = ¢2(v), and
we have shown the lemma.

U

Proposition 4.7. Let V C R’ be a linear subspace, L(Doy_p(p-1) - V)
be the linear subspace generated by Doy 1) -V C RMe=1=t " Then,

n(p—1)
2

dim(V) < dimL(Dgy_n(p-1) - V) when <l(<n(p-1).

Proof. Let w = ¢/ 'y5~"---yp=1 € R*®=Y. Then the D-module struc-
ture on R induces surjective morphisms

(4.13) dp: Dy - RH—1—L

of linear spaces for any 0 < ¢ < n(p —1). They must be isomorphisms
since dim(Dy) = dim(R"P~Y=*). To show the equality of dimensions,
it is enough to show

dim(Dy) > dim(R""~ D7) = dim(Dpp-1)_¢) > dim(R’) = dim(Dy).



20 XIAOTAO SUN

The two inequalities hold because we have the surjective homomor-
phisms ¢, and ¢,,,—1)—¢. The two equalities hold because

n(p—1) n(p—1)
@ RE—R~D = EB D,
=0 =0

as (graded) K-algebras. In particular,
(414) an(p—l)—ﬁ : Dn(p—l)—ﬁ — Re, gbg : De — R’n(p—l)—f

are isomorphisms. Since 0 < £ =n(p — 1) — £ < @, we can use
Lemma 4.5 for V' = qb;(lp_l)_K(V) C D7 = Dyp-1)—¢ , thus there is a
basis {d; € V'}1<i<s and monomials {d; € D,,,—1)-27 = Dar—n(p-1) }1<i<s

such that {d,d; € D,po1y-7 = Dy}i<i<s are linearly independent. Thus

{0e(8,d;) = 6i(diw) € Day_pp_1y -V C R i

are linearly independent, where s = dim(V’) = dim(V). We have
proven the proposition. O

Let X be an irreducible smooth projective variety of dimension n
over an algebraically closed field k with char(k) = p > 0. For any
vector bundle W on X, let

I(W, X) = max{I(W e T{Q%)) | 0<e<n(p-1)}
be the maximal value of instabilities I(W @ T*(Q2%)).
Theorem 4.8. When Kx - H*™! >0, we have, for any € C F,W,

(4.15) WEIV) — (€)= —WZ;X).

In particular, if W @ THQL), 0 < £ < n(p — 1), are semistable, then
F.W is semistable. Moreover, if Kx - H*™' > 0, the stability of the
bundles W @ T(Q2Y), 0 < ¢ < n(p — 1), implies the stability of F,W .

Proof. Since Kx - H*™! > 0, by the inequality (4.9) in Lemma 4.4 (see

also the notation in (4.8) and the lemma), it is enough to show

i(m —O)rg > 0.

2
=0
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If m < @, it is clear. If m > @, then we have

e —1) " -1
(416) (0= Y (0= S g
£=0 l=m—+1
& n(p—1)
+ Z (é - T)(Tn(pfl)fé - Tﬁ)-
[>n(P—1)
We will use Proposition 4.7 to show that
-1
re < Tn(p-1)—¢ When % </<n(p-1).

It is clearly a local problem, we can consider all of the torsion free
sheaves as vector spaces over the function field K = k(X) of X. With-
out loss of generality, we assume rk(IW) = 1. Then, from the discus-
sions in Section 3, we know that V,/V, 1, = T4Q%) (0 < <n(p—1))
are precisely isomorphic to R (0 < ¢ < n(p — 1)) in Proposition 4.7.

Since the morphisms V;/Vpyq v, (Vee1/ V) ® QL induce morphisms
Fo L Fiy ® QL, by the formula (3.6), we have
D2€7n(p71) : JTE - fn(pfl)fé .

Then, by Proposition 4.7, 7, = dim(F;) < dimL(Dgy_pnp-1) - Fe), we
have 7y < 7p—1)—¢, thus (4.15).
If the bundles W @ T¢(Q%) (0 < ¢ < n(p — 1)) are stable, then

p(EW) — (&) = 0.
It becomes equality if and only if inequalities (4.10) become equalities
and Z(@—f)w = 0. Thus m > @ and each term in (4.16) must
=0

be zero (since Kx - H*™' > 0), which forces m = n(p — 1). Then the
fact that inequalities (4.10) become equalities implies &€ = F,W. O

Corollary 4.9. Let X be a smooth projective variety of dim(X) = n,
whose canonical divisor Kx satisfies Kx - H*™1 > 0. Then

I(E,W) < p™ k(W) I(W, X).

Proof. 1t is just Theorem 4.8 plus the following trivial remark: For any
vector bundle E, if there is a constant A satisfying u(E’) — pu(E) < A
for any E' C E. Then I(E) < rk(E)\. O
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