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Motivated by problems arising from Arithmetic Geometry in Clozel-Ullmo [CU], in
Mok [Mk3] one of the authors studied germs of holomorphic isometries between bounded
domains with respect to the Bergman metric. In general, under assumptions that the
Bergman kernels are rational functions, which is in particular the case for bounded
symmetric domains, the graph of any germ of holomorphic isometry f : (D,x0) →
(Ω, y0) extends to an irreducible affine-algebraic variety V ⊃ Graph(f), and V ∩(D×Ω)
is the graph of a proper holomorphic isometric embedding whenever both domains D

and Ω are complete with respect to the Bergman metric. These extension results apply
especially in the case where D b Cn and Ω b CN are bounded symmetric domains in
their Harish-Chandra realizations. While holomorphic isometries are necessarily totally
geodesic whenever D is irreducible and of rank ≥ 2 due to Hermitian metric rigidity
[Mk1], in [Mk3] examples of non-standard holomorphic isometric embeddings from the
Poincaré disk into the polydisk were constructed, and they arise primarily from the p-th
root map ρp : H → Hp, given by f(τ) =

(
τ

1
p , γτ

1
p , · · · , γp−1τ

1
p
)
, where γ = e

πi
p . In the

same article an example of a non-standard holomorphic isometric embedding was also
constructed from the upper half-plane to the Siegel upper half-plane H3 of genus 3.

In Mok [Mk2] we studied the asymptotic behavior of holomorphic isometries of the
Poincaré disk into bounded symmetric domains. Denoting by σ the second fundamental
form of the holomorphic isometry, we showed that ϕ = ‖σ‖2 extends across a general
boundary point b ∈ ∂∆ of the unit circle as a real-analytic function. Among other things
we checked that any holomorphic isometry of the Poincaré disk into the polydisk must
be asymptotically geodesic at a general boundary point b ∈ ∂∆, and that furthermore
the vanishing order of ϕ = ‖σ‖2 is exactly equal to 2. A variant of the example into
the Siegel upper half-plane mentioned in the above was examined, and the asymptotic
behavior of the second fundamental form of the map exhibit similarities with non-
standard holomorphic isometries into polydisks as discussed in the above.

Because of the existence of non-standard holomorphic isometries of the Poincaré
disk into certain bounded symmetric domains, it is natural to consider the question of
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classification of such maps. (In this direction the second author [Ng1] considered the
question of classification of holomorphic isometries of the Poincaré disk into the polydisk
∆p, and rigidity theorems were obtained for p = 2, 3 and for certain extremal cases.) A
related and less difficult question is to characterize known examples of such isometries.
For such problems the second fundamental form of non-standard holomorphic isometries
of the Poincaré disk are expected to play an important role. Beyond Mok [Mk2] the
current article is an attempt to study boundary behavior of holomorphic isometries of
the Poincaré disk into bounded symmetric domains in terms of the second fundamental
form. The purpose of our article is two-fold. First of all we wish to examine second
fundamental forms of known examples of holomorphic isometries of the Poincaré disk.
For this purpose we will compute explicitly ϕ = ‖σ‖2 both for the p-th root maps into a
Cartesian product of upper half-planes (equivalently a polydisk), and also for the men-
tioned example in the case of the Siegel upper half-plane. Secondly, on the theoretical
side we wish to study further asymptotic properties of the second fundamental form. In
this article for theoretical issues we will focus on the special case where the target space
is a polydisk, for which the computations are much easier to handle. In that case we
know unconditionally that a non-standard holomorphic isometry of the Poincaré disk
into a polydisk is necessarily of the first kind, viz., expressing via the Cayley trans-
form in terms of the Euclidean coordinate τ = s + it on the upper half-plane H, for
ϕ(τ) = ‖σ‖2 we have ϕ(τ) = t2u(τ), where u

∣∣
t=0

6≡ 0. We show that u must satisfy the

first order differential equation
∂u

∂t

∣∣∣
t=0

≡ 0 on the real axis outside a finite number of
points at which u is singular. Equivalently, knowing that the non-standard holomorphic
isometry is of the first kind, the differential equation is a condition on the third-order

jet of ϕ(τ) at a general point of the real axis given by
∂3ϕ

∂t3

∣∣∣
t=0

≡ 0, an equation which

is invariant under SL(2,R) for functions ϕ vanishing to the order ≥ 2 on the real axis
at general points.

In the presentation of the article we will rather start in §1 with the theoretical
aspect. To start with, we will recall the result showing that the vanishing order of
ϕ = ‖σ‖2 at a general boundary point is at most 2, giving a streamlining of the proof
and slightly generalizing the result. Then, we consider the special case of holomorphic

isometries of the Poincaré disk into polydisks, verifying
∂u

∂t

∣∣∣
t=0

≡ 0 for ϕ(τ) = t2u(τ)
mentioned in the above. This is established using the very special property that the
extension of Graph(f) beyond the unit circle gives actually holomorphic isometries
outside of the unit circle, when we equip the exterior of the unit circle in P1 also with
the Poincaré metric. In §2 we will compute explicitly ϕ = ‖σ‖2 both for the p-th
map into a Cartesian product of the upper half-plane, and also for the example into
H3. Such computations will then be related to the theoretical discussion in §1. As
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an example of applications of the computations, we give a proof that the image of
the afore-mentioned map into H3 cannot be contained in a totally geodesic polydisk
by showing that the corresponding function ϕ = ‖σ‖2 fails to satisfy the boundary
differential equation necessary for the image of a holomorphic isometry to be contained
in a maximal polydisk.

With an intention to construct further examples of holomorphic isometries of the
Poincaré disk into H3, we write down in (2.2) a continuous family of holomorphic
maps from H into H3 which are shown to be holomorphic isometries by a comparison
of potentials for Kähler metrics very much in the spirit of Mok [Mk3]. It turns out
somewhat unexpectedly that members of this family are equivalent to each other under
symplectic transformations on H3. For the purpose of computation of ϕ = ‖σ‖2 = t2u

it suffices to consider any member in the family, and the explicit computation shows,
as mentioned above, that this map can be distinguished from holomorphic isometries

of the Poincaré disk into polydisks on the basis of the differences exhibited by
∂u

∂t

∣∣∣
t=0

.
Another by-product of our discussion is the proof of the fact that any non-standard
holomorphic isometry of the Poincaré disk into a polydisk must develop singularities
along the unit circle. We have incorporated the latter result into the current article since

its proof is based on the same principle underlying the proof of the identity
∂u

∂t

∣∣∣
t=0

≡ 0
for any such map, viz., based on the fact that the extended map beyond the unit circle
remains an isometry. The question whether singularities must develop for non-standard
holomorphic isometries of the Poincaré disk into arbitrary bounded symmetric domains
remains unanswered.

Toward the end of the article we formulate problems motivated both by the theoret-
ical results and by the computational results in the article. These include the character-
ization of the p-th root map among holomorphic isometric embeddings of the Poincaré
disk into polydisks in terms of partial differential equations satisfied by ϕ = ‖σ‖2, the
characterization of embeddings with images contained in maximal polydisks among holo-
morphic isometric embeddings of the Poincaré disk into bounded symmetric domains,
and the problem of classifying holomorphic isometric embeddings of the Poincaré disk
into bounded symmetric domains of rank 2. The computational results in the article can
be taken to be experimental in nature. It is however hoped that the combination of the-
oretical and computational aspects on holomorphic isometries of the Poincaré disk into
bounded symmetric domains can serve to motivate further studies on such mappings
especially in terms of partial differential equations or inequalities satisfied by quantities
arising from the second fundamental form.

Acknowledgement In May 2007 the first author gave a lecture in the International
Conference in Several Complex Variables and Complex Geometry held at Xiamen Uni-
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§1 The second fundamental form of holomorphic isometries of the Poincaré
disk into bounded symmetric domains
(1.1) Asymptotic behavior of the second fundamental form for holomorphic isometries
into bounded symmetric domains In what follows we equip the unit disk ∆ with the
Bergman metric ds2

∆ = 4Re(dz⊗dz)
(1−|z|2)2 , which is equivalently the Poincaré metric of constant

curvature −1. Let Ω b CN be a bounded symmetric domain in its Harish-Chandra
realization. We denote by gΩ the Bergman metric on Ω. (In [Mk2] we considered only
bounded symmetric domains Ω which are either irreducible or a Cartesian product of
the same irreducible bounded symmetric domain, and we denote by ds2

Ω an invariant
Kähler metric which is equal to a multiple of the Bergman metric with the normalization
that a minimal disk is of constant holomorphic curvature equal to −1.) Let λ be any
positive real number and f : (∆, λ ds2

∆) → (Ω, gΩ) be a holomorphic isometry. In
Mok [Mk3] we proved that f is a proper holomorphic isometric embedding and that
Graph(f) ⊂ ∆×Ω extends to an affine-algebraic subvariety V ⊂ C×CN . We state here
a slight strengthening of [Mk2, (1.1), Theorem 1] by allowing Ω b CN to be an arbitrary
bounded symmetric domain in its Harish-Chandra realization. Although the following
slightly strengthened statement follows readily from an adaptation of the the proof given
in [Mk2, loc. cit.], we will give here a proof assuming only the curvature formula for the
second fundamental form analogous to [Mk2, (1.2), Eqn.(5)] by a streamlined deduction
of the statement on vanishing orders of ϕ = ‖σ‖2 which is applicable in the general case
of an arbitrary bounded symmetric domain Ω.

Theorem 1. Let λ be a positive real number and let f : (∆, λds2
∆) → (Ω, gΩ) be a

holomorphic isometry of the Poincaré disk into a bounded symmetric domain Ω. Suppose
f is not totally geodesic and it is asymptotically geodesic at a general boundary point.
Then, the length of the second fundamental form ‖σ‖ must vanish to the order 1 or 1

2

at a general boundary point b of ∆, i.e., at a general point of the unit circle S1 = ∂∆.
In other words, the real-analytic function ϕ defined on a neighborhood of b must vanish
either to the order 2 resp. 1.

Proof. Identify ∆ with the upper half-plane H. We consider f as a map from H into Ω
and write S = f(H) ⊂ Ω. In what follows, all the equations or inequalities are evaluated
at a point x ∈ S and α is the coordinate vector field with respect to a complex geodesic
coordinate at x and ‖α(x)‖ = 1.
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For τ ∈ H, we write τ = s + it. We recall Mok [Mk2, (1.2), Eqn.(5)].

2λ

t2
Rµµαα − ∂2ϕ

∂τ∂τ
=

λ

t2

(
R(Rααα, α; α, α)− 1

λ2
+

ϕ

λ

)
. (1)

Let g be the (Riemannian) metric at x, first note that

R(Rααα, α; α, α) = −R(α, Rααα; α, α) = −g (Rαα α, Rααα)

= −g
(
Rααα, Rααα

)
= g

(
Rααα, Rααα

)
= ‖Rααα‖2. (2)

Now as ‖α(x)‖ = 1, we have

‖Rααα‖2 ≥ |g (Rααα, α)|2 = |Rαααα|2 . (3)

Therefore,

2λ

t2
Rµµαα − ∂2ϕ

∂τ∂τ
≥ λ

t2

(
|Rαααα|2 − 1

λ2
+

ϕ

λ

)

=
λ

t2

((
− 1

λ
+ ϕ

)2

− 1
λ2

+
ϕ

λ

)
=

λ

t2

(
−ϕ

λ
+ ϕ2

)
. (4)

⇐⇒ 2λ

t2
Rµµαα ≥ ∂2ϕ

∂τ∂τ
− ϕ

t2
+

λϕ2

t2
. (5)

As f is assumed to be asymptotically totally geodesic and ϕ is real-analytic on a neigh-
borhood of a general boundary point b ∈ ∂H (cf. [Mk2, (1.1), Proposition 1]), we can
write ϕ = tqu, where q is a positive integer, and u

∣∣
t=0

6≡ 0. We have

∂2ϕ

∂τ∂τ
=

1
4

(
(q(q − 1)tq−2u + 2qtq−1 ∂u

∂t
+ tq

∂2u

∂t2
+ tq

∂2u

∂s2

)
(6)

and
ϕ

t2
= tq−2u. (7)

Hence,

2λ

t2
Rµµαα ≥ 1

4
(q2 − q − 4)tq−2u +

1
4

(
2qtq−1 ∂u

∂t
+ tq

∂2u

∂t2
+ tq

∂2u

∂s2

)
+

λϕ2

t2
. (8)

Since (q2 − q − 4) > 0 for q >
1 +

√
17

2
≈ 2.6 and we have nonpositive bisectional

curvature in the target, the above inequality cannot hold true for arbitrarily small t

unless q = 1, 2. ¤
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(1.2) Asymptotic behavior of the second fundamental form for holomorphic isometries
into polydisks and an associated differential equation on the boundary We study in this
article holomorphic isometries of the Poincaré disk into bounded symmetric domains. By
Mok ([Mk3, Theorem]) they are necessarily proper holomorphic isometric embeddings.
Such a holomorphic isometry is said to be non-standard if and only if it is not totally
geodesic. It is said to be asymptotically totally geodesic at a general boundary point
if and only if the following holds true. For any point b ∈ ∂∆ outside of a finite set of
points, the norm of the second fundamental form ‖σ(z)‖ of the embedding converges to
0 as z approaches b. We have the following result for holomorphic isometries from the
Poincaré disk into a Cartesian product of complex unit balls.

Theorem (Mok [Mk2, Theorem 2]). On the unit disk ∆ denote by ds2
∆ the Poincaré

metric of constant Gaussian curvature −1. In general, for n ≥ 1 on the unit ball Bn

denote by ds2
Bn the canonical Kähler-Einstein metric of constant holomorphic sectional

curvature −1. Let λ > 0 and f : (∆, λds2
∆) → (Bn, ds2

Bn)× · · · × (Bn, ds2
Bn) be a non-

standard holomorphic isometry. Then, F is asymptotically totally geodesic at a general
boundary point b ∈ ∂H. Moreover, F is a holomorphic isometric embedding of the first
kind of the Poincaré disk.

We will apply the above result to the special case where the target space is the
polydisk. In this case we have f : (∆, k ds2

∆) → (∆p, ds2
∆p), where ds2

∆p denotes the
Bergman metric on ∆p. We identify the unit disk ∆ with the upper half-plane via the
Cayley transform. In terms of the Euclidean coordinate τ = s+ it; s = Re(τ), t = Im(τ)
on H, writing ϕ = ‖σ‖2 as in the above at a general point b ∈ ∂H we have ϕ(τ) =
t2u(τ) on some neighborhood of b in the τ -plane C. Our main result for non-standard
holomorphic isometries of the Poincaré disk into polydisks is the following result giving
an equation satisfied by the the first order jet of u along ∂H.

Theorem 2. Let p ≥ 2 be an integer, k be a positive integer, and f : (∆, k ds2
∆) →

(∆p, ds2
∆p) be a non-standard holomorphic isometry, necessarily of the first kind. Write

S := f(∆) ⊂ ∆p, and denote by ϕ the square of the norm of the second fundamental
form σ of

(
S, ds2

∆p

∣∣
S

)
↪→ (∆p, ds2

∆p) as a Kähler submanifold. Identify ∆ with the
upper half-plane H, with Euclidean coordinate τ , via a Cayley transform, and write

ϕ(f(τ)) = ‖σ(f(τ))‖2 = t2u(τ), where t = Im(τ). Then, we have
∂u

∂t
= 0 over Ub ∩ ∂H

for an open neighborhood Ub of a general point b ∈ ∂H.

We start with some discussion in preparation for the proof of Theorem 2 and to put
the statement of the theorem in perspective. First of all, while a priori the conclusion
in Theorem 2 depends on the choice of a conformal equivalence between the unit disk
and the upper half-plane, we show in the following lemma that in fact it does not. In
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other words, the statement in the conclusion of Theorem 2 is invariant under fractional
linear transformations on the upper half-plane.

Lemma 1. Let H = {τ : Im (τ) > 0} be the upper half-plane, p ∈ ∂H, and ϕ be a real-
analytic function defined on a neighborhood Up of p in C. Write τ = s + it, s, t ∈ R.

Let τ = Ψ(z) =
az + b

cz + d
be a fractional linear transformation, where a, b, c, d ∈ R,

ad − bc = 1 and q := Ψ−1(p) 6= ∞. Write z = x + iy; x, y ∈ R. Suppose ϕ vanishes

to the order ≥ 2 on ∂H∩Up. Then
∂3ϕ

∂y3
(q) =

(
∂t

∂y
(q)

)3
∂3ϕ

∂t3
(p). Equivalently, writing

ϕ = t2u on a neighborhood of p and ϕ = y2v in a neighborhood of q we have
∂v

∂y
(q) =

(
∂t

∂y
(q)

)3
∂u

∂t
(p). In particular,

∂v

∂y
(q) = 0 if and only if

∂u

∂t
(p) = 0.

Proof. By assumption ϕ vanishes to the order ≥ 2 on Up∩∂H for a neighborhood Up of
p ∈ ∂H. Since ϕ is real-analytic on Up, we have ϕ = t2u for some real-analytic function
u on Up. For τ = Ψ(z), the imaginary part t = Im(τ) can be regarded as a real-analytic
function t(z) = Im(Ψ(z)) vanishing along Up ∩ ∂H exactly to the order 1. We have
ϕ = y2v, where v can be considered as a real-analytic function on the neighborhood
Ũq of q in the z-plane C or by composition with Ψ as a real-analytic function on the

neighborhood Up of p in the τ -plane C. From ϕ = t2u = y2v, it follows that
∂3ϕ

∂t3
= 2

∂u

∂t

on Up ∩ ∂H and
∂3ϕ

∂y3
= 2

∂v

∂y
on Ũq ∩ ∂H. To prove the lemma, it suffices to show that

∂v

∂y
=

(
∂t

∂y

)3
∂u

∂t
on Ũq ∩ ∂H. From t2u = y2v, taking partial derivatives against y we

have

2t
∂t

∂y
u + t2

(
∂u

∂s

∂s

∂y
+

∂u

∂t

∂t

∂y

)
= 2yv + y2 ∂v

∂y
. (1)

Taking partial derivatives against y again we have

2
(

∂t

∂y

)2

u + 2t
∂2t

∂y2
u + 4t

∂t

∂y

(
∂u

∂s

∂s

∂y
+

∂u

∂t

∂t

∂y

)
+ O(t2) = 2v + 4y

∂v

∂y
+ y2 ∂2v

∂y2
. (2)

Here and henceforth for an integer k ≥ 1, O(tk) stands for a function of the form tkξ in
which ξ is a real-analytic function on Up, or equivalently of the form y2η in which η is
a real-analytic function on Ũq, when we make a change of variable z = Ψ(τ).

We proceed to equate terms of order ≤ 1 in t (and equivalently in y) on both sides

of (2). By the Cauchy-Riemann equations we have
∂s

∂y
= − ∂t

∂x
, giving

∂s

∂y

∣∣∣
y=0

≡ 0. On

the other hand,
∂2t

∂y2

∣∣∣
y=0

= − ∂2t

∂x2

∣∣∣
y=0

= 0 since t = Im(τ) is harmonic on Ũq and t = 0
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on Up whenever y = 0 on Ũq. It follows from (2) that

2
(

∂t

∂y

)2

u + 4t

(
∂t

∂y

)2
∂u

∂t
+ O(t2) = 2v + 4y

∂v

∂y
, (3)

where the last term on the right-hand side of (2) is replaced by O(y2) = O(t2) and
hence absorbed by the term O(t2) on the left-hand side of (3). Writing on Ũq

t =
∂t

∂y
(x, 0)y +

∂2t

∂y2
(x, 0)y2 + O(t3) =

∂t

∂y
(x, 0)y + O(t3) , (4)

it follows from (4) and the equality t2u = y2v that

2
(

∂t

∂y

)2

u− 2v = 2
(

t + O(t3)
y

)2

u− 2v =
2(t2u− y2v) + O(t4)

y2
= O(t2) , (5)

and hence from (3) and (4) we conclude that

∂v

∂y

∣∣∣∣
y=0

=
(

∂t

∂y

)3
∂u

∂t

∣∣∣∣
t=0

, (6)

as desired. The proof of Lemma 1 is complete. ¤

In the study of holomorphic isometries of the Poincaré disk into bounded symmetric
domains, the case where the target spaces are polydisks is distinguished by the fact that,
properly interpreted, algebraic extensions of holomorphic isometries actually give also
holomorphic isometries outside of the unit disk. More precisely, we have

Proposition 1. Let ∆ ⊂ C ⊂ P1 be the unit disk, p and k be positive integers,
f : (∆, k ds2

∆) → (∆p, ds2
∆p) be a holomorphic isometry, and V ⊂ P1 × (P1)p be

the irreducible projective-algebraic variety which contains Graph(f) as an open sub-
set. Equip O := P1 − ∆ with the Hermitian metric ds2

O which on C1 − ∆ is given by
ds2
O = 4Re(dz⊗dz)

(|z|2−1)2 . Let G be any connected component of (P1 − ∂∆)× (P1 − ∂∆)p, and
write G = W ×G′, where W is either ∆ or O = P1−∆ and G′ is a Cartesian product of
p domains each of which is either ∆ or O. Equip G′ with the Kähler metric ds2

G′ which
is the product metric of the Hermitian metrics ds2

∆ resp. ds2
O for each Cartesian factor

equal to ∆ resp. O. Then, either V ∩ G = ∅ or V ∩ G ⊂ G is a complex submanifold
which is the graph of a holomorphic isometric embedding fG : (∆, k ds2

∆) → (G′, ds2
G′).

We note that, in terms of the holomorphic coordinate w = 1
z the Hermitian metric

is given by

ds2
O =

4Re (dw ⊗ dw)

|w|4
(∣∣ 1

w

∣∣2 − 1
)2 =

4Re (dw ⊗ dw)
(1− |w|2)2 ,
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which is the Poincaré metric of constant Gaussian curvature −1 on D, i.e., the unit disk
in the w-coordinate. The Kähler form ωO of ds2

O is given by

ωO = −2
√−1∂∂ log(1− |w|2) .

Proof of Proposition 1. By Clozel-Ullmo [CU, (2.2.1), Eqn.(9)], the holomorphic isom-
etry f : (∆, k ds2

∆) → (∆p, ds2
∆p) satisfies the functional identity

(†)1
p∏

i=1

(
1− |fi(z)|2) = (1− |z|2)k .

In what follows let W ⊂ C denote either the unit disk ∆ or the complement of the closed
unit disk, i.e., C −∆. For a general point z0 on W and for a branch f = (f1, · · · , fp)
on a neighborhood D of z0 in W such that each fi is a holomorphic function on D,
it follows from (†)1 that |fi(z)| 6= 1 on D. Thus, the set of indexes {1, · · · , p} divides
into two subsets, one consisting of those i such that |fi(z)| < 1 on D, and the other
consisting of those i for which |fi(z)| > 1 on D. Without loss of generality we assume
that the former situation occurs for 1 ≤ i ≤ s and the latter occurs for s + 1 ≤ i ≤ p.
Rewrite (†)1 further in the form

(†)2
(

s∏

i=1

(
1− |fi(z)|2)

)(
p∏

i=s+1

(
1− |fi(z)|2)

)
= (1− |z|2)k .

Suppose z ∈ ∆. We rewrite (†)2 in the form

(†)3
(

s∏

i=1

(
1− |fi(z)|2)

) (
p∏

i=s+1

(
|fi(z)|2

(
1−

∣∣ 1
fi(z)

∣∣2
)))

= (1− |z|2)k .

Applying the Poincaré-Lelong operator to −2 times of the logarithms of both sides and
observing that each fi is a nowhere zero holomorphic function, we conclude that

s∑

i=1

f?
i ω∆ +

p∑

i=s+1

f?
i ωO = k ω∆ , (1)

which says precisely that fG :
(
D, k ds2

∆|D
) → (G′, ds2

G′) is a holomorphic isometry. In
the case of a connected component G = O ×G′, we rewrite the right-hand side of (†)3
as

(1− |z|2)k = |z|k
(
1− ∣∣ 1

z

∣∣2
)k

, (2)

and, noting that z is holomorphic and nowhere vanishing on C−∆ = O−{∞}, exactly
the same argument shows that

s∑

i=1

f?
i ω∆ +

p∑

i=s+1

f?
i ωO = k ωO , (3)

over O−{∞} and hence everywhere on O. The proof of Proposition 1 is complete. ¤
We are now ready to give a proof of Theorem 2.
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Proof of Theorem 2. Recall in the statement of Theorem 2 that f : (∆, k ds2
∆) →

(∆p, ds2
∆p) is a non-standard holomorphic isometry, necessarily of the first kind. The

mapping f is necessarily a proper embedding by Mok [Mk3]. Since f is asymptotically
geodesic at a general point b ∈ ∂∆ the isometric constant k must be an integer in the
range 1 ≤ k ≤ p. One can rule out the case k = p. In fact in this case we have
ds2

∆p = p ds2
∆, and f has to be a totally geodesic embedding by the equality case of

the Ahlfors-Schwarz Lemma. Write S := f(∆) ⊂ ∆p for the image of f : ∆ → ∆p and
σ for the second fundamental form of S := f(∆) ⊂ ∆p, identifying ∆ with the upper
half-plane H with Euclidean coordinate τ = s + it, and choosing b ∈ ∂H for a general
point, we have ϕ = ‖σ‖2 = t2u on a neighborhood Ub of b on the τ -plane C. Denoting at
x ∈ S by α a unit vector of type (1,0) at x ∈ S, by µ the lifting of σ(α, α) to Tx(∆p) by
orthogonal lifting. In the case p = 2 we have k = 1 and by Mok [Mk2, (1.3), Eqn.(12)]
we have the curvature formula

Rµµαα =
t2

2

( ∂2ϕ

∂τ∂τ
− ϕ

2t2

)
=

1
8
(
q(q − 1)− 2

)
tqu +

qtq+1

4
∂u

∂t
+

tq+2

8

(∂2u

∂t2
+

∂2u

∂s2

)
.
(1)

We note that (1) is valid for holomorphic isometries into an irreducible bounded sym-
metric domain of rank 2 or a Cartesian product of identical bounded symmetric domains
when we use the normalization that the Gaussian curvature of a minimal disk is −1.
The identity (1) is based on the same identity as stated in [(1.1), Eqn.(1)] of the current
article, with algebraic simplifications in the rank-2 case. Although the case of holo-
morphic isometries of the Poincaré disk into the bidisk is completely classified by Ng
[Ng1], we will ignore the classification. In fact the argument below will be applied to
the general case of holomorphic isometries into polydisks. By [(1.1), Theorem 1], q = 2
in the case of a holomorphic isometry into the polydisk. Hence, we deduce from (1)
that

Rµµαα =
t3

2
∂u

∂t
+

t4

8

(∂2u

∂t2
+

∂2u

∂s2

)
. (2)

For a general point b ∈ ∂H, there is a neighborhood Ub on the τ -plane such that f |Ub∩H
extends holomorphically to Ub. Denoting the extended map on Ub again by f , by [(1.2),
Proposition 1] the holomorphic map f |Ub−H is again a holomorphic isometry with image
lying in some connected component G′ of (P1−∂∆)p. Representing the left-hand side on
Ub as the quotient of two real-analytic functions the formal expression Rµµαα at a point
of f(Ub) over a point τ ∈ Ub−H is geometrically the same as the curvature term arising
from holomorphic map f |Ub−H → G′, which is a holomorphic isometry with respect to
the Poincaré metric on P1 − ∆ and with respect to the Bergman metric on G′ ∼= ∆p.
It follows that the left-hand side must remain nonnegative on Ub −H. Without loss of

10



generality we may choose Ub convex so that Ub ∩ ∂H is connected. We would have a

contradiction to (2) if
∂u

∂t

∣∣∣
Ub∩∂H

6≡ 0, since the right-hand side would be of the form

t3
∂u

∂t
(s, 0) + O(t4) which changes sign as one crosses a general point of Ub ∩ ∂H. Thus,

by argument by contradiction we have proved that
∂u

∂t

∣∣∣
Ub∩∂H

≡ 0, in the case where

p = 2.

In the general case of a polydisk ∆p, again basing on the identity in [(1.1), Theorem
1, Eqn.(1)] we have a curvature formula analogous to (2) with error terms, as follows.
We recall the discussion in Mok [Mk2, (1.4)] on principal directions on the image of
a holomorphic isometry into an irreducible bounded symmetric domain or a Cartesian
product of identical irreducible bounded symmetric domains, under the normalization
that the Gaussian curvature of the minimal disk is −1. This will then be applied to the
special case where the target space is the polydisk equipped with the Bergman metric.

Denote the target bounded symmetric domain by Ω and write p := rank(Ω). Choos-
ing a general point b ∈ ∂H where f extends holomorphically to a neighborhood Ub of
b in the τ -plane and it is asymptotically totally geodesic at b, the following discussion
applies to τ ∈ Ub sufficiently close to b. At τ ∈ H for a unit vector α of type (1,0)
tangent to S = f(∆) at f(τ), we write

α =
1√
k

p∑

i=1

βiei , β1 ≥ β2 ≥ · · · ≥ βp ≥ 0 , (3)

where βi = 1 + γi for 1 ≤ i ≤ k and βj = δj−k for k + 1 ≤ j ≤ p. We call {ei}p
i=1

a set of principal directions. For 1 ≤ i ≤ k, lim
τ→b

βi = 1, and we call ei, 1 ≤ i ≤ k, a

stretching principal direction. For k+1 ≤ j ≤ p, lim
τ→b

δj = 0 and we call ej a contracting

principal direction. For each integer ` ≥ 1 we denote by Γ` := |γ1|` + · · · + |γk|`,
∆` := |δ1|` + · · ·+ |δr−k|`. By Mok [Mk2, (1.4), Eqns.(20) & (21)]

Rµµαα =
t3

2k

∂u

∂t
+

t4

8k

(∂2u

∂t2
+

∂2u

∂s2

)
+

3
k3

Γ2 − 3
4k3

∆4 + O(Γ3) + O(∆6) . (4)

In the special case where Ω = ∆p, the calculations in Mok [Mk2, (2.1), Eqns.(4) & (5)]
give ‖βi‖2 = 1 + ait

2 + O(t3) for 1 ≤ i ≤ k and ‖βj‖2 = cjt
2 + O(t3) k + 1 ≤ j ≤ p as

τ → b, for some constants ai and bj . It follows that

γi(τ) = O(t2) ; δj(τ) = O(t) (5)

as τ → b for 1 ≤ i ≤ k and k + 1 ≤ j ≤ p. Hence we deduce from (4) the formula

Rµµαα =
t3

2k

∂u

∂t
+

t4

8k

(∂2u

∂t2
+

∂2u

∂s2

)
+ O(t4) (6)

11



The argument for the special case of p = 2 basing on (2) now applies verbatim to show

that
∂u

∂t

∣∣∣
Ub∩∂H

≡ 0, as desired. The proof of Theorem 2 is complete. ¤

(1.3) Existence of singularities of holomorphic isometries of the Poincaré disk into poly-
disks It is expected that holomorphic isometries of the Poincaré metric into a bounded
symmetric domain must develop singularities along the unit circle unless the mappings
are totally geodesic (cf. Mok [Mk2]). We give here a proof of this in the special case
where the target space is a polydisk. The proof is included in the current article as it
relies on [(1.2), Proposition 1]. We have

Theorem 3. Let f : (∆, λds2
∆; 0) → (∆p, ds2

∆; 0) be a germ of holomorphic isome-
try. Suppose f extends holomorphically to some neighborhood of ∆. Then, f is totally
geodesic.

Proof. By Mok [Mk3, Theorem], Graph(f) ⊂ P1 × (P1)p extends holomorphically to a
projective-algebraic subvariety V ⊂ P1× (P1)p, and λ is a positive integer k, 1 ≤ k ≤ p.
Each local branch f = (f1, · · · , fp) of f satisfies the real-analytic functional identity

(†)
p∏

i=1

1
1− |fi(z)|2 =

1
(1− |z|2)k

.

Now by assumption f extends holomorphically to some neighborhood U of ∆. In what
follows, we will write f = (f1, · · · , fp) : U → C and regard the domain of definition of
each fi to be exactly U . For each i, 1 ≤ i ≤ p, the function h(z) = |fi(z)|2 is real-
analytic on U . If |fi(z)|2 = 1 for z belonging to a non-empty open subset of the unit
circle ∂∆, by the Identity Theorem for real-analytic functions we must have |fi(z)| = 1
for any z ∈ ∂∆. It follows from (†) that exactly k of the component functions satisfy
the latter property. Without loss of generality we assume that fi(∂∆) ⊂ ∂∆ exactly for
i = 1, · · · , k. For k + 1 ≤ i ≤ p we observe that |fi(z)| 6= 1 whenever z ∈ ∂∆. In fact,
for such an index i either fi ≡ 0, or by the Open Mapping Theorem fi(U) is open. In
the latter case suppose |fi(b)| = 1 for some b ∈ ∂∆, then f−1

i (∂∆) must contain some
nonempty smooth real-analytic curve. However, by the functional identity (†) we must
have |fi(z)| 6= 1 whenever z 6∈ ∂∆, and it follows that |fi(z)| = 1 for z belonging to
some non-empty open subset of ∂∆, contradicting with the choice of fi.

Consider now any base point x0 ∈ U −∆. The holomorphic map f defines at x0 a
germ of holomorphic map into G := Ok×∆p−k, where O := P1−∆. By Proposition, the
germ of f at x0 is a germ of holomorphic isometry when we equip O with the Poincaré

metric ds2
O =

4Re(dz ⊗ dz)
(1− |z|2)2 and G with the product metric for the i-th Cartesian factor,

1 ≤ i ≤ p, is equal to
4Re(dzi ⊗ dzi)

(1− |zi|2)2 , irrespective of whether 1 ≤ i ≤ k (in which case

12



|fi(x0)| > 1) or k + 1 ≤ i ≤ p (in which case |fi(x0)| < 1). Now by Mok [Mk3,
Theorem], the holomorphic isometry f : (O, k ds2

O; x0) → (G, ds2
G; f(x0)) extends to a

holomorphic isometric embedding f∞ from O into G, so that pasting the graph of f over
U and the graph of f∞ = (f∞1 , · · · , f∞p ) over O we obtain the graph of a holomorphic
map F : P1 → (P1)p, F = (F1, · · · , Fp). However, for k + 1 ≤ i ≤ p we have f(∆) ⊂ ∆,
and also f∞i (O) ⊂ ∆, so that Fi : P1 → ∆, which contradicts the Maximum Principle
unless Fi is a constant functions, hence Fi ≡ 0. It follows now (f1, · · · , fk) : ∆ → ∆k is
a holomorphic isometric with isometric constant k. On the other hand over ∆ by the
Schwarz Lemma we have

f∗ds∆k = f∗1 ds2
∆ + · · ·+ f∗k ds2

∆ ≤ k ds2
∆ ,

and equality holds if and only if each component map fi, 1 ≤ i ≤ k, is a bona fide
holomorphic isometry. It follows therefore that f = (f1, · · · , fk; 0, · · · , 0) : ∆ → ∆p is a
totally geodesic holomorphic embedding, as desired. ¤

§2 Computational results on second fundamental forms of examples of holo-
morphic isometries of the Poincaré disk into bounded symmetric domains

(2.1) Second fundamental forms of the p-th root maps In this section we study specif-
ically holomorphic isometries of the Poincaré disk into polydisks equipped with the
Bergman metric ds2

∆p . In this case f∗ds2
∆p = k ds2

∆, where the isometric constant k

is necessarily a positive integer 1 ≤ k ≤ p, and f is necessarily a proper holomorphic
isometric embedding. Let k be such a positive integer and f : (∆, k ds2

∆) → (∆p, ds2
∆p)

be a proper holomorphic isometric embedding. By the Proper Mapping Theorem
S := f(∆) ⊂ ∆p is a complex submanifold. Denote by σ(z) the second fundamen-
tal form of S in the polydisk ∆p. Denoting by α(z) ∈ Tf(z)(S) a unit tangent vector of
type (1,0), we have by the Gauss equation

‖σ(z)‖2 =
1
k

+ R
(
α(z), α(z); α(z), α(z)

)
. (1)

From now on we will drop the reference to z ∈ ∆. Thus, writing f = (f1, · · · , fp) we
have

‖σ‖2 =
1
k

+ Rαααα = ‖σ‖2 =
1
k
− 1

k2

p∑

i=1

∣∣∣∣
dfi

dz

∣∣∣∣
4 (

1− |z|2
1− |fi|2

)4

. (2)

Identify the unit disk ∆ with the upper half-plane H by the Cayley transform, and
equip the latter with the Poincaré metric ds2

H of constant curvature −1 given by ds2
H =

Re(dτ⊗dτ)
(Im τ)2 . Writing ds2

Hp for the product metric on the Cartesian product Hp, we
will also write f(τ) = (f1(τ), . . . , fp(τ)) for a holomorphic isometry f : (H, k ds2

H) →
13



(Hp, ds2
Hp). In terms of coordinates on the upper half-plane we have

‖σ‖2 =
1
k
− 1

k2

p∑

i=1

∣∣∣∣
dfi

dτ

∣∣∣∣
4 (

Im (τ)
Im (fi)

)4

. (3)

In [Mk3, (3.2)], Mok has constructed a non standard holomorphic isometric embedding
of H into the Hp with k = 1 for each p ≥ 2, called the p−th root map, given by
f(τ) = (τ

1
p , γτ

1
p , . . . , γp−1τ

1
p ), where γ = e

iπ
p . We are going to compute the second

fundamental form σp of the p−th root map using the formula (3). We have

‖σ‖2 =
1
k
− 1

k2

p∑

i=1

∣∣∣∣
dfi

dτ

∣∣∣∣
4 (

Im τ

Im fi

)4

. (4)

When k = 1, we have

‖σ‖2 =
∑

i6=j

∣∣∣∣
dfi

dτ

∣∣∣∣
2 ∣∣∣∣

dfj

dτ

∣∣∣∣
2 (

Im τ

Imfi

)2 (
Im τ

Im fj

)2

. (5)

For the p-th root map, we have f(τ) = (τ
1
p , γτ

1
p , . . . , γp−1τ

1
p ). If τ = |τ |eiθ and

γ = e
πi
p , then Imfj = |τ | 1p sin θj , where θj = (j−1)π

p + θ
p

‖σp‖2 =
∑

i 6=j

1
p4

∣∣∣∣
1

τ
p−1

p

∣∣∣∣
4
(

|τ |2 sin2 θ

|τ | 2p sin θi sin θj

)2

=
sin4 θ

p4

∑

i6=j

1
sin2 θi sin2 θj

. (6)

Recall θj =
(j − 1)π

p
+

θ

p
, 1 ≤ j ≤ 2p, are the 2p solutions of the equation sin2(pλ) =

sin2 θ in λ, or equivalently, cos(2pλ) = cos 2θ. By expanding cos(2pλ), we rewrite the
equation as

cos 2θ = (−1)p(sinλ)2p + (−1)p−1

(
2p
2

)
(1− sin2 λ)(sinλ)2p−2 + · · ·

−
(

2p
2p− 2

)
(1− sin2 λ)p−1(sinλ)2 + (1− sin2 λ)p . (7)

Let y =
1

sin2 λ
, then we have

yp cos 2θ = (−1)p + (−1)p−1

(
2p
2

)
(y− 1) + · · · −

(
2p

2p− 2

)
(y− 1)p−1 + (y− 1)p . (8)
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Now, yj =
1

sin2 θj

, 1 ≤ j ≤ p, are the p solutions of the above equation. Therefore

∑

i 6=j

1
sin2 θi sin2 θj

= 2 · 1
1− cos 2θ

[(
2p

2p− 4

)
+ (p− 1)

(
2p

2p− 2

)
+

p(p− 1)
2

]

=
1

sin2 θ

[
2p(2p− 1)(2p− 2)(2p− 3)

4!
+ (p− 1)

2p(2p− 1)
2

+
p(p− 1)

2

]

=
1

sin2 θ

[
2
3
p2(p2 − 1)

]
. (9)

Finally, we have

‖σp‖2 =
2(p2 − 1)

3p2
sin2 θ . (10)

We conclude our discussion on second fundamental forms of p-th root maps with the
following proposition.

Theorem 4. Let p be a positive integer. Denote by ds2
H the Poincaré metric on the

upper half-plane H of constant Gaussian curvature −1 and correspondingly by ds2
Hp

the
product metric on the Cartesian product Hp of p copies of the upper half-plane. Write
ρp : (H, ds2

H) → (Hp, ds2
Hp

) for the p-th root map given by ρp(τ) =
(
τ

1
p , γτ

1
p , . . . , γp−1τ

1
p
)
,

where γ = e
πi
p . Then, the second fundamental form σp of ρp is given by ‖σp‖2 =

2(p2−1)
3p2 sin2 θ. In particular, − log ‖σp‖2 is a potential function for ds2

H. In other words,
denoting by ωH stands for the Kähler form of ds2

H, we have
√−1∂∂(− log ‖σp‖2) = ωH.

Proof. From the discussion preceding the statement of the Proposition it remains to
prove that

√−1∂∂(−2 log(sin θ)) = ωH. Writing τ = s + it with s = Re(τ); t = Im(τ)
and r :=

√
s2 + t2 we have ωH =

√−1∂∂(−2 log t). On the other hand

log(sin θ) = log
(

t

r

)
= log t− log r . (1)

Since 2 log r = log(s2 + t2 = log |τ |2 is harmonic, we conclude that

√−1∂∂(−2 log(sin θ)) =
√−1∂∂(−2 log t)−√−1∂∂(−2 log r) = ωH , (2)

as desired, and the proof of Proposition is complete ¤

(2.2) On holomorphic isometries into the Siegel upper half-plane For an integer g ≥ 1
let Hg = {g-by-g matrices τ with complex coefficients : τ t = τ ; Im τ > 0} be the Siegel
upper half-plane of genus g, and denote by ds2

Hg
the Bergman metric on Hg. In Mok
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[Mk3, (3.3)] we constructed an example of a proper holomorphic isometric embedding
G :

(H, 2ds2
H

) → (H3, ds2
H3

)
, given by

G(τ) =




e
πi
6 τ

2
3

√
2e−

πi
6 τ

1
3 0√

2e−
πi
6 τ

1
3 i 0

0 0 e
πi
3 τ

1
3




In this section, proceeding along the arguments of Mok [Mk3] of verifying algebraic
identities for potential functions, we exhibit a continuous family of holomorphic isomet-
ric embeddings of H into H3 which contains the embedding G : H → H3 given in the
above. As it turn out, all the embeddings of this family are equivalent to one and other
up to symplectic transformations, i.e., up to automorphisms of H3. We have

Proposition 2. Let µ, ν ∈ R such that µ2 + ν2 6= 0. Define ω = µ + iν and ζ =[√
3

2 (µ2 + ν2) + µν
]

+ iν2. Then

H(τ) =




ζτ
2
3 ωτ

1
3 0

ωτ
1
3 i 0

0 0 e
iπ
3 τ

1
3




is a holomorphic isometric embedding of H into H3.

Proof. Let τ
1
3 = α + iβ. Then τ

2
3 = (α2 − β2) + 2αβi.

Im (H(τ)) =




ν2(α2 − β2) + αβ[
√

3(µ2 + ν2) + 2µν] να + µβ 0
να + µβ 1 0

0 0
√

3
2 α + β

2


 . (1)

det (Im (H(τ))) =
[
ν2(α2 − β2) + αβ[

√
3(µ2 + ν2) + 2µν]− (να + µβ)2

] (√
3

2
α +

β

2

)

= (µ2 + ν2)(
√

3αβ − β2)

(√
3

2
α +

β

2

)
=

µ2 + ν2

2
(3α2β − β3) =

µ2 + ν2

2
Im (τ) .

(2)
We can similarly check the positivity of the trace of the first 2 × 2 block of Im(H(τ))
and hence Im(H(τ)) > 0. Therefore H maps H into H3.

We are going to show that the above embeddings are equivalent. Recall the auto-

morphisms ofH3 are given by Z 7→ (AZ+B)(CZ+D)−1, Z ∈ H3, where M =
[

A B
C D

]

is a 6-by-6 real symplectic matrix, i.e. M satisfies MT JM = J , where J =
[

0 −I
I 0

]
.
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By considering the automorphisms given by A = D−T =




a 0 0
0 1 0
0 0 1


, B = C = 0,

where a > 0, we just need to focus on those embeddings with µ2 + ν2 = 1, i.e. |ω| = 1.

When µ = 1, ν = 0, we write

H1,0 =



√

3
2 τ

3
2 τ

1
3 0

τ
1
3 i 0
0 0 e

iπ
3 τ

1
3


 . (3)

Now for µ2 + ν2 = 1, consider the automorphism given by A = D =




1 0 0
0 µ 0
0 0 1


,

B = −C =




0 0 0
0 ν 0
0 0 0


. By direct calculation, we see that (AH1,0+B)(CH1,0+D)−1 =

Hµ,ν , where

Hµ,ν =




ζτ
2
3 ωτ

1
3 0

ωτ
1
3 i 0

0 0 e
iπ
3 τ

1
3


 (4)

and ω = µ + iν, ζ =
[√

3
2 + µν

]
+ iν2. Therefore all embeddings in the family are

equivalent. ¤

(2.3) Computation of the second fundamental form in the Siegel case In (2.2), we have
constructed a family of holomorphic isometric embeddings Hµ,ν . The example of Mok
[Mk3, (3.3)] is given by G = H√

6
2 ,−

√
2

2
. By [(2.2), Proposition 2] all members of the

family Hµ,ν are equivalent. For the computation of second fundamental forms we will
choose instead the embedding corresponding to F = H1,0 given by

F (τ) =



√

3
2 τ

2
3 τ

1
3 0

τ
1
3 i 0
0 0 γτ

1
3


 , (1)

where γ = e
iπ
3 . We will compute the second fundamental form σ by the Gauss equation,

for instance, see Mok [Mk2], basing on curvature formulas from Siegel [Si]. We have

‖σ‖2 = 1− Tr(EEEE)[
Tr(EE)

]2 , (2)

where E = F ′(Im F )−1.

F ′ =
1

3τ
2
3



√

3τ
1
3 1 0

1 0 0
0 0 γ


 ; (3)
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Im F =
1
2i




√
3

2

(
τ

2
3 − τ

2
3
)

τ
1
3 − τ

1
3 0

τ
1
3 − τ

1
3 2i 0

0 0 γτ
1
3 − γτ

1
3


 ; (4)

(Im F )−1 =
2i

∆




2i τ
1
3 − τ

1
3 0

τ
1
3 − τ

1
3

√
3

2

(
τ

1
3 − τ

1
3
)

0
0 0 ∆

γτ
1
3−γτ

1
3


 ; (5)

where
∆ =

√
3i

(
τ

2
3 − τ

2
3
)− (

τ
1
3 − τ

1
3
)2 = 2

(|τ | 23 − γτ
2
3 − γτ

2
3
)
. (6)

Write

F ′ =
1

3τ
2
3




0
0

0 0 γ


 and (ImF )−1 =

2i

∆




0
0

0 0 ∆

γτ
1
3−γτ

1
3


 . (7)M N

We then have

E =
2i

3τ
2
3 ∆




0
0

0 0 ζ


 , (8)MN

where ζ =
∆γ

γτ
1
3 − γτ

1
3

and

Tr(EEEE)[
Tr(EE)

]2 =
Tr(MNMNMNMN) + |ζ|4[

Tr(MNMN) + |ζ|2]2
=

∣∣∣γτ
1
3 − γτ

1
3

∣∣∣
4

Tr(MNMNMNMN) + |∆|4
[∣∣∣γτ

1
3 − γτ

1
3

∣∣∣
2

Tr(MNMN) + |∆|2
]2 .

(9)
Now,

MN =
[√

3τ
1
3 1

1 0

] [
2i τ

1
3 − τ

1
3

τ
1
3 − τ

1
3

√
3

2 (τ
1
3 − τ

1
3 )

]
=

[
(−1 + 2

√
3i)τ

1
3 + τ

1
3

√
3

2 (2|τ | 23 − τ
2
3 − τ

2
3 )

2i τ
1
3 − τ

1
3

]

(10)
and

MNMN =:
[

a b
c d

]

=
[
|τ | 23 (14−2

√
3i)+τ

2
3 (−1+3

√
3i)+τ

2
3 (−1−√3i) 6i|τ | 23 τ

1
3−3i|τ | 23 τ

1
3−3iτ

τ
1
3 (4i)+τ

1
3 (4

√
3−4i) |τ | 23 (2+2

√
3i)+τ

2
3 (−1−i

√
3)+τ

2
3 (−1−i

√
3)

]
.

(11)

Then,
Tr(MNMN) = a + d = 4

(
4|τ | 23 − γτ

2
3 − γτ

2
3

)
, (12)
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and
Tr(MNMNMNMN) = a2 + 2bc + d2

= 8
[
33|τ | 43 − γτ

4
3 − γτ

4
3 − 14|τ | 23 (γτ

2
3 + γτ

2
3 )

]
.

(13)

And hence,

Tr(EEEE)[
Tr(EE)

]2 =

∣∣∣γτ
1
3 − γτ

1
3

∣∣∣
4

Tr(MNMNMNMN) + |∆|4
[∣∣∣γτ

1
3 − γτ

1
3

∣∣∣
2

Tr(MNMN) + |∆|2
]2

=
8

[
126|τ | 83 − 6|τ | 43 Re(γτ

4
3 ) + 12|τ | 63 Re(γτ

2
3 ) + 36|τ | 23 Re(τ

6
3 )− 6Re(γτ

8
3 )

]

(36|τ | 43 )2
.

(14)

If we let
τ

1
3

τ
1
3

= eiϕ, then we have

Tr(EEEE)[
Tr(EE)

]2 =
7
9

+
2
27

cos
(
ϕ− π

3

)
− 1

27
cos

(
2ϕ +

π

3

)
+

2
9

cos 3ϕ− 1
27

cos
(
4ϕ− π

3

)
,

(15)
and

‖σ‖2 = 1− Tr(EEEE)[
Tr(EE)

]2

=
2
27

[
3− cos

(
ϕ− π

3

)
+

1
2

cos
(
2ϕ +

π

3

)
− 3 cos 3ϕ +

1
2

cos
(
4ϕ− π

3

)]

=
2
27

[
3− cos

(
ϕ− π

3

)
− 3 cos 3ϕ + cos 3ϕ cos

(
ϕ− π

3

)]

=
2
27

[1− cos 3ϕ]
[
3− cos

(
ϕ− π

3

)]
.

(16)

For τ ∈ H, if we write τ = |τ |eiθ, 0 < θ < π, then
2θ

3
= ϕ and therefore

‖σ‖2 =
2
27

[1− cos 2θ]
[
3− cos

(
2θ

3
− π

3

)]

=
4
27

sin2 θ

[
3− cos

(
2θ

3
− π

3

)]
. (17)

From the preceding computation we can contrast the boundary values of the square
of the norm of the second fundamental from for holomorphic isometries of the Poincaré
disk into polydisks and for the example above of such a holomorphic isometry into a
Siegel upper half-plane. More specifically, we have
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Proposition 3. F :
(H, 2ds2

H
) → (H3, ds2

H3

)
be the holomorphic isometry of the

Poincaré disk into the Siegel upper half-plane H3 of genus 3 given by

F (τ) =



√

3
2 τ

2
3 τ

1
3 0

τ
1
3 i 0
0 0 γτ

1
3


 ,

Let m be a positive integer, and let Fm :
(H, 2mds2

H
) → (

(H3)m, ds2
(H3)m

)
be the

holomorphic isometry given by Fm(τ) = (F (τ), · · · , F (τ)). Identifying the Cartesian
product (H3)m in the standard way as a totally geodesic complex submanifold of H3m,
the image Fm(H) ⊂ H3m is not contained in any maximal polydisk of H3m.

Proof. In what follows we denote by σF the second fundamental form of the holo-
morphic embedding F and write ‖σF ‖2 = t2uF . From the definition of the sec-
ond fundamental form it follows readily that the second fundamental form σFm is
given by σFm = (σG, · · · , σG). Writing ‖σFm‖2 = t2uFm we have um = mu. Thus,
∂uFm

∂t
= m

∂uF

∂t
. The computation in the preceding paragraphs gives

‖σF (τ)‖2 =
4
27

sin2 θ

(
3− cos

(
2θ

3
− π

3

))
, (1)

so that

uF (τ) =
4

27 (s2 + t2)

(
3− cos

(
2θ

3
− π

3

))
. (2)

Since
∂

∂t

(
s2 + t2

) ∣∣∣
t=0

≡ 0, we conclude that

∂uF

∂t

∣∣∣∣
t=0

=
4

27s2

∂

∂t

(
3− cos

(
2θ

3
− π

3

)) ∣∣∣∣
t=0

=
8

81s2

(
sin

(
2θ

3
− π

3

)) ∣∣∣∣
θ=0,π

∂θ

∂t

∣∣∣∣
t=0

=
8

81s3
sin

(
∓π

3

)
= ∓ 8

√
3

162s3
6= 0 . (3)

On the other hand, by [(1.1), Theorem 2], for any non-standard holomorphic isometry
f : (∆, k ds2

H) → (∆p, ds2
∆p) into the polydisk, writing σ for the second fundamental

form we must have ‖σ‖2 = t2u where u is not identically zero on ∂H but it satisfies

the differential equation
∂u

∂t

∣∣∣
t=0

≡ 0. Thus, by (3) the image Fm(H) ⊂ H3m of the
holomorphic isometric embedding Fm : H → H3m cannot be contained in any totally
geodesic polydisk, a fortiori not in any maximal polydisk, proving Proposition 3. ¤

Proposition 3 in the special case m = 1 was proved in Mok [Mk3], but the proof
there relies on a classification of holomorphic isometries of the Poincaré disk into a
polydisk ∆p for p ≤ 3 given by Ng [Ng1].
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(2.4) The computational results on second fundamental forms of examples of non-
standard holomorphic isometric embedding of the Poincaré disk provide some moti-
vation for the formulation of problems on the class of such mappings into bounded
symmetric domains, as follows.

Problem 1. Among holomorphic isometric embeddings of the Poincaré disk into poly-
disks characterize in terms of second fundamental forms of the embeddings those that
are equivalent to the p-th root map up to re-parametrization on the Poincaré disk and
up to automorphisms of the target polydisk.

Given a holomorphic isometric embedding F : (∆, λ ds2
∆) → (Ω, ds2

Ω) into a bounded
symmetric domain Ω equipped with the Bergman metric and denoting by σ the second
fundamental form of the holomorphic isometric embedding F , clearly the function ‖σ‖2
is unchanged when F is replaced by Ψ ◦ F , where Ψ is an automorphism of Ω. In the
case of a non-standard holomorphic isometric embedding of the Poincaré disk into a
polydisk, identifying the unit disk with the upper half-plane via the Cayley transform,
it is known (Mok [Mk2]) that ϕ(τ) := ‖σ(τ)‖2 vanishes to the order 2 at a general
point of ∂H. By a re-parametrization τ ′ = Ψ(τ) of the upper half-plane by a fractional
linear transformation Ψ, we have ϕ = t2u = t′2u′ where t2u(τ) = t′2u′(τ ′), so that
log u′(τ ′) = log u(τ) + 2 log

(
t
t′

)
. The last term is a harmonic function, and thus log u

is harmonic if and only if log u′ is harmonic. By the computations in (2.1), denoting
by σp the second fundamental form of the p-th root map ρp : H → Hp, the function
up defined by t2up = ‖σp‖2 satisfies the differential equation

√−1∂∂ log up = 0. Thus,
if a holomorphic isometric embedding f : ∆ → ∆p is equivalent to the p-th root map
ρp up to re-parametrization of the Poincaré disk and up to an automorphism of the
target disk, then the corresponding function log u defined by f is harmonic, and one
may ask whether the log harmonicity of u = t−2‖σ‖2 characterizes such maps among
non-standard holomorphic isometries of the Poincaré disk into polydisks. Equivalently,
in view of the statement of [(2.1), Theorem 4], one may ask whether such maps f are
characterized by the fact that − log ‖σ‖2 is a potential function for the Poincaré metric
ds2
H.

Problem 2. Among holomorphic isometric embeddings of the Poincaré disk into bound-
ed symmetric domains characterize in terms of second fundamental forms of the embed-
dings those that are given by holomorphic isometric embeddings into polydisks.

For holomorphic isometries of the Poincaré disk into a polydisk and regarding the
unit disk equivalently as the upper half-planeH, in the notation above at a general point

b ∈ ∂H we have ϕ = ‖σ‖2 = t2u where u(b) 6= 0 and
∂u

∂t

∣∣∣
t=0

≡ 0, as given in [(1.2),

Theorem 2]. The proof of the latter relies on the very special fact when the holomorphic
isometry extends to a neighborhood of b ∈ ∂H, it remains a holomorphic isometry in
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the lower half-plane. Calculations in (2.3) on the example of holomorphic maps into

the Siegel upper half-plane show that the analogue of the identity
∂u

∂t

∣∣∣
t=0

≡ 0 fails. It
appears likely that all non-standard holomorphic isometries into a bounded symmetric
domain Ω equipped with the Bergman metric are of the first kind, i.e., ϕ vanishes along
∂H to the order 2 at a general point b ∈ ∂H (cf. the discussion in [Mk2]), so that
ϕ = ‖σ‖2 can be written as t2u with u

∣∣
t=0

6≡ 0. Assuming this one can ask whether the

identity
∂u

∂t

∣∣∣
t=0

≡ 0 characterizes those non-standard isometries f : H → Ω which are

holomorphic isometries into polydisks, i.e., f(H) ⊂ P ⊂ Ω for some maximal polydisk
P ⊂ Ω. (At least one can raise the question for non-standard holomorphic isometries of
the Poincaré disk into Ω of the first kind.)

Problem 3. Classify all holomorphic isometric embeddings of the Poincaré disk into
bounded symmetric domains of rank equal to 2.

So far there are no examples of a holomorphic isometry of the Poincaré disk into
a bounded symmetric domain Ω of rank 2 other than the square-root map given by
ρ2(τ) =

(√
τ , i
√

τ
)

in terms of coordinates on the upper half-plane. In the case of
Ω = ∆2 ∼= H×H, it was proven by Ng [Ng1] that the only non-standard holomorphic
isometry f : (∆, k ds2

∆) → (
∆2, ds2

∆2

)
is the square-root map up to re-parametrization

and up to automorphisms of the target domain. The basic example of a non-standard
holomorphic isometry of the Poincaré disk not contained in a polydisk is one given in
Mok [Mk3], thus one into H3, the Siegel upper half-plane of genus 3, and it is natural to
ask whether there exists one into Bp×Bq, or one into an irreducible bounded symmetric
domain (such as DIII

2
∼= H2). With regard to curvature formulas derived from the basic

structural equation for holomorphic isometries f : ∆ → Ω (given by the Gauss equation)
of the Poincaré disk into an irreducible bounded symmetric domain, the cases where Ω is
rank 2 differs from those of rank ≥ 3 in one essential point, as follows. For a (1,0-vector
α tangent to the the image S = f(∆) of the Poincaré disk at x ∈ S, and for µ denoting
the orthogonal lifting of a normal vector σ(α, α) at x to Tx(S), σ denoting the second
fundamental form of S in Ω, in the case where the image is an irreducible bounded
symmetric domain of rank 2 we have a precise formula for Rµµαα in place of a formula
with an error term (cf. Mok [Mk2, (1.3)] or [(1.2), proof of Theorem 2, Eqns.(1) & (4)] of
the current article). This is the case, because the curvature identity involves in general
3 invariants arising from the normal form (α1, · · · , αr) of α, r = rank(Ω), expressed
as sums of α2

i , α
4
i and α6

i . These are algebraically independent invariants when r ≥ 3
but related to each when r = 2. In the latter case, the last invariant (involving α6

i )
can be expressed in terms of the first two invariants, which relates to the length of α

and to curvature, thus giving a precise curvature formula for Rµµαα. For holomorphic
isometries of the Poincaré disk into an irreducible bounded symmetric domain of rank
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2 it is perceivable that boundary values of u and their derivatives satisfy differential
equations which can be used to study the structure of such maps.

For the reducible case it should be noted that Ng [Ng2] has proved that for n ≥ 2
there does not exist any non-standard holomorphic isometry of the complex n-ball Bn

into B2n−1 × B2n−1 up to a normalizing constant, when both the domain and target
space are equipped with the Bergman metric. The case for maps of the Poincaré disk
into a a product of two unit balls is harder, since in place of proving total geodesy one
has to ask whether the image is contained in a totally geodesic bidisk.
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