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Projective flatness in the quantisation of bosons and fermions
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Abstract

We compare the quantisation of linear systems of bosons and fermions. We recall the appearance
of projectively flat connection and results on parallel transport in the quantisation of bosons. We then
discuss pre-quantisation and quantisation of fermions using the calculus of fermionic variables. We then
define a natural connection on the bundle of Hilbert spaces and show that it is projectively flat. This
identifies, up to a phase, equivalent spinor representations constructed by various polarisations. We
introduce the concept of metaplectic correction for fermions and show that the bundle of corrected
Hilbert spaces is naturally flat. We then show that the parallel transport in the bundle of Hilbert spaces
along a geodesic is the rescaled projection or the Bogoliubov transformation provided that the geodesic
lies within the complement of a cut locus. Finally, we study the bundle of Hilbert spaces when there is
a symmetry.
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1 Introduction

One of the central questions in geometric quantisation is whether the quantum Hilbert spaces constructed
from different choices of polarisations can be naturally identified. Since a quantum state actually corresponds
to a ray of vectors, identification is only required for the projectivisation of the Hilbert spaces. This amounts
to the existence of a natural projectively flat connection on the bundle of Hilbert spaces over the space of
polarisations. When the symplectic manifold is Kahler, it is convenient to consider a subclass of polarisations
that come from complex structures compatible with the symplectic form. Given such a complex structure,
the quantum Hilbert space is the space of holomorphic sections of the pre-quantum line bundle. However,
under quite general conditions (satisfied by, for example, the 2-sphere), there is no naturally projectively flat
connection in the bundle of quantum Hilbert spaces [10].

The next best scenario is that projective flatness holds if we limit the polarisations to a smaller subset, for
example, to those respecting the symmetry of the system. For a symplectic vector space polarised by linear
complex structures, there is indeed a natural projectively flat connection in the bundle of Hilbert spaces [1].
Moreover, the connection is flat if we include metaplectic correction [29, 15]. Parallel transport in the bundle
yields the familiar Fourier and Segal-Bargmann transforms that are usually used to identify wave functions
in various pictures [15]. (The Segal-Bargmann transform can be generalised to relate polarisations on the
cotangent bundles of compact Lie groups [11, 9].) Another example of projective flatness is from quantising
the space of flat connections on a compact orientable surface [13, 1]; in this case the complex structures are
induced by those on the surface.

Let (V,w) be a symplectic vector space and .J, a compatible linear complex structure on V. The qunatum
Hilbert space is a representation of Heisenberg algebra, generated by tensor powers of V subject to the
canonical commutation relation. The existence of projective flatness is related to the celebrated Stone-
von Neumann theorem [18], which asserts that the irreducible representation of the Heisenberg algebra is
unique up to a unitary equivalence. Moreover, by Schur’s lemma, any two unitary equivalences between two
irreducible representations have to differ only by a phase. So between the fibres over two linear complex
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structures in the bundle of Hilbert spaces, there is a unitary identification which is unique up to a phase.
This is the hallmark of projectively flat bundles.

The main purpose of this paper is to establish a similar structure of projective flatness in the quantisation
of fermions. The phase space of a linear fermionic system is a Euclidean space (V, g) and quantisation means
finding an irreducible representation of the Clifford algebra, which is the fermionic analog of the Heisenberg
algebra. (See [16, 7] for formal similarities between the two algebras.) Such a representation is the spinor
representation, and just like the bosonic case, it is unique (when dimV is even) or nearly unique (when
dim V is odd) [5]. In the construction of the spinor representation, one needs to choose a compatible complex
structure (see for example [3], §3.2), which is the fermionic counterpart of polarisation. We therefore expect
a projectively flat bundle (of spinor representations) over space of such complex structures.

The rest of the paper is organised as follows. In §2, we review the pre-quantisation and quantisation of
bosonic systems whose phase spaces are symplectic vector spaces. We then recall the natural connection on
the bundle of Hilbert spaces and give a straightforward proof of its projective flatness [1]. The connection
becomes flat after metaplectic correction is included [29, 15]. We present, in a coordinate-free way, the
results in [15] on the parallel transport in the bundle of Hilbert spaces along geodesics in the base space.
Finally, when there is a group acting symplectically on the vector space, we decompose the bundle of Hilbert
spaces into a direct sum of projectively flat sub-bundles and identify the invariant part as the bundle from
quantising the symplectic quotient. §3 is devoted to the quantisation of fermions when the phase space is
an even-dimensional Euclidean space. We discuss the pre-quantisation and quantisation of fermions using
calculus of fermionic variables. We then define a natural connection on the bundle of Hilbert spaces and show
that it is projectively flat. This identifies, up to a phase, constructions of the spinor representation under
various polarisations. We introduce the concept of metaplectic correction for fermions and show that the
bundle of corrected Hilbert spaces is naturally flat. We then show that the parallel transport in the bundle
of Hilbert spaces along a geodesic is the rescaled projection or the Bogoliubov transformation provided the
geodesic lies within the complement of a cut locus. The decomposition of the bundle of Hilbert spaces when
there is a symmetry is also studied. In §4, we conclude by highlighting the similarities and differences in the
quantisation of bosons and fermions. In Appendix A, we consider the geometry of the spaces of complex
structures compatible to a symplectic or Euclidean structure, which are classical Hermitian symmetric spaces
[21, 14]. We describe cut locus in the space of polarisations of a fermionic system. Appendix B is on the
calculus of fermionic variables. We describe fermionic coherent states and the fermionic analog of Bergman
kernel. In Appendix C, we collect some facts on real and quaternionic representations and on complex
structures invariant under a representation.

2 Quantisation of bosonic systems

2.1 Pre-quantisation and quantisation

Let (V,w) be a symplectic vector space of dimension 2n. A pre-quantum line bundle £ over V is a line bundle
with a connection whose curvature is w/v/—1. The pre-quantum Hilbert space is 3o = L?(V, /), the space
of L?-sections of ¢ with respect to the symplectic volume form e, = w”\"/n! or &, = ,/(27)" on V. The
covariant derivative V, along a constant vector field on V' parallel to x € V is a skew-self-adjoint operator on
Ho and satisfies the commutation relation [V, V,] = w(z,y)/v/—1 for any z,y € V. As V is contractible,
¢ is topologically trivial and is unique up to an isomorphism. We can choose a trivialisation of ¢ identifying
Ho with L?(V,C) such that
Ve :L$+%\/T1me, rxeV.

Here 1,w € V* is regarded as a linear function on V multiplying on the sections of £ or on L?(V,C). For any
a € V*, the corresponding pre-quantum operator acting on Iy is

d =V -1 vy—l(a) —|— a = -1 Lufl(a) + %a.

These operators are self-adjoint on Hy and satisfy Heisenberg’s canonical commutation relation [é, /3’] =
V—1w (e, B), where o, 3 € V*.

Consider the space g, of compatible complex structures on (V,w). (We refer the reader to §A.1-2 for
notations and results on complex structures.) For each J € J,,, the complex subspaces VJ1 ’0, VJO’1 of VC are
Lagrangian with respect to w and they determine a (linear) complex polarisation of (V,w). The quantum
Hilbert space associated to J is

Hy={¢ € Ho|Vap =0, Yo € V')



So a vector ¢ € H s is a holomorphic L2-section of £. The compatibility condition on J guarantees that the
space H; is non-empty; in fact, it is infinite dimensional. Note that for any J € J,,, H s is a subspace of Hj.
Thus we have a bundle of quantum Hilbert spaces H — J,, whose fibre over J € J,, is H ;.

The following results are well known.

Proposition 2.1 1. Any ¢ € H; is of the form
Y =e iU

for a unique J-holomorphic function ¢ on V, where q; € w(-,J-) € Sym*(V*) is regarded as a quadratic
function on V.
2. If ¢ is a J-holomorphic function on V', then ¢ = e*%q"¢ is in Hy if and only if its norm

) 1/2
(/ e‘qusFéw)
14

weighted by e~ 397 s finite, in which case it is equal to the norm of ¥ € Hy.
3. For any a € V*, & preserves H; and is self-adjoint on H ;. It acts on ¢ by

Qa: o— -1 LV—I(QD.1)¢ + a1’0¢.

If 2° (1 < i < n) are the complex coordinates on VJL0 with respect to a basis {e;};=1,...n, then the

covariant derivative along €; is V; = % + %qijxi, where ¢;; = qs(e;,€;). A section ¢ € H; can be
identified as a function of the form

(@) = ¢(x) exp[—3 g;70'F),

where ¢(z) is a holomorphic function in z = (a!,---  2") € C".

2.2 Projectively flat connection and metaplectic correction

The vector bundle H — J,, of quantum Hilbert spaces is a sub-bundle of the product bundle J,, x Ho — Jo,
of pre-quantum Hilbert spaces. The trivial connection on the latter induces a natural connection on H by
orthogonal projection. In [1], it was shown that the connection on H is projectively flat. For completeness
and for comparison with the fermionic case (§3.2), we give a simple derivation of this result.

We first study the effect of the variation §J on H ;. We choose a basis {e; }1<i<n, of V}’O. Suppose ¢ € H,
ie, Vi =0 (1 <k <n). As J changes to J + 0J, the infinitesimal parallel transport ¥ + ¢ € Hjiss
of ©p € Hy is the orthogonal projection of » on Hy,55. Thus we have two conditions: oy L Hy, i.e.,
0 LkerV; for 1 <i<mn,and )+ € H;y 55, or

vé;+5€; (w + 61/)) = 07

where dé; = (5]5);jej (see §A.2). This implies, to the first order, that Ji satisfies the equation

Vi (09) = —(0P);" Vb = (6P);" V.
We claim that N N

0 = 3 V=IVi(6P)7V;¢p = § V=1 (5P) 7V, Vb
is the (unique) solution satisfying the above conditions. (The second equality holds because (§P)¥ is a
constant tensor on V.) First, this 61 is orthogonal to H; as V; is the formal adjoint of V;. Second, as
Vitp =0, (6P)" = (6P)7" and V5, V;] = wi;/v/—1, we get
Vi (09) = 3 V=1(0P)Y[Vg, ViVjJy = 5 V=1 (6P)" ([Vi, ViV + Vi[Vg, Vi])9
= wi; (6P)7 Vb = (6P),/ V1.

The uniqueness is clear from the geometric interpretation.

The connection 1-form A’ on J satisfies (§ + A%)y = 0. Therefore A¥ = f@(ap)ijvivj; it is an
operator-valued 1-form on J,. We then calculate

§AY = Y=L (5P AV, V= YZL1 (5P)7 A (3P) ViV,

(8P)' A (6P)F = L tr(PSP A 6P P),

1,
= 3 Wgj



ignoring the terms that vanish on H;, and

AT AN = =1V, Y,V V(6P A (SP)M = 0.
Therefore the curvature of the connection on I is

F* =1 tr(PSP AGP P)idyc = 0,/2v/—1 idye.

Since it is a 2-form on J times the identity operator on the fibre, the connection on H is indeed projectively
flat [1]. (In §2.1 of [26], it was shown directly, without the orthogonal projection from Hy, that the formula
for A%t defines a connection on H which is projectively flat.)

We now incorporate metaplectic correction. Denote the restriction of X = (detV)* — J to J,, (see §A.1)
by the same notation X. Since J,, is contractible, there is a unique bundle VK = J., such that (\/9>C)®2 = X.
The curvature of the natural connection on VX is (see [15] or §A.1)

FYX = LFX = L 2(PSP NGPP) = —0,,/2V/1.

We consider the bundle H = H ® VK. Its fibre H; = H,; @ VK, over J € J., is the metaplectically
corrected quantum Hilbert space with the polarisation .J. Since the curvatures of H and vXK cancel, the
bundle H — ., is canonically flat [29, 15]. The flatness of the bundle indicates that for the symplectic linear
space, quantisation is independent of the choice of polarisations. We summarise the results in the following

Theorem 2.2 ([1, 29, 15]) Consider the quantisation of a bosonic system whose phase space is a finite
dimensional symplectic vector space (V,w).

1. The bundle of quantum Hilbert spaces H — 3., is projectively flat, with curvature o,,/2v/—1.

2. The bundle of quantum Hilbert spaces with metaplectic correction H— g, is flat.

2.3 Parallel transport along geodesics and the Bogoliubov transformations

We recall various results in [15]. Let (V,w) be a symplectic vector space. The space (J,,,Mw) of compatible
complex structures is non-positively curved and there is a unique geodesic connecting any two points. Let
Jo,J1 € Ju, define two complex polarisations. We want to study the parallel transport U3, and U7’ ; in

the bundles H and H:C, respectively, along the geodesic from Jy to Ji. A related notion is the orthogonal
projection Py, 5, from 3, to H; in Ho.

Theorem 2.3 ([15]) Let Jo, J1 € Jo, and let v = {J, }o<i<1 be the (unique) geodesic from Jy to Ji, t being
proportional to the arc-length parameter. Then

1. the parallel transport in H along v is UJ Jo (d t J“J“]l )1/4 Piriges
2. the parallel transport in VX along ~y is Z/{J1 Jo = \/ det Jij2/V— |V1 o) , and

(UYS Sy, Jiiw ) = (det 2 )Yt )

for any o,y € A" (V")
3. the parallel transport in H along v, which is Z/{h Jo = U T de © U}{;O corresponds to the pairing between
fJ-CJO and 5{Jl given by

(1 @ V1, Yo @ o ) = (U1, %0) (Vi1 Vo ), Y€ Hyy, € /\n(VJll’O)* (1=0,1).

Proof: Part 1 is Theorem 3.4 of [15]. Part 2 follows from Theorem 3.3.2 and formula (3.9) of [15], except
the parallel transport itself is expressed more intrinsically using Proposition A.1. Part 3 is Corollary 3.7 of
[15]. O

We note that % is always invertible for Jy, J; € J,,. The factor (det # )1/4 appeared in [8, 28] and
was used to rescale the projection Py, j, to a unitary operator called the Bogoliubov transformation [28, 29].
Therefore Theorem 2.3.1 shows that the parallel transport Z/lf]}f 7, along the geodesic coincides with the
Bogoliubov transformation. (The induced parallel transport on the creation and annihilation operators gives
the more traditional version of Bogoliubov transformations.) The parallel transport can also be expressed
using the Bergman kernel (Proposition 3.6 of [15]):



Corollary 2.4 ([15]) Let ) = pe~ 1% € H,,. Then forz €V,

U5 5, 0)(@) = (dot o) emdon @ /V explV=Tw(@h’,y) = L a5 ) = L an )] 6() ().
Of particular interest is the parallel transport of a coherent state
¢5(x) = explas(@,z) — § ¢s(2)] = exp[V~1w(@ z;") = fas(z)], @€V,
where J € J,, and a € VJLO is a parameter. We recall some results from [15], but in a coordinate-free way.

Theorem 2.5 ([15]) Under the assumptions of Theorem 2.3,
1. the parallel transport along v of the coherent state c§ € Hy, s, forx €V,

—1/4

(U35 5,65,)(x) = (det 252 ) ™20 D exp [Fuo(a)? — o, (252 ) (@~ @))]:

2. the parallel transport along v of any state ¥ = e‘iq"O(b € Hy, is, forx eV,

—1/4 _1, (& . i -1, 1, , -
@0 0)(e) = (det 252 ) o) [ [y (252 @505 =4 0 )] 00) 2oto)

Proof: Part 1 is Theorems 3.3.1 of [15], where it was proved by solving the equation of parallel transport.
As remarked in [15] (after Corollary 3.7), the result also follows from the Bergman kernel by Theorem 2.3.1
or Corollary 2.4. Since the latter approach will be adapted in the proof of Theorem 3.5.1 for fermions, we
include the details here for comparison. Indeed, for any = € V,

(Pry€5y) (@) = e~ 390 @) /Vexp [V=Tw(y,z5°%) — Lw(y, 252 y)] V=199 &, (y)
= i e [fu(eh - a (252 @ - a)] [ W) )
\4

= (det 2221 ) ™2 A0 exp [Luo (@ — . (252 ) Y — )],

1,0 _

where the change of variable is y' =y — /—1 (# )_1(30J1 @). Here we used the Gaussian integral

[ et g (0) = (e )2
14

for any A € End(V) such that w(-, A-) is a symmetric, positive-definite bilinear form. (This implies det A >
0.) Part 2 is Theorems 3.8 of [15]. O

In particular, when J; = Jy, the above reduces to the identity transformation. When n = 1, we use the
parametrisation in §A.2. We note that o € V}O’O and x € V & V}l’o can be identified with complex numbers.
If the geodesic {J; }o<i<1 from Jy to Jy is given by z(t) = tanh bt, then Theorem 2.5 gives

(Z/l;fjocﬁo)(x) = Vsechb exp [ @z tanhb + 3 (@° — 2%)sechb — % |z|*].

This is an important case (n = 1) of Proposition 3.2 in [15].

2.4 Bosonic systems with symmetries

Let (V,w) be a symplectic vector space of dimension 2n. The action of Sp(V,w) on J,, can be lifted to X,
preserving the projectively flat connection. It can be lifted to an action of the metaplectic group Mp(V,w),
which is a double cover of Sp(V,w), on vX and hence on H. The lifted action preserves the flat connection.

Let K be a compact Lie group with Lie algebra €. Suppose there is a representation of K on V' preserving
w. Then it also acts on the bundles H and H preserving the connections. Over the fixed-point set (d,,)%,
the group K acts on the fibres of . Each fibre splits orthogonally into a direct sum of subspaces of various
representation types. Since K preserves the connection, the restriction of the bundle 3 to (J.,)%, together
with the projectively flat connection, splits into sub-bundles with fibre-wise K-actions. The sub-bundle ¥

on which K acts trivially is related to the quantisation of the symplectic quotient.



The action of K on V is Hamiltonian with a moment map ux: V — €* given by
(uk(z),A) = w(z,Az), z€V, Aect

The symplectic quotient V/K = uy'(0)/K is a stratified symplectic space [23]. Choosing J € (J,)¥, the
action of K extends to that of KC. Let m: V — V/KT be the quotient map. With the above moment map,
every point in V is semi-stable, i.e., V5 = V (see Example 2.3 of [22]). The quotient V/K® = VK is also
a stratified analytic space; a function f on an open set U C V/K€C is analytic if 7* f is so on 7~1(U). On
the singular space V /K, this analytic structure replaces the notion of polarisation. The sheaf of invariant
sections 75/ on V/KC defined by O(xX¢)(U) = I'(z~Y(U),0(¢))¥ plays the role of a pre-quantum line
bundle. We have (cf. Proposition 2.14 and Theorem 2.18 of [22])

I(V]E,0(re) = I(V,0(£))".

Restricting to the L2-subspaces, we can identify (3;)® with the quantum Hilbert space arising from the
quantisation of V /K with a complex structure induced from J.

We have a projectively flat bundle H® — (g,,)% whose fibres are quantum Hilbert spaces of V /K with
complex structures from (J,,)%. The connection is unitary if the inner product in the fibres (3;)¥ is the
restriction of that in H ;. This is the case, for example, in the quantisation of Chern-Simons gauge theory [1].
The inner product on (3 ;)% from quantisation of VK is usually different. In [12], it was shown that for a
compact symplectic manifold with a Hamiltonian group action and when metaplectic correction is included,
the two inner products agree in the semi-classical limit.

Unless the moment map pg is proper, the symplectic quotient V /K is non-compact and the quantum
Hilbert space () is expected to be infinite dimensional. When puf is proper however, the base space of
the bundle HX — (J,,)¥ is a point.

Proposition 2.6 If ux: V — & is proper, then (3.,)% = {Jo}.

Proof: If (3.,)X # {Jo}, then by Proposition C.4.1, there is a non-zero K-invariant complex subspace (V’, Jp)
of (V,Jy) and a K-invariant real structure R on V' such that w(Rz, Ry) = —w(x,y) for all z,y € V'. For
any A€t x eV’ we have

(K (Rx), A) = 3 w(Rz, ARz) = § w(Rz, RAz) = —§ w(z, Az) = —(uk (z), A).

Therefore i = 0 on V§ = (V/)® and hence ux is not proper. O

3 Quantisation of fermionic systems

3.1 Pre-quantisation and quantisation

We consider pre-quantisation [17] and quantisation [28] of linear fermionic systems. The phase space is given
by a finite-dimensional real vector space V' equipped with a Euclidean inner product g. More precisely, it
is a fermionic copy IIV of V' (see §B.1). The pre-quantum line bundle does not exists in the usual sense,
but its “sections” and the operators acting on them do. Motivated by the bosonic case (§2.1), we take the
pre-quantum Hilbert space 3y of fermions as A®*(V)*, the space of “functions” on IIV. On Hy, there is an
Hermitian form given by the Berezin integral (see §B.1 for definition and notations)

<¢,1//>0:/HV1/_)/\*01/)/ e 0 € Ho,

where 1) is the standard complex conjugation of 1, xo is the Hodge star defined by the metric %g. The
covariant derivatives take the form

Vm:LI—%u(x)/\-, zeV

and satisfy the relation
{vz,vy}:_g(xay), x,yEV.

So the “curvature” is a symmetric bilinear form; the minus sign is enforced by the requirement, as in the
bosonic case, that the covariant derivatives are skew-self-adjoint operators on Hj.



A linear functional @ € V* is a “classical observable” that can be pre-quantised, giving rise to a self-
adjoint operator
a=Vy-1(q)t AN - =1,-1(4) +%O¢/\ .

on Hy. These operators satisfy the canonical anti-commutation relation or the Clifford algebra relation
{&76}:.9_1(0576)7 OZ,BEV*,

making Hy a (reducible) Clifford module.

We now assume that V' is even dimensional; let dim V' = 2n. Recall from §A.2 the space J, of complex
structures on V' compatible with the metric g and the orientation. Each J € J, defines a polarisation, a
maximally isotropic complex subspace VJ1 0 of VC. The quantum Hilbert space (with the choice of polarisation
J) is

Hy={¢ € Ho|Vap =0, Yo € V')
We have a bundle of quantum Hilbert spaces H — J, whose fibre over J € g, is 3;.

On Hy, there is an involution ¢ — 1»* defined as the unique linear extension of the operation (c; A--- A
ap)* =ag A--- Aay, where aq,...,a, € (VO)*.

Proposition 3.1 1. Any ¢ € H; is of the form

’(/) = e@w‘] A ¢
for a unique ¢ € /\'(V,l’o)*, where wy = g(J-,+) € /\ V*. Consequently, dim¢ Hy = 2™.
2. Suppose ,y" € Hy correspond to ¢, ¢’ € /\ ( J )*, respectively, then

W= | orxd eg=[ NG NVTIFIE,
v

nv

where * is the Hodge star defined by g and €, = /—1"¢,.
3. For any a € V*, & preserves H; and remains self-adjoint on Hy. It acts on ¢ € N*(V;0)* by

a: (]5 — Ly—l(ao,l)(b =+ al’o A gb

Proof: 1. Write ¢ = e XTI A ¢ for some (unique) ¢ € Hy. Then for any x € V, we have

Vot = X7 %7 A (1,6 — (@) A §).

Therefore ¢ € H; if and only if 1,¢ = 0 for all z € V"', This implies ¢ € /\ (V0%
2. We choose a basis {e;} of VJI’0 such that g(e;,€;) = 0;; and €, = e; A--- A e,. Assume, without loss of
generality, that ¢ = ¢’ =ef A--- Ae} (1 <k <n). Then

Y = d)/\ZQT > e ANel N NEL Nel

k+1<i1<---<i.<n

Since xg = 2P~ "% on A" V* we have

k(k 1)

) +k— —% * —%
\/7 ¢ N Z "2 " Z €1 A €1 A A S I A e;n—k—T.

kA 1<j1 < <jn—r<n

*0¢—(

So )
' n -« _nfn—Fk

(W, ") = va/\*owegzrz;ogk (nr >:1.

The two integrals in the equality are clearly 1 (cf. proof of Proposition B.2).
3. This follows from the identity

d(e@w" ANp) = eYzm T (ty-1(a)p + a0 A @),



which yields the result when ¢ € A®(V;"")*. O
We note that the space A*(V;°)* with the action of @ € V* in Proposition 3.1.3 is the standard
construction of the irreducible Clifford module of spinors. Here it arises naturally in the quantisation of

fermionic systems. The factor ¢¥7-%7 is the fermionic analogue of the Gaussian in Proposition 2.1.1. It is
crucial in achieving projective flatness for the bundle H — J, (§3.2), as the bundle A* V* — J, without the
fermionic Gaussian factor is not projectively flat.

The results in this section can be explained using “fermionic coordinates”. We refer the reader to §B.2
where this is done.

3.2 Projectively flat connection and metaplectic correction
We study the geometry of the bundle H{ — J, of Hilbert spaces of the fermionic system (V,g). Following
§2.2, we define a connection on H by orthogonal projection of the trivial connection on the product bundle
dg x Ho —+ d4. We now show that this connection is also projectively flat.
Along a variation 0J of J € Jq, ¢ € H; changes to 1 4+ 6y € H 155 by parallel transport. Since 9 + 61
is the (infinitesimal) orthogonal projection of ¢ to His7, we have, as in §2.2, §p L H; and
Vi(0v) = —(8P); Vi = (6P)7 V.
The (unique) solution that satisfies the above two conditions is
5% = ~L Vi(SP)IVp = —L (SP) IV V0.
First, this ¢ is orthogonal to H; as V; is the formal adjoint of V;. Second, as Vi1 = 0, (§P)Y = —(§P)7
and {V;, V;} = —g;;, we get
Vi(09) = =5 (6P)V [V, ViVi]e = —5 (6P)Y ({Vi, ViV — Vil Vi, V; )y
= gri(6P) V0 = (6P),7 Vjip.
The connection A on K is determined by (6 + A™)y) = 0 and thus A" = § (6P)"V;V;. Following the
calculations in §2.2, we get
§AY = —1(6P) A V5., V; = =1 (8P)7 A (6P)FV;V;
= —Lgpi(6P)Y A (6P)F = —L te(POP NP P)

and
AT AAT = 1Y,V v,V (6P)7 A (5P)M = 0.

Therefore the curvature of the connection A7 is
F/C = —1 tx(PSP ASP P)idgc = 04/2v/—1 ids.

Since it is a 2-form on g, times the identity operator on the fibre, the connection is projectively flat.

We propose a metaplectic correction for fermions. Recall the line bundle X~* = det V — J, whose fibre
over J is fK}l =A\" VJLO. We claim that ¢;(X) is even. This can be seen from the holonomy of the bundle
H with curvature F** = —%FK idg¢. Since J, is simply connected, there is a unique line bundle vVK~—1 — g,
such that (VX~1)®2 = X~1. The bundle vX~1 has a connection (§A.1) whose curvature is

FYXT = _LFX Z L (P3P AP P) = —0,/2v/1.

For any J,.J' € J,, there is a pairing between K;' = A" V" and K} = A" V;,°. For any pu € X' and
p € X (p', p is the ratio of i’ Ay and é,. Since (p, p1) > 0 if 1 # 0, there is an inner product on / K,
defined by (/i /i) = /{1; p)-

We consider the bundle H = H ® vVX~1. The fibre j:C.] =H;® fK;l over J € {4 is called the

metaplectically corrected quantum Hilbert space in polarisation J. Since the curvatures of 3 and VXK1
cancel, the bundle H — J is canonically flat. The flatness of the bundle indicates that for the fermionic
system whose phase space is a linear space, quantisation is independent of the choice of polarisations. We



note here that in contrast to the bosonic case, the metaplectic correction is obtained by tensoring H ; with

\/fK}l instead of /K ;. This is clearly related to the opposite way a fermionic measure transforms under
coordinate changes. We recall from §A.2 that the pseudo-Kahler form o restricts to o, on g, but to —o,
on J4. Consequently, for both bosonic and fermionic systems, the line bundle of half-forms has a negative
first Chern form on the space of polarisations.

We summarise the results in the following

Theorem 3.2 Consider the quantisation of a fermionic system whose phase space is given by a finite di-
mensional Euclidean vector space (V, g).
1. The bundle of quantum Hilbert spaces H — J4 is projectively flat, with curvature 04/2+/—1.

2. The bundle of quantum Hilbert spaces with metaplectic correction H— dq 1s flat.

3.3 Parallel transport along geodesics and the Bogoliubov transformations

We investigate the parallel transport in the bundles H and H along geodesics in J,. Unlike J,, which is
contractible and non-positively curved, the space J, is compact and non-negatively curved. The geodesics
through two conjugate points in J, are not unique. Nevertheless, we show that if Jy,Ji € J4 are not in
the cut loci (see §A.3) of each other, then the parallel transport Ugf 7, along the (unique) length-minimising
geodesic from Jy to J; is the rescaled orthogonal projection Py, s, from Hj, to H s, in Hy. The latter was

called the Bogoliubov transformation of fermionic systems [28]. The inner product in 1/5(301 extends to a

pairing between ,/ijol and IK;; along the geodesic, which is non-degenerate as long as J; is not on the
cut locus of Jy (Corollary A.5).

Theorem 3.3 Let Jo,J1 € J4 and let v = {Ji}o<i<1 be a geodesic from Jy to Ji, t being proportional to
the arc-length parameter. Assume that the geodesic lies completely in the complement of the cut locus of Jy.
Then

1. the parallel transport in I along 7 is L{ng = (det JOJ“]I )_1/4

PJ1 Jos
2. the parallel transport in VX=1 along v is qu T \/det Jij2/vV—1

UV ity /o) = (det 22) (/. /i)

Vl 0, and

for any uo, 1y € A" VE;
3. the parallel transport in H along v, which is L{J T U%Jn ®L{JV1J ~ corresponds to the pairing between

J-C and 5'CJ1 given by

(1 © Viar, o @ Vo) = (¥, o) (Vir, Vito), i € Ky, € A"V (1=0,1).

Proof: 1. Choosing a unitary basis {e;} of V}O’O, the geodesics in J, = SO(2n)/ U(n) are given by Propo-
sition A.3.2. We can assume without loss of generality (cf. the proof of Theorem 3.4 in [15]) that n = 2
and k = 1, b = by > 0; the case n = 1 is trivial. Then as in the proof of Proposition A.4, the vectors

Jo

egt) = cosbt e; —sinbt es, egt) = cosbt ey + sinbt e; form a unitary basis of V}t’o. Since (6P) egt) =-b eg)
and (0P) ey ) = begt , we have (6P)2 = —b and hence (§P)'? = b; here the tensor indices correspond to

the basis {e1 , €5 )} We want to find «(t) such that the quantity «(¢){(¢’, ;) is independent of ¢ for any
' e Hy, if ¢y € FHy, is a parallel transport of g € H,. This would imply L{ngo = a(t)"1 Py, 1,. Since 1y
satisfies the differential equation

Yy = —1 (6P)IV;V ¢y = —bV1Vaihy,

we have
L at) 10) = G W) ~ ball) W', 71V v)
= &(t) (W, ) — ba(t) (W, (sec bt V' — tan bt V)V 1)
= a(t) (', 1) + ba(t) tanbt (', {Vs, Valiby)
= (&(t) — ba(t) tan bt) (', 1hy).



Solving & — batanbt = 0 with «(0) = 1, we get a(t) = (cosbt)~!. By Proposition A.4, the assumption on
the geodesic means that J“;Jf is invertible for all ¢ € [0,1]. Since det J“'Q"Jt = cos bt, this means |b] < &
and the result follows.

2. The formula for L{}{T follows from Lemma A.1. It suffices to show the rest when n = 2 using the above

parametrisation. If we take pg = ego) A eéo), then (ug, o) = 1 and

Z/I?,f}; Mo = e?) A eg) = cos? bt Mo+,

where the omitted part has a factor from VJoo’l. The result then follows from

<U33_1: Lo, fo ) = cos bt = (det % )1/2'

3. This is an immediately consequence of parts 1 and 2. O
Notice that although power of the factor (det # )_1/4 in Theorem 3.3.1 is opposite to that in Theo-

rem 2.3.1, both are greater than 1. Using the fermionic analog of the Bergman kernel projection in Propo-
sition B.2, we have

Corollary 3.4 Let v = e A ¢ € Hy,. Then for fermionic but real € 11V,

—-1/4 V=1 — — -
U35, ) (0) = (det o1 ) M 5 wawﬁﬂwemﬂngix>+x%iauxxw+i}iwhcw]¢u>@u»

We recall from §B.2 the notion of fermionic coherent states.

Theorem 3.5 Under the assumptions of Theorem 3.3,
1. the parallel transport along 7y of the coherent state 5 is, for 6 € 11V,

U 3,¢5,)(60) = (det 250 ) X =) o [VZL g (910 — a, (22 Y (050 — ) ];

2. the parallel transport along v of any state ¥ = €@ A ¢ € Hy, is, for 0 €11V,

1/4 1 = 7 A Jotds Lo, 7 = .
U, )(0) = (det o1 )/ 5= (©) /H exp [52 g (050 —x5 ", (22 Y (050X 5N) + 5% s ()] 6(X) & (X)-

Proof: 1. We follow the proof of Theorem 2.5.1. By Lemma B.1 and Proposition B.2, we get, for fermionic
but real 6 € 11V,

(P, c5,)(0) = €5 = /nv exp [ (05, %) + Y5+ g (25 x, x) ] e/ & (x)
= T O exp [T (030 — a, (2 70N —a))] [ ol
v
= (dot 2op2e )2 T exp [T (0] — @ (25 ) 0 ~ )],

Jo+J1
2

) )

where we made a change of variable x' = x —/—1 (£t )*1(05’10 — @) and used Lemma B.1. The condition

that J‘J;J t is invertible for all 0 < ¢ < 1 implies that % is in the same connected component of invertible

skew-symmetric operators as Jy. The result then follows from Theorem 3.3.1.
2. By Proposition B.2, we have

00.0)= [ e3(6)e Y s 0 ).
nv
The result then follows from part 1 and the linearity of fermionic integration. O

When n = 2, if the geodesic {.J;}o<¢<1 from Jy to Ji is given by z(t) = tanbt, where |b| < 7, then
Theorem 3.5 gives

Uz, 5,¢5,)(0) = cosb exp [(9107i + 0%a%) sech + 1 (a'a® +0'6%) tanb — 1 (616 + 9255)],

which can also be obtained by solving the equation of parallel transport as in the bosonic case (cf. [15]).

10



3.4 Fermionic systems with symmetries

Let (V, g) be a Euclidean space of dimension 2n. The action of SO(V, g) on g, can be lifted to H, preserving
the connection. It can be lifted to an action of the spin group Spin(V, g), which is a double cover of SO(V, g),
on VX1 and hence on H. The lifted action preserves the flat connection.

Suppose K is a compact Lie group with Lie algebra ¢ acting on (V| g) by an orthogonal representation.
Then it also acts on the bundles H and K preserving the connections. Over the fixed-point set (Hg)K ,
the group K acts on the fibres of H{. Each fibre splits orthogonally into a direct sum of subspaces of
various representation-types of K. Since K preserves the connection, the restriction of the bundle H to
d g)K together with the projectively flat connection splits into sub-bundles on which K acts fibre-wisely. In
particular, we have a projectively flat sub-bundle 3% — (J,)% on which K acts trivially on the fibres.

We now study the fermionic reduced phase space IIV /K and its quantisation. The action of the Lie
algebra ¢ yields Hamiltonian “vector fields” on IIV [17]. The moment map g is given by, for any A € ¢,
(ur, Ay = 3g(A- ) € N V* or

(ux(0), A) = 3 g(A6,0), 6cllV, Act

using fermionic variables. Following the construction of the usual symplectic quotients, the fermionic ana-
logue T1V/ K should be the “spec” of the non-commutative ring (A®*(V*)C/{ux))¥, where (jur) is the ideal
generated by (uk, A) for all A € €. The “space” IIV/ K is not usually a graded manifold in the sense of [17];
it would be so if 0 were a regular value of px [2]. So fermionic symplectic quotients are interesting examples
of supermanifolds with curved fermionic coordinates. Consider the example V = R?" with K = S! acting

by weights Ay, ..., A\ # 0, A\py1 = --- = A\, = 0. Then the “coordinate ring” of IIR?" /St is generated by
1,6019% ... ,0%—19%" 9271 62" subject to a relation A\1010% + .-+ \,.0277192" = 0. Here 0',...,0%" are
the fermionic coordinates on IIR?”. When r = 1, the above ring is the exterior algebra on 63,...,6?" and

thus ITR?" /St = [TR*"—2,

Proposition 3.6 Ifdim(J,)* > 0, then there is a non-zero K -invariant complex subspace (V', Jo) of (V, Jo)
with a K -invariant quaternionic structure such that the restriction of uy to IIV' is invariant under the scalar
multiplication by quaternions of unit norm.

Proof: By Proposition C.4.2, there is a non-zero K-invariant complex subspace (V’,.Jy) of (V,Jy) and a
K-invariant quaternionic structure @ on V' such that g(Q-,Q-) = g(-,) on V'. For any A € ¢, we have

(ux(Q9), A) = 5 9(Q0, AQY) = 5 9(Q0,QA0) = 5 g(6, A0) = (uk (), A),
where 6 € TIV'. The result then follows easily from g(Jo-, Jo-) = ¢(-, ) and QJy = —Jo Q. O

4 Concluding remarks

We end with a comparison of the quantisation of bosons and fermions. As explained in §1, the existence of
projectively flat connection is due largely to the fact that the irreducible representation of the operator algebra
(Heisenberg algebra for bosons and Clifford algebra for fermions) is unique up to unitary equivalence. This
enables us to identify, up to a phase, states in Hilbert spaces constructed from various linear polarisations.
Moreover, the geometric structure of the bundle of Hilbert spaces and results on parallel transport are rather
similar in the bosonic and fermionic cases.

We note however some conceptual differences. For bosons, the positivity condition is on the polarisation
whereas for fermions, it is on the Euclidean structure g. Indeed, the unitarity of the representation of the
Heisenberg algebra is not sensitive to the sign of w, whereas for fermions, the positivity condition on ¢ is
the requirement for unitarity [25]. On the other hand, the positivity condition on polarisation for bosons
guarantees the existence of holomorphic sections rather than elements in higher cohomology groups. For
fermions, the cohomology is always at the zeroth degree; this reflects the Dirac sea picture in physics.

Mathematically, the spaces of allowed polarisations are Hermitian symmetric spaces in both cases. For
bosons, the space non-compact, non-positively curved. Though it is contractible, the difficulty occurs at the
boundary at infinity, where the limit of parallel transport should be carefully taken [15]. For fermions, the
space of polarisation is compact, non-negatively curved. Though it has no boundary, interesting phenomena
(non-uniqueness of geodesics, degeneracy of the half-form pairing) because of cut locus (§A.3 and §3.3).
Furthermore, the half-form bundles in metaplectic correction are of opposite powers of the canonical bundle
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in the two cases in order to cancel the curvature of the projectively flat connection. We hope that these
observations are useful to future research on the quantisation of more general symplectic or graded symplectic
manifolds.

Appendix

A Geometry of the space of complex structures

A.1 Complex structures on a vector space

Let V be a real vector space of dimension 2n. Consider the set J of complex structures on V' compatible
with a given orientation on V. For each J € J, there is a decomposition VC = VJI’O @ Vﬁ’17 where VJI’O7 V}J’l
are the holomorphic and anti-holomorphic subspaces, on which J = ++/—1, respectively. Similarly, there is
a decomposition (V*)€ = (V}’O)* & (V})’l)*. For x € V, a € V*, we write, accordingly,

_ .10 0,1 _ 1,0 0,1
r=z; +x;, a=a +aj.

The space J is a connected smooth manifold of real dimension 2n2. At any Jy € J, the tangent space of J is
T;,d = Hom(c(VJlo’O, V?OI) Moreover, a dense open subset of J can be parametrised by Z € Hom(c(VJlO’O7 V?O’I):
for any such Z, the corresponding subspace VJ1 ¥ is the graph of Z, that is, VJ1 0 consists of the vectors of
the form ( g ) under the decomposition V€ = VJIO’0 S3) V})O’l, where x € VJlO’O. These open sets (for various

Zx
Jo) have complex coordinates and form an open cover of J. This defines a complex structure on J. For a

fixed Jy € g, the complement of the open set consists of J € J such that V}’O N Vﬁ(;l # {0}, which happens
when J + Jj is not invertible. On the other hand, not every Z € HomC(VJlO’O, V})O’l) corresponds to a complex
structure. If it does, then the condition V; N V"' = {0} implies that 1 — ZZ € End(VJlo’O) is invertible.
An element Z that violates this condition is on the “boundary” of J. Finally, the projection onto VJ1 0 along
V})’l is Py = % (1—+/=1J). Given Jy, on the dense set where J can be parametrised by Z, the projection is

P = (;) (1-2Z2)"'(1, -2).

Suppose ¢J is an infinitesimal variation of J € J. (The symbol ¢ can be interpreted as the differential on
J.) Since the change 6P = —g&] of P = P; anti-commutes with J, it is off-diagonal with respect to the
decomposition VC = V}’O@VJM. The new holomorphic subspace V}faJ is the graph of the HomC(VJl’O, V}J’l)—
component of §P. Since P + P = idy, we have 6P = —§P.

We consider the vector bundle V — J whose fibre over J € J is VJ1 O This is a sub-bundle of the product
bundle J x VC and has a connection defined by the projection P;. This connection on V is AY = —(6Py)P;
and its curvature is

FV

P](sPJ/\(sPJP]:_iPJ(;J/\(SJPJ

- (;) (1= 2252 N(1- 22)"'62(1 - 22)"\(1, ~2).

The curvature of the line bundle det V = A"V — J is the 2-form
FV — tr(P; 0Py ASPy Py) = tr((1 — ZZ2) 62 N (1 — Z22)7162).

(All expressions in terms of Z are valid on a dense open set of J only.) The canonical line bundle over V' is
the product bundle V' x X ;, where X; = /\n(VJl’O)*. We have a line bundle X — g whose fibre over J € J
is K. In fact, X = (detV)* and its curvature is F* = —FdetV,

The space J has a transitive action of GL (V), the identity component of GL(V') & GL(2n, R) preserving
the orientation on V. At Jy € g, the isotropy subgroup GL(V, Jy) = GL(n, C) consists of elements in GL(V)
that commutes with Jy. Therefore J can be identified as the homogeneous space GL4(V)/ GL(V, Jy). The
Lie algebra of GL4 (V') has the decomposition gl(V') = gl(V, Jy) & m, where gl(V, Jy), m are the subspaces in
gl(V) of elements that commute, anti-commute with Jy, respectively. Since m is invariant under the adjoint
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action of GL(V, Jy) and since [m,m] C gl(V, Jy), GL+(V)/GL(V, Jy) is a reductive symmetric space. The
trace form on m = T, 7 is a GL(V, Jy)-invariant non-degenerate symmetric bilinear form and it induces a
pseudo-Riemannian metric

N =2tr(P;6P;0P; P;) =2tr((1— Z2) %62 (1 - Z2)7162)
on J. It is pseudo-Kéahler with the pseudo-Kéahler form
o=FX/V=1 =v=1tx(P;0P; NSP; Py) =1 tx(1 = ZZ) 62N (1 - Z2)7162).

The group GL, (V) acts on Z by fractional linear transformations preserving o.

The map J — J, 1JJy is an isometric reflection on J that induces minus the identity map on the tangent
space T7,d = m. As J is reductive, a geodesic in g is of the form t + [g;] with g; = go €™ (see [19]), where
go € GL(V), M € m and [g] denotes the coset in GL4(V)/ GL(V, Jy) = J represented by g € GL (V).
The parameter ¢ € R is proportional to the arc-length on the geodesic.

Proposition A.1 For anyt, Jy/2/v/—1 is the parallel transport in V along the geodesic from Jo to J;.

Proof: Since the geodesic starts from Jy, we have gy = 1, hence ¢;gr = gr4+ and gt_1 = g_4. The reflection
at Jy reverses the direction of each geodesic passing through Jy, as Jj Yg.Jo = g_;. The complex structure
at [g¢] is Jy = gtJog;1 = gotJo = Jog_at, and hence JoJ_; = JyJg = —gar. Jo/+/—1 is the identity map on
V}O’O, Ji/2 = giJo maps VJIO’0 to V}t’o, and %Jt/g = g: M Jy maps VJIO’O to V}Jt’l. So Jt/z/\/j satisfies all the
requirements that uniquely defines the parallel transport in V. O

Corollary A.2 If J, J and J"” are three points on a geodesic such that J' bisects the segment between J
and J", then J'J = J'J" and J'//—1, which maps VJI’0 to V},’,O, is the parallel transport in V from J to
J" along the geodesic.

A.2 Complex structures compatible with a symplectic or Euclidean structure

Given a symplectic form w on V, a complex structure J on V is compatible to w if w(J-,J:) = w(:,")
and w(-,J-) > 0. (The second condition implies that the orientation defined by J coincides with that
of the volume form w™/n!.) Let J, be the set of such J. The symplectic form defines an isomorphism
v=v,:V =V byxz €V 1w € V* and a holomorphic involution s = s, on J by J +— vt o TJov.
The fixed-point set J° consists of J € J satisfying w(J-,J-) = w(:,-). The connected components of J°,
one of which is J,, are labelled by the signature of the symmetric bilinear form w(-,J-). Since s is an
isometry, J° is a totally geodesic submanifold. In fact, J, is a K&hler manifold since the pseudo-Kéahler
metric 1 restricts to a positive-definite metric 1, on J,. So the restriction o, of o to J, is a Kahler form.
Given Jy € J,,, the whole space J,, can be parametrised by Z € HomC(VJlO’O, V})O’l). We denote by the same
notation v: VJOO’1 — (V}O’O)* the restriction of the isomorphism v: V€ — (V*)€. Then J € J° if and only if
voZc¢ Sme(VJlO’O)*, or equivalently, Zov~! € Sym? Vfo’l. The tangent space T',d., consists of Z satisfying
this condition. The condition w(-,J-) > 0 is equivalent to 1 — ZZ > 0 with respect to the Hermitian form
ho(x,y) = w(z, Joy) = —vV—1w(x,9), z,y € V}U’O. The symplectic group Sp(V,w) acts transitively on J,, and
the isotropic subgroup at Jy is the unitary group U(V, hg). So J., = Sp(V,w)/ U(V, hy). It can be identified
holomorphically with a bounded Hermitian symmetric domain or with the Siegel upper-half space; the two
are related by a Cayley transform.

If instead there is a Euclidean inner product g on V, let g, be the set of complex structures J that is
compatible with g, i.e., g(J-,J-) = g(-,-), and the orientation on V. There is an isomorphism v = v: V — V*
defined by z € V + 1, € V* and an involution s = s,: J — v~ *oTJov on J. The fixed-point set is J° = J,,.
As s is an isometry, J, is totally geodesic in § as in the symplectic case. g4 is Kéhler since the restriction 1,
of —m to J, is positive definite; the restriction o, of —0 to J, is the Kahler form. Given Jy € J4, we denote
also by v: V})O’l — (V}OO)* the restriction of v: VC — (V*)C. On the dense set of J that can be parametrised
by Z, J € J, if and only if the corresponding Z satisfies voZ € /\Z(V}O’O)*, or equivalently, Zov~! € /\2 VJoo’l.
The tangent space 1'5,d, consists of Z satisfying this condition. For any such Z, we always have 1 — 27 >0
with respect to the Hermitian form ho(z,y) = g(,7), x,y € V}O’O. The group SO(V, g) acts transitively on
J4 and the isotropic subgroup at Jy is U(V, hg). The space J4 = SO(V, g)/ U(V, ho) is a compact Hermitian
symmetric space. Finally, if in addition there is a symplectic form w on V such that w(:, Jy-) is proportional
to g, then J,, and J, intersects at Jy orthogonally with respect to the pseudo-Kéhler metric n on 4.
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We describe the results using tensor indices. Let {e;}1<;<n be a basis of V}O’O. Then {&;} is a basis of Vﬁ)’l.
We represent Z € HOHIC(V}(;O, Vﬁo’l) by a matrix le such that Ze; = Zijéj. If (V,w) is a symplectic vector
space, we have w;; = w(€;,e;) = —w,;. Set Zy; = (vo Z);; = Zi’;w,;j and Z4 = (Zoy=1)ii = wngkj. Then
Z determines an element in J,, if and only if Z;; = Z;; (or Z¥W = Z7%) and the matrix 6] — ZikZ,—g is positive
definite. If (V,g) is a Euclidean space instead, then g;; = g(€;,¢e;) = g;3. Set Zi; = (v o Z);; = Zikgl;j and
Z = (Zov™ 1) = ¢*Z 7. Then Z determines an element in J, if and only if Z;; = —Z;; (or Z" = —Z7%).
If there is a variation §.J of J € J, then we have tensors (0P)/ = —(6P); and (6P)7 = —(6P);. We note

that {e; + de; }, where de; = (5P)ijéj, is a basis of the new holomorphic subspace V}fw, whereas {&; + d¢;},

where de; = (5]5);jé5 = —(5P);jéj, is a basis of V}fw. If (V,w) is symplectic and J € J,,, then J +6J € g,
(to the first order) if and only if any of the tensors (6P);, (6P)Y, (6P)", (6P);; is symmetric. If (V,g) is
Euclidean and J € J,4, then J 4+ §J € J, (to the first order) if and only if any of the above tensors is
anti-symmetric.

Choosing a unitary basis {e;}1<i<n of V}O’O in both the symplectic and the orthogonal cases, we have
Jw = Sp(2n,R)/U(n) and J, = SO(2n)/ U(n), respectively, where Jy is identified with the coset o of the
identity element. Using the basis {e;, &} of V', the Lie groups and/or their Lie algebras that appear in the
above identifications are

= {(§ )70 -} w={( [}
wann = {3 ] ) wan={( I

where U, A, B are n x n complex matrices. The following results on geodesics are well-known:

Proposition A.3 (21, 14]) 1. A geodesic v in Sp(2n,R)/ U(n) from o is of the form
cosh Bt sinh Bt\,; —
V(t) - |:k (sinhBt coshBt)k 1]7
where k € U(n) and B = diag{by,--- ,b,,0,--- ,0} for some by,...,b. >0, r <n.
2. A geodesic vy in SO(2n)/ U(n) from o is of the form

cos v/ — B2t B__ sin v/—B2t
W(t) = |:k ( B__ sin v/— B2t 7?25\/—3215 )k_1:|’

J-52

where k € U(n) and B = diag{(_b bl),-~- ,(_b bT),O,-~- ,O} for some by,...,b. >0, r <[n/2]. (In this
case, vV —B? = diag{by,b1, -+ , by, b,,0,--- ,0}.)

Proof: Writing sp(2n, R) = u(n)@&m and s0(2n) = u(n)@m, respectively, geodesics are of the form y(t) = [e!M]
for some M = (07 Bl) € m. Since B’ = +B’, by Theorems 5 and 7 in [14], respectively, there exists an
n X n complex matriox U, TUU = I, such that B’ = UBTU, where B is of the required form. The results
then follow from simple calculations with k = (g ;) € U(n). O

When n = 1, J, = J because every complex structure compatible with the orientation is compatible
with the symplectic form. Choosing a base vector e; of the 1-dimensional vector space V}O’O, Jw can be

parametrised by z = Zli € C such that |z] < 1, with z = 0 for Jy. The Kéhler form and metric are,

respectively,
_ 2¢v/=1ldzNdz 4dzdz

T TA—EPE 0 T U—Epe

A geodesic through z = 0 is of the form z(t) = eV~ T tanht (0 < o < 27), where ¢ € R is half of the arc-length
parameter. For Euclidean space (V,g), the first non-trivial case is, when n = 2, J,, = SO(4)/U(2) = S2.
Choose a basis {e1, ea} of V}O’O such that ¢g17 = go3, 913 = go1 = 0. Then the dense subset J,\{—Jo} can be

parametrised by Z = (_Z Z), where z € C. On J,, the point —Jy (which would be z = o) is conjugate to

Jo (z =0). The Kéhler form and metric are, respectively,

- _2\/—1dz/\d2 B 4dzdz
TR YT A+ P2

14



A geodesic through z = 0 is of the form z(t) = eV~ tant (0 < a < 27), where t € R is half of the arc-length

parameter. Note that z(t) = oo at ¢ = § corresponds to the antipodal point —.Jy of Jo.

A.3 Cut and first conjugate loci in J,

Given a point o in a Riemannian manifold M, the first conjugate point p of o along a geodesic v from o is
a point such that there is a Jacobi field along v that is zero at o and p but nowhere zero in between. The
collection of such points form the first conjugate locus of 0. The cut point of o along a geodesic v from o is
the point p such that ~ is length-minimising between o and p but fails to be so beyond p. There is an open
cell B in T, M such that the exponential map is a diffeomorphism from B onto a (connected) open subset of
M whose compliment is the cut locus of 0. The image of the closure B under the exponential map is M.

While the structure of cut loci or first conjugate loci for general Riemannian manifolds is quite complicated
(see for example [24]), there is a Lie-theoretical description for compact Riemannian symmetric spaces. For
simply connected symmetric spaces (such as the space J, above), the cut locus and first conjugate locus
coincide [6], though this fails to be true in general [20]. For example, the cut and first conjugate loci of
Grassmannian manifolds are known explicitly in terms of Schubert varieties [27] (see however Remark 4.3
of [20]). We determine the cut (or the first conjugate) locus of J,, which is the space of polarisations of
fermionic systems.

Proposition A.4 Let Jy,J € J4. The following statements are equivalent:
(a) J is on the cut locus of Jy;
(b) det (£3) = 0;
(c) the pairing between Kjol and X' is degenerate.

Proof: Choosing a unitary basis {e;}1<i<n of V}O’O7 we have J, = SO(2n)/U(n). The geodesics from o
are given by Proposition A.3.2. Since k € U(n) acts as an isometry, we can assume k = 1 as well as
by > -+ > b, > 0 without loss of generality. For any ¢, V}t’o has a unitary basis consisting of vectors
652)71 = cos b;t eg;—1 — sin b;t e, eg? = cos b;t eg; + sinb;t é5;— (1 < i <r) and e;t) =e; 2r+1<j<n).

(a)=-(b): The cut point of o along the above geodesic is at t = m/2b;. It is clear that egﬂ/%l) = —€5 €

VJI’O N V?’l and hence det (7JO+J2"/2!’1 ) =0.
7 /2by Jo
(b)=(a): Consider a geodesic v from Jy to J of the above form. Then det (222 ) = 0 implies that
t =m/2b; for some i =1,...,7. Assume i =1. For 2 < j <r, let b; be defined such that \b;\ < by and b;- =b;
1 b A
mod 2b;. Let v/ be the geodesic from o corresponding to B’ = diag{( . ’ ), ( ” 2>,~ - ( y ),O, -0 }
—b1 —by —b..
Then J = +/(mw/2by) is the cut point of o along +'.
(b)<(c): Along the geodesic, let pu; = egt) A Al Then

(11, pro) = [ ] cos® bs = det (L5 )

i=1

and hence the result. O

Corollary A.5 If J € J4 is not on the cut locus of Jy, then
1. det (L4 > 0;

2. the inner product on ,/fK;Ol extends continuously to a non-degenerate pairing between 1/3(;01 and fK}l.
Proof: Consider the geodesic in the proof of Proposition A.4.

L. det (L) =TT;_, cos?b; > 0if t < 7/2b; for all i = 1,...,7.
2. Consider 1 in the proof of Proposition A.4. The pairing is given by (\/fiz, /fto) = [[;—, cos b;. O
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B Berezin integral and the fermionic Bergman kernel

B.1 Calculus of fermionic variables

Let V be an n-dimensional real vector space with a (non-zero) volume element € = ¢y, € A" V. The Berezin
integral of a form o € A*(V*)® on V is

/ aey = (a("),q/),
nv

where the pairing is between the top-degree component o™ and ey . To highlight its formal similarity with
the usual integration, the Berezin integral is often expressed, as in the physics literature, as an “integration”
over fermionic variables. While the setting is well known, we recall it here to fix the sign convention. For
a standard reference, see for example, §1.4-7 of [30]. For a mathematical treatment of graded manifolds or
supermanifolds, especially in the context of geometric quantisation, see [17].

We imagine a copy IIV of the vector space that is identical as V except it has fermionic coordinates,
which are “numbers” satisfying the same law of addition but anti-commute when they are multiplied. If we
choose a basis {e; }1<i<n of V, then a “vector” § € IIV has the form 6 = #’¢;, where 6',...,6" the fermionic
coordinates. Although IV does not exist as a set of points, the “functions” on IIV are elements of the
exterior algebra A\®(V*)C. In fact, any form

n
a= E g iy i€t A N e
k=01<i1<-<ip<n
on V determines a “function”
n
04(9) = E E ailmikﬁ“ R
k=01<i;<--<ir<n

on IIV. The “derivative” of such functions corresponds the usual contraction on forms:

0
~5(6) = (10,0)(6).

Suppose the basis {e;} spans a unit volume, i.e., e = e; A---Ae,. The volume element provides a “measure”
€(0) = dft---dh™ on IIV. The fermionic integral is defined by

n(n—1)

/ a(e)e(e)z/ Qg0 0" O dO" = (—1) " s .
v TIR™

This differs from the Berezin integral by a sign because df’ also anti-commutes with #7. As a useful example,
we calculate

/ VA W / (1+V—1af'6?)vV—1d6'de* =a | 6'd9* | 6%d6° =a,
TIR? TIR? IIR IR

where a € R.
Suppose V' is even dimensional, say dim V' = 2n. Let g be a Euclidean metric on V and € = ¢4, a unit
volume element. Set €, = v/ —1"¢,.

Lemma B.1 If A € End(V) is skew-symmetric with respect to g, then
V=T

ez 9490 ¢ (9) = Pf(A).
IV

Proof: We choose an orthonormal basis of V' so that A decomposes as a direct sum of 2 x 2 skew-symmetric
matrices. The result then follows from the example computed above. O

Now assume that J is a complex structure on V' compatible with g and the orientation given by ¢,. If A
is invertible and if A and J are in the same connected component of invertible, skew-symmetric operators
on V, then

Pf(A) = (det A)Y/2,
where the square root is chosen so that (det J )1/ 2 = 1. Compare this with the usual Gaussian integral in
the proof of Theorem 2.5.1, in which A is symmetric and the determinant factor (det A)'/? appears in the
denominator.
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B.2 The fermionic Bergman kernel and projection

We work with the pre-quantum data of the fermionic system in §3.1: a real Euclidean space (V,g) of
dimension 2n with a complex structure J compatible with g and a unit volume element €, which agrees with
the orientation of J. Choosing a basis {e; }1<i<n of V}’O, we have complex fermionic coordinates 4',...,8
of 6 € HV}’O or ITV. An element v in the pre-quantum Hilbert space Hy can be regarded as a “function”
¥(0,0) of 0" and @ (1 < i <n). The covariant derivative along e; and €; are, respectively,

n

_ 0 _l..0gj =0 _ 1,9
V’L - 907 2 gzge ) vj - 85} 2 gzje 9

where ¢(6,0) = gijﬁiéi. Any ¢ = e YT ¢ € Hy can be written as (cf. Theorem 3.1.1)
$(0,0) = 6(0) e300,

where ¢(6) is a “holomorphic function”, that is, it depends on 6% only. By Theorem 3.1.2, the inner product
ofw:engf/\(bandib’:e e

s A @ in Hy is
W'y = [ 6(6) ¢ (8) e 9D &, (6).
IV

Here ¢(0)* is obtained from ¢(0) by complex conjugation and reversing the order in the multiplication, i.e.,

(01 ) =g f ) 1<ip < <ip<n, 0<Ek<n.

The formula bears a formal resemblance with that in Proposition 2.1.2 of the bosonic case. Moreover, the
projection from Hy to H; is given by the fermionic counterpart of the Bergman kernel.

Proposition B.2 The orthogonal projection from 1 € Hy onto Hy is

¥(0,0) — 72900 /H § e9(0 0= 59000) 4y (x, 1) E(x).

Proof: Suppose the basis is unitary, i.e., g(e;, €;) = d;;. We write 0y = 01! + - + 6"x" for two fermionic
vectors 1, x in IIV. The fermionic measure can be written as

&(0) = do'df" - - - do"de™ = dode.

It is easy to check that 3{; has an unitary basis {#% - - - gire—399 [0<k<n1<i <---<i, <n} So the
Bergman kernel that produces the orthoganal projection from Hy to H; is

n
‘K'(e7 )Z) _ 6_%95_%XX Z Z 9i1 . eikXEk . le — e@){—%@é—%xi'

k=01<i;<--<ip<n

A fermionic coherent state c5 is of the form

1,0 . - — .
where o € IIV;"" is a fermionic parameter. The above projection can be written as

0 (6,8) —s e~ 3900) / G007 (6 X) €.

Iv

Finally, we find the relation to real fermionic coordinates. Let g = 6+ 6 € IIV. We have 2\/—1g(0,0) =

w (0o, 60p), which we write as w(y) for short. Then the fermionic Gaussian factor becomes e Tt @i(00),
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C Invariant real, complex and quaternionic structures

C.1 Representations of real and quaternionic types

Let W be a finite-dimensional complex vector space. An operator C: W — W is conjugate linear if C is
real linear and C(ax) = a(Cz) for all a € C, x € W. Such operators are in Homc (W, W), where W the
complex vector space which is equal to W as an Abelian group but whose scalar multiplication is given by
(a,x) € CxW + axz € W. A real structure on W is a conjugate-linear operator R on W such that R? = idyy.
Such an R determines a real vector space Wy = W C W fixed by R and W = (WO)C as complex vector
spaces. A quaternionic structure on W is a conjugate-linear operator @ on W such that Q? = —idy . This
makes W a quaternionic vector space whith the scalar multiplication (a 4+ bj,z) € Hx W — ax +bQx € W
(where a,b € C).

Suppose a group K acts on W by a complex representation. The representation is of real type if there is
a K-invariant real structure on W. Such a representation is the complexification of a real representation of
K on W,. The representation is of quaternionic type if there is a K-invariant quaternionic structure on W.
Such a representation is quaternionic-linear with the above scalar multiplication by H. We refer the reader
to [4] for the standard properties of real- and quaternionic-type representations. We collect here some more
results that will be used in §C.2.

Unless stated otherwise, we assume from now on that K is a finite group or a compact Lie group. By
averaging over K, there is a K-invariant Hermitian form h: W x W — C on W. Our convention of Hermitian
forms on W is that they are complex linear in the first variable but conjugate linear in the second. (However,
we took the opposite convention of physicists for pre-quantum or quantum Hilbert spaces.)

Lemma C.1 Consider a representation of K on a complex vector space W. Then

1. the representation is of real (quaternionic, respectively) type if and only if there is a non-degenerate K-
invariant symmetric (skew-symmetric, respectively) bilinear form on W ;

2. there is a non-zero sub-representation W' C W of real (quaternionic, respectively) type if and only if there
is a non-zero K -invariant symmetric (skew-symmetric, respectively) bilinear form on W.

Proof: Part 1 is well known; see for example Proposition I1.6.4 in [4] or the proof of Lemma C.2 below. Part 2
follows immediately by taking W' as the orthogonal complement (with respect to a K-invariant Hermitian
form) of the kernel of the bilinear form. O

Lemma C.2 Under the same conditions as in Lemma C.1, suppose h is a K-invariant Hermitian form
on W. If the representation of K on W is of real (quaternionic, respectively) type, then there is a K-
invariant real structure R (quaternionic structure Q, respectively) on W such that h(Rz, Ry) = h(y,x)
(h(Qx,Qy) = h(y, ), respectively) for all x,y € W.

Proof: Suppose Cj is a K-invariant real (quaternionic, respectively) structure on W. Then C3 = €idyy, where
e = +1, respectively. Consider the complex bilinear form 8 on W given by 8(z,y) = h(z, Coy) + € h(y, Cox),
where xz,y € W. Then § is symmetric (skew-symmetric, respectively) when e = 1. Moreover,  is non-
degenerate as 3(Coz,x) = h(z,z) + h(Coz,Cox) for any x € W. Following the proof of Proposition 11.6.4
in [4], we define an invertible, conjugate-linear operator C on W by S(x,y) = h(z,Cy), z,y € W. Then
h(C?z,y) = eh(Cy,Cx) = h(z,C?%y). Consequently, ¢ C? is self-adjoint and positive definite with respect
to h. The space W decomposes as a direct sum of eigenspaces of € C2, each of which is K-invariant since
C? is so. Without loss of generality, assume that W is the eigenspace of € C? of a single eigenvalue A > 0.
Since C? = eXidy and Mi(z,y) = h(Cy,Cx) for all z,y € W, A"Y/2C is the desired real (quaternionic,
respectively) structure on W when e = +1. (]

The results in Lemma C.2 can also be explained in matrix language; we do so when the representation is
of real type. Choosing a real basis of the real subspace Wy, the Hermitian form h corresponds to a positive
definite Hermitian matrix H. There is a unitary matrix U such that D = TUHU is a diagonal matrix
of positive entries. With the representation of K, U can be chosen to commute with K. Let R = U TU.
Since RR is the identity matrix, R defines a real structure on W. The result follows form the identity
TRHR=UD'U = H.

C.2 Complex structures invariant under a representation

If V is a real vector space and J is a complex structure on V', we denote by (V, J) the complex vector space
whose underlying real vector space is V' and on which the scalar multiplication by v/—1 is the action of J.
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Clearly, (V,J) = VJ1 0 as complex vector spaces. Let K be a finite or a compact Lie group. A presentation
of K on V is a complex representation on (V,J) if and only if J € J is invariant under K.

Proposition C.3 1. Suppose (V,w) is a symplectic vector space and J € J,. If a representation of K
on (V,J) is of real type and preserves w, then there is a K-invariant real structure R on (V,J) such that
w(Rz, Ry) = —w(z,y) for allz,y € V.

2. Suppose (V,g) is an oriented Euclidean vector space of even dimension and J € 4. If a representation
of K on (V,J) is of quaternionic type and preserves g, then there is a K-invariant quaternionic structure Q
on (V,J) such that g(Qx, Qy) = g(x,y) for all z,y € V.

Proof: 1. Let h(z,y) = w(x,Jy) — vV—1w(z,y), z,y € V. Then h is a K-invariant Hermitian form, as
h(Jx,y) = —h(x, Jy) = vV/—1h(z,y). By Lemma C.2, there is a K-invariant real structure R on (V,J) (i.e.,
RJ = —JR, R? = idy) such that h(Rx, Ry) = h(y,x). This is equivalent to w(Rx, Ry) = —w(x,y).

2. Let h(z,y) = g(z,y) — vV—1g(Jx,y), z,y € V. Then h is a K-invariant Hermitian form, as h(Jz,y) =
—h(z,Jy) = v—=1h(z,y). By Lemma C.2, there is a K-invariant quaternionic structure Q on (V,J) (i.e.,
QJ = -JQ, Q* = —idy) such that h(Qz,Qy) = h(y,x). This is equivalent to g(Qz, Qy) = g(z,y). a

Since the group K acts on g, (4, respectively) by isometry, the fixed-point set (d.,)% ((34)¥, respectively)
is a totally geodesic submanifold.

Proposition C.4 1. Suppose Jy € J., is preserved by a symplectic representation of K on (V,w). Then
Ty, (J) ¥ = (Sym2(V}O’O))K. Moreover, the following statements are equivalent:

(a) (3.,)% contains a point other than Jy;

(b) (Sym*(V;.2)% # {0};

(c) there is a non-zero complex sub-representation (V') Jy) of (V,Jo) of real type.
In this case, V' can be chosen as a symplectic subspace and there is a K -invariant real structure R on (V', Jy)
such that w(Rx, Ry) = —w(x,y) for all x,y € V.
2. Suppose Jy € J4 is preserved by an orthogonal representation of K on (V,g). Then TJO(HQ)K =
(/\2(VJIOO))K Moreover, the following statements are equivalent:

(a) (34)% is not a discrete set;

(b) (N* (V") # {0}

(c) there is a non-zero complex sub-representation (V' Jo) of (V,Jo) of quaternionic type.
In this case, there is a K-invariant quaternionic structure Q on (V',Jy) such that g(Qx, Qy) = g(x,y) for
all x,y e V'.

Proof: 1. The result on the tangent space follows from §A.2. Since J,, is also K-equivariantly diffeomorphic to
Sym2(VJ10’0), the equivalence of (a) and (b) is clear. The equivalence with (c) is a consequence of Lemma C.1.2
and the rest follows from Proposition C.3.1.

2. Although (J,)% is not (/\Q(V}O’O))K globally, the latter is isomorphic to the tangent space T}, (d,)%, which
is zero if and only if (J,)¥ is a discrete set. The rest of the proof is similar to that of part 1. O

By compactness, the set (J,)¥ is finite if it is discrete. When K is a compact torus group, the number
of elements in (J,)% is equal to the Euler characteristic x(J,) = 2"~!. (This is the quotient of the order of
the Weyl group of SO(2n) by that of U(n).) For example, J, = S? when n = 2. If K = S! acts on C? with
weights 1 and —1, then the fixed-point set in J, is (d4)% = {£Jo}, whose cardinal is 2 = x(S?).
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