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Abstract
We consider a finite-state memoryless channel with i.i.d. channel state and the
input Markov process supported on a mixing finite-type constraint. We discuss the
asymptotic behavior of entropy rate of the output hidden Markov chain and deduce
that the mutual information rate of such a channel is concave with respect to the
parameters of the input Markov processes at high signal-to-noise ratio. In principle,
the concavity result enables good numerical approximation of the maximum mutual

information rate and capacity of such a channel.

1 Channel Model

In this paper, we show that for certain input-restricted finite-state memoryless channels,
the mutual information rate, at high SNR, is effectively a concave function of Markov input
processes of a given order. While not directly addressed here, the goal is to help estimate the
maximum of this function and ultimately the capacity of such channels (see, for example,
the algorithm of Vontobel, et. al. [11]).

Our approach depends heavily on results regarding asymptotics and smoothness of en-
tropy rate in special parameterized families of hidden Markov chains, such as those developed
in [5], [9], [3], [4], and continued here.

We first discuss the nature of the constraints on the input. Let X be a finite alphabet.
Let X™ denote the set of words over X of length n and let X* = U,X". A finite-type
constraint S is a subset of X* defined by a finite list F of forbidden words [7, 8]; in other
words, S is the set of words over A that do not contain any element in F as a contiguous
subsequence. We define §,, = S N A™. The constraint § is said to be mixing if there exists
N such that, for any u,v € S and any n > N, there is a w € §,, such that uwv € §.

In magnetic recording, input sequences are required to satisfy certain constraints in order
to eliminate the most damaging error events [8]. The constraints are often mixing finite-
type constraints. The most well-known example is the (d, k)-RLL constraint S(d, k), which



forbids any sequence with fewer than d or more than k consecutive zeros in between two 1’s.
For §(d, k) with k < oo, a forbidden set F is:

+

When k£ = oo, one can choose F to be

F={10---01:0<1l<d};
I

in particular when d = 1,k = 0o, F can be chosen to be {11}.

The maximal length of a forbidden list F is the length of the longest word in F. In
general, there can be many forbidden lists F which define the same finite type constraint S.
However, we may always choose a list with smallest maximal length. The (topological) order
of S is defined to be 7 = 7(S) where m + 1 is the smallest maximal length of any forbidden
list that defines S (the order of the trivial constraint X* is taken to be 0). It is easy to see
that the order of S(d, k) is k when k < oo, and is d when k = oo; S(d, k) is mixing when
d<k.

For a stationary stochastic process X over X, the set of allowed words with respect to X
is defined as

AX) ={uw’,:n>0P(X°, =uw’,) > 0}.

Note that for any m-th order stationary Markov process X, the constraint & = A(X) is
necessarily of finite-type with order m < m, and we say that X is supported on S. Also, X
is mixing iff S is mixing (recall that a Markov chain is mixing if its transition probability
matrix, obtained by appropriately enlarging the state space, is irreducible and aperiodic).
Note that a Markov chain with support contained in a finite-type constraint & may have
order m < m.

Now, consider a finite-state memoryless channel with finite sets of channel states ¢ € C,
inputs x € X, outputs z € Z and input sequences restricted to a mixing finite-type constraint
S. The channel state process C' is assumed to be i.i.d. with P(C' = ¢) = ¢.. Any stationary
input process X must satisfy A(X) C S. Let Z denote the stationary output process
corresponding to X; then at any time slot, the channel is characterized by the conditional
probability

p(zlz,c) = P(Z = z|X = 2,C = ¢).

We are actually interested in families of channels, as above, parameterized by € > 0 such
that for each z, ¢, and z, p(z|x,c)(¢) is an analytic function of € > 0. We assume that for all
x, ¢, z, p(z|r,c)(e) is not identically 0 as a function of €, so that for small ¢ > 0, for any input
x and channel state ¢, by analyticity, any output z can occur. We also assume that there
is a one-to-one (not necessarily onto) mapping from X" into Z, z = z(z), such that for all ¢
and z, p(z(z)|z,c)(0) = 1; so, € can be regarded as noise, and z(z) is the noiseless output
corresponding to input x. Note that the output process Z = Z(X, ) depends on the input
process X and the parameter value €; we will often suppress the notational dependence on
e or X, when it is clear from context.

Prominent examples of such families include input-restricted versions of the binary sym-
metric channel with crossover probability € (denoted by BSC(¢)), the binary erasure channel
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with erasure rate € (denoted by BEC(¢g)), and some special Gilbert-Elliott Channels, where
the channel state process is a 2-state i.i.d. process, with one state acting as BSC(g) and the
other state acting as BSC(ke) for some fixed k; see Section 3 of [4].

Recall that the entropy rate of Z = Z(X, ¢) is, as usual, defined as

H(Z) = lim H,(Z),

n—oo

where

Ho(Z) = H(Zo|ZZ3) = Y —p(22,) log plz0|2,)-

0

Zln

The mutual information rate between Z and X can be defined as

1(Z;X) = lim I,(Z; X),

n—oo

where .
I,(Z:X)=H,(2)— ——H(Z° |X° ).
(Z:X) = Hu(Z) = —— H(Z,]X2,)

Given the memoryless assumption, one can check that the second term above is simply
H(Zy| Xo) and in particular does not depend on n.

Under our assumptions, if X is a Markov chain, then for each € > 0, the output process
Z = Z(X,¢)is a hidden Markov chain and in fact satisfies the “weak Black Hole” assumption
of [4], where an asymptotic formula for H(Z) is developed; the asymptotics are given as an
expansion in € around € = 0. In section 2, we further develop these ideas to establish
smoothness properties of H(Z) as a function of € and the Markov chain input X of a fixed
order. In particular, we show that H(Z) can be expressed as G(X, )+ F (X, ¢) log(e), where
G(X,¢e) and F(X,¢) are smooth (i.e., infinitely differentiable) functions of € near 0 for any
first order X supported on S (in fact, F'(X, ) will be analytic); the log(e) term arises from
the fact that the support of X will be contained in a non-trivial finite-type constraint and
so X will necessarily have some zero transition probabilities; this prevents H(Z) from being
smooth in € at 0.

In Section 3, we apply the smoothness results to show that for a mixing finite-type
constraint S of order 1, and sufficiently small €y > 0, for each 0 < e < gy, I,(Z(¢, X); X)
and I(Z (X, e); X) are strictly concave on the set of all first order X whose non-zero transition
probabilities are not “too small”. This will imply that there are unique first order Markov
chains X,, = X,,(¢), Xoo = Xoo(€) such that X, maximizes [,,(Z(X,¢), X) and X, maximizes
I(Z(X,e),X). It will also follow that X, (¢) converges exponentially to X (¢) uniformly
over 0 < ¢ < gp. In principle, the concavity result enables (via any convex optimization
algorithm) good numerical approximation of X,,(¢) and X (¢) and therefore the maximum
mutual information rate over first order X. This can be generalized to m-th order Markov
chains, and as m — o0, this maximum converges to channel capacity; furthermore it can be
generalized to higher order constraints.



2 Asymptotics of Entropy Rate

2.1 Key ideas and lemmas

For simplicity, we consider only mixing finite-type constraints S of order 1, and correspond-
ingly only first order input Markov processes X such that A(X) C S (the higher order case
is easily reduced to this). For such X with transition probability matrix II, (X, C) is also a
first order Markov chain, with transition probability matrix:

Q((Iv C)’ (y> d)) = Hx,de'

For any z € Z, define
Q.((z,¢), (y,d)) = Uy yqap(2ly, d). (1)
Note that 2, implicitly depends on e through p(z|y, d). One checks that

> a.=q,

zEZ

and
p(zgn) =7, Q Q1 (2)

where 7 is the stationary vector of 2 and 1 is the all 1’s column vector.

For a given analytic function f(¢) around ¢ = 0, let ord (f(¢)) denote its order with
respect to ¢, i.e., the degree of the first non-zero term of its Taylor series expansion around
e = 0. Thus, the orders ord (p(z|x, ¢)) determine the orders ord (p(z°,,)) and similarly orders
of conditional probabilities ord (p(zo|z=})).

n

Z—n+1

Example 2.1. Consider a binary symmetric channel with crossover probability € and a
binary input Markov chain X supported on the (1, 00)-RLL constraint with transition prob-

ability matrix
_|1l=pp
=[]
where 0 < p < 1. Here there is only one channel state, and so we can suppress dependence

on the channel state. The channel is characterized by the conditional probability

1l—¢ ifz==z

p(z|z) = p(z|z)(e) = { e ifz#uz

Let Z be the corresponding output binary hidden Markov chain. Now we have

0. | A=p)=¢) pe| o _ | (I=pk p(l-¢)
0 1—¢ N € 0
The stationary vector 7 = (1/(p + 1),p/(p+ 1)), and one computes, for instance,
2p —p’
1+p

p(Z_QZ_l,ZO = 1].0) = 79191901 = €+ O(€2>,

which has order 1.



Let M denote the set of all first order stationary Markov chains X satisfying A(X) C S.
Let Ms, 6 > 0, denote the set of all X € M such that p(w®,) > § for all w’; € S,. Note
that whenever X € M, i.e., A(X) =&, X is mixing (thus its transition probability matrix
IT is primitive) since S is mixing, so X is completely determined by its transition probability
matrix II. For the purpose of this paper, however, we find it convenient to identify each
X € M, with its vector of joint probabilities p = px on words of length 2 instead:

p=px = (P(X?, =w?)):w’, € Sy);

sometimes we write X = X (p).
In the following, for any parameterized sequence of functions f,, »(¢) (£ is real or complex),
we use

far(e) = O(™) on A
to mean that there exist constants C, 31, B2 > 0, €9 > 0 such that for all n, all A € A and all
0 S ’5‘ S €0,
[far(©)] < 0 (Clel®)".

Note that f,x(g) = O(e") on A implies that there exists g5 > 0 and 0 < p < 1 such that
|faa(e)] < p" for all || < &g, all A € A and large enough n. One also checks that a term
O(e™) is unaffected by a multiplication of a exponential function (thus polynomial function)
in n and a polynomial function in 1/e;

Remark 2.2. For any given f, (g) = O(¢"), there exists g, > 0 and 0 < p < 1 such that for
any |e| < eo, |g1(n)g2(1/e) fun(e)] < p", for all [e| < &g, all A € A, all polynomial functions
g1(n), ga(1/€) and large enough n.

Of course, the output joint probabilities p(2°,) and conditional probabilities p(zo|z=2)
implicitly depend on p'€ M; and . The following result asserts that for small e, the total
probability of output sequences with “large” order is exponentially small, uniformly over all
input processes.

Lemma 2.3. For any fired 0 < o < 1,

Y p(zh) =0 on Mo,
ord (p(z:,,ll))za”

Proof. Note that for any hidden Markov chain sequence 2=}, we have

n’

—1

p(z2)) = Zp(f;lwcjl) H p(zilxi, ¢;), (3)
where the summation is over all (2=}, c_5,). Now consider 2=} with k = ord (p(zZ})) > an.
One checks that for € small enough there exists a positive constant C' such that p(z|x,c) <
Ce for (z,¢,z) with ord (p(z|z,c)) > 1, and thus the term [[._'_ p(zi|zs,¢;) as in (3) is



upper bounded by C*e* which is upper bounded by C*"¢®" for ¢ < 1/C. Noticing that
D e 11 p(z=},cZ1) = 1, we then have, for £ small enough,

Z Z Z _n, Com an < yzyncan an

1 o1 =1 1
n))Zom n Ty,

ord (p(zZ

which immediately implies the lemma. O

Now for any 6 > 0, consider a first order Markov chain X € Mg with transition prob-
ability matrix IT (note that X is necessarily mixing). Let II® denote a complex “transition
probability matrix” obtained by perturbing all entries of Il to complex numbers, while sat-
isfying Zy Hgy = 1. Then through solving the following system of equations

7®1I¢ = 7©, E 7t =
y

one can obtain a complex “stationary probability” 7€, which is uniquely defined if the
perturbation of II is small enough. It then follows that under a complex perturbation of II,
for any Markov chain sequence z°,, one can obtain a complex version of p(z",) through

complexifying all terms in the following expression:

0 —
p(x—n) - 7Tl'fn]'_‘[itfn75’3—114—1 e HCC_LCC()?

namely,
C(.0 C 1C c .
p ($_n) = ﬂ-xfnnﬁfn»x—rH—l HCC 1,207
in particular, the joint probability vector p can be complexified to p€ as well. We then use
MSE(n), n >0, to denote the n-perturbed complex version of Ms; more precisely,

M (n) = {(P°(wly) : w?y € S)| [Ip° — Pl < for some '€ M},

which is well-defined if 1 is small enough. Furthermore, together with a small complex
perturbation of &, one can obtain a well-defined complex version p©(2°,) of p(z°,) through
complexifying (1) and (2).

Using the same argument as in Lemma 2.3 and applying the triangle inequality to the
absolute value of (3), we have

Lemma 2.4. For any 0 > 0, there exists n > 0 such that for any fived 0 < o < 1,

Y. D)= O(El) on MG ().

ord (p€ (z_"))>om

By Lemma 2.3 and Lemma 2.4 means that we can focus our attention on output sequences
with relatively small order. For a fixed positive a, a sequence 2~} € Z™ is said to be a-typical
if ord (p(2Z;)) < an; let T¢ denote the set of all a-typical Z-sequences with length n. Note
that this definition is independent of p'e M.



For a smooth mapping f(%) from R* to R and a nonnegative integer ¢, D%f denotes the
(-th total derivative with respect to &; for instance,

0 02
baf = (89{) and Dzf = (@:E éfx )

In particular, if ¥ = g € Mg or & = (p,e) € My x [0,1], this defines the derivatives
Dlp(zo|z_}l) or D%’Ep(zo\z:}l). We shall use | - | to denote the Euclidean norm (of a vector or

a matrlx) and we shall use || Al| to denote the norm of a matrix A as a linear map under the
Euclidean norm, i.e.,

A
1A] = sup 1A%
x;éO |CL’|

It is well known that ||A|| < |A].
In this paper, we are interested in functions of ¢ = (p,e). For any smooth function f of
qgand 7 = (n1,n92, -+ ,Nys,+1) € Z‘fQHl, define

ol f

97" 0q5” -+ Oqg, 2y

f(ﬁ) —

here |77| denotes the order of the 7i-th derivative of f with respect to ¢, and is defined as
|7i] =1y +ng + -+ nysya

The next result shows, in a precise form, that for a-typical sequences 2% . the derivatives,
of all orders, of the difference between p(zo|z 1) and p(z|z~} ) converge exponentially in
n, uniformly in p'and €. For n < m,m < 2n, define

nmm = {( mo —m) € Zm+1 X Zm+1‘2 =z~ 7ll 18 oz—typical}.

n

Proposition 2.5. Assume n < m,m < 2n. Given 6y > 0, there exists a > 0 such that for
any A
| ap(zo|z—71n) Dfs,ep(20|2:71h)| = O(En) on M50 X Tgmm

The proof of Proposition 2.5 depends on estimates of derivatives of certain induced maps
on a simplex, which we now describe. Let W denote the unit simplex in RI*ICl e, the set
of nonnegative vectors, which sum to 1, indexed by the joint input-state space X x C. For
any z € Z, (), induces a mapping f, defined on W by

ws,
) 4
w1 (4)

fo(w) =

Note that 2, implicitly depends on the input Markov chain p'€ M, and ¢, and thus so does
f-. While w2,1 can vanish at ¢ = 0, it is easy to check that for all w € W, lim._¢ f,(w)
exists, and so f, can be defined at ¢ = 0. Let Oy, denote the largest order of all entries of
), (with respect to ¢) for all z € Z, or equivalently, the largest order of p(z|z,c)(e) over all
possible z, ¢, z.
For €y, 9 > 0, let
Usyco = {0 € Ms,, € € [0,0]}.



Lemma 2.6. Given oy > 0, there exists ¢g > 0 and C. > 0 such that on Us, ., for all z € Z,
|Dyf.] < C./e2°M on the entire simplex W .

Proof. Given 0y > 0, there exist ¢ > 0 and C' > 0 such that for any z € Z, w € W, we
have, for all 0 < e < g,
lwQ, 1| > CeO™ .

We then apply the quotient rule to establish the lemma. Il

For any sequence 2z~ € Z", define

A
Q-1 =0, 0 Q.

Z_N41 -1

Similar to (4), QZ:}V induces a mapping fz:llv on W by:

’U}Q -1
Z_N

- w11
-N

fomy, (w)

Z_N

By the chain rule, Lemma 2.6 gives upper bounds on derivatives of fz:]lv . However, these

bounds can be improved considerably in certain cases, as we now describe. A sequence
Z:}V € ZN is Z-allowed if there exists x:}v € A(X) such that

2Tk = 2(a7h) 2 (2lan), 2(wonin) o 2(w)),

Note that 2~ is Z-allowed iff ord (p(z_3)) = 0.

Since II is a primitive matrix, there exists a positive integer e such that I1¢ > 0. For any
z € Z, let I, denote the set of indices of the columns (z,¢) of €2, such that z = z(z); note
that I, can be empty for some z € Z.

Lemma 2.7. Assume that X € Mgy. For any Z-allowed sequence z:]lv = z(mj\,) e ZN
(here x_% € S), if N > 2¢Oy, we have

ord (2,1 )(s,t1)) = ord (2,1 (s, £2)),
for all s, and any ti,to € I,_,, and
ord (2, 4 )(s.11)) < ord (2,1 ) (s, 2)),

foralls, and anyty € I, |, to &1, ,.
Proof. Let s = (Z_y_1,¢-n-1),t = (Z_1,61) € X X C. Then

Q-1 (s,1) = P((X-1,C-1) = (8-1,621), 22y = 225 [(Xon-1, C-n1) = (F-n-1,C-n-1))

= p((&-1,61), 225 (B-n—1, En))

It then follows that

ord (Qz:]lV(S?t)) = ord (p((j:—h 6—1)7 Z:]1V|(i‘—N—17 é—N—l))) = ord (p(<£—N—17 é—N—1>7 Z:]1V7 (j:—17 é—l)))
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Since

p(<i‘—N—17é—N—l)7Z:]1VJ(‘%—176—1)) - Z p<j7:]1v_17é:]1\/_172:]1\1)7

we have

—1
ord (Qz:]lv (s,t)) = min '_ZN ord (p(z| 4, &),

where the minimization is over all sequences (i:?\,, é:?\,) such that -, € S.

Since I1¢ > 0, there exists some -3 """ such that #_y_ 1. = _n_14 and p(2-N"17¢) >
0, and there exists some 2°2 such that #_, = x_. and p(2-%) > 0. It then follows from
ord (p(z|z,c)) < Oy that, as long as N > 2e0,,, for any fixed ¢ and any choice of order
minimizing sequence (2-3,(t), ¢_3(t)), there exist 0 < ig = io(t), jo = jo(t) < €Oy such that
2(21(t)) = 2! if and only if i > =N — 14 ig(t) and j < —1 — jo(t). One further checks that,

for any choice of order minimizing sequences corresponding to ¢, (2-3,(), -3 (%)),

io(t)
Z ord (p(zi|%(t), ¢(t))),

i=—N

does not depend on ¢, whereas jy(t) = 0 if and only if z(Z_1) = z_;. This immediately
implies the lemma.

L
Example 2.8. (continuation of Example 2.1)
Recall that
_ | A=p)(I—¢) pe _ | (I=p)e p(1—¢)
o = 1—¢ o | = 3 0 '

First, observe that the only Z-allowed sequences are 00,01, 10; then straightforward compu-
tations show that

[ =p2(1—e)2+pe(l—e) p(l—pe(l—e)
Goflo =1 - p)(1-ep? pe(l - ) } ’
[ @=p)e(l—e)+p? p(1—p)(1—c¢)?
Gofh =1 (e 2o p(1 - e)? ] ’
[ (=pPe(l—e)+p(l—e)? p(l—p)?
thily = (1-p)e(l—2) pe? ] '

Note that in the spirit of Lemma 2.7, for each of these three matrices, there is a unique
column, each of whose entries minimizes the orders over all the entries in the same row.

Now fix N > 2eOy;. For any w € W, let v = fz:]lv(w). Note that the mapping fz:]lv

implicitly depends on €, so v is in fact a function of €. If Z:le = z(xj\,) € ZV is Z-allowed,
by Lemma 2.7, when € = 0,

e vy;=0ifand onlyifi & I, |,



e for each i = (x_1,¢_1) € I._,, v; = q._,, which does not depend on w.

Let ¢(z) € W be the point defined by q(2)u, = ¢. for all (z,c) with z(z) = 2z and 0
otherwise. If 2~ is Z-allowed, then

lim fz:]l\,<w) = q(z-1);

e—0

thus, in this limiting sense, at ¢ = 0, fz:]lv maps the entire simplex W to a single point

q(z_1). The following lemma says that if z_3,_, is Z-allowed, then in a small neighbourhood
of g(z_n_1), the derivative of fz:]lv is much smaller than what would be given by repeated

application of Lemma 2.6.

Lemma 2.9. Giwen oy > 0, there exists g > 0 and C. > 0 such that on Us, .., if z:}v_l 18
Z-allowed, then |Dw~fz:11\,| < C.e on some neighbourhood of q(z_n_1).

Proof. By the observations above, for all w € W, we have

-1 (w) = q(z-1) +er(w),

—-N

where 7(w) is a rational vector-valued function with common denominator of order 0 (in ¢)
and leading coefficient uniformly bounded away from 0 near w = q(z_y_1) over all 7€ M,,.
The lemma then immediately follows. O]

2.2 Proof of Proposition 2.5

We now explain the rough idea of the proof of Proposition 2.5, for only the special case

¢ =0, i.e., exponential convergence of the difference between p(zy|2=}) and p(zo|2=}_,). Let

N be as above and for simplicity consider only output sequences of length a mlﬁtiiole N:
n =ngN. We can compute an estimate of D, f,o _ by using the chain rule (with appropriate
care at ¢ = 0) and multiplying the estimates on ]Dwfzqvﬂml given by Lemmas 2.6 and 2.9.
This yields an estimate of the form, [Dyfo | < (Aglz_Bo‘)" for some constants A and B,
on the entire simplex W. If « is sufficiently small and 2~} is a-typical, then the estimate
from Lemma 2.9 applies enough of the time that f.,o ~exponentially contracts the simplex.

Then, interpreting elements of the simplex as conditional probabilities p((z;,¢;) = +|2%,.),
-1 1

we obtain exponential convergence of the difference |p(z9|2Z,,) — p(20|2-,_1)|, as desired.
Proof of Proposition 2.5. For simplicity, we only consider the special case that n = ngN, m =
molN,m = moN for a fixed N > 2eO,; the general case can be easily reduced to this special
case. For the sequences 2_;,, 2”1 define their “blocked” version [z] [é]jo by setting

—m) —myg? my
2=z i = mmo mmo L =L [y = ST = o, o L L
Let A A
Wi,—m = Wi,—m(2L,,) = p((i, i) = - |2L,),
where - denotes the possible states of Markov chain (X, C). Then one checks that

p(ZO|Z:71n) = w_1,-mfly1 (5)
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and w; _,, satisfies the following iteration

W(it1),—m = [z (Wi —m) -—n<i< -1,
and the following iteration (corresponding to the blocked chain [2]Z}, )
Wit )N-1,-m = S]] (Win—1,—m) —ng <1< -1, (6)
starting with
Wop1,-m = P((Tp1, conr) = -[22571),

Similarly let

Wi —p = wi,—m(zl—m) = p((ws,¢:) = - [21),
which also satisfies the same iterations as above, however starting with
w—n—l,—fn :p((‘r—n 1y C—n— 1) - Z::;Lz 1)'

We say [2]Z,, “continues” between [2];_1 and [z]; if [2]¢_; is Z-allowed; on the other hand,
we say [2]Z, “breaks” between [z];_; and [2]; if it does not continue between [z];_; and [2];,
namely, if one of the following occurs

1. [z]i—1 is not Z-allowed;
2. [z]; is not Z-allowed;
3. both [z];_; and [z]; are Z-allowed, however [z]}_; is not Z-allowed.
Iteratively applying Lemma 2.6, there is a positive constant C, such that
[ D fizg:] <

on the entire simplex W. In particular, this holds when [2]Z}, “breaks” between [2];,_; and

[2];, When [2]Z},, “continues” between [z],_1 and [z];, by Lemma 2.9, we have that if ¢ is

small enough, there is a constant C,. > 0 such that

|D fl21,] < Cee (8)

2NOIVI’ (7)

on f[z]Fl (W)
Now, apply the mean value theorem, we deduce that there exist &, —ng < i < —1 (here
& is a convex combination of w_;y_1 _,, and W_;n_1 ) such that

[W_t,mm — Wt | = |f[z 1 (W_ngN—1,-m) _f[z}*l (W—noN—1,-1)]
—ng —ng

-1
S H ||Dwf[z]i(€i)|||w—n0N—1,—m _w—n()N—l,—’ﬁ’L|'

1=—ng

Since 2! is a-typical, [z]jm breaks at most 3an times; in other words, there are at least

(1/N — 3a)n i’s corresponding to (8) and at most 3an i’s corresponding to (7). We then
have

1
H HDwf[z]z<€z)H < Cc(l/Nf3a)nC«é’)aNnS(l/Nfi‘)afGNOMa)n' (9)

i=—ng

11



Let ap = 1/(N(3 4+ 6NOy)). Evidently, when o < ag, 1/N — 3a — 6NOy« is strictly
positive, we then have

W1, — W—1,—| = O(e") on Mgy x T, .. (10)

)

It then follows from (5) that

~

[p(20]2=) — (%] 225) = O(e") on M, x T3, 5.

We next show that for each ]g, there is a positive constant C| ] such that

w® 1 10| < e /e, (11)

here, the superscript (F) denotes the k-th order derivative with respect to ¢ = (p,€). In fact,
the partial derivatives with respect to p are upper bounded in norm by n'k"C’l A

To illustrate the idea, we first prove (11) for |k| = 1. Recall that

Wi —m = p((xi,¢;) = -|2",,) = p(zi ) = ',Zim).

Let ¢ be a component of ¢ = (p,¢). Then,

’ a% (p((x&%im))‘ _ |l ). 2L) (g’qp«xz,cz) ) %p<fim>>‘

p(zfm) p((xu Ci)a Z?m) p(zfm)
‘p((mu ¢)=2,) a%p(zi—m>

(L) ( (L) ) |

We first consider the partial derivative with respect to ¢, i.e., ¢ = . Since the first factor is
bounded above by 1, it suffices to show that both terms of the second factor are mO(1/¢)
(applying the argument to both z*  and 2° . and recalling that n < m,7m < 2n). We will
prove this only for ‘%p(zi_m) / p(zi_m)|, with the proof for the other term being similar. Now

= g7}, ) (12)

%

Lp((zi,c) = -, 2,)

p((z4,¢) = ';Zim)

where

9@, ) = p(zm H p(jt1]z;) H p(cj) H p(zjlj, ¢5)

j=—m j=—m j=—m

and the summation is over all Markov chain sequences z° and channel state sequences ¢
Clearly, - D o(zj|zj,¢;)/p(zj|z),¢;) is O(1/e). Thus each 5 9 g(x=}, L) is mO(1/e). Each
gz} c” T ) is lower bounded by a positive constant, uniformly over all p € M,,. Thus, each

2 9@, )/ g(x ¢ is mO(1/g). It then follows from (12) that 8 p(z",.)/p(z _m) =

mO(1/e), as desired. For the partial derivatives with respect to p, we observe that 2 5eP(T—m)/P(2—m)
and %p(aﬁjﬂ\xj)/p(xﬁﬂwj) (here, ¢ is a component of p) are O(1), with unlform constant

over all p € Mg,. We then immediately establish (11) for |k| = 1.

12



We now prove (11) for a generic k.
Apply the multivariate Faa Di Bruno formula (for the derivatives of a composite func-
tion) [1, 6] to the function f(y) = 1/y (here, y is a function), we have for [ with |I| # 0,

D=3 D(@,a, @) (1LY ) 6 fy) - (D ),

where the summation is over the set of unordered sequences of non-negative vectors ay, ds, - - - , a;
with @ + o + - +a@ = [ and D(al, y, - - ,dy) is the corresponding coefficient. For any f,
define II = H'SZ‘Jrl [;I; and for any =<k (every component of ['is less or equal to the corre-
sponding one of k), define C’g — k!/(Ii(k = [)!). Then for any k, applying the multivariate
Leibnitz rule, we have

<p(($2701) 2! m)) ZCZ (21, ¢), . ))(E*f)(l/p(zi_m))(f)

p(zL,,) ey
P (@ e), 2) p((@ i), 2, ) ED p(2h, )@ p(zt, )@
:Z Z C,%D(al,---,at) .

p(zim) p(<xiyci)>z;m) p(zim) p(Zim)

1=k @ +ads+--4ar=l

Then, similarly as above, one can show that

p(=L) @ (L), p(@i ), 2L,) @ fo((wi, ), 2L,,) = mITO(1/e), (13)

which implies that there is a positive constant C| 7 such that
k i K
|wl(3m| <nl |C|E|/5| .

Obviously, the same argument can be applied to upper bound |@Df’?m|

We next prove that, for each E,

[ — a® =0 ") on Mg, x T (14)

—1 —m n,m,m:*

Proposition 2.5 will then follow from (5).
We first prove this for |k| = 1. Again, let ¢ be a component of ¢ = (p,¢). Then, for
1=—1,—2,---,—ng, we have

0 O f12: 0 Ofi, -

a_ W@ —1,—m — _: iN—1,—m) 7 WiN—-1,—m s WiN—-1,—m); 15

qu( +1)N-1, w (¢, win—1, )8qu 1,-m dq (¢, wiN—1,—m) (15)
and

9 o= 2B G s ) iy D Gy a). (16)

aq (G+1)N—-1,—m ow y WiN—-1,—1mn aq iN—1,—1mn 8(] y WiN—-1,—1mn)-

- W —1,-m — 7 W —1,—m = 7, WiN—-1,—m) — 7, WiN—1,—1
aq (i+1)N-1, g (i+1)N—-1, @q (q N-1, ) 3q (q N-1, )




Of12, 0 ofiag, o . 0

+—_;'——m_i——_ ,'——m—A'——m
aw (q WiN-1, )aqu 1,—m aw (q WiN-1, )aqsz 1,

<3f i (- A1
= ( ) — q,w
q

q, WiN-1,—m

dq
9 2i > 0 0 i . o
+ <—£J (CI, wiN—l,—m>a_qwz‘N—1,—m - 8]10] (q, wiN—l,—m)a—qwiN—L_m)
a Z|4q — A a a 2l oo a .
+ ( an[U} (q, wiNfl,frh)a_qUh‘Nfl,fm - aij (q, wivam)a_qwiNl,Th) )

This last expression is the sum of three terms, which we will refer to as T3, T» and T3.
From Lemma 2.6, one checks that for all [2]; € ZY, w € W and § € Us, o,

‘ 9 fr), 9 fr,

— — < 4NOM.
k)| [k )| < e

(Here, we remark that there are many different constants in this proof, which we will often
refer to using the same notation C, making sure that the dependence of these constants
on various parameters is clear.) It then follows from the mean value theorem that for each
1=—1,—-2,---,—nyg

Ty < (C/e™NONwin—1,—m — Win—1,—1m]-

By the mean value theorem and (11),

Ty < (C/e™NOM) (nCy/e) | win-1,—m — Win-1,—rn]-

And finally
Ofa o . 0 0 .
ERS H gL)] (¢, Win—1,—m) |8_qwiN—l,—m — a_qwiN—l,—m|-
Thus,
. 0 0

0 0 H OfL,

T WEr)N-1,—m — 7= Wit )N-1,—m| < 7, WiN—1,—1n
|8q (i+1)N—1, 0(] (i+1)N—-1, | ow (q N-1, )

|a—qwu\/—1,—m - a—qwm—l,—m

+(1 + nCl/e)C&?*‘lNoM ]wiN,L,m — UA)iNfl,fm|-

Iteratively apply this inequality to obtain

Of)
0

” (¢, WiN-1 )

-1

0 0 .
|8_qw_1’_m — a—qw—l,—m| < H

1=—ng

0 0

|a_qw—n0N—1,—m - 6_qw—noN—1,—rh

-1

+ 11

i=—ng+1

~1

1=—]

af[z]i

Ow (@; wiN—l,—rh) (1 + TZC1/5)C€_4NOM |w—n0N—1,—m - w—ngN—l,—ﬁz|

af[z]z — A
aw (Qasz—l,—m)

(14 nCy/e)Ce™NOM|w i 1\N_1 —m — W(—jo1)N—1,—m|+

14



Oftz) 1 o _ .
+o H%(gb w—N—l,—m)H (1+nCy/e)Ce™ NOM|w_on_1 _pm — W_an—1,_]

+ (1 + n01/8)0874N0M‘w,N,17,m — UA),N,L,m|. (17)

Now, apply the mean value theorem, we deduce that there exist &, —ng < i < —j5 —2
(here &; is a convex combination of w_;n_1 ., and W_;x_1 ) such that

|w(—j—1)N—1,—m - w(—j—l)N—l,—m‘ = |f[z]:zb;2(w—noN—1,—m> - f[z]:iSQ(w—noN—l,—mﬂ
—j—2
S H HD’u}f[Z]z (€i)|Hw77L0N71,7m - w*TLON*l,*’I’h"
i=—ng

Then, recall that an a-typical sequence 2~} breaks at most 3an times. Thus there are at

least (1 —3a)n i’s where we can use the estimate (8) and at most 3an i’s where we can only

use the weaker estimates (7). Similar to the derivation of (9), with Remark 2.2, we derive

that for any a < ayg, every term in the right hand side of (17) is O(e") on My, X T (We

use (11) to upper bound the first term). Again, with Remark 2.2, we conclude that
awfl,fm 3@71,77%

o0 o | O(e") on Mg, x T, 5

which, by (5), implies the proposition for ¢ = 1, as desired.
The proof of (14) for a generic k is rather similar, however very tedious. We next briefly
illustrate the idea of the proof. Note that (compare with (15), (16) for |k| = 1)

-, af ’ .
k [2]i [ k
wéi—?—l)N—l,—m = ow (¢, wz’N—L—m)wZ(N)_L_m + others
and of
o (F [2i (= (K
wgzu)rl)N—L_m ~ ow (qywiNfom)w,(N)_L_m + others,

where the first “others” is a linear combination of terms taking the following forms (below, ¢
can be 0, which corresponds to the partial derivatives of f with respect to the first argument
q): )
K)o a d
18 @ i wiyhy el
and the second “others” is a linear combination of terms taking the following forms:
K)o - (@ ~(@
TN @ i1 )O3 - DN
here K < k, t < |k| and |@;| < |k| for all 4. Using (11) and the fact that there exists a
constant C' (by Lemma 2.6) such that
@ wire—1, )| < CJNOMIF

z];
we then can establish (compare with (17) for |k| = 1)
0

EL (G thin-1,-m)

k)

o E ~ (F)
~ Wit1)N-1,—m |w¢N_17_m - wiN—L—m‘ + others,

15



where “others” is the sum of finitely many terms, each of which takes the following form (see
the j-th term of (17) for |k| = 1)

-1

nPr0(1/"%) T

i=—j

Ow (q\a wiN—l,—ﬁz) ( )

\w —j—1)N-1,—-m — W(—j—1)N-1, b (18)

where || < |k, Dy, is a constant dependent on k'. Then inductively, one can use the similar
dichotomy approach to establish that (18) is O(¢™) on M, x T¢

nmm7

which implies (14) for
a generic E, and thus the proposition for a generic /.
m

2.3 Asymptotic behavior of entropy rate

The parameterization of Z as a function of ¢ fits in the framework of [4] in a more general
setting. Consequently, we have the following three propositions.

Proposition 2.10. Assume that p € My. For any sequence 2°, € Z" p((x_1,c1) =

122)) and p(20)22}) are analytic around e = 0. Moreover, ord (p(zo|22;)) < Oar.

Proof. Analyticity of p((z_1,c_1) = -|22;:) follows from Proposition 2.4 in [4]. Tt then follows
from p(20|22}) = p((x_1,c_1) = -|22;)2.,1 and the fact that any row sum of (2., is non-zero
that p(20|zZ;) is analytic with ord (p(z0|22)) < Oy O

Proposition 2.11. (see Proposition 2.7 in [4]) Assume that p'€ My. For two fized hidden

Markov chain sequences z° . 2° = such that
m? m

20 =30 ord (p(z

—-n —n?

SaleTn ), ord (P2, IETETY) < K

for some n < m,m and some k, we have for j with 0 < j <n—4k —1,
P (2] 223,)(0) = pV (%] 22,)(0),
where the deriwatives are taken with respect to €.

Remark 2.12. It follows from Proposition 2.11 that for any a-typical sequence 2~} with o

small enough and n large enough, ord (p(zo|2-})) = ord (p(z0]2=}_,))

Proposition 2.13. (see Theorem 2.8 in [4]) Assume that o€ My. For any k > 0,

k+1

H(Z) = H(Z)|= 0+ZQJ5J +ny5j loge + O("*1), (19)

7j=1
where f;’s and g;’s are functions of 11, the transition probability matriz of X.

The following theorem strengthens Proposition 2.13 in the sense that it describes how
the coefficients f;’s and g¢;’s vary with respect to the input Markov chain. We first introduce
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some necessary notation. We shall break H,,(Z) into a sum of G,,(Z) and F},(Z) log(e) where
Gn(Z) = G,(p,¢) and F,,(Z) = F,(p,e) are smooth; precisely, we have

H,(Z) = Gn(P,€) + Fu(p, ) loge,
where (ord (p(z0|2Z;)) is well-defined since p(z|2Z,) is analytic with respect to &; see Propo-
sition 2.10)

Fu(pie) =Y —ord (p(z0223))p(22,,) (20)

and
Gu(,e) = Y —p(2%,) log p°(20]221), (21)

0

“on

where

p°(20l228) = plzgl}) feord @olz20),

Theorem 2.14. Given g > 0, for sufficiently small £g,

1. On Us,.,, there is an analytic function F(p,e) and smooth (i.e., infinitely differen-
tiable) function G(p,e) such that

H(Z(p.e)) = G(p.e) + F(p,e) loge. (22)
Moreover,
k k
G(F.e) = H(Z)emo + D (i) + O, F(7e) = 3 () + 0,
j=1 j=1
here f;’s and g;’s are the corresponding functions as in Proposition 2.15;
2. Define F(p,e) = F(p,e)/e. Then F(p,¢) is analytic on Uy, ..
3. For any {, there exists 0 < p < 1 such that on Us, .,
| D5 Fu(B€) = Dy P(5e)| < p,

| D5Fn(P.€) = Dy F(Bie)| < p",
and

| D5 Gu(,) = D5 G(p.e)| < ",
for sufficiently large n.

Proof. 1) Recall that
H,(Z) =Y —p(z°,)logp(z0|27}).

0

Zln
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It follows from a compactness argument that H,(Z) uniformly converges to H(Z) on the
parameter space Us, ., for any positive 9. We now define

HY(Z)= Y —p(z°,)logp(zo|27));

-1
z_ €T 20

here recall that 7 denotes the set of all a-typical Z-sequences with length n. Applying
Lemma 2.3, we deduce that H, ol(Z ) uniformly converges to H(Z) on Us, -, as well.

By Proposition 2.10, p(z|z=}) is analytic with ord (p(zo|z=})) < Ops. It then follows
that for any o with 0 < o < 1 (we will choose « to be smaller later if necessary),

H(2) = G (pe) + F(p,) loge,

where
Fy(pe)= Y —ord(plzo|22h))p(z",),

-1
2_ €T 20

and
Ga(pie)= > —p(z",) logp°(z]27)).

-1
zineTﬁ‘,zo

The idea of the proof is as follows. We first show that F(p,e) uniformly converges to a
real analytic function F'(p,e). We then prove that G&(p, €) and its derivatives with respect to
(p, €) also uniformly converge to a smooth function G(p, ¢). Since H$(Z) uniformly converges
to H(Z), F(p,e), G(p,e) satisfy (22). Then the “Moreover” part then immediately follows
by equating (19) and (22) to compare the coefficients.

We now show that F¢(p,e) uniformly converges to a real analytic function F(p,e). Now

[Fr (@) —Fra@el={ > ord(p(z]22;))p(z2,) — Z ord (p(z02 = _1))p(2%, 4

-1 —1
2_, €T 20 z_ eTr> 1,70

— 3 + Z ord (p(z0l2=,,))p(22,, 1)

-1 —1 -1 -
Z—n€T7?7zfn—1€Tn+l aneTa —n— 1€ n+1

- > + > ord (p(zo|2=2_1))p(20_1)| -

—1 -1 -1 -1
2 €Tz, €T 1,20 2_ g, 2—, €T 1,70

By Remark 2.12, we have

B2 (Pre) = B (pe)| = Z Ord(p(Zolzii))p(zgnfl)

-1 —
aneTa —n— 1Q n+1’

_ Z ord (p(Zo|Z:71L_1>)p(ZO—n—1) ‘

-1 -1
2Z €T 22, €T 1,20

18
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Applying Lemma 2.3, we have

A

|Fs<ﬁ7 5) - F7?+1<ﬁ7 8)’ = O(gn) on M507 (23>

which implies that there exists ey > 0 such that F*(p,e) are exponentially Cauchy and thus
uniformly converges on Uy, o, to a continuous function F(p,¢).

Let F>®(p,e) denote the complexified F2(p,¢) on (p,e) with p'e MS (o) and || < &.
Then, using Lemma 2.4 and a similar argument as above, we can prove that

FeC(5,2) — i (5, e)] = O(el") on M, (1o); (24)

in other words, for some 19,9 > 0, F*C(j5,¢) are exponentially Cauchy and thus uniformly
converges on all (p,e) with p’ € /\/lgo (no) and |e| < g9. Therefore, F(p,¢) is analytic with
respect to (p,e) on Uy, -

We now prove that G2(p, ) and its derivatives with respect to (p, ) uniformly converge
to a smooth function G*(p,¢) and its derivatives.

Although the convergence of G%(p, ) and its derivatives can be proven through the same
argument at once, we first prove the convergence of G%(p,¢) only for illustrative purpose.

For any «, 3 > 0, we have

| log e — log | < max{|(a = 3)/f], (e — B)/al}. (25)

Note that the following is contained in Proposition 2.5 (¢ = 0)
Ip°(z0l220) — 1% (20l225-1)| = O(") on Mg, x Ty (26)

One further checks that by Proposition 2.10, there exists a positive constant C' such that for
¢ small enough and for any sequence 2~}

n’

p(20]22) > CeM,

n

and thus,
p°(20]27)) > CeOm (27)

Using (25), (26), (27) and Lemma 2.3, we have

Ga(F,e)—Gap (o)l =] Y. —p%)logp(zlz7h) — > —p(2%, 1) logp®(z0l2”

—1 -1 o
2, €T 20 2, 1€T0 1570

_ 3 n 3 —p(2%,_) log p°(20]22})

-1 -1 -1 -1
2_,€T8,z—, €17 1,20 Z_n€T37Z_n_1€T§+1,ZO

- 3 + 3 = (22, 1)10g " (20|27 1)

-1 -1 -1 -1
2 €T ,2—, 1€T 1,20 z_n¢T;},z_n_1€Tff+l,zo

19

1
n

1)



< >, —p(22,, 1) (log p°(20l2=,) — log p°(z0]22,-1))

—1 —1
aneT’r‘Ll7z7n71€Tn+l

+ > —p(z(lnfl) log p°(20]225) |+ > —p(2°,,_1)log p° (20275 )

-1 —1 -1 -1
anETa —n— 1g nJrl7 anchh —n— leTn+1’

SD S e S R )
iy —n—1 9
s leTa -1 cpa (ZO‘an 1) p (ZO|Z—n)
-_n ni ¥—n—1 n+17
+ Z —p(22,,1) log p°(20]22,) [+ Z —p(22, 1) logp®(20]27, )| = O(gn) on Ms,,
2 €T 20, (1 ETS n-41>%0 Z::LQTT?:'Z:}LAETTLH
(28)

which implies that there exists g > 0 such that G%(p, ) uniformly converges on U, .,, then
the existence of G(p,¢) immediately follows.

Apply the multivariate Faa Di Bruno formula [1, 6] to the function f(y) = logy, we have
for [ with |I] # 0,

V=N D@y do @) W™ ) Y™ ) ) ),

where the summation is over the set of unordered sequences of non-negative vectors ay, ds, - - - , dx
with @ + do + -+ + dx, = [ and D(dy,dy, -+ ,dy) is the corresponding coefficient. Then for
any m, applying the multivariate Leibnitz rule, we have

(G Fe) = >3 —CLp D0, ) (log p(z]2-1)) O

27 eTS 20 1=

= —CZ:D(C_L'l e d’k)p(ﬁi_f) (ZO ) 0(20’2’_711) (d1) o O(ZO‘Z_}Z) (@x)
TR 2 MO a4t PGl k)
Y M) oep(alTh) (29)

We tackle the last term of (29) first. Using (25) and (26) and with a parallel argument
obtained through replacing p(2°,,), p(z°,, ;) in (28) by p™ (20, ), p™ (2%, ), respectively,
we can show that

S AP ogp (zolm) = DD =, ) logp? (z0leTh )| = O(") on My X T 1,
22, €T% 20 27 €T, 1,70

where we used the fact that for any 20, and 7, pt™(2°,)/p(z°,) is O(nI™l /el™l) (see (13)).
And using the identity

gy —B1Ba - By = (o —=Br)ag - an+Pi(ae—Ba)ag - a4 4 B1 - Buoi (0 — ),

20



we have

P°(200220) @) po(20]220) ™ p°(z0l2T, 1)(51) - (20l 1)@“)
p°(20]225) p°(20]225) p°(20l225 1) P°(20l225 1)
< ‘(p"(z()lz‘i)(dl) Pzl n@ﬂ) P(z0l22) ™ p*(a0]25,) )
I\ p°(20]255) p°(Z0l220_1) p°(20]225) p°(20]225)
p° (20|25 1)(51) < p°(20|275) @) p°(z0]27, 1)(52)) p°(20]270) @) p°(z|27)) @)
— “ .. _l’_
p°(20l220_1) °(20]275) p°(20]22n_1) p°(20]275) p°(20]275)
P°(201220_1) @ p°(20]22h 1)(“‘“) p°(20l220) @) p° (20|22, 1)(‘”“)
+ - — . L —
p°(20l22,-1) p°(20l225 1) p°(20l22,) p°(20l225 1)
Now apply the inequality
B P i B B B
o2 = 2 - 2 B2 1B f(enan)|an — ao] + |1/ as]|Br — Bl
o1 (6% aq (D) Qg Qo

we have for any 1 <1 < k,

p°(20]220) % p°(z0|2T,0) ™
p°(20]2,) p°(202Z5-1)
p°(20]22,) ™ o |- 1 o | INE) of |1 (@
G | e ol | ol 220 ) ol ) )
n —n—1 n—1

It follows from multivirate Leibnitz rule and (11) that there exists a positive constant C
such that
[p(20]223) @] = [(w-1,-002:,1) @] < 0l Cq/el, (30)

and furthermore there exists a positive constant C2 such that for any ez
P°(20]22,) @ < nlICg JelTitOn, (31)
Combining (27), (29), (30) and (31) gives us
(G (i) = (Gry) ™ ()| = O(e") on My,. (32)

This implies that there exists €9 > 0 such that G¢(p,e) and its derivatives with respect
o (p,¢e) uniformly converge on Us, ., to a smooth function G(p,¢e) and correspondingly its
derivatives (Here, by Remark 2.2, £y does not depend on ).
2) It immediately follows from analyticity of F'(p,¢) and the fact that ord F(p,e) > 1.
3) Note that,

Fu(pe) = Fe(pe) = Y. —ord (p(z0]220))p(22,)-

-1
anQTSVZO
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Apply the multivariate Leibnitz rule, then by Proposition 2.10, (30), (13) and Lemma 2.3,
we have for any /,

D ~DRFRE) = | S —ord (panlen) D (plzo s p(=4) | = O(E™) on M,

—1
2, €T, 20

It follows from (24) and the Cauchy integral formula that

A~

| D5 Fey(7,e) — DS Fe(pre)| = O(e") on My,

D,E n+1 Pt n

we then have

|D "Jrl( ) DZ F <_‘ )| O( )On M507

and thus )
|D p,e) — Df F(p, 5)| = 0(e") on Ms,,

which imply that for any ¢, there exist 9 > 0, 0 < p < 1 such that on Us, .,
| D5 Fu(,) — Dy F(p.e)| < p,

and further A R
|D;§,8Fn(]§: 5) - Dé‘,eF(ﬁ 8)’ < pn7

for sufficiently large n.
Similarly note that

Gu(pie) = Go(Fe) = Y —p(2%,)logp°(z]27)).
Z:TILQTW?,ZO

Then by (30), (31), (27) and Lemma 2.3, we have for any ¢,

| D5 — D5 Ga(p,e)|

= Z Dﬁje(_P(z;ll)p(zO\z:i)logpo(zolz:}b)) = O(g”) on Ms,,

-1
2-, &1, 20

which, together with (32), implies that for any ¢, there exists g > 0, 0 < p < 1 such that
on U5o,€o

|D5Gu(p.€) — Dy G(p.e)| < p",

for sufficiently large n.

Remark 2.15. We don’t know if G(f, €) is analytic or not with respect to (p,¢).
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3 Concavity of Mutual Information

Recall that we are considering a parameterized family of finite-state memoryless channels
with inputs restricted to a mixing finite-type constraint S. Again for simplicity, we assume
that S has order 1.

For parameter value ¢, the channel capacity is the supremum of the mutual information
of Z(X,e) and X over all stationary input processes X such that A(X) C S. Here, we
use only first order Markov input processes. While this will typically not achieve the true
capacity, one can approach capacity by using Markov input processes of higher order. As
in Section 2, we identify a first order input Markov process X with its joint probability
vector p = px € M, and we write Z = Z(p, ¢), thereby sometimes notationally suppressing
dependence on X and .

Precisely, the first order capacity is

01(6)=§;1EI(Z;X)Zggﬁ(H(Z)—H(ZW)) (33)

and its n-th approximation

1
n+1

C,ll(e) = sup [,,(Z; X) = sup (Hn(Z) —
peEM pEM

H(Zgn\Xgn)) . (34)

As mentioned earlier, since the channel is memoryless, the second terms in (33) and (34)
both reduce to H(Zy|Xy), which can be written as:

Z Zp |xclog2p (z]z, ).

reX,2€Z ceC ceC

Note that this expression is a linear function of p and for all p'it vanishes when ¢ = 0. Using
this and the fact that for a mixing finite-type constraint there is a unique Markov chain of
maximal entropy supported on the constraint [10], one can show that for sufficiently small
g1 >0,0p >0and all 0 < e < ¢y,

Cle) = sup (Hu(2) — H(ZolX0)) > sup  (Hu(Z) — H(Zo|Xo)) (35)
pEMs, PEM\Ms,

Cle) = sup (H(Z) — H(Zo|Xo)) > _Sup (H(Z) — H(Z| Xo))- (36)
PEMs, PEM\Ms,

Theorem 3.1. There exist eqg > 0,09 > 0 such that for all 0 < e < g,

1. the functions I,,(Z(p,e); X (p)) and I(Z(p,e); X (p)) are strictly concave on Ms,, with
unique maximizing pp(€) and Poo(€);

2. the functions I,(Z(p,e); X (p)) and I(Z(p,e); X(P)) uniquely achieve their maxima on
all of M at py(€) and poo(e);

3. there exists 0 < p < 1 such that

— — n

’pn(g) _poo(g)’ <p.
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Proof. Part 1: Recall that
H(Z(p,e)) = G(p,e) + F(p,e)(cloge).

By part 1 of Theorem 2.14, for some g5 > 0,09 > 0, G(p,¢) and F(ﬁ, e) are smooth on Uy, ,,
and so

lim DG (p,¢) = D2G(p,0)

e—0

and
hmDF( £) = DF( ,0),

e—0

uniformly on p'€ Ms,. Thus,

lim D (Z(5.)) = DIG(7,0) = DH(Z(7,0).
again uniformly on Mj,. Since DZH(Z(p,0)) is negative definite on Ms, (see [3]), it fol-
lows that for sufficiently small e, D%H (Z(p,e)) is also negative definite on Ms,, and thus
H(Z(p,e)) is also strictly concave on M, .

Since for all € > 0, H(Zy|Xy) is a linear function of p, I(Z(p,e); X (p)) is strictly concave
on Ms,. This establishes part 1 for I(Z(p,e); X(p)). By part 2 of Theorem 2.14, for
sufficiently large n (n > Nj), we obtain the same result (with the same gy and dy) for
I,(Z(p,e); X(p)). For each 1 < n < Ny, one can easily establish strict concavity on Uy
for some 9, ¢, > 0.

Part 2: This follows from part 1 and statements (35) and (36).

Part 3: For notational simplicity, for fixed 0 < € < &g, we rewrite I(Z(p, ¢); X (p)), I.(Z (P,
as function f(p), f.(p), respectively. By the Taylor formula with remainder, there exist
M, N2 € M, such that

f(0n(€)) = f(Dss(e)) + Dyf (P (€)) (Pn(€) — Do (€))

+ (Dn(€) = Poo(8)) " D3 f () (Fale) — Pro(€)), (37)
fn(ﬁoo(g» - fn(ﬁn( )) + D"fn(pn( ))(ﬁoo(€> (5))

+ (Fa(€) = Poo(€)) D fn (1) (Fa(€) — Poo(€)), (38)

here the superscript T' denotes the transpose.
By part 2 of Theorem 3.1

n€n

Dyf(Po(€)) = 0, Dgfu(pn(e)) = 0. (39)
By part 2 of Theorem 2.14, with ¢ = 0, there exists 0 < py < 1 such that
|f (Do () = fuPo(€))] < 20, [ f (Pa(€)) — fulDn(€))] < pg- (40)

Combining (37), (38), (39), (40), we have

(B () = Poo(€)) " (D3f () + D5ful(n2)) (Ba(e) — Poo(€))] < 205
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Since f and f, are strictly concave on Ms,, Df;. f(m), D% fn(n2) are both negative definite.
Thus there exists some positive constant K such that

KIa(2) — Fole) 2 < 265,

This, together with part 1 of Lemma 2.4, implies the existence of p.
m

Example 3.2. Consider Example 2.1. For sufficiently small ¢ and p bounded away from 0
and 1, part 1 of Theorem 2.14 gives an expression for H(Z(p,e)) and part 1 of Theorem 3.1
shows that I(Z(p,e)) is strictly concave and thus has negative second derivative. In this
case, the results boil down to the strict concavity of the binary entropy function; that is,
when e =0, H(Z) = H(X) = —plogp— (1—p) log(1—p), and one computes with the second
derivative with respect to p

1 1

H"(Z)|ocg = —~ — —— < —2.
(Do == - 1

So, there is €q such that whenever 0 < e < ¢, H"(Z) < 0.
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