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Abstract

The Shannon-McMillan-Breiman theorem asserts that the sample entropy of a sta-
tionary and ergodic stochastic process converges to the entropy rate of the same process
almost surely. In this paper, we focus our attention on the convergence behavior of the
sample entropy of a hidden Markov chain. Under certain positivity assumption, we
prove that a central limit theorem (CLT) with some Berry-Esseen bound (such bound
characterizes rate of convergence of CLT) for the sample entropy of a hidden Markov
chain, and we use this CLT to establish a law of iterated logarithm (LIL) for the sample
entropy.

1 Introduction and Notations

Consider a bi-infinite stationary stochastic process Y = (Y;,i € Z) on a finite alphabet
Y ={1,2,---,B}. The entropy rate of Y is defined to be

H(Y) = lim H(Y}")/n,

n—oo

where
H(Y) ==Y p(yi) logp(yy),

YT
here y7' := (y1, Y2, -+ ,yn) denotes an instance of Y* := (Y1, Y, -+ ,Y,,) and p(y}') denotes
the probability mass at y7. It is well known that H(Y') can also be written as

H(Y) = lim H(Y,|Y;"™),

n—o0

where

H(Yo|Y)") = Zp ) log p(ynlyi ™),

here p(y,|y? ") denotes the conditional probability mass at y, given y} !



We call —log P(Y{")/n the n-th order sample entropy of Y. If Y is also ergodic, the
celebrated Shannon-McMillan-Breiman theorem asserts that the n-th order sample entropy
of Y converges to H(Y') as n — oo almost surely. The Shannon-McMillan-Breiman theorem
can be viewed as an analog of the law of large numbers, a fundamental limit theorem in
probability theory. So, it is natural to ask if analogs of other limit theorems in probability
theory, such as the central limit theorem (CLT) and the law of iterated logarithm (LIL),
also hold for the sample entropy. Such theorems do not appear to hold when we assume Y
is as general a process as stationary and ergodic; so, in this paper, we restrict our attention
to hidden Markov chains (some special stochastic process which will be defined later).

From now on, assume that Y is a stationary finite-state Markov chain with transition
probability matrix A with entries

A(i,j) = P(Y1 = j|Yo =), 1<4,5<B.

A hidden Markov chain Z is a process of the form Z = ®(Y'), where ® is a function defined
on Y with values from a finite alphabet Z = {1,2,---, A}. Often a hidden Markov chain
is alternatively defined as a Markov chain observed when passing though a discrete-time
memoryless noisy channel. It is well known that the two definitions are equivalent. For the
Markov chain Y, H(Y') has a simple analytic form:

H(Y) ==} P(Yo = )A(, j) log A(i, ).

For the hidden Markov chain Z, Blackwell [H] showed that H(Z) can be written as an
integral of an explicit function on a simplex with respect to Blackwell’s Measure (). However,
the measure @) seems to be rather complicated for effective computation of H(Z). So far,
there is no simple and explicit formula for H(Z), so many approaches have been adopted
to compute and estimate H(Z) instead: Blackwell’s measure has been used to bound the
entropy rate [B2], a variation on the classical Birch bounds [B] can be found in [[3] and a
new numerical approximation of H(Z) has been proposed in [[]. Generalizing Blackwell’s
idea, an integral formula for the derivatives of H(Z) has been derived in [Bd]. In another
direction, [@, 28, B2, A2, A3, B, [X, PO, PO, P2, P23, P4, 0, Bd] have studied the variation of the
entropy rate as parameters of the underlying Markov chain vary.

Another interesting approach, which has greatly motivated this work, is to use Mente
Carlo simulation to approximate H(Z): Recently, based on the Shannon-McMillan-Breiman
theorem, efficient Monte Carlo methods for approximating H(Z) were proposed indepen-
dently by Arnold and Loeliger [B], Pfister, Soriaga and Siegel [B3], Sharma and Singh [EO].
The limiting behavior of the sample entropy of a hidden Markov chain, which governs the con-
vergence behavior of such algorithms, is then of great interest. In this direction, a CLT [E3]
for the sample entropy is derived as a corollary of a CLT for the top Lyapunov exponent of
a product of random matrices; a functional CLT is also established in [E3H]. In essence, both
of the two CLT's are proved using effective Martingale approximations of the sample entropy
(see [ for this standard technique).

In this paper, adapting some standard techniques for proving limit theorems for mixing
sequences, we further characterize the limiting behavior of the sample entropy of Z under
certain positivity assumptions. In Section B, we establish a CLT with some Berry-Esseen
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bound (such bound [B, [T] characterizes rate of convergence of CLT') for the sample entropy,
and we use this CLT can to establish a LIL in Section B. ‘

Formally, for i = 1,2,---, define X; as the “centered” version of —log P(Z;|Z:™"), that
is,

Xi = ~log P(Z12{") - E[-log P(Zi|2i")] = —log P(Z|Z7) = H(ZIZ{7)

And define .
Sp = ZX“ o2 = Var(S,);
i=1
obviously S, is the “centered” version of —log P(Z}), and S, = —log P(Z}) — H(Z}).

Unless specified otherwise, we assume, throughout the paper, that
(I) A is a strictly positive matrix; and

(IT) o > 0, where 0® = lim,,_,, 02 /n (the existence of the limit under Condition (I) will be
established in Lemma 28 and Remark 272).

We will prove the following central limit theorem with a Berry-Esseen bound (such bound [,
4| characterizes rate of convergence of CLT).

Theorem 1.1. Under Conditions (I) and (II), for any € > 0, there exists C' > 0 such that

for any n
x

sup |P(S, /o, < x) — / (2%)_1/2 exp(—y?/2)dy| < O~ V114

—0o0

We will use the above CLT to prove the following law of iterated logarithm.
Theorem 1.2. Under Conditions (I) and (II), we have
S

li =1 .S.
P (2no?loglog no?)t/? -5

2 Key Lemmas

This section includes several key lemmas, among which Lemmas P71, 22, P4 require Condi-
tion (I) only.

With the fact that a n xn positive matrix induces a contraction mapping on the interior of
the (n — 1)-dimensional real simplex under the Hilbert metric [BY], the following well-known
lemma can be established (see, e.g., [[3] for a rigorous proof).

Lemma 2.1. There exist C > 0 and 0 < p < 1 such that for any two hidden Markov

sequences 2°,, 2% . with 2°, = 2°, (here m,m >n > 0), we have

Ip(201225) — p(20|255,)| < Cp™.
Consequently, there exists C' > 0 and 0 < p < 1 such that for any n,l > 0,

[log p(z0]2Z,_;) — log pl(z0l22,)] < Cp", [ H(Zo| 22, _)) — H(Zo|Z2,)] < Cp™.



For a stationary stochastic process T' = T _, let B(Tz-j ) denote the o-field generated by
Ty, k=1d,i+1,---,7. Define

¥(n) = sup [P(VIU) = P(V)|/P(V).

UeB(TS"),VeB(T§®),P(U)>0,P(V)>0

T is said to be a ¥ -mizing sequence if ¥(n) — 0 as n — oo. It is well known [I0] that a finite-
state irreducible and aperiodic Markov chain is a 1)-mxing sequence, and the corresponding
¥ (n) exponentially decays as n — oo. The following lemma asserts that under Condition
(I), Z is a ¥-mixing sequence and the corresponding 1(n) exponentially decays as n — oo.
An excellent survey on various mixing sequences can found in [[M]; for a comprehensive
exposition to the vast literature on this subject, we refer to [[I.

Lemma 2.2. 7 is a ¥-mizing sequence and there exist C' > 0 and 0 < A < 1 such that for
any positive n, P(n) < CA™.

Proof. For each z € Z, let A, denote the B x B matrix such that A,(i,7) = A(i, ) for j
with ®(j) = 2, and A,(7,7) = 0 otherwise. Obviously > = A. One also observes
that for any 22,

zEZ
p(zmy) = TA a1,

where 7 is the stationary vector of Y, 1 denotes the all one column vector and Az;’if =

A, A Ay, . Tt then follows that for any positive n,m,l and any 2¢", 27,
_ n—l —nl A nlAzl_;nlAn IAZ]-
Pl znt) = ; 7TA . 1 7TA - 1 ZGZZ 0 TA - n 1 0

7n+1

Let Ay denote the second largest (in modulus) eigenvalue of A. By the Perron-Frobenius
theory (see, e.g., [B9]), |As| < 1; furthermore, for any A with [A\y] < A < 1, there exists
C} > 0 such that for any probablhty vector z, we have

|z A" — | < CLA".
It then follows that

Pz |220) = TAgp 1+ O(N)Azp1 = p(z") + O(A")p(zg")-

—n

—_;, we then conclude

Noting that the constant in O(A") is independent of n,m, [ and 2",
that for any U € B(ZZL)),V € B(Z§°),

PVIU) = P(V)+ O\ )P(V),
which immediately implies the lemma. [

Remark 2.3. Note that Lemma B3 still holds with the same proof if Condition (I) is
replaced by “A is an irreducible and aperiodic matrix”. This fact, however, will not be used
in this paper.



In the following, we rewrite —log p(z;|2 ") — H(Z;|Z) ™) as 2]) for notational simplicity.
The following lemma shows that for a fixed j > 0, E[X;X;;] exponentially converges as
i — 00; and for any i < j, E[X;X,] exponentially decays in j — i.

Lemma 2.4. 1. There exist C' >0 and 0 < p < 1 such that for all i,5 > 0,
|E[Xit1Xi144] = BlXi1 Xiagg)| < Cp'.
2. There exist C > 0 and 0 < 8 < 1 such that for any positive i < 7,
|E[X:X;]| < Coo.

Proof. 1. Simple computations lead to

E[Xi+1Xi+1+j] — E[X1X1+J] = Z p z+1+] z+1+] z+1 Zp Z+] z+] f(zi)
'L+1+J z+g
= Z p<zgifj)f(zgifj)f(2:g—j) - Z P(Zgz;jﬂ)f(zgi—jﬂ)f(zj—jﬂ)
2 2

= 3 (% NFE N FET ) = ) FET )

- Z Fim ] Zoie ]) f(zgi—j+1))f(z:g—j+1>- (1)

Since A is a strictly positive matrix, log p(zo|2=;}) and H(Zy|Z°,) are all bounded from above

and below uniformly in 7. It then follows from this fact and Lemma 1 that there exist C' > 0
and 0 < p < 1 such that

|E[Xit1Xi11y] — BIXiXiy)| < Cp'.

Part 1 of the lemma then immediately follows.
2. Let l = |i 4+ j|/2. By Lemma B0 and Lemma E3, there exist 0 < p, A < 1 such that

EXiX;] = ZP(Z{)JC(?«’DJC(Z{)
= Zp<z{>f<z{><f<z{>+0<pf—’>>

= Zp A FDp( ) f(2) + O™

- Z P ED () + O + 0
_ Zp )+ Z IGO0 NS + 0

= 0+ 0\ +0>(p™h.



Notice that the constants in O(X=%), O(p’~!) above does not depend on z/. Part 2 then
immediately follows . m

Remark 2.5. By Part 1 of Lemma P34, for any fixed j, the sequence E[X,;X;i;], i =
1,2,---, is a Cauchy sequence that exponentially converges. For any fixed j, let a; =
lim; oo E[X;Xi+;]. Then by Part 2, |a;| exponentially decays as j — oo; consequently, we
deduce (for later use) that ag +23 77, a; converges.

Lemma 2.6. For any 0 < o < 1, there exists C > 0 such that for any m and n,

E[(Sn+m - Sm)z]

n

— (ap + QZaj) <Cn™@

j=1

here, recall that, as defined in Remark B, a; = lim; oo E[X;X;4;].

Proof. Letting f =n~“ for a fixed 0 < a < 1, we then have

E[(Sn+m - Sm)Q] . E[(Z?:r:zn—i-l Xl)2] - Zm+1§i, i+j§n+m(2j:0 +2 ZO<j§ﬁn +2 Z]>,3n)E[XZXZ+]]

n n n

By Part 1 of Lemma P4 and Remark 3, for any j > 0, E[X;X,.,] — a; = O(p") for some
0 < p < 1. It then follows that for 0 < 5 < fn,

> BIX;Xi;] = (n—j)a; + O(1);

m+1<i, i+j<n+m

here the constant in O(1) does not depend on j. Also, by Part 2 of Lemma P2 and Re-
mark 23, there exists 0 < 6 < 1 such that for all j > fn, E[X;X,;] = O(°"), and thus
a; = O(6°™). Continuing the computation, we have

E[(Spim — Sw)?  (nag+0(1)) + (2(n — 1)ay + O(1)) + - - - + (2(n — fn)ag, + 0(1))+O(n265")

n n n

ai + 2ag + -+ - + fnagy

- + BO(1) + O(ne"™).

:ag—|—2a1+---—|—2a5n—2

The lemma then immediately follows. m

Remark 2.7. Choosing m in Lemma P8 to be 0, we deduce that lim,, ., 02 /n exists and
is equal to 0% = ag +23°2 a;.

Lemma 2.8. There exists C > 0 such that for all m and n
E[|Snim — S]] < Cn3/2.

Proof. By Lemmas P, I3 and the stationarity of Z, we observe that for any m,

E(|Snm — Sml’] = E| Z FZ)F = £ Z (f(Zpi1) + O DI



= E[|Su*] + O(E[Su[*]) + O(E[ISal]) + O(1) = E[|S,[*] + O(n), (2)

where the constant in O(n) does not depend on m. So, to prove the lemma, it suffices to
prove that there exists C' > 0 such that for all n,

E[|S,°] < Cn®P2. (3)
First, we observe that
E|Son)?] = El|Sn+(San—5n)I°] < EllSul’]+E[|Son—Sul | +3E[|Sn[*| S2n—Sul]+3E[| S| S2n—Snl*]-
It immediatedly follows from (B) that
E[|Son = Sul?] = E[|Su]*] + O(n).

And by Lemmas 2, P and the Holder inequality, there exist 0 < p < 1 such that

E[|Sn?|Son — Sul] = E[ISnF\‘Z F(Zll
= B[S, Z (Zy1) + O™ )]
= E[|S.| Z F(Zi )+ O E[|S,[]
i=n+1
= Z (pP(1)p(22 1 120)] Sl Z F(Z, )+ O)E[S,]?]
= 0(1) Y (p(z)p(zty)|Sal’] Z f(Zy, 1))+ O()ES,[?]
27, Z%-H i=n+1
= E[IS."1E]] Z F(Z )+ O()E S,
0(1)E[|Sn|2]E[ISzn — Sul] + O E[]S,[?]
= OME[S,PIE[|S2n — Sul*]'/? + O(1)E[| S, ]

We then deduce that
E“Sn|2‘s2n - SnH = O(ng/z)'

With a similar argument, we also deduce that
E[|Sn]|San — Sn|2] = O(n3/2)'
It then follows that there exists C'; > 0 such that for all n

E[|S2n|3} < 2E[|Sn|3] + Oln3/2- (4)



An iterative application of (H) with n =271 2772 ... 20 gives us

E[|Sor|?] < 2E[|Sor1 ] + €123 V2 < 92| S0 | + O (2 - 230=D/2 1 930r=1)/2)

< <R[S PO (27 2 2032 Ly .03(=D)/2 930-1)/2) < 27"E[|Sl|3]+01%.
It then follows that there exists Cy > 0 such that for all r
BlIS 7] < Co(2)*2

and by (B), choosing Cy to be larger if necessary, we have for all r and all m

E|Smiar — Snl’] < Co(27)*2. (5)

Now, consider the general case when 2" < n < 2"!, Expand

n=uv2" +v,2" .- Fu,

where vp =1, and v; =0 or 1 for j =1,2,--- ,7. And define
w; = V28 + U120 4
Applying the Minkowski inequality and (H), we deduce that
E[1Sa[*] < B[ Y (Suy = Sur )1 < Q_ EY*1Su, = Su, ')
i=0 i=0
< (2(0221'/2)) < C3(2? : _11 /2)3 = 8C32%/2 < 8CEn?/2.

Inequality (B) is then immediately established if we choose C' = 8C3, O

3 Central Limit Theorem

Recall that . ;
X, = —log P(Z,|Zi™Y) — H(Z)|Zi7Y),

and

Sp = ZX"’ o2 =Var(S,).
i=1

Fix g9 > 0 (we will choose &y to be small later), and let p = p(n) = |[n¥/'1%%0| ¢ = q(n) =
|n<°]. Choose k = k(n) such that kp+ (k — 1)g < n < (k+ 1)p + kq; one easily checks that
k = O(n®11=%0), Then, for 1 <i <k, define

G = X(i—l)(p+q)+1 +ooet Xip+(i—1)q-

For 1 <i <k —1, define
Ni = Xipt(i-1)g+1 T - + Xiptig,

8



and define

ka+(k—1)q+1 +---4+ X, ifkp+ (k? — 1)(] +1<n
Ne = .
0 otherwise.

Now S, can be rewritten as a sum of (-“blocks” and n-“blocks”:

k k
Sa=S,+80=> G+ > m
=1 i=1

The above so called “Bernstein blocking method” [B] is a standard technique to the proof of
limit theorems for a variety of mixing sequences. Roughly speaking, the partial sum S, is
partitioned into “long blocks” (1, (o, --- , (x and “short blocks” 71,79, - ,n;. Under certain
mixing conditions, all long blocks are “weakly dependent” on each other, while all short
blocks are “negligible” in some sense.

With lemmas in Section B established, the remainder of the proof of Theorem Il becomes
more or less standard, which can be roughly outlined as follows:

1. We first show Elexp(itS!,/o,)] and H?Zl Elexp(it(;/o,) are “close” (see Lemma BI).

2. Standard analysis shows that H?ZIE[eXp(it(j /o,) and exp(—t?/2) are “close” (see
Lemma B3).

3. Then by the standard Esseen’s Lemma, P(S), /o, < z) and [*_(27)~/% exp(—y?/2)dy
are “close” (see Lemma B4).

4. Finally, since S/ are “negligible”, we conclude, in the proof of Theorem [, that
P(S, /o, < x) and P(S! /o, < x) are “close”, and thus P(S, /0, < z) and
[7_(@2m) "2 exp(—y?/2)dy are “close”.

Lemma 3.1. There exists C > 0 and 0 < p; < 1 such that for all n and |t| < n/1,

|Elexp(itS), /o)) — [ | Blexp(it¢; /o))l < Cpi™.

J=1

Proof. Let | = (k— 1)p + (k — 2)q + ¢/2. By Lemma PO and Lemma P, there exist



0 < A, p < 1 such that

E[eXp(itZCj/an)] = E[eXp(itZCj/Un)eXp(itCk/Un)]

kp+(k—1)q

k—1
= Elexp(it Z (j/on)exp(it Z f(z)/on)]

i=(k—1)(p+q)+1

k—1 kp+(k—1)q
= Elexp(it /o) exp(it > f(z)/on)] + 00 p" ™o,
Jj=1 i=(k—1)(p+q)+1

kp+(k—1)q

k—1
= Elexp(it _(/on)Elexp(it Y f(z)/0n)] + ON2) + O p1™M2 /g,
J=1 i=(k—1)(p+q)+1
k—1
= Elexp(it ¥ _ (j/o0)|Elexp(itCi/a)] + O(X1M2) + O/ p1/2 fo, ),
j=1

here, again, —log p(z;|2 ") —H(Z;|Z)~") is rewritten as f(2/). Noticing that | E[exp(it¢;/oy)]| <
1 and applying an inductive argument, we conclude that

k k
Elexp(itS,, /o,)] = Elexp(it Y  ¢;/00)] = [ | Elexp(it¢;/on)]|+ON2) 10! o112 /o),
j=1 j=1
which immediately implies the lemma. [

Lemma 3.2. There exists C > 0 such that for alln and |t| < n'/11,

k
| H Elexp(it(;/on)] — exp(—t*/2)| < Cn~/1+e0/2,

Jj=1

Proof. Tt is well known (see, e.g., page 343 of [@]) that for any random variable X and any
t € R, we have

|Blexp(itX)] — Y (it)"/KEBIX]| < B[EX"/(n+ 1)1]. (6)

Replacing X by (;/0,, we deduce that
Elexp(it¢;/on)] = 1 — E[G]t*/(207,) + O(E[|¢; 1t/ (607)).-
With Lemmas P8 and E8, one checks that for any |t| < n'/!!,
E¢]t*/(207), E[I¢; 1t/ (603) — 0 as n — oo.
Using the fact that log(1 — z) = —z + O(2?) for |z| < 1, we deduce that

log Elexp(it(;/o)] = —E[G]t*/(207) + O(E[|¢ "1t /o) + O(E*[CFTt" for,)
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O(E*[|G°1t /o) + O(EIGIENGIE /o).

Now,

log | [ Elexp(it¢; /)] = log Elexp(it¢; /o))

Jj=1 J=1

k
—t2/2—t2(z [¢3)/02 = 1)/2 + O( ZEKJ RGNS +OZE2 2)t4 /o)

k
ZE2 1GI%1t° /o) + O EIGIENGIPE /o). (7)
7j=1
It follows from Lemma IZE that for any a > 0

B[] =p(n)(e®* + Op(n)™)),  i=1,2, k,

and

ol =n(o® +0(n™")).
Now, choosing « sufficiently close to 1, we then have that for [¢t| < n!/!!
(G k(e + O ™)
o2 n(o? + O(n=2))
O<n—a(3/11+ao)> 4 020(71_3/11) _ O(n‘a) _ O(n—(a+3/11)>
(02 +0(n™))(1 + O(n=3/11))

where we used k = O(n3/'17%0). One also easily checks that

(==

:tZ( ) :O(n—l/ﬂ),

k
ZEHCJ‘P]t?’/Ui _ O(n1/2(3/11+60)+3/11—1/2) _ O(n—1/11+50/2)7 (8)
j=1
and
k k
Z Gt o, > EP(I¢1t /a8, ZE E[|G)t° /o> = O(nY1). (9)
j=1 j=1

So we deduce that

k
log H Elexp(it¢;/on)] +12/2 = O(n~/11+20/2)
j=1

uniformly for |t| < n!/!. It then follows from |e® — 1| < |z|el*! for all = that

k
T Elexpit; /)] exp(t?/2) — 1] = O(n™ /112072
=1
uniformly for [t| < n'/''| which immediately implies the lemma. O
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The following lemma is a version of Esseen’s lemma, which gives upper bounds on the
difference between two distribution functions using the difference between the two corre-
sponding characteristic functions. We refer to page 314 of [EI] for a standard proof.

Lemma 3.3. Let F' and G be distribution functions with characteristic functions ¢p and
oq, respectively. Suppose that F' and G each has mean 0, and G has a derivative g such that
lg| < M. Then

dt + ———+

1 [T
sgp |F(z) — G(z)] < _/ 7T

mTJ-r

¢r(t) — da(t) ‘ 24M

for every T > 0.

Lemma 3.4. For any e > 0, there exists C' > 0 such that for all n

P(S! Jon < ) — /

—0o0

xT

sup (2m)~1/2 exp(—y2/2)dy’ < Cn~Y/HAE

Proof. Let ¢o(t) denote the characteristic function of a standard normal random variable,
that is, ¢o(t) = exp(—t?/2). Let ¢1(t) denote the characteristic function of S/ /o, that is,
¢1(t) = Elexp(itS] /o,)]. Let ¢o(t) denote the function HleE[exp (it¢j/on)]. Applying
Lemma B3R with 7' = n'/', we have

nl/11

P(S,/on <) — /m (2m)~ 12 eXp(—yz/Q)dy‘ =0 </

—0 _pl/11
@m;¢xwppﬁlwu¢xw;m@wﬁ+nlm)

¢mw—%@wﬁ+nlm>
t

sup
x

nl/11

- O( /
_pl/11
= O( / ’dt+ /
[t|<n—1/2 t n=1/2<t|<nl/11

Pa(t) — dolt)
+A|<n1/2 — ‘dt+/n

Note that by Lemmas B4, 2@, we deduce that for any @ > 0 and some 0 < 6 < 1,

nl/11

¢1(t) — ¢alt) $1(t) — dalt)

t
¢xw—%uwﬁ+nqm)_
t

i

—1/2<|t‘<n1/11

E[S,2] _ Zf:l E[¢7]+2 > ici BlGG] _ k(n)p(n)(c® + O(p(n)=*)) + O(n264m)

o2 o2 n(e? + O(n=®)) ’

which implies that

el = oq) (10)
uniformly over all n. It then follows that for all |¢| < 1,
d1(t) = Elexp(itS. /o,)] = 1 + t20O(E[S,?]/02) = 1 4+ O(t?), (11)
where we applied (B). Also, it follows from (@),(Id), (8) and (A) that for all |¢| < 1,
log ¢a(t) = O(t%),
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uniformly over all n, and thus for all |¢| <1,

¢a(t) = 1+ O(t?), (12)
uniformly over all n. Obviously, we also have for all |t| < 1,
do(t) = 1+ O(#). (13)

It then follows from (I), () and (I3) that there exists C; > 0 such that for all || < 1 and
all n,

|1 () — @a(t)] < Cit?, |92(t) — do(t)| < Cit?,

M’dt = O(n_l)’/ﬁ I

which implies that

Aﬁl@rl/ 2

P2(t) — do(t)

‘dt —0(m™).  (14)

t t
It follows from Lemma B that
t) — t
/ (b?( ) (bO( )’dt _ O(n—1/11+ao/2 logn), (15)
n—1/2<|t|<nl/11 t
and from Lemma B that
t) — ot .
/ —qbl( ) — 02 )‘dt = O(pz( )logn) (16)
n—1/2<|t|<nl/11 t

for some 0 < p; < 1. The lemma then follows from (@), (IF), (I@) and the fact that & can
be chosen to be arbitrarily small. O]

We are now ready to prove Theorem [.
Proof of Theorem . Let F denote the event “|S”|/a, < n~'/'”. Then
|P(Sy /00 < @) = P(Sh/0w < 7))
<|P(S, /o, <x,F)— P(S,/on < x,F)|+|P(S] /o, < x,F°) — P(S, /o, < x, F°)|
<|P(S! oy < @, F) — P(Sp/0, <, F)| + P(|S"| /0, > n~Y1).

Applying Lemma B3, we have, for any £ > 0, there exists C; > 0 such that for any n
|P(S,/on <@, F) = P(Sy/0n < @, F)
< max{P(5, /o, < z+nYY F)~P(S, /0, < x,F),P(S, /0, < x,F)—P(S, /o, < z—n""" F)}

n—1/11

< Cln—1/11+s +/ (271‘)_1/2 exp(—y2/2)dy _ O(n—l/ll—f—a) + O(n—l/u) _ O(n_1/11+€),

_p-1/11

Applying Lemma P8 and Lemma P2, we deduce that for some 0 < 6 < 1,
E[(S4)?] _ i Bl + X Blumg) _ k(n)q(n)o*(1+ o(1)) + O(n61)

_ _ —3/11
2 = = p~ = O(n=3/M).
Also, by the Markov inequality, we have
- E[(Sp)?] -
P(|Sh|/on >n~M) < 3, —am = o Vi),
The theorem then immediately follows. m



Remark 3.5. If Condition (II) fails, i.e., lim,_,o, 02/n = 0, then a CLT of degenerated form
holds for (X;,i € N); more precisely, the distribution of (X; + X5 + -+ -+ X,,)/+/n converges
to that of a centered normal distribution with variance 0, i.e., a point mass at 0, as n — oo.
This is can be readily checked since for any € > 0, by the Markov inequality, we have

P((X1+ Xo+ -+ X,)|/vV/n>¢|) <02/(ne?) = 0 as n — oo.

4 Law of Iterated Logarithm

From the central limit theorem with a Berry-Esseen bound (Theorem ), we only need
to follow a standard “track” to establish the law of iterated logarithm. In particular, we
closely follow the proof of Reznik’s law of the iterated logarithm (for a stationary ¢-mixing
sequence) (see page 307 of [E)):

1. As an immediately corollary of Theorem I, the following Lemma B gives bounds
on the tail probability of S,,.

2. We then slightly modified Reznik’s maximal inequality to to obtain our maximal in-
equality in Lemma B;

3. Finally, we are ready for the proof of Theorem [, where some necessary modifications
are incorporated into the original Reznik’s proof to deal with the complications resulted
from the fact that X is not stationary.

Lemma 4.1. For any |0| < 1 and o > 0, we have

(log o2)~ 1+ (+e)  p(§, > (1 + 6)(202 loglog 02)/?) < (log o)~ 1+ (1=e)
or n sufficiently large.
f [fficiently larg

Proof. By Theorem [, we have for any £ > 0

P(Sy/0y > (146)(2loglog a7)"/?) / (21) 72 exp(—y2/2)dy = O(n~1/11+<),
(1+6)(2loglog 02)1/2

It can be verified that for any = > 0

/ " (2m) 2 exp(—y?/2)dy < exp(—a/2),

which implies that

/( 9)(2log] 2>1/2(27T)_1/2 exp(—y?/2)dy < (logo2) (97,
146)(2loglog o2

It can also be verified that for any o > 0,
exp(~(1+a)s*/2) < [ (2m) V2 exp(—1P 2)dy

14



for z large enough, which implies that for any a > 0,
(og o) 1) < (2m) 2 expl(—7/2)dy,
(14+6)(2loglog 02)1/2
for n large enough. The lemma then follows from ¢2 = no?(1 + o(1)), by Remark 2. [

Lemma 4.2. For anyx > 0,0 < a < 1/2 and C > 0, we have

P(max S; > z) < 2P(S, >z — 20,) + Cn™“,

j<n
for sufficiently large n.

Proof. For j =1,2,--- ,n, let I} be the event “Sy,Sy,---,5;_1 < x,5; > 27, that is, Fj is
the event “j is the smallest index such that S; > 2”. Then, for any z > 0, 0 < a < 1/2 and
C > 0, we have

Plmax$;>a) =3 P(F)=( >, + 3 JPU)< 3 PE)+Cn™

J=n P(Fj)>Cn—(+e)  P(F;)<Cn—(1+) P(F;)>Cn—(+e)
Since
P(S, >z —20,) > Y P(ISy — 8j| <204, F;) =Y P(|S, — S;| < 20,|F}) P(F),
j=1 j=1

we only need to prove that for n sufficiently large, P(]S, — S;| > 20,|F;) < 1/2 for any F;
with P(Fj) > Cn~(+e),

Now fix a positive integer ny (we will choose ng large enough later). For the case when
n — j < ng, applying the Markov inequality, we have

P(|S,=5;| > 20u|Fy) < P(|Sy=5;] > 203)/p(F}) < E[| Y Xi'|8P(Fy)oy) ™" = O(n~'/?),

i=j+1

where we used P(F;) > Cn~(+%). For the case when n — j > ng, we have

J+no n
P(|Sy = 8j > 200|F}) < P(| > Xil > 00 /2F)) + P Y Xi| > 30,/2|F)).
i=j+1 i=j+1+no

Again, using P(F;) > Cn~1% and the Markov inequality, we have

gy AR Jj+no

PSS Xl > 0/20F) < P Y. Xl > 00/2)/P(Ey) < SB[ 3. XiFI(P(F)od) " = 012,
i=j+1 i=j+1 =11

Also, it follows from Lemma P2 and Lemma P23 that

n n

PSS Xl >80,/2F) <o)+ P Y Xi| > 30,/2)

i=j+1+no i=j+1+ng

15



n

<(no) +4E[ Y XiP)/902 = ) +4/9 + o(1).

i=j+14no

Apparently, for both cases, choosing ng sufficiently large so that ¥ (ng) is small enough, and
then choosing n sufficiently large, we deduce that for any F; with P(F;) > Cn~(+)

P(]S, — Sj| > 20,|F;) < 1/2.
The lemma then immediately follows. O
We are now ready to prove Theorem 2.

Proof of Theorem 3. We first show that

Sn
li <1 .S, 17
lfznjgp (2no?loglogno?)t/2 — -5 (17)

equivalently, we show that for any 6 > 0,

S
(202 loglog 02)1/?

B

>1446 i0.)=0, (18)

here we remind the reader that by Remark P72, 02 = n(0?+0(1)) and “i.0.” means “infinitely
often”.

Fox fixed M > 1, define n; = M7, j = 1,2,---. One then checks that
S

S,
- >1+6 i.07 C*“ >1+4+6 i.0.7.
@o2logloga2) 2 ~ ' H0 B0 C B (02 Toglogaz e T MO 1O

«

So, to prove (IR), it suffices (by the Borel-Cantelli Lemma) to show that

S,
P( - >149) < . 19
Z n<n]+1 202 loglog02 )1/2 +0) < oo (19)
Now, by Lemma B2,
ZP S > 146) < f:P(Sn. > (146)(202 loglog o2 )220, ).
n<ng+1 202 log log 02 )1/2 - o i+l n; n; +1
(20)

Note that there exists 0 < d; < ¢ such that for j sufficiently large,
(1+ 5)(20,2” loglog <772Lj)1/2 — 20y, > (14+6)(20 log log o )1/2 (21)

Applying Lemma B0 with « chosen such that (1 + §;)%(1 — a) > 1, we deduce that

ZP njt1 1—|—51)( jloglogg 1/2 Z loga —(1401)*(1—a) _ ZO —(1+461)2(1— a)) < o0,
j=1 =

(22)
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Immediately, (d) follows from (E0), (E0) and (E2). Here, we remark that the same argument
as above with X; replaced by —X; leads to
Sn

lim inf > -1 .S. 23
e (2no?loglogno?)l/2 — -5 (23)

For the other direction, we next show that

lims Sn > 1
im su a.s.:
n_ﬂx)p (2no?loglogno?)l/2 — ’

equivalently, we show that for any ¢ > 0,

Sn

(oo og gy > 1 =0 i0) =1 (24)

For fixed N > 1 and 6 > 0, let C},(0) be the event
“SNn - SNn—lJan/Q > (1 . 5)g(Nn . Nn—l . Nn/2)a77

where g(n) = (2no?loglogno?)/2. With Lemmas 0 and BT, one checks that there exists
0 < 02 < 0 such that for a given a > 0

P(Ch(8)) = P(Syn_yn-1_pmsz > (1=82)g(N"=N""1=N"?)) > log(N"—N"~1 = N/?)=(1=02)*(1+a) /9
(25)
for sufficiently large n. From now on, we choose o > 0 such that (1 —d)*(1+a) < 1. If n
and N are large enough, we have

N" — anl . Nn/2 > Nn/Q,

which, together with (E3), implies that for any § > 0
D P(CL(0)) = oo (26)
n=1

Similarly, let C,,(8) be the event

NTL
Y —log p(Zi| Zi5 1 ywsa) = H(ZNZG 1 juys) > (L= 6)g(N" = N™H = N™/2).
i=Nn—14Nn/241

Applying Lemma P, we deduce that that for any ¢’ > 0, there exists 0 < § < ¢’ such that
for sufficiently large n,

Cu() D Cu(9),
which, together with (28), implies that for any ¢’ > 0

> P(CL(0) = o

17



“SN” >

Again, by Lemma P71, for any 6 > 0, there exists 0 < §” < ¢ such that for sufficiently large
n?

C(8") C C,(6).

It then follows from an iterative application of Lemma 22 that there exists 0 < 6 < 1 such
that for any n, [,

n+l n-+l
P(N2,Ca()) < PO, Cr(6") = T P(Cr(8") + D= 00"
n+l . n+l n+l I
= [[ - P(Cn(d") + Z OON™") < exp(— Z P(C(8"))) + 3" 00N,

So, as [,n — oo, P(N™t C¢ (§)) — 0, or equivalently, for any § > 0,
P(CL(0) i.0.) =1. (27)
Let B, be the event “Syn-1, yn2 > —2g(N""1 + N™2)". It then follows from (23) that
P(B, i.0.) =1,
which, together with (27), implies that for any 6>0
P(B, N Cy(é) i.0.)=1. (28)

One then checks that for § > 0, there exists 0 < § < & such that for sufficiently large n,

(1=8)g(N™) .07 D “Syn > (1=0)g(N"—N""'=N"2)—2¢(N" '+ N"2) i.0” > “B,NC,(8) i.0

It then follows from (E8) that
P(Syn > (1 —=0)g(N") i.0.) =1,

which immediately implies (E4). O

5 Alternatives for Condition (II)

This section only assume Condition (I) and gives alternatives for Condition (II) provided
Condition (I) is satisfied.

Let (€2, F, P) be the probability space which Z is defined on, and let Hy = H(Zy, k € Z)
be the subspace of £?(F) spanned by the equivalence classes of the random variables Z,
k € Z, with inner product defined as

<V,W >= E[VIV],

for any VW € H,.

18



Theorem 5.1. If liminf, ., E[S?] < oo, then there exist a sequence of random variables
(Vi,i € N) as n — oo such that X; = V; — Vi1 with E[V??] = O(1) uniformly for all i, and
thus sup,, E[S?] < oo.

Proof. Let @) be an infinite subset of N such that sup,,cq F [S?] < co. Applying Lemma 2T,
we deduce that there exists C' > 0 such that for all - € N,

sup E[(Sn-f—i—l - Si—l)Z] < 07
neqQ

where S is interpreted as 0. It follows from Banach-Alaoglu theorem (which implies that
every bounded and closed set in a Hilbert space is weakly compact; see Section 3.15 of [BS])
that for any i € N, there exists V; € Hy with E[V?] < C, and Q;, an infinite subset of Q
such that for all W € H,,

lim < W, S, — Sic1 >=< W, V; >;
n—00,n€Q;
here, without loss of generality, we can assume that Q);11 C @Q; for all 2. Then one verifies
that for any W € Hy, we have that for any i,

< W, X;=Vi+Viy1 >=  lim < W, X;—=(Spyic1—5i-1) +(Snti—Si) >=  lim < W, X, ; >=0,
n—00,NEQ;+1 n—00,n€Q
where we have applied Lemma P4 for the last equality. Choosing W = X; —V; + V1, we
then obtain that
[X; = Vi + Vigall2 =0,

which implies that
X =V = Viy1, as.

It then follows that
E[S}] = E[(Vi = Voy1)?] = E[V?] + B[V, = 2E[ViVii],

which, together with E[V?] < C, implies the theorem.
[

A sequence of positive numbers, (h(i),7 € N), is said to be “slowly varying” if for every
positive integer m,

lim A(mn)/h(n) =1,

n—oo

and it is said to be “slowly varying in the strong sense” if

lim minmSnSQm h (TL)

=1
m—00 MaXy,<n<2m h(n)

Lemma 5.2. If lim, ., E[S?] = oo, then E[S?] = nh(n), where (h(i),i € N) is a sequence
of slowly varying positive numbers.

19



Proof. We only need to show that for every positive integer [,

2 2
lim o}, /o, = .
n—o0

Following the proof of Theorem 2.1.2 in [B0], let

Cj - ZX(j—l)n+(j—1)r+s, ] = ]_’ 27 . J)
s=1

Ui :ZXjn-i-(j—l)r—i—s, j: 1’27... 71_17
s=1

(-1)
m=—- Z an+57
s=1

where r = |log o2 ].
Now

!
of, =E[Sp] =) EIG1+2> E[GGI+ Y ElGm]+ > Elnim).
Jj=1 i#] 1,3 2
It follows from Lemma P that for any j,

E[G}] = E[}] + O EI¢T)? = o7, + O(o) (29)

uniformly in j. Using an argument similar to the proof for Part 2 of Lemma P4, one has
that there exists 0 < # < 1 such that for i # j,

[EGG]| = O(0U=7ar),
where we also used (29). Using Schwartz inequality and (E9), we also have
|BlGin]l < BIG]?EW7]'? = O(0wo,) = O(oulog a),
and
| Ening]| < O(07) = O((log 0:,)*).
It then follows that for any positive integer [,
Op = loy, + 0(a,),
which immediately implies the lemma. [

Lemma 5.3. If lim,, .., E[S?] = oo, then E[S?] = nh(n), where (h(i),i € N) is a sequence
of slowly varying positive numbers in the strong sense.

Proof. Note that by Lemma P, we have that for any 7,

. El(Sns; — S9)°
R )

=1, (30)

uniformly in j. The lemma then follows from (B0), Lemma B2 and an almost the same proof
for Theorem 8.13 of [MI. O
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The following lemma is well-known; see, e.g., Proposition 0.16 in [[].

Lemma 5.4. Suppose (h(n),n € N) is a sequence of positive numbers which is slowly varying
in the strong sense. Then for every e > 0, one has that n°h(n) — oco as n — oo.

Lemma 5.5. If lim,_,, F[S2] = oo, then o > 0.

Proof. Assume, for contradictions, that ¢ = 0. Since lim,_,o, E[S?] = oo, we deduce, by
Lemma B3, that E[S?]/n is slowly varying in the strong sense. Then, by Lemma B4, for any
a > 0, n®E[S?]/n — oo as n — oco. However, by Lemma P8, when o = 0, n®*E[S?]/n — 0
as n — oo for any 0 < a < 1, which is a contradiction. O]

The following theorem immediately follows from Theorem Bl and Lemma B3, which
gives alternatives for Condition (II) given Condition (I) is satsified.

Theorem 5.6. Under Condition (I), the following statements are equivalent
1. 0> 0.
2. lim,, o E[S?] = cc.

3. limsup,,_,., E[S?] = co.
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