CLASSIFICATION PROBLEM OF HOLOMORPHIC ISOMETRIES OF THE
UNIT DISK INTO POLYDISKS

SHAN TAI CHAN

ABSTRACT. We study the classification problem of holomorphic isometric embeddings of the unit
disk into polydisks as in [Ngl0] and [Ch16]. We can give complete classification when the target
is the 4-disks and also some holomorphic isometric embeddings with certain prescribed sheeting
numbers (cf. [Ngl0]).

1. INTRODUCTION

Mok ([Mok11], p. 262-263) has raised a question about the structure of the space HIj (A, AP)
of holomorphic isometric embeddings (A, kds% ) — (AP, ds%,). Ng [Ngl0] has provided a complete
description of HI; (A, AP) for p = 2,3. Recently, the author [Ch16] has proven that any f €
HI; (A, AP;p) is the p-th root embedding up to reparametrizations, where p > 2 is an integer. In
particular, the 4-th root embedding in HI; (A, A%;4) is globally rigid in the sense of [Mok11], p
261. The main purpose of this article is to provide a complete description of HI,(A, A%) so that
the classification problem of holomorphic isometric embeddings (A, kds3) — (A%, ds3,) with the
isometric constant k shall be solved as follows:

Theorem 1.1. Let f € HI (A, A*) be a holomorphic isometric embedding such that all component
functions of f are non-constant.

(1) If the isometric constant k = 1, then f is one of the following up to reparametrizations:
(a) the 4-th root embedding Fy : A — A%,

(b) (1, azo By, ago(BaoBr), Bzo (20 pr)), where (ay,f;) € HII(A,A?2) for j =

1,2,3,
(¢) (a1,h? o ag,h3 o ag, h* o az), where (a1,0) € HI1(A,A?%2) and (R, k3, h?Y) €
HI, (A, A% 3),

(d) (51,010ﬁ2,0420527ﬁ3) where (B1, B2, B3) € HL (A, A% 3) and (a1, a2) € HI (A, A% 2),
(e) (a1 0ag,B10as,aso B, B30 Pa), where (aj,B;) € HII (A, A?%2) for j =1,2,3.
(2) If the isometric constant k = 2, then f(z) is one of the following up to reparametrizations:
(a) (0n(z),B1(2), a2(2), B2(z ))7 where (o, ;) € HI1(A, A% 2) for j=1,2.
(b) (2 1(2), (a2 © B1)(2), (B2 0 B)(2)), where (ay, B;) € HI, (A, A%2) for j = 1,2.
(€) (z,a1(2),az(2),a3(2)), where (a1, az, a3) € HI (A, A3;3).
(3) If the isometric constant k = 3, then
f(z) = (2,2,a(2), B(2))

up to reparametrizations, where (o, 8) € HI (A, A?%;2).

(4) If the isometric constant k = 4, then f is the diagonal embedding f(z) = (2, 2,2,2) up to
reparametrizations.

Remark. Actually, this theorem says that all holomorphic isometric embeddings f : (A, kds%) —
(A%, d32A4) with the isometric constant k are parametrized by diagonal embeddings, automorphisms
of A (resp. A*) and p-th root embeddings up to reparametrizations, for 2 < p < 4. This answers
the question for the case HI(A, A%) in problem 5.1.2. in [Mok11], p. 262-263.

Moreover, we shall provide some generalizations to the study of Ng [Ngl10] and the author [Ch16]
in certain cases and provided complete description of some holomorphic isometric embeddings with
certain prescribed sheeting numbers (cf. [Ngl0]).
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1.1. Preliminary. Let A C C be the open unit disk with the Poincaré metric ds% = 2Re(gdz ®

dz), where g = 28282 log(1 — |2|?). For integer p > 2, let AP = {(z1,...,2,) €CP | |z;| <1, 1<
J < p} be the polydisk, which is viewed as p copies of A. Moreover, AP is equipped with the Kéahler
metric ds%,, which is the product metric induced from the Poincaré metric ds%. More precisely,
we take the real analytic function —2 Z§:1 log(1 — |2;|%) as Kihler potential for ds3, (cf. [Ngl0],
p. 2908). Let P! = C U {oc} be the Riemann sphere.

Let f: (A, kds%) — (AP,ds%,) be a holomorphic isometric embedding with the isometric constant

k and the sheeting number n. In this article, all holomorphic isometric embeddings

f = (flv"'afp) : (A7 kds2A) - (Ap7d82AP)

will be assumed to be genuine, i.e. all component functions of f are non-constant, as mentioned
in [Ng08], p. 7. From [Ng08], we have 1 < k < p. We can always assume that f(0) = O after
compositing some ¥ € Aut(AP). In [Ngl0], we have the following functional equation

P
[T =1 @P) = —[=P)*
p=1

and also the polarized functional equation

ﬁ(lf" Frw)) = (1= za)".

Let V. C P! x (PY)? be the irreducible projective-algebraic curve such that Graph(f) C V as
obtained in [Ngl0]. From [Ngl0], V; := P;(V) is a projective-algebraic curve containing the graph
of f7, where P; : V — P! x P! 1sdeﬁnedbyP(z Wi,y wp) = (2,w5), 1 <j<p Letm:V — P!
be the finite branched covering 7(z,wy,...,wpy) = z and 7; : V; — P! is defined by m;(z,w;) = z,
1 < j < p. We refer to [Ngl0], p. 2910-2913, for details.

For bounded symmetric domains D € C" and 2 € C, Mok [Mok11] has introduced the space
HI(D, ) of holomorphic isometries (D, Ads%) — (€2, ds3) for some real constant A > 0, where
ds%, ds? are Bergman metrics of D, ) respectively. In particular, in case D = A and Q = AP,
we also have spaces HI (A, AP), HI, (A, AP;n) and HIL(A, AP;n;s1,...,8,) so as to specify the
isometric constant k, the sheeting numbers s; of each component functions of isometries and the
global sheeting number n (cf. [Mokl1, p. 263]).

If #/ : V' = Y is a finite branched covering, where V' is a smooth irreducible algebraic curve and
Y is a compact Riemann surface, then for each point y € Y, denote by v(n’,z) the ramification
index of 7’ at x and by b(n’,y) the branching order of 7’ at y in the sense of [GHT78] (p.217),
where z € 7'~1(y). From [Ng08], [Ng10] and [Ch16], for f € HI;(A, AP;n;sq,...,5s,), we denote
all branches of f7 over A by flJ while all branches of f/ over O := P! \ A by flj;_, 1 <1< s, and
f=f,1<j<p.

Mok [Mok12] has defined the map p, : X — H? (p > 2) by

pp(T) = (T%’77%7 e 7717717-%) )

where v = e and 77 =rrer if T = re’, 0 < 6 < m. From [Mok12], the map Pp is a non-totally
geodesic holomorphic isometric embedding. Then, the p-th root embedding £}, : A — AP can be

—1

defined from p;, via the Cayley transform ¢« : H — A, 7+ 7 and target automorphisms.

2. GENERAL PROPERTIES OF HOLOMORPHIC ISOMETRIES IN HI; (A, A?)

2.1. Special branching behaviour of certain holomorphic isometries in HI; (A, AP). For
holomorphic isometric embeddings f € HI;(A, AP) satisfying certain branching behaviour, we
shall prove that the classification problem of this kind of isometries can be reduced to that of
holomorphic isometric embeddings in HIj (A, AP~1).

Lemma 2.1. Let g : A — A be a component function of a holomorphic isometric embedding
f=(fY..., fP) € HI4(A, AP) satisfying f(0) = 0. Suppose that there is ¢ € Aut(P!) such that
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. . _ axdb a b\ _ u3 0
pogis also a component function of f, where p(z) = org with (c d) = (_ dot U U1) for

Ui
us

(1= 1g(2)) (1 = le(g())]*) = 1 = |h(=)]*,

where h : A — C is a holomorphic function defined by

_ 9(2) —ua(9(2))®
TR e TE)

Proof. Without loss of generality, we can assume that g = f! and ¢ o g = f2. Then R;(f(2)) =
2z = Ra(f?(2)) = Ra((f1(2))) so that Ry and Ry o ¢ are meromorphic functions on P! such that
Rylyr = (Ry 0 )|y, where U’ is the image of f! in P!, which is an open subset by the open
mapping theorem for holomorphic functions. In particular, Ry = R3 o ¢ by the identity theorem.
We compute

some unitary matriz U = ( Zz) satisfying ui,us € C~ {0}. Then, we have
4

1 _unfl(z) —wua(f1(2))? us(f1(2)*
urh(z) + uaf1(2)(p 0 fi)(2) = ——— ( de;U‘; oy ey j& IO RRAL
and
oo f(a) = BTN —usua (FH)? L us(fM(2)
uzh(z) +uaf (2)(po f1)(z) = 01— (@t U)f1(2) tua - et )1 (2)
U fl(z) _ 1

Thus, we have

(sa{;l(fz)») -v (fl(z)isla((z}%z))) |

Actually, we also need to show that f1(z) # qoip for z € A s0 as to ensure that h is holomorphic.
Suppose that f1(zp) = Jeip for some 2g € A, then o(f!(z0)) = oo. This would imply that oo =
Ra(00) = Ra(p(f1(20))) = R1(f*(20)) = 20 by [Ngl0] and Ry o ¢ = Ry, which is a contradiction.

Thus, f1(z) # d:tlg for z € A so that the function h is holomorphic on A and continuous on A,

i.e. the extension h: A — A of h is continuous. Now, we have

L@ + (1 ()1 = (=) + 11 (2)e(f1(2))?
for z € A because U is an unitary matrix and thus U preserves Euclidean norm of the holomorphic
mappings. The result follows. O
Theorem 2.2. Let f = (f',..., f?) € HI (A, AP;n;sq,...,5,) with f(0) = 0, where p > 4 is an
integer. Suppose that there is a point zo € OA such that v(Ryjy, 9 () >2 (j=p—1,p) and
v(RU(#),fU(H) (20)) =1 (u=1,...,p—2) for some 0 € Sy, then s,,_1) = 55(p) are even integers
and 31 € Aut(P) with 1(0) = 0 such that wOff(p_l) = ff(p) 50 that Ry ()0 = Ry (p—1) and 1 is
u1 ZQ> satisfying ui,us € C\{0}.
4

of the form ¢ (z) = —=25—— for some unitary matriz U = <u
3

—(det U)z+u1

In particular, we have
A= 7P D)) = 1f7P()7) = 1= |h(z)
for some holomorphic function h on A and thus
(f70, L FTPTD R (A kdsR) — (AP dsA,1)

s a holomorphic isometric embedding.
Remark. The assumption in the theorem can be replaced by the existence of certain branch of
f which is of the form (f{,..., ff™7, l,, o fl ) up to permutation of component functions, where

l; # 1 for j =p—1,p. This can be also cons1dered as the existence of a continuous path ~ : [0, 1] —
P! \ B; such that v(0) = v(1) = 0 and perform analytic continuation of f = (f},..., V) along

~ would come up with a branch of f which is of the form (gi,...,gp), where g,(;) = ff(j) for
1<j<p-—2and g, : fl oo ) with louy # 1 for p=p—1,p, for some o € S,.
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Proof. Without loss of generality, we can assume that ¢ = Id. Starting with the branch f =

(fL,...,f7) at 0, we perform (multivalued) analytic continuation along some simple closed loop
around zo once to obtain (f1,..., 772 f£=" f2). Note that we label branches of each f7 so that

we can obtain fg by performing analytic continuation of ff along some simple closed loop around
zp once for j = p — 1, p. By the polarized functional equation, we have

(1= @A) (1- AEE0) =1

for z € A so that fP(z) = ¢(f*~'(2)), where ¢(w) = f”l(o)ﬁ' Note that fJ(0) € C* for
2 O
9 o
j=p—1,p, thus ¥ € Aut(P!) because det 12(0) 1 =———-2__— 0. In particular,
L % OO
2

sp—1 = Sp and R, 01 = R,_;. From the polarized functional equation, we also have
(1-27@RE7O) (1= BEE0) =1

— _ p—1 2
so that ¥(f271(2)) = f2(z) for z € A. Now, we have f2(0) = (f£(0)) = = (0)!{@5_(?()3)'2_1) s0
that

L S
SO o))

Then we also have |f2j(0)|2 > 1 for j = p—1,p. Now, one can verify that ¥ (z) = W’
where
\FPIOY _1
o <u1 u2> [ —AE(0) Q)
= = —1 -1
uz Uy Af370) f37H(0) (1 - ToF

with A = \/(1 — W) Wewo for some 6y € [0,27). By Lemma 2.1, the holomorphic
2 2
function i on A defined by

PN E) —ua(fP N (2)?
M) = 5) Fr1(z)

satisfies

A= 1PP)A = 12(2)?) =1 = |h(2) [
Then (f1,...,f?2,h) : A — AP~ ! is clearly a holomorphic isometric embedding. Thus, there is
a rational function Ry such that Rp(h(2)) = 2, and we have 2 - deg Ry = deg Rp—1 = sp—1 = Sp SO
that s, = s,_1 is an even integer. O

2.2. Special sheeting numbers of holomorphic isometries. In the study of the structure of
HI, (A, AP;n;sq,...,5sp) in [Ngl0], if s; = 2 for some j, then the study of holomorphic isometries
f= (..., fP) : A — AP can be reduced to the study of holomorphic isometries A — AP~L
For example, in the proof of Theorem 6.8 in [Ngl0], Ng has reduced the study of certain f €
HI(A, AP) to the understanding of the space HI(A, AP~!) and so on. For the study of the space
HI, (A, AP;n;sq,...,5p), one may ask whether s; = ¢ for some prime number ¢ > 3 and some j
could lead to a similar phenomenon as in the case of s; = 2 for some j. We do not have any general
method to handle such problem. However, for some small prime number ¢ > 3, it may be possible
for us to use the method in [Ch16] to deal with the problem. In this section, we shall show that
when ¢ = 3, then we could show that a similar phenomenon occurs as in the case of s; = 2 for
some j.

Lemma 2.3. Suppose that h is a component function of a holomorphic isometric embedding f :
(A, kdsd) — (AP,ds%,) such that degh = 3, then for any branch point a € OA of Ry, we have
lw| =1 VY w € R;'(a), where Ry, : P1 — P! is the rational function of degree 3 such that

Ry(h(2)) =z Ry (%) = Rhl(w) and Rp(0A) C 0A.

Proof. Without loss of generality, we can suppose that f(0) = 0. Let m be the number of distinct
branch points of Ry, {ai,...,a,} be the set of all distinct branch points of Rj, and the branching
order of a; is denoted by b; for 1 < j < m. Since deg h = 3, we have 2111 b; =4 sothat 2 <m < 4.
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After reordering branch points of h if necessary, we can assume that b; < --- < b, without loss of
generality. Then, we have the following possibilities:

(1) m=2and (b1,b2) = (2,2);

(2) m = 3 and (bl, bg, bg) = (]., ]., 2),

(3) m =4 and (blv b27 b3, b4) = (1, ]., 1, ].)
If b; = 1 for some i, then |R; *(a;)| = 2 and thus R, '(a;) = {w, wy} such that ramification index

of Ry at wy (resp. ws) equals 1 (resp. 2). for some distinct wy,wy € PL. Either |wi| = |wy| =1 or
wy = w% If wy = w%, then ramification order of R;, at w; would be the same as that of R, at wa,
which contradicts to the assumption when b; = 1. Thus, we must have |w;| = |ws| = 1.

If b; = 2, then clearly |R; '(a;)| = 1 and w € R} '(a;) would satisfies |w| = 1 because (a;,w) €
Vi — (ai7 %) € Vj,. Thus, we have verified that if A is a component function of a holomorphic
isometric embedding A — AP with deg h = 3, then we have |w| =1 Y w € R; '(a;) fori =1,...,m.
On the other hand, we have shown that for an arbitrary branch h; of h, we have |h;(a;)] = 1 for
1=1,...,m.

Note that Lemma 6.7 in [Ngl0, p. 2917] shows that if the sheeting number of some component
function ¢ of a holomorphic isometry A — AP is equal to 2, then there exists a holomorphic
function h : A — A such that (g, h) € HI; (A, A2;2). The following proposition provides a similar
result in case the sheeting number is equal to 3.

Proposition 2.4. Let p > 3 be an integer. If h*,h? : A — A are two distinct component functions
of a holomorphic isometric embedding f = (f*,..., fP) : (A,ds%) — (AP,ds3,) such that degh! =
degh? = 3, then there is a holomorphic function h® : A — A such that (h*,h?,h3) : A — A3 is
the cube root embedding up to reparametrizations, i.e. (h',h% h%) € HI (A, A3;3).

Proof. Without loss of generality, suppose that f1 = hl, f2 = h? and f(0) = 0. Let {a1,...,am} C
OA be the set of all distinct branch points of f!. Suppose that m > 3, then there is a branch point

a = a; € OA such that b; = 1. Therefore, there is a branch f! of f! such that the ramification
index of m; at (a, fi(a)) is equal to 1 and | f;'(a)| = 1. Then we have a branch (f}, fli,fli, ce fl’;)
of f for some ;. Consider the functional equation
p ~
(1= #ERF@) - T # e @) =1-a
j=2

By comparing vanishing order of both sides of the above equation at a, we see that | fljj (a)] #1
for 2 < j < p. Thus, a is not a branch point of my; otherwise we would have |flz7 (a)] =1 by the
previous lemma because deg f2 = 3.

Since 7 : Vo — P! is not branched over a € A, we have |(m2)"1(a)| = 3 and the set (R2)"!(a)
contains at least one unimodular value because (z,w) € Vo <= (%, %) € V,. Then, we can choose
I’ such that |f7(a)| = 1 and we have a branch (fll,l,fl%7 flz, .., fl) of f for some I’. Consider the

functional equation
(1-rer@) II (-fEfe)=1-:a
1<5<p, j#2 '
Since a € A is a branch point of 7 and deg f' = 3, we have |fl1,1 (a)] = 1 by the previous lemma.

Now, we have |fl1,1 (a)| = |f7(a)| = 1. Note that we have the Puiseux series

1
fh() = ok (= a)t)
for z € B'(a,€), where € > 0 such that B!(a,e) \ {a} does not contain any branch point of any

component function of f and <pl1,1 is some holomorphic function on B* (0, e%). Here v =1 orv = 2.
Then we have

(2.1) (1=l © 2 ) (1= 2"+ a)F @) (o) = —ag”,
where ¥(§) == [[]_; (1 - f;; (& + a)fé (a)). Note that 1 — goll,l &) apll,l (0) has a zero of order 1 at
¢ =0 and that 1 — fZ(£¥ + a) f2(a) has a zero of order v at £ = 0 since a is not a branch point of
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mo. Thus, the left hand side of (2.1) has a zero of order at least v + 1 at £ = 0. However, the right
hand side of (2.1) has a zero of order v at £ = 0, which is a contradiction. Thus, b; # 1 for all ¢,
1 < i < m. Hence we must have m = 2, i.e. f! has precisely two distinct branch points. Similarly,
f? can only have two distinct branch points. Then, f! and f? are component functions of the cube
root embedding up to reparametrizations by [Ngl0].

We claim that f!, 2 has the same set of branch points, say a1, as € OA. Assume the contrary that
a = a; for some j such that a is a branch point of Ry but not a branch point of Rs, then | f}'(a)| = 1
for | = 1,2,3 by lemma 2.3. But then 31" € {1,2,3} such that |f7(a)| = 1 since |(R2)"!(a)| = 3
and (z,w) € Vo < (%,2) € V5 (cf. [Ngl0]). Then we obtain a contradiction by considering
polarized functional equation as before. Thus, if a is a branch point of f!, then a is a branch point
of f2. Similarly, if a is a branch point of f2, then a is a branch point of f'. Thus, branching loci
of R; and Ry are the same.

From Lemma 4.9 and the proof of Theorem 6.5 in [Ng10], we see that there is a single reparmetriza-
tion such that f!, f2 would become one of the component functions of the cube root embedding.
Then, f! # f? since for each branch of f = (f!,..., f?), there is only one infinite value as z — oo
(cf. [Ng10], p.2917). Thus f!, f? are precisely two distinct component functions of the cube root
embedding. Recall that k7 = f7 for j = 1,2. Thus, there is a holomorphic function k3 : A — A
such that h3(0) = 0 and (h!, h?, h3) : A — A3 is the cube root embedding up to reparametrizations,
i.e. (h',h% h3) € HI (A, A3;3). O

Remark. This proposition can be used for classifying holomorphic isometric embeddings
Fi(AdsA) > (A7, dsA,)
with some special sheeting numbers sq,...,s,. For example, the structure of the space
HI, (A, A% 0, 3,3,32,32, .. 3971 3971 34 39 39)

can be completely described by induction, where ¢ > 2 and n satisfying 39|n, 2¢ +1 < n < 222,
Roughly speaking, the above space is constructed by composition of ¢ holomorphic isometries in
HI,; (A, A3;3). Similarly, the structure of the space

HI (A, A2 +2,:3,3,32,32,...,37 37 2.37 2.37)

can be completely described by induction, where ¢ > 1 and n’ satisfying (2 - 3¢ )|/, 2¢' +2 <
n/ < 224'+1 Roughly speaking, the above space is constructed by composition of ¢’ holomorphic
isometries in HI; (A, A3;3) and a holomorphic isometry in HI; (A, A2).

3. PROOF OF THE THEOREM 1.1

From [Ngl0], if f € HI;(A, A%) is a holomorphic isometric embedding such that all component
functions of f are non-constant, then we have f € HIy(A, A*;n;s1,52,53,54) for some positive
integers n, s1, 2, S3, S4 satisfying % <n <8, Z?:l i = k and sj|n for j = 1,2,3,4. Note that
1 <k <4 from [Ng08]. It turns out that given some positive integers n, s1, 2, S3, $4 satisfying % <
n <8, Zle 5% = kand s;j|n for j = 1,2,3,4, it is possible that the space HIx (A, A%;n; s1, s2, 83, 84)
is empty due to the structure of the irreducible projective-algebraic curve V and the branching
behaviour of each component functions of f.

3.1. Classification of HI; (A, A%).

Lemma 3.1. Let p > 2 be an integer and n be a prime number satisfying p < n < 2P~1 then the
space HI; (A, AP;n) is empty.

Remark. Note that such prime n does not exist when p = 2,3, thus the condition p > 2 could be
replaced by p > 4.

Proof. Assume the contrary that the space HI; (A, AP; n) is non-empty, then there is a holomorphic

isometric embedding f = (f',..., fP) : (A,ds%) — (AP,ds3,) such that the sheeting number of

f7 equals s;, sj|n for 1 < j < pand Zle % =1 (cf. [Ngl0]). Then, we have s; =nfor1 <j<p
27

because »°7_, L =1 so that s; # 1 for any j. This would imply that 1 = Y L = 2 g0 that

n = p, contradicts to n > p. Hence, we have HI; (A, A?;n) = &. O
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By the Lemma 3.1, we have HI; (A, A%;n) = @ for n = 5, 7. Thus, we only need to consider the
cases n = 4, 6 or 8. The following are all possibilities of global sheeting number n and sheeting
numbers s1, ..., S4:

(1) (TL, 51, 52,53, 54) = (47 47 4a 43 4)

(2) (na S1, 52, 53, 34) = (6> 37 63 63 3) or (na $1, 52, 53, 84) = (67 23 63 6, 6)

(3) (n,s1,82,53,54) = (8,4,4,4,4) or (n, s1, s2,53,54) = (8,2,4,8,8).
In case (n, s1, S2, 83,54) = (4,4, 4,4, 4), we can apply the global rigidity of the p-th root embedding
for p > 2 (cf. [Ch16]). More precisely, any f € HI;(A, A%;4) is the 4-th root embedding up to
reparametrizations.

Proposition 3.2. Let f € HI (A, A%;8;2,4,8,8), then

f=(a1,az0pB1, azo(Bao i), Bzo(B20B1))
up to reparametrizations, where (a;,3;) € HI (A, A?;2) for j =1,2,3.
Proof. Actually, the result follows directly from Theorem 6.8 in [Ngl0]. More precisely, V f €
HI; (A, A%:8;2,4,8,8), we have

f(z) = (01(2), 9(B1(2))),
where g € HI; (A, A3;4;2,4,4) and (a,81) € HI;1 (A, A% 2). Moreover, from [Ng10], we have
9(2) = (a2(z), a3(B2(2)), B3(B2(2))),
for some (o, ;) € HI; (A, A% 2) for j = 2,3. Hence, we have
f(z) = (a1(2), 22(B1(2)), as(B2(B1(2))), B3(B2(B1(2))))
for some (o, 3;) € HI; (A, A%2), j =1,2,3. O
Proposition 3.3. Let f € HI; (A, A%6;2,6,6,6), then
f=(a1,h?oay, h®oas, hto as)

up to reparametrizations, where (a1, as) € HIy (A, A%:2) and (h%, h3, h*) € HI (A, A3 3).

Proof. From [Ng10], we have f! = a; for some holomorphic isometric embedding (o, az) : A — A2
with isometric constant 1. Then since (1 — |a1(2)[?)(1 — |a2(2)]?) = 1 — ||, we have

A= IPPEHPA =P A= 1)) =1 - |az(2)*.

Since 0 is not a branch point, locally there is an inverse a2_1 :U C A — A of as. Then

= [z  ())A = [FPlaz DP)A = [fHaz ' ()P) =1~ |2,
ie (f%o a;l, f2o agl, fio agl) : U — A3 is a holomorphic isometric embedding with isometric
constant 1. From [Mok12], we know that (f2oay’, f2oast, f2oay') can be extended to the
whole A, and we let (h2, h%,h*) : A — A3 be the extension. Then f7oa;* = h? for j = 2,3,4 and
thus f7 = h7 o az on some open subset. Now, we have local inverse (f7)~! = a; ' o (h/)~'. Since
the degree of (f7)~! equals 6 while the degree of a;l equals 2, so the degree of (h7)~! should be

equal to 3. Thus (h2, h3, k%) : A — A3 is the cube-root embedding up to reparametrizations by
Theorem 8.1 in [Ng10]. Hence f is of the form

f=N2 0 ) = (@ h? o ag, h? o az, b o as)
up to reparametrizations. O
Proposition 3.4. Let f € HI; (A, A% 6;3,6,6,3), then
f=(Br,a10B2,a20 B, B3)
up to reparametrizations, where (B1, B2, B3) € HI1 (A, A 3) and (a1, az) € HI (A, A% 2).

Proof. Without loss of generality, we can assume that f = (f!, f2, 3, f4) € HI; (A, A%;6;3,6,6,3)
satisfying f(0) = 0. Then, there is a holomorphic function g : A — A with g(0) = 0 such that
(f%, f*,g) € HI (A, A3;3) by Proposition 2.4. From the functional equation, we have

A= 12 =P )P) =1~ lg(=)
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Since g is a component function of some holomorphic isometry in HI; (A, A3;3), from [Ngl0], we
have a local inverse g~! of g around 0 € A so that

A=1fPog )N =P og (2)P) =1~ |2
on some open neighborhood of 0 in A. Thus (f20g~ !, f30g™!): A — A? is a germ of holomorphic
isometric embedding. In particular, (f2 o0 g~!, f30g71) is the germ of the square root embedding
at 0 up to reparametrizations. From [Mok12], such germ of holomorphic isometric embedding
can be extended to a holomorphic isometric embedding A — A2, Thus we have f2 o0 g ! =
aily, f2og7! = as|y for some neighborhood U of 0 in A, where (ay, az) € HI (A, A%;2). Thus
fP=a10g, f2=as0g on A. Hence

F=UNP P Y = (Braro B, az 0 B2, B3),
where (81, 32, 83) € HI; (A, A3:3) and (a7, as) € HI; (A, A% 2). O

Let f = (fY, f2, /3, f%) € HI; (A, A% 8;4,4,4,4) and v : X — V be the normalization, where
X is a compact Riemann surface of genus g(X). Without loss of generality, we can assume that
f(0) = 0. The universal cover of X is either P!, C or A by the Uniformization Theorem. In any
cases, we can use global holomorphic coordinate ¢ on P* = ClU{oc}, C or A to represent a point in
X. Given a non-constant meromorphic function S on X, denote by Zeros(5(¢)) (resp. Poles(5(¢)))
the set of all zeros (resp. poles) of S not counting multiplicities.

Recall that 7 : V' — P! is the finite branched covering defined by (z, w1, wa, w3, w,) — z. Then,
mov(¢) = R(¢) is a non-constant meromorphic function on X with precisely 8 distinct poles and 8
distinct zeros. Denote by S;(¢) = (Prao(Pjov))(¢) for 1 < j <4, where Pry : P! x P! — P! is the
projection onto the second factor and P; : V. — P! x P! is defined by (z, w1, w2, w3, ws) — (z,w;)
and V; = Pj(V) for 1 < j < 4. Then, S; is a non-constant meromorphic function on X with
precisely two distinct poles and two distinct zeros. Moreover, we have R(¢) = R;(S;(¢)) for
I<j<4

Let (flll,fi,fl?;,fé) be a branch of f over A for some I; € {1,2,3,4}. For ¢ € U’ :=
v~1(Graph(f)), we have f/(R(¢)) = S;(¢) for 1 < j < 4. Note that for any branch f/ of f/,
1 <1,j <4, there is precisely two distinct branches of f over A with the j-th component function
equal to fj because S; : X — P! is a degree 2 branched covering and the graph of each branch of
f over A (resp. P!\ A) lies in the regular part of the variety V. From the polarized functional
equation, for ¢ € U’ := v=(Graph(f)) and w € A, we have

4 -
[T (1- S50 (w) =1 - RO)w.
Jj=1
Fix w € A, then both sides of the above equality are meromorphic functions on X. Thus, by
identity theorem of meromorphic functions on compact Riemann surfaces, the above equality holds
for ¢ € X and w € A. Putting w = 0 in the above equality gives
4

[I(1-5f0)=1 veex.

j=1
Lemma 3.5. Let f = (f',..., f%) € HI;(A,A%;8;4,4,4,4), then there is a branch of f over A
which is of the form (g1,...,g4), where gy ;) := ff(J) (G =1,2) and gou) = fli((’f? with 1y, # 1
(u=3,4) for some o € Sy.

Proof. Without loss of generality, we can assume that f(0) = 0. Let v : X — V be the normaliza-
tion. Assume the contrary that f does not have a branch of the required form. From the functional
equation, it is known that f cannot have a branch of the form (fc’(l), fo@ o) fﬂég) over A

up to permutation of component functions of f, where o € Sy and j,(4) # 1. Otherwise, we would

2
have ‘fji((i)) (z)‘ = |f"(4)(z)|2 so that f;i((g (0) = f7™(0) = 0, which contradicts to f;”(i)) and fo(4)
being distinct branches and 0 is not a branch point of R4. Then, we have branches of f over A of

the form

1 r2 3 4 1 2 r3 4 1 2 3 pd 1 2 3 4
(31) (f 7fl(1)7fl(1)7 l(l)) 9 (fl(2)vf 7fl(2)7 1(2)) ) (fl(?»)a l(3)7f ’ l(S)) ) (fl(4)vfl(4)7fl(4)af ) )
2 3 4 1 3 4 1 2 4 1 2 3
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where l;k) # 1 for each j, k. Note that performing (multivalued) analytic continuation of (!, f2,
f3, f*) along some simple closed loop around each branch point of R; in C, 1 < j < 4, would
produce all branches of f over A because Reg(V) is connected (cf. Proposition 1 in [MN10], p.2634-
2635, for the structure of V' and properties for the branches of f). From the polarized functional
equation, we have

3
[0 S @) =1

for each o € Sy, where for each k € {1,2,3,4}, Bj(.k) = l](k) (0) e C* =C {0} for j € {1,2,3,4} ~

{k}. Note that the poles of 1 —S; (C)@ are precisely the poles of S;(() for j € {1,2,3,4} ~ {l}

and ! = 1,2,3,4. Moreover, 1 —5,(¢) B](l) has precisely two distinct zeros and two distinct poles for
je{1,2,3, 4}~ {l} and 1 =1,2,3,4.

Consider the branch < fl1(4)7 fz2(4” fﬁ4), f4), then there is a unique branch of f over A which is of
1 2 3

the form (f%l,f,fz, l‘%4),f,§4> with k4 # 1 because we already have the branch (f1, f2, f3, f4), S;
3

is a degree 2 branched covering and all points in v~!(7~!(c0)) are not ramification points of S,
1 <1 <4. We claim that k; # lj(-4) for j =1,2.
If ky = l§.4) for j = 1,2, then we would have |f*(2)]* = |f (2)]* for z € A, which leads to a

contradiction by the arguments above. If k; = 154) and ko # lgl), then we have

(1-52008) = (1= 5:002,0) (1- SO, 0)

from the functional equation so that

60— (87 - T20) - $:(0)
1(() = =—== .
[, (0 1=52(0)f2,(0)
Thus, Sy = @ o Sy for some ¢ € Aut(P!). But then this implies that all branches of f are
of the form (flll,ff,fl?;,fl‘l) for some ly,l3,1 € {1,2,3,4} by performing (multivalued) analytic

continuation, which contradicts to the existence of the branch ( fl1(4), fl2(4), fﬁ4), f4). Similarly, if
1 2 3

ko = 154) and ky # l§4), then this also leads to a contradiction. Hence, k; # lj(.4) for j =1,2.
From the functional equation, we have

Jp—— Y R (S
1 —84(¢) fz,(0) = 1 51(()7&1 01 52(07]0]?2 0

and H?:1 <1 —5; (C)@) = 1. Thus, we have

Zeros (1 S4(Q) FE,0)) € Zeros (1= 51(0517) (1 - 8:(0)687))

= Zeros <1> = Poles(53(¢))
1 —53(¢) §4)

Since S3 has two distinct simple poles and 1 — S4(¢) f,‘; (0) has two distinct simple zeros, we have

Zeros (1 — S4(O) f, (0)> = Poles(S3(¢)). Therefore, there are two distinct points y1,y2 € V (resp.
z1, 2 € X) such that v(z;) = y;,

o 1
yj = (oqa@aé,oo, —_— >
fr(0)
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for j = 1,2, and {x1,22} = Zeros (1 — S4(C)f,‘€14(0)) = Poles(55(¢)), where a{,ag eC* j=12.

Note that z1,z9 € X are two distinct unramified points of Tov : X —LIP’l and y1,y2 € V are
smooth points on V. Then, we have two distinct branches of f over P! \ A which are of the form

(fllh_vfli,_vfliv_7fli7_)a ( Tlll,—afﬁz,fvfliv_7flt7_) such that

Y1 = (OO, flll,f(oo)7fli,f(oohfli’f(oo%fli,f(oo)) ’
Y2 = (OO, f,lh,_(oo),fﬁ,“,_(oo),fli,_(oo),f[i_(oo)) .
If n; = l; and n; # [; for distinct 4, j € {1,2}, then we have

L= fl _()ff _(w) =1~ fo, _(2)f}, _(w)
for z,w € P! . A from the functional equation, which implies that f;@_ = fﬂ,ﬁ so that [; = n;, a
contradiction. Thus, n; # [; for j = 1,2. Now, we have o] # o for [ = 1,2. From the functional
equation, we have

(1= AT —@) (1= 2 )2 —@)) = (1= S T @) (1= f2 ()2 (W)

so that

1=l @@ 1= g2 (el
1-fi —(@ai 1= f _(2)a3
which implies that f _(2) = @(f7 _(2)) for some ¢ € Aut(P') satisfying ¢(0) = 0. Denote by

O =P\ A. Thus, Ry O@Iffz,f(o) = R2|ff277(0)~ Since f7, _(O) C P! is open, we have Ry 0 = Ry

by the Identity Theorem for meromorphic functions on irreducible holomorphic varieties ([Gun90],
p.177). We claim that R;(h(z)) = z for some holomorphic function h on A implies h = flJ for some
I and h(0) = f/(0). Actually, 3 an open neighborhood By of 0 in A such that R;|y, : U, — By is
biholomorphic and 7(0) = £7(0) for some [ since 0 is not a branch point of R;, where U; is some
open neighborhood of f7(0) in P*. Then (R;|v,) B, = hl, = f/|p, and thus h = f/ by the
Identity Theorem.

Therefore, this implies that ¢ o f2 is one of the branches of f over A. Since (p o f2)(0) = 0, we
have ¢ o f2 = f! because 0 is not a branch point of any R;, 1 < j < 4. But then performing
(multivalued) analytic continuation of (f!, f2, f2, f4) could only produce branches of f over A of
the form (fll,ff,fé, fl43) for some l,15,14 € {1,2,3,4}, which contradicts to the assumption 3.1.
Hence, there is a branch of f over A which is of the required form. 0

Proposition 3.6. Let f € HI (A, A%;8;4,4,4,4), then

f=(a10ag, P10, a30 P, B30 5)

up to reparametrizations, where (a;, 3;) € HI1 (A, A%2), j =1,2,3.

Proof. Without loss of generality, we can assume that f(0) = 0. By the Lemma 3.5, there is a
branch of f over A which is of the form (g1,...,94), where g,(;) = ffm for 1 < 7 < 2 and
Jo(n) = fli((’:)) with I, # 1 for = 3,4, for some o € S;. By Theorem 2.2,

A= 17D E@PA = 117D )P =1 - |h(2))?
for some holomorphic function h : A — C. Thus, from [Ng10], (f0), f7?) h) € HI; (A, A%) so
that sheeting number of h equals 2 and h is a component function of some isometry in HI; (A, A?; 2)
(cf. [Ng10]). This shows that (f7(, f7(2) h) € HI (A, A%;4;4,4,2). From [Ngl0], we have

(fg(l)a fU(Q)a h) = (O[5 © 9755 °4g, h)
up to reparametrizations for some (s, 35) € HI; (A, A% 2) and (g,h) € HI (A, A% 2) for some
holomorphic function ¢ : A — A. Moreover, (1 — |f7®) (h=(2))]?)(1 — |f7@W (A= (2))]?) = 1 — |2|?
for € B}(0,) C A for some ¢ > 0. Thus, (f7® oh=, f7® o h~1) : BY(0,e) — A? is a local
holomorphic isometric embedding which can be extended to the whole unit disk A (cf. [Mok12]), so
73 = agoh, f74) = Byoh for some (ay, B4) € HI (A, A% 2). Hence, (f71), f72), foB) o)y =
(a5 0g,850¢,a40h,40h) up to reparametrizations so that f = (a1 o ag, 81 0 g, 3 0 B2, B3 0 B2)
up to reparametrizations, where (a;, 8;) € HI; (A, A?%;2), j =1,2,3. O
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Combining the above results, part (1) of the Theorem 1.1 is proved.

3.2. Classification of HI; (A, A*) for 2 < k < 4. Now, we consider the case k = 2,3 or 4. The
following is part (2) of the Theorem 1.1.

Proposition 3.7. Let f : (A,2ds3) — (A*,dsks) be a holomorphic isometric embedding, then
f(2) is of one of the following form up to reparametrizations:

(1) (041(2),,81(2),Oég(Z),ﬁg(Z)), where (Oé]aﬁ]) € HII(AaA272) fOTj = 172
(2) (2,01(2), (a2 0 B1)(2), (B2 0 B1)(2)), where (ay, B;) € HI1(A, A% 2) for j=1,2.
(3) (z,1(2),a2(2),a3(2)), where (a1, as, az) € HI (A, A3;3).

Moreover, the space HIo(A, A*;n;2,2,2,2) is non-empty only when n =2 or n = 4.

Proof. Without loss of generality, we can assume that f(0) = 0. Let s; be the sheeting number
of f7 and n be the global sheeting number (cf. [Ngl0]). In case k = 2, we have 2 < n < 8. If
n = 5, then we have Z?:l si = 2 with s;|5 for 1 < j < 4. Thus, [ + 4T_l = 2 for some integer

[ > 0, but this would imply that 4l = 6, a contradiction. If n = 7, then we have Zj’=1 i = 2 with

;|7 for 1 < j < 4. Thus, [ + % = 2 for some integer [ > 0, but this would imply that 6/ = 10, a
contradiction. Then, n & {5,7}. Therefore, we have n = 2,3,4,6 or 8.

In priori for n = 6 or n = 8, we would have (n, s1, s2, s3,54) = (6,2,2,2,2), (6,1,3,3,3), (6,1,2,3,6),
(8,2,2,2,2) or (8,1,2,4,4).

If s; = 1, then f!(2) = z up to reparametrizations so that the problem reduces to the study
of HI; (A, A%), which is completely described by Ng [Ngl0]. If (n,s1,s2,s3,54) = (6,1,3,3,3),
then (f2, f3, f4) is the cube root embedding up to reparametrizations by [Ng10] and this implies
that n = 3, which is a contradiction. If (n,si,sq,ss,s4) = (6,1,2,3,6), then we would have a
holomorphic isometry in HI; (A, A3;n/;2,3,6) so that n’ > 6, which contradicts to n’ < 4 (cf.
[Ng10]). If (n,s1,82,83,84) = (8,1,2,4,4), then (f2, f3, f%) is of the form (ay,az 0 f1, B2 0 B2) for
(aj,B;) € HI (A, A?) by Ng [Ngl0] and thus n = 4, a contradiction. This rules out the cases
(n, s1,82,83,84) = (6,1,3,3,3), (n, s1, s2,83,84) = (6,1,2,3,6), (n, s1,82,83,51) = (8,1,2,4,4).

Therefore, the only possible global sheeting numbers n and sheeting numbers si,...,s4 are the
following:

(1) (n351752353754) = (n72a2a272)7 ﬂ:2,4,601‘ 83

(2) (n,31732,33754) = (471727434)a

(3) (’I’L,81782,837S4) = (371737333)

Now, we deal with these cases:

(1) Let f = (f', f2, f2, fY) € HIy(A, A% n;2,2,2,2), then each f7/ becomes one of the com-
ponent functions of the square root embedding from [Ngl0]. From [Ngl0], for each branch
point a € OA of some component function f7 of f, we have |f7(a)|?> = 1. From the use
of Puiseux series of each component function f/ of f around a branch point a € A of
f7, we see that either a is a branch point of all component functions of f or a is a branch
point of another component f! of f (I # j) and a is not a branch point of other component
functions f* of f (u & {l,7}).

Then either (i) branching loci of all component functions of f are the same or (ii) for any
branch point a € OA of each component function f7 of f, a is only a branch point of f
for some [ # j and not a branch point of f#* for u & {I,5}.

(i) If branching loci of all component functions of f are the same, then there is a single
reparametrization of f so that each f7 is one of the ay, 81, where (ay,81) € HI; (A, A?)
is the square root embedding. From [Ngl0], since for every branch of f, there is precisely
two component functions of f which takes value oo at oo, so only two of the f7’s is ay
and the other two are 81 up to reparametrizations. In particular, f is (aq, 51, @1,61) up
to reparametrizations for some (a1, 31) € HI; (A, A?).

(ii) Suppose that for any branch point a € A of each component function f7 of f, a is
only a branch point of f! for some | # j and not a branch point of f# for u & {l,j}. We can
assume that f! and f? have a common branch point a € A and a is not a branch point
of f3, f4, then after performing (multivalued) analytic continuation around a € A along
a simple continuous closed loop around a once, we have another branch (f!, f2, f3, f*) of
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f for some [ # 1. Then from the proof of Theorem 2.2, we actually have

A= )P~ f2)P) =1~ [h(z)]?

for some holomorphic function h : A — A. Then (h, f3, f*) € HIy(A, A%) and actually
the sheeting number of h has to be 1, i.e. h(z) = z up to reparametrization. In particular,
(f1, f?) € HI (A, A?%) and thus (f3, f4) € HI; (A, A?). Hence, f is (a1, 81, a2, B2) up to
reparametrizations for some (o, 8;) € HI; (A, A?%), j = 1,2.
In particular, any f € HIy(A, A% n;2,2,2,2) is (a1, B1, as, f2) up to reparametrizations
for some (aj, ;) € HI; (A, A?%), j = 1,2. Note that branching loci of a; and 8; are the
same for each j = 1,2. By performing (multivalued) analytic continuation, the global
sheeting number is at most 4, i.e. either n =2 or n = 4.
If f=(fYf2 f3 % € HIZ(A, A% 2;2,2,2 2), then branching loci of all f7 are the same
so that there is a single parametrization of f to make f7 to be either a; or 31, where
(a1,81) : A — A? is the square root embedding. Moreover, since for each branch of f,
there are only two component functions takes value co at 0o, so f = (aq, 51, @1,51) up to
reparametrizations.
If f e HIx(A,A%4;2222), then f = (a1, 81, a2,32) up to reparametrizations, where
(aj, B;) € HI1 (A, A?%;2) for j = 1,2 such that branching loci of (a1, 41) is different from
that of (a2, Bg)

(2) Let f = (f', f2, 3, f*) € HIy(A, A% 4;1,2,4,4), then f!(z) = z up to reparametrizations,
so we have (f2, f3, f*) € HI; (A, A3;4;2,4,4). From [Ngl0], we have

(f27f37f4> = (a17a2051762051)

up to reparametrizations, where (o, 8;) € HI; (A, A?%;2) for j = 1,2.
(3) Now, we consider the case n = 3, then the only possibility is that (s, s2, 83, $4) = (1,3, 3,3).
Then, f!(z) = z up to reparametrizations, then

Q=12 =12 A= 1f1)P) =1 -2
so that (f2, f2, f4) : A — A? is a holomorphic isometric embedding with isometric constant
k = 1. From [Ngl0], (f2, f3, f*) has to be the cube-root embedding up to reparametriza-

tions. Thus f(z) = (2,a1(2),a2(2),a3(2)), where (a1, az,a3) : A — A3 is the cube-root
embedding with the isometric constant 1 up to reparametrizations.

O

The following is part (3) of the Theorem 1.1.

Proposition 3.8. Let f: (A,3dsk) — (A*,ds%.) be a holomorphic isometric embedding with the
isometric constant k = 3, then

f(2) = (2, 2,a(2), B(2))
up to reparametrizations, where (o, 3) € HI; (A, A?%;2).

4 1

Proof. Without loss of generality, we can assume that f(0) = 0. Note that =13
J

that é > %, but then s; < % < 2 = s; = 1, which implies f7(2) = z up to reparametrizations,

= 3, s0 3 j such

say f1(z) = z without loss of generality. Then
Q=12EF) Q=1 L= 11R)1P) = 1 - |27
so that from [Ng10], (f2, f3, f4) : A — A3? is a holomorphic isometric embedding with isomet-

ric constant 2 and thus (f%(z2), f3(2), f4(2)) = (2,a(z),5(2)) up to reparametrizations, where
(a, B) : A — A? is a holomorphic isometric embedding with isometric constant 1. Thus, f(z) =
(2,2z,a(z), B(2)) up to reparametrizations. O

Combining the results in the previous section, Proposition 3.7 and Proposition 3.8, the Theorem
1.1is proved when k = 1,2, 3. For the case of isometric constant k = 4, it is known from [Ng08] that
f(z) = (2,2, 2, 2) is the diagonal embedding up to reparametrizations, i.e. the space HI,(A, A%)
consists of only the diagonal embedding up to reparametrizations. Hence, the Theorem 1.1 is
proven completely.
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4. GENERALIZATIONS OF THE GLOBAL RIGIDITY OF THE p-TH ROOT EMBEDDING

n [Chl6], we have obtained that all holomorphic isometric embeddings in HI; (A, AP;p) is
the p-th root embedding F), up to reparametrizations, which means that F), is globally rigid in
HI, (A, AP; p) in the sense of [Mok11]. This phenomenon also occurs for the space HIj, (A, AP; %),
where k, p are positive integers satisfying p > 2, k|p and £ > 2. Note that the case of HI (A, AP; %)
is precisely the minimal case of HI; (A, AP) in terms of the global sheeting number. More precisely,
we shall show that all holomorphic isometries in HI} (A,Aqk;q) are globally rigid for positive
integers ¢, k satisfying ¢ > 2 and k > 1. The following can be regarded as an analogue of the
Theorem 1.1. in [Ch16] because the techniques of proving Theorem 1.1. in [Ch16] are still valid
for a more general situation with slight modifications.

Proposition 4.1.

Let p > 2 be an integer and k € Z satisfying 1 <k <p, £ € Z and § > 2. Let f = (fY ..., fP):
(A kdsi) — (AP, dsR,) be a holomorphic isometric embedding with the sheeting number q = £
and the isometric constant k. Then f = (g1,...,9%x) up to reparametrizations, where g; = F,
up to reparametrizations for 1 < j < k such that branching loci of all g;’s are the same and
F,= (Fql, co Bl 2 A — A s the g-th oot embedding.

Lemma 4.2 (Analogue of Lemma 4.9. in [Ch16]). Suppose the same assumptions as in proposition
4.1, let ¢ > 4 be an even integer, and suppose that m has 3 distinct branch pomts ai,az,as € 0 O0A.

Then, there is a component function f7 of f such that fJ( ) C A, where f= (f1 qu)
A s the continuous mapping such that f\A f-

Proof. Let the ramification index of 7 at a; be v; for i = 1,2,3, then all possible (v1,vq,v3)
are listed in table 1 in [Ch16], p. 355. We can write a; = €% for j = 1,2,3 and assume that
0 <6 <6 <3< 2r without loss of generality. Let Az = {¢® € A | 6 € (63,6, + 27)},
Ao = {e? € OA | 0 € (01,02)} and A3 = {e¥ € OA | 6 € (62,05)}. Since m = 3, each
component function of f can only map precisely one connected component A C A \ {a1,a1,a3}
into OA. Then, by properness of the holomorphic isometric embedding f (from [M0k12]) we can
suppose that f“(Ag 1) COA for 1 < pu < k and fJ(Ag, 1) € OA for k+1 < j < gk; f“(Al 5) C OA
for k+1 < p < 2k and fj(ALg) ¢ OAfor 1 < j<kor2k+1<j<qk; f’“‘(AQg) C 0A for
2k+1<pu<3kand fi(Ag3) ¢ OA for 1 <j<2kor3k+1<j<qgk.

For all cases listed in table 1 in [Ch16, p. 355], we have v3 = 2. In order to be consistent to above
settings, by continuity of the map f, we would have |3‘7‘(a3)\ =lforl<p<kor2k+1<pu< 3k
|fj (as)] <1 fork+1<j<2kor3k+1<j<qgkby arguments in the proof of Lemma 4.3.
[Ch16]; |f” (ag)| =1for2k+1<p' <3kork+1<p <2kand |f””(a1)| =1fork+1<p” <2k
or 1 < p” < k. Actually, arguments in the proof of Lemma 4.3. in [Ch16] would implies that if
ramification index of 7 at (a;, f'(ai), ..., lqk(ai)) equals s, then 3 distinct j1,...,7s € {1,...,qk}
such that |f7*(a;)] = 1 for 1 < p < sk. If 2 < s < g, then |f/(a;)| # 1 for j & {j1,..,jsk}-
The only difference is that in the proof of Lemma 4.3. in [Ch16, p. 352], we replace the term
1 — |22 by (1 — |2]?)¥ in the functional equation, replace the term —a;é* by (—a;)*¢** in the
polarized functional equation and also replace p by q. The argument of comparing vanishing order
of holomorphic functions at £ = 0 is still valid. Now, we assume that contrary that

(4.1) Bje{1,... kq} such that f/(A) C A.

Then, for 3k + 1 < u < gk, we should have |;”7*(a2)| =1lor |f/7(a1)\ =1.
In any cases listed in table 1 in [Ch16], p. 355, the number of elements in the set

L= {p€Z|3k+1< pu<gh, |[fi(a)| = 1 or [fA(a)] = 1}

is at most 2 (% -k —2k) = (¢ — 4)k because we already have |J2‘/’(a2)| =1for 2k +1 <y <3k
or k+1 < <2k, |[f#'(ay)] = 1for k+1 < p” <2korl < p” <Fkandovp,vy < 2. Note

that \ﬁ(a3)| <lfork+1<j<2kor3k+1<j < gk, by the assumption 4.1, the set I
must have precisely (¢ — 3)k elements. This leads to a contradiction. Hence, we conclude that

3j€{l,...,qk} such that fi(A) C A. O
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Proof of Proposition 4.1. Without loss of generality, assume that f(0) = 0. Note that Z?il L=

s

and s;|g so that s; < ¢, then k = Z?il % < Z?il i = k implies that s; = ¢ for 1 < j < p. The
method used in the proof of global rigidity of p-th root embedding can be applied to the study of
HI, (A, A*; ) since sj = q for 1 < j < kq so that all rational functions R; are equivalent, i.e.
R; = Rj o ¢j; for some ¢;; € Aut(P'). From arguments in the study of minimal case in [Ng10],
branching loci of all component functions of f are the same and for each point (z,ws,...,wp) €
V, ramification index of m; at (z,w;) is the ramification index of m; at (z,w;) for distinct ¢, 7,
1 <4, <p. Let {a1,...,am} C OA be the set of distinct branch points of 7 : V' — P!, Then
for each connected component A C A \ {ay,...,an}, there are precisely k component functions
of f which maps A into JA. From arguments in the proof of Proposition 4.4. in [Chl6], we
have 2 < m < 3 and the table 1 in [Ch16, p. 355], still provide all possible cases when ¢ > 4 is
even and m = 3. Actually, we only need to modify arguments in the proof of proposition 4.4. in
[Ch16], namely replacing the term 1 — |2|? (resp. —@;&%) by (1 — |2]?)* (vesp. (—a;)*€F*) in the
functional equation (resp. polarized functional equation) and also replacing p by ¢. The argument
of comparing vanishing order of holomorphic functions at £ = 0 is still valid.
If ¢ =2 or ¢ > 3 is odd, then from arguments in the proof of Proposition 4.4. and Corollary 4.6.
in [Ch16], f has precisely two distinct branch points. If ¢ > 4 is an even integer and m = 3, then
by Lemma 4.2, fJ(Z) C A for some j, and this contradicts to the maximum principle as in the
proof of Proposition 4.8. in [Ch16]. Thus m # 3 so that m = 2.
Therefore, all component functions of f are some component functions of the ¢-th root embedding
up to reparametrization (cf. Lemma 4.9 in [Ng10, p. 2913]). Note that 7 : V' — P! is also g-sheeted.
From the polarized functional equation

qk

[T - FE)fw) =0 - zw)t

j=1
for some fixed w € A ~\ {0}, then for each branch of f, there are precisely k of the component
functions take the value oo at infinity by the proof of Theorem 6.5 in [Ngl0]. Thus, these k
component functions of f would be the same component function of the g-th root embedding
up to reparametrizations. Without loss of generality, we can suppose that fHF+1 . frk+k are
the same component function of Fj, up to reparametrizations for each p = 0,...,¢ — 1, and for
1< j,i <k, f*+5 and f**+ are not congruent to the same component function of F, provided
that p # p/. Moreover, for 1 < j < k, (f7, fi+* ..., f7+@=Dk) is the ¢-th root embedding F,
up to reparametrizations. Thus, f is of the required form up to reparametrizations and the result
follows. O
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