COHOMOLOGICAL ORIENTIFOLD DONALDSON-THOMAS
INVARIANTS AS CHOW GROUPS

HANS FRANZEN AND MATTHEW B. YOUNG

ABSTRACT. We establish a geometric interpretation of orientifold Donaldson-
Thomas invariants of o-symmetric quivers with involution. More precisely,
we prove that the cohomological orientifold Donaldson-Thomas invariant is
isomorphic to the rational Chow group of the moduli space of o-stable self-
dual quiver representations. As an application we prove that the Chow Betti
numbers of moduli spaces of stable m-tuples in classical Lie algebras can be
computed numerically. We also prove a cohomological wall-crossing formula
relating semistable Hall modules for different stabilities.
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INTRODUCTION

There are by now a number of geometric interpretations of Donaldson-Thomas
invariants of quivers. In various settings and levels of generality, see [16], [5], [22],
[14], [21], [6]. In particular, in [I4] it is proved that the cohomological Donaldson-
Thomas invariant of a symmetric quiver is isomorphic to the rational Chow group
of the moduli space of stable representations of the quiver. In this paper we es-
tablish an analogous result for orientifold Donaldson-Thomas invariants, giving the
first geometric interpretation of these invariants. Roughly speaking, orientifold
Donaldson-Thomas invariants are counting invariants of moduli spaces of quiver
representations which have orthogonal or symplectic structure groups.
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The slope g Donaldson-Thomas invariant of a quiver ¢ with stability 6 is de-
fined in terms of the Hilbert-Poincaré series of the semistable cohomological Hall
algebra HY o5 of Kontsevich and Soibelman [19]. The algebra HE G5 1s a convolution
algebra on the cohomology of the stack of semistable representations of slope pu.
Understanding the finer structure of 7—[9 °, has led to a better understanding of
Donaldson-Thomas invariants. Slrmlarly7 When the quiver has an involution and
duality structure (see Section the orientifold Donaldson-Thomas invariant is
defined in terms of the Hilbert-Poincaré series of the semistable cohomological Hall
module /\/la 55 a left HY 0'i—o-module structure on the cohomology of the stack of
semistable self dual representations [28].

Motivated by results of [14], in this paper we study a Chow theoretic version
of M%‘ss, defined in the same way as M%‘ss but with Chow groups used in place
of cohomology groups. The resulting object Be'ss is a left-module over the Chow

theoretic Hall algebra A9 %i—o introduced in [12] While cohomological and Chow
theoretic Hall algebras share many common features, one technical advantage of
the latter is the existence of the localization exact sequence in Chow theory. Using
the localization exact sequence, the problem of understanding A%‘if can be reduced
to that of understanding the Chow groups of the Harder-Narasimhan strata of the
affine variety of representations. This idea has been used extensively in the rep-
resentation theory of quivers (see [24] for its introduction) and is central to the
approach of [I4]. In its original setting, the Harder-Narasimhan stratification was
applied by Atiyah and Bott [I] in their study of two dimensional Yang-Mills theory
with compact gauge group H. See also [20] for related work. The case in which H
is a unitary group is analogous to the case of ordinary representations of quivers,
but the framework is valid for arbitrary H. The approach of this paper is to import
the method of Atiyah and Bott when H is an orthogonal or symplectic group. The
result is the o-Harder-Narasimhan stratification of the affine variety of self-dual rep-
resentations. The main geometric properties of this stratification are summarized
in Propositions 2.2] and [2.3] both of which are direct analogues of results in the or-
dinary case. The key result we prove using the o-Harder-Narasimhan stratification
is Proposition [2.5] which states that the mixed Hodge structure on the cohomology
of the stack of semistable self-dual representations is pure of Hodge-Tate type. The
proof proceeds by showing that the o-Harder-Narasimhan stratification is equiv-
ariantly perfect in the sense of [I]. We use Proposition to prove that the cycle
map defines an isomorphism Be ss Ty M9 %% which is compatible with the corre-

0-ss

sponding algebra 1som0rphlsms A = 7—{9 % from [14]. See Theorem (3.1l We
deduce from this result that the cycle map from the Chow group to the cohomol-
ogy of the moduli space of o-stable self-dual representations surjects onto the pure
part; see Corollary Theorem establishes a wall-crossing formula for Chow
theoretic Hall modules. More precisely, we show that as a graded vector space the
trivial stability Hall module B is determined by the module 89 55 and the algebras
{A9 “} u>0- At the level of Grothendieck groups, Theorem recovers the motivic
orlentlfold wall-crossing formula of [27].

In Section [d] we give some applications of the above results to Donaldson-Thomas
theory. We prove in Theorem that the cohomological orientifold Donaldson-
Thomas invariant of a o-symmetric quiver is isomorphic to the rational Chow group
of the moduli space of o-stable self-dual representations. An immediate corollary is
that the orientifold integrality conjecture for o-symmetric quivers holds; see Corol-
lary In Section we restrict attention to the quivers L,, with one node and
m > 0 loops. For particular choices of duality structures, moduli spaces of self-dual
representations of L,, are moduli spaces of m-tuples in orthogonal or symplectic
Lie algebras. It follows from Theorem [£.1] together with Reineke’s computation of
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the Donaldson-Thomas invariants of L,, [25] and the freeness of My [28], that
the Chow Betti numbers of moduli spaces of o-stable self-dual representations of
L,, can be computed numerically. As a final application, using Theorem [£.1] and
the explicit shuffle description of the My, = from [28] we show in Theorem that
the Chow Betti numbers of moduli spaces of stable m-tuples in symplectic and odd
orthogonal Lie algebras groups agree.

Notation. Throughout this paper we write ® for ®q, unless otherwise noted. All
varieties/schemes are over the ground field C. By the dimension of a smooth variety
we always mean its complex dimension.
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1. BACKGROUND MATERIAL

1.1. Quiver representations. Let Q = (Qo, Q1) be a finite quiver and let Aa =
Z>0Qo be its monoid of dimension vectors. A representation (U, u) of @ is a finite
dimensional Qp-graded complex vector space U = EBier U; together with a linear

map uq : Uy = Uj for each arrow ¢ <24 j. The dimension vector dimU & Ag of U is
the tuple (dim U;);cq, and the total dimension dim U € Zx¢ is the dimension of U
as a complex vector space. We also define the total dimension dim d of a dimension
vector as ) ;o di-

The affine variety of representations of @) of dimension vector d € AZ? is

Ry = @B Homg(C*,C%).
i—>j

The group GLg = [[;c, GLa; (C) acts linearly on Ry via change of basis. The stack
M, = [R4/GLy] is the stack of representations of dimension vector d.

Write Repg(Q) for the category of finite dimensional complex representations of
Q. It is abelian and hereditary. The Euler form of Rep¢(Q) descends to the bilinear
form on Ag = ZQq given by

X(d,d) =" did; — > did;.
i

1€Qo

1.2. Self-dual quiver representations. For an introduction to self-dual quiver
representations see [7], or from the point of view of this paper, [27].

An involution of a quiver @ is a pair of involutions ¢ : Qr — Qg, k = 0,1, such
that

o(a)

(i) if i % 4, then o(j) —= o(i), and
(ii) if i = o(i), then a = o(a).
A duality structure on (@, o) is a pair of functions s : Qp — {£1} and 7 : Q; —
{£1} such that s is o-invariant and 747,() = s;s; for each arrow i < j.
Fix an involution and duality structure on Q. A self-dual representation of @ is a
representation (M, m) with a nondegenerate bilinear form (-, -) having the following
properties:
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(i) M; and M; are orthogonal unless i = o(j),
(ii) the restriction of (-,-) to M; + My(;) satisfies (x,2") = s;(2’, x), and
(iii) for each arrow 4 2, j the structure maps of M satisfy
<max,x/> - Ta<x>mo(a)x/> =0, z € M;, s Mo(j)' (1)

The dimension vector of a self-dual representation lies in the submonoid Ag+ -
Aa of dimension vectors which are fixed by o. Categorically, a choice of duality
structure induces an exact contravariant functor S : Repg(Q) — Repg(Q) and an
isomorphism of functors © : 1gep() = S? which satisfies S(Ov)0sw) = 1sw),
thus giving Reps(@) the structure of an abelian category with duality. In this
language, a self-dual representation is a pair consisting of a representation M and
an isomorphism M ~ S(M) which is symmetric with respect to O .

Let e € A”Q’Jr. Throughout the paper we will assume that e; is even whenever ¢ €
Q8 and s; = —1. Up to isometry, the trivial representation C¢ = Gaier C*® then
admits a unique self-dual structure. The affine variety of self-dual representations of
dimension vector e can be identified with the subspace of R, consisting of structure
maps which satisfy equation . Explicitly, fixing partitions Qo = Qy U QF U Q¢
and Q1 = Q] U QJ U QF such that QF consists of the nodes fixed by ¢ and
o(Qy) = Qf, and similarly for Q, we have

RI~ P Home(CH,C¥)e P Bil*™(CY)
i—jeQf i—o(i)eQg
where Bil*! (C¢) denotes the vector space of symmetric (4) or skew-symmetric (—)
bilinear forms on C¢. The isometry group of C¢ is

GZ ~ ] 6Le.(©) x [ G
icQd 1€Qg
where

G — { Sp,,(C), ifs;=—1
€ 0., (C), ifs; =1
The stack of self-dual representations of dimension vector e is MZ = [R7/GZ].
The categorical point of view makes it clear that for each representation U the
vector space Ext’(S(U),U) is naturally a Zy-representation. By Ext’(S(U),U)*®
we denote the subspace of symmetric or skew-symmetric elements. The analogue
of the Euler form in the self-dual setting is

E(U) = dim¢ Hom(S(U),U)™* — dim¢ Ext!(S(U),U)".
This descends to a function £ : Ag — Z given by

E(d) = Z W—F Z do(iydi—

1€Qg ieQf
di(di—FTaSi)
> T X dewds
o(i)23ieQg i—jeQy

1.3. Moduli spaces of quiver representations. We recall the construction of
moduli spaces of quiver representations using geometric invariant theory (GIT)
[I7]. Fix an element § € Homy(Ag,Z), called a stability. A representation V'
of @ is called semistable if u(U) < p(V) for all non-trivial subrepresentations
U C V and is called stable if this inequality is strict. Here u(V) = e(ﬁ?‘y) €Q
is the slope of V. There are GLg4-invariant open (possibly empty) subvarieties
R%st € R%** C Ry of (semi)stable representations. The moduli scheme 9% %% of
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semistable representations is the GIT quotient Ry //¢GL4, the stability 6 determining
the linearization of the group action. The stack M-t = [R%5! /GL,4] is a C*-gerbe
over the smooth moduli scheme smg-st of stable representations, which is an open
subvariety of imZ'ss.

Suppose that @ has an involution and duality structure. In this case we will
always assume that 6 is o-compatible, that is, 0*0 = —60. A self-dual represen-
tation M is called o-semistable if p(U) < p(M) for all isotropic subrepresenta-
tions U C M and is called o-stable if this inequality is strict. The slope of a
self-dual representation is necessarily zero. The representation theoretic notion of
o-(semi)stability agrees with the corresponding notion in GIT [27, Theorem 3.7].
Hence there are GZ-invariant open subschemes RZ%-s¢ ¢ R7%-%¢ C R?. The stack
Mg:0-st = [R7:9-5t /GZ] is a smooth Deligne-Mumford stack. The o-stable moduli
scheme 97%-5* is thus an open subscheme of M5 = RY /4G with at worst finite

quotient singularities. By convention we set zmgﬁ'” = zmgﬁ‘“ = Spec(C).

2. HARDER-NARASIMHAN STRATIFICATIONS

2.1. The o-HN stratification. Let Q be an arbitrary quiver with stability 6.
Recall that each representation U has a unique Harder-Narasimhan (HN) filtration
[24, Proposition 2.5]. This is an increasing filtration 0 =Uy C Uy C --- C U, = U
with the property that the subquotients U /Uy, ...,U,/U,_1 are semistable and
satisfy
w(U1/Uo) > p(Uz2/Ur) > -+ > p(Uy /Ur—1).
Suppose now that @) has an involution and a duality structure and let M be
a self-dual representation. If U C M is an isotropic subrepresentation, then the
orthogonal U+ C M contains U as a subrepresentation and the quotient U+ /U
inherits from M a canonical self-dual structure. Denote by M /U the self-dual
representation UL /U.
Proposition 2.1 ([27, §3.1]). Let 0 be a o-compatible stability.
(1) A representation U is semistable of slope p if and only if S(U) is semistable
of slope —p.
(2) A self-dual representation is o-semistable if and only if it is semistable as
an ordinary representation.

(8) FEach self-dual representation M has a unique o-HN filtration, that is, an
isotropic filtration

0=UycU;Cc---CcU.CM (2)
such that the subquotients Uy /Uy, ..., U./U,_1 are semistable and satisfy
w(Ur/Uo) > p(U2/Ur) > -+ > p(Uy/Ur—1) >0
and, if non-zero, M JU,. is o-semistable.

Using Proposition [2.1] it is straightforward to show that if the o-HN filtration
of M is given by , then

0=UycU,C---CU.CU+C---CcU;y =M (3)

is the HN filtration of M (considered as an ordinary representation), after identi-

fying U, and U;- if M /U, is zero. Observe that the subquotients of the extended
filtration satisfy the symmetry conditions

S(U;JU;_) ~ Ui- U, i=1,...,r (4)

Definition. Let r > 0. A tuple (d®,e>) € (AZS)T X Ag+ is called a o-HN type if
the following conditions hold:
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(1) each d*,...,d" is non-zero,
(2) p(d)>--> u(dr) >0, and
(3) each of R‘9 s ..., R%* and Rx 0-55 is non-empty.
The weight of (d°, OC) is defined to be Zj:l(dj +o(d?)) +e>

Note that e is allowed to be zero in the above definition. We will write HN? (¢)
for the set of o-HN types of weight e € AUQ’+. For (d*,e>) € HN?(e) denote by
Rg;’fe{i C RY? the subset of self-dual representations whose o-HN filtration is of type
(d*,e>). Similarly, let RO@ ™) R? be the subset of self-dual representations
which have an isotropic filtration of type (d®,e*). In the latter case we do not
require that the subquotients of this filtration be o-semistable. Analogous subsets
REN R® < R, are defined for an ordinary HN type d* € HN(d); see [24].

We need variations of two results of Reineke.

Proposition 2.2 (¢f. [24) Proposition 3.4]). For each e € A”’+, the collection

{Rd. Pm}(d. e>)eHNe () defines a stratification of RZ by locally closed GZ-invariant
smooth subschemes.

Proof. The argument is nearly the same as [24]; we give it here for completeness.
Let (d®,e>) € HN? (¢) and let C¢ be the trivial self-dual representation of dimension
vector e. Let

O0=FEyCcFE,C---CE.CcC*®
be a Qp-graded isotropic filtration whose subquotients have dimension vector type
(d*,e>). Let Ri. . C R be the closed subscheme of self-dual representations
which preserve E, C C°. The natural map

U:Rg.’eoo — Ryt X -+ X Rgr XRgoo
is a trivial vector bundle. The preimage

Ro’,@—ss _ ( ) (R9 ss % R9 55 o RO’ 0- SS)

de®,e>
Is open in R, .. Let GZ. .o C G7 be the parabolic subgroup which stabilizes
E, C C°. Both Rf. ... and Rg;e'eii are GJ. -invariant subschemes of RZ. Since
the quotient G7/ GZe o 18 projective, the action map
m? : GZ XGay oo RGe oo = RY
is proper. It follows that the image of m?, which equals Rg’(d.’ex), is a closed
subscheme of RZ. The uniqueness of o-HN filtrations implies that the restriction
of m? to G7 xgs, Rgl?:;i defines an isomorphism

o,0-s5 ~ o, HN
GZ Xag, o Rge o — R (5)
. . ) d. 400
In particular, Rg;Heﬁ is a smooth open subscheme of Rg’( ™), O

Unlike the case of ordinary quiver representations, the o-HN strata R, eoo N need
not be connected. This is in turn because the isotropic flag variety GZ /GG de e need
not be irreducible. More precisely, GZ/ Gge oo fails to be connected if and only if one
of its factors is a flag variety for an orthogonal group Os, (C) which parameterizes
isotropic flags whose largest subspace is Lagrangian; such a flag variety has two
irreducible components. The following example illustrates this behaviour.

Example. Let QQ be the quiver e—s—e—— with its unique involution. Fix the duality
structure s = 1 and 7 = —1 and the stability § = (1,0,—1). Let e = (1,2,1) and
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consider the o-HN type ((1,1,0),0) € HN?(e). The the o-HN stratum R'(Tl’lf]g) o
consists of self-dual representations of the form

c (0) cz (0%

0
c o e (20

for some A € C*. The vector space C? attached to the middle node has ordered
basis {e, f} with symmetric bilinear form determined by

(e;e) =0, (e, f) =1, (f, f)=0.

It follows that R‘(Tl’blUg) o is a torsor for O3(C) and thus has two irreducible compo-
nents. N

For each d*® € (AZS)T let P(d®) be the polygon in Z>q X Z with vertices

k k
(dim) "d, 00> d)), k=0,...,r
i=1 i=1

Following [24], define a partial order on tuples of AZS by d* < d'* if P(d*) lies on or
below P(d'®). Note that the polygon associated to a HN type is convex. Similarly,
for a o-HN type (d',...,d",e®) € (Af)" x AUQ’+ we define P(d®,e>) to be the
polygon attached to the HN type (d',...,d",e>*,o(d"),...,0(d')). The polygon
attached to a o-HN type has a vertical reflection symmetry and lies in the subset
ZZO X Zzo.

Proposition 2.3 (¢f. [24) Proposition 3.7]). Let e € A”Q’Jr. For each (d*,e>) €
HN? (e) the inclusion

o, HN o, HN
RGN C U R
(d’®,e">°)EHN7 (e)
(d*,e>)<(d'®,e')
holds.

Proof. Tt is shown in the proof of [24] Proposition 3.7] that if X is a representation
with HN type ¢®* and U C X is a subrepresentation, then the point (dim U, 0(U))
lies on or below P(c*). In particular, this applies if X is self-dual and U is isotropic.

We conclude that
,(d®,e™= JHN
RT(@%e™) L) R oo

(d’'®,e’>°)eHN7 (&)
(d.,em)g(d/.7e/00)

But R;;Iﬁ,\f, = R as follows from the proof of Proposition O

2.2. Equivariant perfection of the o-HN stratification. We show that the
o-HN filtration of R associated to a o-compatible stability 6 is GZ-equivariantly
perfect in the sense of [I], [I8, §2]. See [15] §4], [3, §4] for analogous results in the
setting of ordinary quiver representations.

Let X be a smooth connected complex algebraic variety with an action of a
reductive algebraic group G. Suppose that {S;} Y, is a disjoint collection of locally

closed G-invariant smooth subschemes of X such that [_|£i0 S; = X and
?i C U Sj
i<j
for each i = 0,..., N. Assume that each connected component of S; has complex
codimension ¢; in X and write v; — S; for the normal bundle of S; C X. For
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each 7 there is an associated long exact sequence of mixed Hodge structures, the
equivariant Thom-Gysin sequence:

o HER(S)(=6) = HE(U 8)) = HE( 85) = HE (S (=6) = -
i<j i<j
(6)
Here (—6;) = — ® Q(—1)®% with Q(—1) the Tate Hodge structure of weight 2.
It is shown in [I] that if each of the equivariant Euler classes eug(r;) € HE(S;),

i =20,...,N, is a not a zero divisor, then the long exact sequence @ breaks into
short exact sequences

0 — HE2%4(8)(—6;) —>H§(U S;) —>H’g(U S;) = 0. (7)
i<j i<j
In this situation the stratification {S;}Y is called G-equivariantly perfect.

Lemma 2.4. Suppose that {S;}Y, is a G-equivariantly perfect stratification of X.
If HékH(X) = 0 and HZ*(X) is pure of Hodge-Tate type for all k € Z, then the
same is true for HE(S;), i=10,...,N.

Proof. This follows by induction on ¢ using the short exact sequence . O

Proposition 2.5. Let e € A8+ and (d®,e>) € HN?(e). Then Hé’i“(Rg;iﬁ) =0
and HZ¥ (RG’HN) is pure of Hodge-Tate type for all k € Z.

de®,e>®
Proof. We will apply Lemma @ with X = RZ, G = GZ and the stratification
{Rg;ig}(do,em)eHNa(e) of Proposition ordered as in Proposition H Note that
H(’;g (RY) ~ H(';Z vanishes in odd degree and is of Hodge-Tate type in degree 2k.
Let vge oo — Rg;{iﬁ be the normal bundle of Rgzig C RZ. We need to prove that
eugg (Vase) € HE, (Rg.zi\i) is not a zero divisor. The isomorphism induces
isomorphisms

. o,HN .
Heg (Rge o) =~ Hgo

d® e

0,0-ss
(Rd'7e°°)
~ 4 0-ss 0-ss 0,0-ss
= HGLdl XX GLgr XG0 (Rg™ X -+ X Rg™ X RZT7).
- .. 3 3 0-
Denote by Dge e the restriction of vge e to RZISS X o+ x R x RZ*°. Then

euGe (Vge =) is mapped to UGL ;1 X+ X GLgr X Gng (Dge o) under the above isomor-

phisms. Fix V; € R%*, j=1,...,r,and N € R%%% and consider the orthogonal
direct sum self-dual representation

M=EHV;,)®N €R?.
j=1

Here H(V) =V @ S(V) is the hyperbolic self-dual representation on V. The fibre
of Uge o over M is naturally identified with the subspace of

P Ext'(Vi.v) e PExt'(Vi,Ne @ Bxt'(Vi,S(V))
1<i<j<r i=1 1<i<j<r

consisting of elements whose component from @;<;<;<,Ext'(Vi, S(V;)) is fixed by
S. Note that we have used the isomorphisms (4)).
Let T ~ (C*)" be the diagonal torus

TC ﬁGLdj C f[GLdj X Gg(x,.

j=1 j=1
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Then T acts trivially on R x -+ x RJ® x R2:2% and acts on Dge

weights

(1) t; —t; on the summand Ext'(V;, V),

(2) —t; on the summand Ext!(V;, N), and

(3) —t; —t; on the summand Ext'(V;, S(V;)).
We can therefore apply the Atiyah-Bott lemma [T, Proposition 13.4] to conclude
that eugs (V4o e ) is not a zero divisor. O

with

,e° | nmr

Here is one application of Proposition Let F, be a finite field of odd order
q. In [27, Theorem 4.4] the stacky number of F,-rational points #MJZ%*(F,)
was explicitly computed, the result being a rational function of q. By a similar
computation, one can prove that the motive [MZ?-5%] € K (Stc) is given by the
same rational function, with ¢ replaced by the Lefschetz motive L = [AL]. The new
ingredient in the motivic setting is the computation of the motive of the classifying
stack [BGZ], a non-trivial task since GZ may contain factors of the orthogonal
groups O,, and so need not be a special algebraic group in the sense of Serre. In [g]
it was proved that [BO,]jL, = #B0,(F,). It follows from Proposition that
the specialization L + ¢? of the expression for [M7:%-%%], and hence the formula
from [27, Theorem 4.4], gives the Poincaré series of H®(MZ:%-5%).

3. CHOW THEORETIC HALL ALGEBRAS AND MODULES

3.1. Basic definitions. We recall the cohomological Hall algebra of Kontsevich
and Soibelman along with some of its modifications.

Let @ be a quiver. Let Vecty be the category of finite dimensional Z-graded
rational vector spaces. Write D!®(Vectz) C D(Vectz) for the full subcategory of
objects whose cohomological and Z degrees are bounded below. Let D' (Vectz) Ah
be the category whose objects are Ag—graded objects of D' (Vectz) with finite
dimensional AZS x Z-homogeneous summands and whose morphisms preserve the
Aa x Z-grading. Denote by {%} the functor which is tensor product with the one
dimensional vector space of cohomological and Z degree —1. Define a monoidal
product X™ on D”’(VeCtz)Ag by

Quw Qui=@( B U oUW ) =" d))/2}),
deAf deAf deAd, (d'.d")eAbxAf
d=d/+d//

Fix a stability 6. For each slope p € Q let

Heow = @ He, (RE){x(d.d)/2} € D" (Vectz) 5 .
deAd

Here ACS,/A ={d e AZS | u(d) = p} U {0} and we use singular equivariant coho-
mology with rational coefficients. The Z-grading of 'H%Slf is the cohomological,
or equivalently Hodge theoretic weight, grading. We interpret H¢, | (R%5%) as the
cohomology of the stack MY = [R%/GL,]. For each d,d’ € Aau there is a
correspondence

MOss x Miss SE 0 MGy T MY,
(U,V/U) “ UcCV = V

with MZ:‘;? = [RZ:;? /GLg ] the stack of flags of representations of dimension vector
type (d,d’). The map m; X 73 is a homotopy equivalence while 7o is proper. The

composition g o (1 X 73)* defines a product on ’H%‘Sj making it into an associative
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algebra object in D' (Vecty) Al called the slope i semistable cohomological Hall

algebra (CoHA) [19].
Suppose now that @ has a duality structure and that 6 is a o-compatible stability.
With this additional data, the category D (Vectz) gt becomes a left module over

(le(Veth)Ag , ™) via the formula

Puzs Prvi=@ ( P Urevaird.)2)

deArd eeAGt eeAGt (& eeAfxAaGt
e=H(d')+e’

where
’Y(dv 6) = X(dv 6) - X(ev d) + E(U(d)) - 5(d)
Define
ME* = @ He, (RI"){E(e)/2} € le(Veth)Ag+.

o,+
eEAQ

Ifde Ag,p:o and e € A8+, then there is a modified correspondence of stacks

MG x MpPes S5 MR 2 MOET
(U,M)U) i UcM — M
where M7:0-55 = [R9:%-55 /G7] and Mg:z'ss = [Rg:z'ss/Ggye]. As above, m x 7§

is a homotopy equivalence and 7§ is proper. The composition 7§, o (m; x 7§)*

gives M%‘“ the structure of left H%‘szo—module object in le(Veth)Ao,+, called
' Q

the semistable cohomological Hall module (CoHM). See [28] for details. We denote
by * the action of H& 00 On MG
Let W(Q) be the abehan group Z2Qg. We have an exact sequence of groups

AQ—>A”Q—>W(Q)%O

with H(d) = d+o(d) and v sending a dimension vector to its parities at QF. There
is a ’H%‘ifzo—module decomposition M = Duewo) MG (w) with

M0 ss @ HGU Ra@ SS){E( )/2}
eeA'7 +
u(e):w
Note that M%‘SS (w) is trivial unless s; = 1 whenever w; = 1.

In the case of trivial stability, § = 0, both Hg and Mg have explicit combina-
torial descriptions in terms of shuffle algebras and signed shuffle modules. See [19,
Theorem 2] and [28, Theorem 3.3], respectively.

There are also Chow theoretic versions of 'He'ss and M‘g'ss called the Chow Hall
algebra (ChowHA) and module (ChowHM) and denoted by A% 05 and Be 5% respec-
tively. The former was introduced and studied in [12], [13], [14] The deﬁnltlons of
.Ae °; and B%‘ss are entirely similar to those of their cohomological counterparts but
Wlth rational equivariant Chow groups used in place of rational equivariant coho-
mology groups. For background on equivariant Chow theory the reader is referred

o [10], [2]. For example, the slope u semistable ChowHA is

Al = @D Ab, (RY*)alx(d,d)/2} € D"(Vects)

+
dEAQ I

The Z-grading of AeQ'if is defined by putting the equivariant Chow group A’(“;Ld (RO*%)
in degree 2k. The semistable ChowHM is defined analogously. Like M%‘SS , the
A%‘if—module B%‘SS admits a decomposition labelled by W(@Q).
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3.2. Comparison of the ChowHM and CoHM. Given a linear algebraic group
G, we write A% for AZ(SpecC)g and similarly for H2. For each r > 1 there
is a graded ring isomorphism A2 =~ Q[zy,...,z,] with z; of degree i and the
equivariant cycle map Ag ~— H¢  is a degree doubling ring isomorphism. In
particular, Hg| is concentrated in even degree. Similarly, for G an orthogonal or
symplectic group of rank r > 1 we have a ring isomorphism A2 ~ Q[p1, ..., p,] with
p; of degree 27 and the equivariant cycle map AZ — H¢ is again an isomorphism.
Note that with integer coefficients the above statements are only valid for general
linear and symplectic groups. Even with rational coefficients the statements are
not true for the special orthogonal groups SOs,.. See [], [9], [23], [26] for proofs of
these statements.

In [14, Corollary 5.6] it is shown that for any stability 6 and slope p the equi-
variant cycle map clqgq : A%‘if — H%SE is an isomorphism of algebra objects in
D™ (Vecty) I We show that this isomorphism lifts to Hall modules.

L

Theorem 3.1. Let 0 be a o-compatible stability. The equivariant cycle map clpoq :
Bg“ — MOQ'SS is an isomorphism in le(Veth)Ang, Moreover, the diagram

A%if:o &S—tw BGQ—SS * B%—ss

-t
Clalg XS Clmod‘ ‘Clmod

H?Q_,SSZO xS—tw HCGQ_SS . MZ?_SS

commutes.

Proof. Tt suffices to prove the theorem when B%‘SS and M%‘SS are replaced with
Bgss(w) and M%*%(w), respectively, for an arbitrary class w € W(Q).

Proposition shows that H(?;‘EH(RZ’Q‘SS) for all £ > 0, so we need only prove
that

Clegou : Al (RET) = HEE (RE™)

is a vector space isomorphism for each & > 0. Define a partial order on AUQ’+
by ¢ < eife, <e; forall i € Qyp. We proceed by induction on e € Ag+ with
fixed class w € W(Q). Let e be the minimal such dimension vector. Explicitly,
e is zero except at those nodes i € @) with s; = 1, in which case e; is zero if
w; = 0 and is one if w; = 1. A self-dual representation of dimension vector e has
no isotropic subrepresentations. Hence RZ%** = RZ and the cycle map reduces to
clsod A"’g — Héfei, which is an isomorphism by the discussion above the theorem.

Assume that clf,/wd is an isomorphism for all ¢’ < e of class w. Let RZ:%-unst =
RZ — R2%% be the closed subscheme of unstable self-dual representations of di-
mension vector e. Using Proposition we obtain a stratification of RZ¢-umst
by GZ-invariant closed subschemes whose successive complements are of the form
Rg;fi{.i for some (d*,e>) € HN(e) different from (e). Since RZ%-** is smooth,
there are isomorphisms

ASZ (Rgﬁ-ss) ~ Aélgm RZ—'(RZ,G—SS), HFM7GZ (RZ‘,G—SS) ~ Hégdim RZ_.(RZ',G—SS)’

where HPZM (—) denotes Borel-Moore homology with rational coefficients. Using the
equivariant lift of [I4) Lemma 5.3], to prove that cl;,,; is an isomorphism it therefore
suffices to prove that each of the cycle maps A%, (R.N)g — HE (RLEY) is an

de®,e> de®,e>
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isomorphism. Arguing as in the proof of Proposition we have an isomorphism

° o, HN~ _, ge 6’55 6’53 0,0-5s
AGU(Rd' o) 2 GLy1 X XGLygr XG0 (Rq X Ryt X Rox™).

Since e* < e, the inductive hypothesis implies that cI od 1S an isomorphism while
clalg is an isomorphism for all d € A, by [14, Theorem 5.1]. As R%2** has no odd
GY-equivariant cohomology, we can apply the equivariant version of [26, Lemmas
6.1, 6.2] (with rational coefficients) to conclude that the exterior product map

pe oSS ss . o,0-55
G, (BE)g @ @ Al (RE)g ® AL, (RIL)g —
s s 0,0-ss
AGL 1 %+ GLar x G (R%:* - % R%%5 x RIZ*)q

is an isomorphism. Similarly, the corresponding Kiinneth map in equivariant coho-
mology is an isomorphism. Compatibility of the cycle map with exterior products
then implies that cl;, , is an isomorphism.

That cl,,0q respects gradings is clear. That cl,,,q respects the Hall algebra
actions follows from the fact that cycle maps are covariant for proper morphisms
and contravariant for morphisms of smooth varieties. ]

Remark. Unlike clyg : A9 o er:’ the map clyoq : 89 sS M%SS is neither
injective nor surjective if 1nteger coeflicients are used. However the diagram from
Theorem remains commutative over the integers.

Corollary 3.2. Let Q) be a quiver with duality structure and o-compatible stability
6. For each e € A8+ the cycle map cl : A*(IMT0-58)q — H*(IMZ0-5Y) surjects onto
the pure part
PH* (mg,e—st) — @ Wka (mg,e—st).
k>0

In particular, PH®(INT%t) consists entirely of Hodge classes, that is,

WzkHQk (mtgﬂ—st) _ WQkH2k (mg,é—st) n FkHQk(mg,G—st; (C)
and Wap 41 H*F+1(ONT54) = 0 for all k > 0.
Proof. The proof of [B, Theorem 1.1] can be modified to show that the restric-
tion HE,(RZ%-%) — HE,(RI%s) factors through a surjection Hg,(RZ%%%) —»
PHE, (R%-5%). This is proved in [28, Proposition 3.9] under the assumption that
Q is o-symmetric and # = 0, but the same argument works in general. The only
new ingredient is that Hg, (R"e %) vanishes in odd degree and is of Hodge-Tate

type otherwise, which was proved in Proposition 2.5] For each k& > 0 we therefore
obtain an exact commutative diagram

Akg (RZ,H—SS)Q . Akg (Rg,ﬁ-st)Q

cl cl

H2I§ (Rg,e—ss) PH2I§ (Rgﬁ—st)

By Theorem the left-hand vertical map is an isomorphism. The surjectivity
of the right-hand vertical map follows. To complete the proof, note that by [I0}
Theorem 4] we have

Aag (Rgﬁ—st)Q ~ A® (Mg,e—st)(@ ~ A® (mg,e—st)(@

and similarly for cohomology groups with their mixed Hodge structures. (]
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Remark. The analogue of Corollary [3.2]also holds for ordinary quiver moduli, with
the same proof. If, in addition, we assume that @ is the double of a quiver, then
for all stabilities 6 the cycle map A®(9MG5t)g — H® (MY *!) is an isomorphism onto
PH*(OMYst) . Indeed, in the case of trivial stability it is proved in [5, Theorem
2.2] that the restriction map Hg (R3®) — HE  (RY) induces an isomorphism
Vp"m = PH*(M3H){x(d, d)/2}, where V, p”m denotes the cohomological Donaldson-
Thomas invariant of @ [II]. On the other hand, it is proved in [14, §9] that the
cycle map defines an isomorphism A*(M5)o{x(d,d)/2} = QP”(;", where A* (M) g
is given Z-degree 2k. For a general stability, the open embedding 95 < zmg—st
induces a commutative diagram

ARG )g ——— AHM)g

a E

PHQk (gﬁz—st) PHQk (m’t;t)

whose top horizontal map is an isomorphism by [14, Theorem 9.2] and whose right
vertical map is an isomorphism by the discussion above. This implies that the left
vertical map is injective. But by the ordinary version of Corollary this map is
also surjective. Hence all maps in the above diagram are isomorphisms.

3.3. Restriction to o-stable representations. In this section we relate B%‘SS to
the rational Chow groups of moduli spaces of o-stable self-dual representations.
Define

B@ st _ @ A.g RUGst) {5( )/2} € le(veCtZ)Aa+

e€EAyy .
The open inclusions RZ?5* — R76-5% induce a surjection Bg'ss — Be‘St.

Proposition 3.3. For each e € AU "t the kernel of the restriction Be 55— Bo st s

equal to
S s
(d’,e’)eAg — OxAg
H(d')+e'=e,d'#0
Proof. By definition, the locus RZ%%% — RI:%-5! of properly semistable self-dual
representations is the union

U Ra,(d',e'),e—ss
e
(d'e)eAy _oxAGT
H(d)+e =e,d' #0

of the subsets RZ'(? )55 o semistable self-dual representations of dimension vec-

tor e which possess an isotropic subrepresentation of dimension vector d’. From the
proof of Proposition ﬁ we know that RS <)% is the GZ-saturation of R;;ee',ss
and that Rg,’tge',ss is a closed subset of R7:%*5. We can therefore apply [14, Lemma
8.2] to conclude that
GZ ,0- G? ( po,6- GZ ( po,6-

P A (GE ey, , RS ) = A7 (RP")g = AP (RT*')g = 0

(d/ /)EA '“70><AU+
H(d')+e'=e, d'#0

(®)
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is an exact sequence. The affine bundles

0- o,0-s5 o,0-55 o,0-s5
G? XGLy xG?, (Ry°® x Ry)7™) = G2 XGLy xG?, Rd, — GZ XGs, /Rd’,e’

give rise to isomorphisms
GZ o o,0-ss ~ 2 dim szk:+x(d/,€,)+£( (d )) o,0-ss
Ak (Ge XGg Rd’ e’ ) - AGZ, o (Rd’ ,e’ )

~ A2dim R —k+x(d',e")+E(o(d) ( po-ss 0,0-55
—AGLd,ng, (Rg™* x RGT).

It was shown in the proof of Theorem [3.]] m that the exterior product map
AaLd (R9 SS)Q ® Aazl (R:;Q—SS)Q N AGLd/ ‘e, (RO 55 3 Ra 0- SS)Q

is an isomorphism. Combining these isomorphisms and taking into account the
grading shifts, the leftmost map of the exact sequence identifies with the action
map
o, A5 RS B — B
(d'eYENS _oxAGT
H(d)+e =e,d' #0
This completes the proof. O

3.4. Chow theoretic wall-crossing formulas. In [27] a motivic orientifold wall-
crossing formula was proved using finite field Hall algebras and their representa-
tions. In this section we lift this formula to Chow theoretic and cohomological Hall
modules.

By applying [I4, Corollary 5.4] to the o-HN stratification of RZ we obtain an
isomorphism

R - e—codimpg (R;‘.HSZZQ ) o HN
SR> D AL = (RGN, )
(d®,e>)€EHN7 (e)

Using the isomorphism (5)) we see that

codimps (Rg.iﬁ) = codimpg (Re o) — dim G7 + dim Gge coc.

By displaying Rf, .- in terms of matrices, analogous to the description of R .
given in [28] §3.1], we compute

codimpe (REY) == Y x(d*,d') — x(d, ) — £(o(d)) (10)
1<k<I<r
where d =d! +--- +d".
In particular, by considering the open stratum RZ%*% C RZ we obtain from @D a
vector space splitting of the surjection Bg — B?Q‘ 55, We use this splitting to regard

ngss as a subobject of Bg. In the same way, we can consider A%‘SS as a subobject
of AQ.

Theorem 3.4. Let 6 be a o-compatible stability. Then the slope ordered ChowHA
action map
0-ss s S-tw jR0-ss *
M€Q>0A Izl t BQ s _>BQ

is an isomorphism in le(Veth)Ag,Jr. The analogous statement for Mq also holds.

Proof. As in the proof of Theorem we identify Ag, (Rg.iﬁ)Q with the tensor

product Ag (R%%)q - ® AL, (R9 S )o ® Aga (Rzof **)o and consider the
sections of the surjectlons

(@ (Rirde) & 42 (2o~ (®AGH Rii)o) © A% (R *)q
k=1
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coming from the o-HN stratification. This leads to a commutative diagram

~

<®AGL . °%) ) ® AG" ( Zﬁ_SS)Q —_ A'a(RZ.}iﬁ)@

J |

A R A. Ra’ _COdlmR“ (R;;H{\)’o )
® oL, (Rar)g ) ® Age ( )@?’A T (R o )0

The vertical maps are the sections arising from the o-HN stratifications. Com-
paring equation with the twists appearing in the monoidal products X™
and RS- we conclude that the ChowHA-action induces the desired isomorphism
@t"" €Qs0 .A‘9 o [ 5-tw B%‘SS % Bg. By Theorem a the cohomological statement
follows from the Chow theoretic statement.

Special cases of Theorem for @@ a finite type quiver or the cyclic affine A;
quiver, were proved in [28, Theorems 4.9 and 5.8] by a direct study of Mg.

4. APPLICATIONS TO ORIENTIFOLD DONALDSON-THOMAS THEORY

4.1. Orientifold DT invariants are Chow groups. Recall that a quiver @ is
called symmetric if its Euler form y is a symmetric bilinear form. If @) is symmetric,
then X™ reduces to the untwisted monoidal product and Ae °, becomes a AJr X Z-
graded algebra. Moreover, up to a twist of the multlphcatlon by a sign, the algebra
A%f; is supercommutative [19] §2.6].

Similarly, for a fixed duality structure, a quiver is called o-symmetric if it is
symmetric and ¢*£ = £. In this case X" reduces to the untwisted monoidal
module structure and B5* is a A8+ x Z-graded A%‘i‘jzo-module. If .A%if o Is
supercommutative without any twist, then B%‘SS is a super Agifzo—module. In
general it is unknown if the supercommutative twist of A%if:o can be lifted to
8‘9'35 In any case, we will not use the supercommutative twist in this paper.

Let Hers_O + be the augmentation ideal of H%Si o- In [28] the cohomological
or1ent1f01d Donaldson-Thomas invariant of a o-symmetric quiver was defined to be
the A * x Z-graded vector space

Wprlm 9 0 €€/H9 ot *MQ ss

Denote by an{n 0) the degree (e,l) € AZ™ x Z summand of anm_

Theorem 4.1. Let Q) be a o-symmetric quiver with o-compatible stability 0. Then

- { A1 re(enMET)g  if 1+ E(e) =0 mod 2,
0

prim,60
W, ifl+&()=1 mod 2.

Q,(e,l) —
In particular, if anm is non-trivial, then E(e) <1< —&(e).
Proof. By Theorem @ the equivariant cycle map induces an isomorphism
BYS AL xBTS MO UG« MO
in le(Veth)Ag+. Proposition [3.3| implies that

BG™ ~ By | Ao 4 *x B (11)
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It follows that we have an induced isomorphism Bg** = ngm’e. By definition,
the degree (e,1) € A" x Z component Bgs(te y of B&*t is trivial unless | — £(e) is
even, in which case we have
-5 3(1—=E(e)) ,0-5
BGty = Ag, (R7%*")q
La-¢&(e 0,0-s
AzU=EE) (M0t
10— .0
A2(l E(e))(m«te,é st)@
T,0-¢
A1 (11e(e) Mo

These isomorphisms follow from [I0, Theorem 4] together with the fact that, if
non-empty, the complex dimension of M7 %5 is —&€(e). The final statement of the
theorem also follows from this dimension formula. O

R

12

Corollary 4.2. For each e € A8+ the vector space @, Wg'z:";) is finite dimen-

stonal.

The statement of Corollary is known as the orientifold integrality conjecture.
A direct but complicated proof of Corollary in the case of trivial stability was
given in [28, Theorem 3.4].

The motivic orientifold Donaldson-Thomas invariant of () is defined by

G2, &)= > dimgWE (—q?)'¢ € Zlg?, ¢ 2][€].
(e.)EAGT 7

By Theoremthe invariant Qge is the generating series of shifted Chow theoretic
Poincaré polynomials of 97%-5*. Again by Theorem if we define a normalized
invariant by

—0,0 1._¢ 0
QQ,e = (7q2) (S)Qg,y

=a,0 .
then Qg,e € Z>o[g] with constant term 1 and degree at most —&(e).

Example. A symmetric quiver () admits an essentially unique involution ¢ which
restricts to the identity on Qp. Any duality structure on (@, o) is automatically
o-symmetric. The only o-compatible stability is the trivial stability. In this setting
we have ﬁae € Z>0l¢*]. Geometrically, using Theorem and Corollary this
implies that
A_g(e)—2k—1(MT)g =0
for all £k € Z and
PH*(OMZH) =0
unless kK =0 mod 4. <

Remark. Without the assumption of o-symmetry, Proposition [3.3] still implies
equation . However in this generality we do not expect the right-hand side to
be the correct definition of the orientifold DT invariant.

4.2. Orientifold DT invariants of loop quivers. Let L,, be the quiver with one
node and m > 0 loops. Then L,, admits a unique involution, being the identity on
both nodes and arrows, and we are in the setting of the example from Section [4.1
Any stability is equivalent to the trivial stability 6§ = 0, which is o-compatible. A
duality structure on L,, is given by a sign s and m signs 7. Let 71 (respectively,
7_) be the number of the latter which are positive (negative).

Suppose that 7 is identically —1, that is 7— = m. If s = 1, then the variety of
self-dual representations is RZ = s0.(C)®™ with the simultaneous adjoint action of
GZ = O.(C) while if s = —1, then R? = sp_(C)®™ with the simultaneous adjoint
action of G = Sp,(C). Hence 9" is a moduli space of stable m-tuples in a
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classical Lie algebra. When s = 1 we have a decomposition Bz, = BLDm @ BLBm, the
summands corresponding to even and odd dimensional representations, respectively.

Theorem 4.3. For any m > 0 and e > 0 we have an isomorphism

As((s5)™ /SPac)g = Ae((505.711)™ /O2e+1)g

of Z-graded vector spaces.

Proof. Define a AJer x Z-graded ring automorphism ¢ : Hy  — Hr, by ¢(fi) =
2 fq for fq € Hp,, 4 Let (M )y be the ¢-twisted module associated to M7 .
Explicitly, (Mfm)zb equals /\/lfm as a graded abelian group and has H,  -module
structure

faxg g=0(fa) xg.
Comparing the explicit signed shuffle descriptions of ./\/lf and Mg given in [28]
Theorem 3.3], we see immediately that (M7 )g ~ Mgm [1] via the identity map.
Here [1] denotes A7 "-degree shift by one. It follows that WLp”mB o~ Wzr'mc[l] as
Azm x Z-graded vector spaces. Applying Theorem completes the proof. (]

Variations of Theorem arise by choosing different duality structures on L.,
Fix 1 < my < m and consider the duality structures

(s574.7-) = (~Lim —mg,mo), (8570, 70) = (1ymg — 1,m —mo + 1),

The corresponding varieties of self-dual representations are

2
R7 = spa. (C)F™ @ (f\ €)™, G = Spy,(C)
and, in even dimensions,
R = 505, (C)®" 7m0t @ (Sym?C*)®™0~, G7 = 04 (C).

The vector space C2¢ denotes the fundamental representation of Spy, (C) or Oz, (C),
as appropriate. Up to a twist by an automorphism of #Hj, , the associated Hall
modules /\/lgm and ./\/l'LDm are isomorphic. Arguing as in the proof of Theorem
we see that the rational Chow groups of the associated moduli spaces of o-stable
self-dual representations are isomorphic. Similarly, for m > 1 and duality structures

(s m) = (L1m=1),  (si7},70) = (1;m,0)

we obtain a twisted isomorphism between M7 ~and M/ [1] and hence an isomor-
phism of Chow groups.

Finally, we explain how the invariants Qf , for any duality structure, can be
computed. After fixing a type B, C or D, in [28 Theorem 4.6] it is proved that Mp,_
is a free module with basis anm over an explicitly defined subalgebra H L., CHL, -

At the level of generating series this implies the factorization A7 = A L.,27 . Here

o _ (_q%)g(e) e
= 2 e

eeAT ™t Hjil 1 7)

is the parity twisted Hilbert-Poincaré series of My, and e is restricted to be even
or odd depending on the type. Similarly, the parity twisted Hilbert-Poincaré series
AL of Hp, can be written in terms of the g-Pochhammer symbol (z;q)e =
[Tieo(1 — 2¢*) and the Zs-equivariant DT invariants:

A, = Eis ace. Dok
Loy = (q ’ 5 54 )00 :
(e.k)EAT* X2
xe{+}
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Explicitly, writing the motivic DT invariant of L,, as

1 k 11
QLm(qgvt) = E QLm’(d’k)qgtd € Z[q2vq 2][[t]]’
(d,k)EA] XZ

we have ﬁ%m7(2d+17k) =0 and

OF Q. am i x(ed) +E(d) + 2D =0 mod 2,
Fr G400 it x(e,d) + £(d) + 22D =1 mod 2

and

~ 0 ifx(e,d)—kc‘,'(d)—t—%(d’d)EO mod 2,

97 =
Lo, (2d,k) Opar if x(e,d) + E(d) + 7’€*X2(d’d) =1 mod 2.
Example. Suppose that m = 3. Using [25] Theorem 6.8] we find that the motivic
DT invariant is given by

O, =q t+q P +¢7 %0+ + )%+
A+ P20+ ¢ 265 + 7+ S+ OF).

Take the duality structure (s;74,7-) = (1;0,m). Then the motivic orientifold DT
invariant is

QF =6+ +q70(1+ ¢ +2¢")E+
RO+ +2¢" +3¢° +4¢5 + 4¢"° + 4¢"2 + ¢+
q—36(1 +q2 +2q4 +3q6 +5q8 +6q10 +9q12 + 10q14+
13¢'% + 14¢" + 15¢* + 13¢°* + 10¢** + 3¢*°)¢” + O(¢").

Theorem implies that the coefficient of €2t in QF is the Chow theoretic
Poincaré polynomial of (s05?°, 1)**/Osc41, which by Theorem agrees with the
Chow theoretic Poincaré polynomial of (sp5?)*/Sp,,. <
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