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Abstract

Let G = (V,E) be a graph and let Ag be the clique-vertex incidence matrix of G. It is
well known that G is perfect iff the system A,z < 1, x > 0 is totally dual integral (TDI). In
1982, Cameron and Edmonds proposed to call G box-perfect if the system A,z <1, >0
is box-totally dual integral (box-TDI), and posed the problem of characterizing such graphs.
In this paper we prove the Cameron-Edmonds conjecture on box-perfectness of parity graphs,
and identify several other classes of box-perfect graphs. We also develop a general and powerful
method for establishing box-perfectness.

1 Introduction

A rational system Ax < b is called totally dual integral (TDI) if the minimum in the LP-duality
equation
max{w!z : Az < b} = min{y’b: yTA=w’; y >0} (1.1)

has an integral optimal solution, for every integral vector w for which the minimum is finite.
Edmonds and Giles [14] proved that total dual integrality implies primal integrality: if Az < b is
TDI and b is integral, then both programs in (1.1) have integral optimal solutions whenever they
have finite optimum. So the model of TDI systems serves as a general framework for establishing
min-max results in combinatorial optimization (see Schrijver [22] for an comprehensive and in-depth
account). Assummarized by Schrijver [20], the importance of a min-max relation is twofold: first, it
serves as an optimality criterion and as a good characterization for the corresponding optimization
problem; second, a min-max relation frequently yields an elegant combinatorial theorem, and allows
a geometrical representation of the corresponding problem in terms of a polyhedron. Many well-
known results and difficult conjectures in combinatorial optimization can be rephrased as saying
that a certain linear system is TDI; in particular, by Lovész’ Replication Lemma [16], a graph G is
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perfect if and only if the system A,z < 1, x > 0 is TDI, where Ag is the clique-vertex incidence
matrix of G. The reader is referred to Chudnovsky et al. [10, 12] for the proof of the Strong Perfect
Graph Theorem and to Chudnovsky et al. [8] for recognition of perfect graphs.

A rational system Az < b is called boz-totally dual integral (box-TDI) if Ax < b, l < x < u is
TDI for all vectors I and u, where each coordinate of I and w is either a rational number or £oo.
By taking I = —oo and u = oo it follows that every box-TDI system must be TDI. Cameron and
Edmonds [3, 5] proposed to call a graph G boz-perfect if the system A x <1, > 0 is box-TDI;
they also posed the problem of characterizing such graphs.

We make some preparations before presenting an equivalent definition of box-perfect graphs.
Let G = (V, E) be a graph (all graphs considered in this paper are simple unless otherwise stated).
For any X C V|, let G[X] denote the subgraph of G induced by X. For any v € V', let Ng(v) denote
the set of vertices incident with v. Members of Ng(v) are called neighbors of v. By duplicating a
vertex v of G we obtain a new graph G’ constructed as follows: we first add a new vertex v’ to G,
which may or may not be adjacent to v, and then we join v’ to all vertices in Ng(v).

As usual, let a(G) and x(G) denote respectively the stable number and chromatic number of

G. Let x(G) = x(G), which is the clique cover number of G. For any integer ¢ > 1, let

ay(G) = max{|X| : X C V(GQ) with x(G[X]) < ¢}, and
%(G) = min{ax(G — X) + |X| : X C V(G)}.

Notice that &y = « and x1 = X. A graph G is called g-perfect if ay(G[X]) = X4(G[X]) holds for
all X C V(G). This concept was introduced by Lovész [17] as an extension of perfect graphs, since
1-perfect graphs are precisely perfect graphs. Let us call a graph totally perfect if it is g-perfect for
all integers ¢ > 1. Lovész pointed out that comparability graphs, incomparability graphs, and line
graphs of bipartite graphs are totally perfect. However, S3 is not 2-perfect, showing that a perfect
graph does not have to be ¢g-perfect when ¢ > 1.

Figure 1.1: Graph S3 and its complement S3

Theorem 1.1 (Cameron [4]). A graph is boz-perfect if and only if every graph obtained from this
graph by repeatedly duplicating vertices is totally perfect.

This theorem implies the following immediately.

Corollary 1.2 (Cameron [4]). (1) Induced subgraphs of a boz-perfect graph are box-perfect.
(2) Duplicating vertices in a boz-perfect graph results in a box-perfect graph.
(3) Comparability and incomparability graphs are box-perfect.

The next proposition contains a few other important observations made by Cameron [4]. A
matrix A is totally unimodular if the determinant of every square submatrix of A is 0 or £1. A
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{0, 1}-matrix A is balanced if none of its submtrices is the vertex-edge incidence matrix of an odd
cycle. For each graph G, let Bg be the submatrix of Ag obtained by keeping only rows that
correspond to maximal cliques of G. Let us call G totally unimodular or balanced if Bg is totally
unimodular or balanced. It is worth pointing out that bipartite graphs and their line graphs are
totally unimodular, and every totally unimodular graph is balanced. In addition, as shown by
Berge [1], all balanced graphs are totally perfect. Let ngr be obtained from the complement S3 of
S3 by adding a new vertex v and joining v to all six vertices of S3.

Proposition 1.3 (Cameron [4]). (1) S5 is not boz-perfect.
(2) Totally unimodular graphs are box-perfect.
(8) Balanced graphs do not have to be boz-perfect, shown by 5’;.
(4) The complement of a boz-perfect graph does not have to be box-perfect, shown by Ss.
(5) Box-perfectness is not preserved under taking clique sums, shown by Ss.

As we have seen, many nice properties of perfect graphs are not satisfied by box-perfect graphs.
Another property of this kind is substitution: substituting a vertex of a box-perfect graph by a
box-perfect graph does not have to yield a box-perfect graph, as shown by 5”; (which is obtained
by substituting a vertex of Ky with S3). To our knowledge, almost none of the known summing
operations that preserve perfectness can carry over to box-perfectness — this makes it extremely
hard to obtain a structural characterization of box-perfect graphs!

At this point, the only known box-perfect graphs are totally unimodular graphs, comparability
graphs, incomparability graphs, and p-comparability graphs (where p > 1 and 1-comparability
graphs are precisely comparability graphs) [3, 5]. Cameron and Edmonds [3] conjectured that
every parity graph is box-perfect. In this paper we confirm this conjecture and identify several
other classes of box-perfect graphs, including claw-free box-perfect graphs. In the next section we
construct a class R of non-box-perfect graphs, from which we characterize box-perfect split graphs.
It turns out that every minimal non-box-perfect graph that we know of is contained in a graph
from R. This observation raises the question: is it true that a graph G is box-perfect if and only
if G does not contain any graph in R as an induced subgraph?

In addition to structural description, the other difficulty with the study of box-perfect graphs
lies in the lack of a proper tool for establishing box-perfectness. In section 3 we introduce a so-
called ESP property, which is sufficient for a graph to be box-perfect. Although recognizing box-
perfectness is an optimization problem, our approach based on the ESP property is of transparent
combinatorial nature and hence is fairly easy to work with. For convenience, we call a graph ESP if
it has the aforementioned ESP property. In the remainder of this paper, we shall establish several
classes of box-perfect graphs by showing that they are actually ESP, including all classes obtained
by Cameron [3, 4, 5]. We strongly believe that the ESP property is exactly the tool one needs for
the study of box-perfect graphs.

Conjecture 1.4. A perfect graph is box-perfect if and only if it is ESP if and only if it contains
none of the members of R as an induced subgraph.

We close this section by mentioning a result on the complexity of recognizing box-perfect graphs.

Theorem 1.5 (Cook [13]). The class of box-perfect graphs is in co-NP.
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2 A class of non-box-perfect graphs

Let S, be the graph obtained from cycle vva...v2,v1 by adding edges v;v; for all distinct even
i,7. It was proved in [4] that So,41 is not box-perfect for all n > 1. In this section we construct
a class of non-box-perfect graphs, which include 5’; and Sg,11 (n > 1). We will use this result
to characterize box-perfect split graphs (a graph is split if its vertex set can be partitioned into a
clique and a stable set).

Let G = (U,V, E) be a bipartite graph, where U = {uy,...,un,} and V. = {vy,...,v,}. The
biadjacency matriz of G is the {0, 1}-matrix M of dimension m x n such that M; ; = 1 if and only if
uv; € E. Let Q be the set of bipartite graphs G such that its biadjacency matrix M is not totally
unimodular but all submatrices of M are. The following is a classical result of Camion.

Lemma 2.1 (Camion [6]). Every graph G = (U,V, E) in Q is Eulerian. In addition, G satisfies
|U|=|V| and |E| =2 (mod 4).

Let R be the class of graphs constructed as follows. Take a bipartite graph G’ = (U, V, E’) € Q
and a graph G” = (V, E”) such that N¢/(u) is a clique of G” for all u € U. Let G = (UUV, E'UE").
If there exists u € U with Ng/(u) =V then G — u belongs to R; otherwise G belongs to R.

Examples. For each odd n > 3, S, belongs to R since S, can be constructed from a cycle
G' = Oy, € Q and a complete graph G” = K,,, where no vertex is deleted in the construction.
Graph S;f also belongs to R. In this case a vertex is deleted in the construction, see Figure 2.1.

N

Figure 2.1: Graph S’;‘ is constructed from a bipartite graph in Q and Ky

Lemma 2.2. No graph in R is box-perfect.

Proof. Let G € R be constructed from G’ = (U, V, E’) € Q and G” = (V, E”). Let Ag and Bg be
the clique and maximal clique matrices of G. Then Ag can be expressed as Ag = [Bg |. Let M be
the biadjacency matrix of G’ and let n := |U| (= |V]). Since every u € U belongs to exactly one
maximal clique of G, the column of Bg that corresponds to u has precisely one nonzero entry. If
no vertex was deleted in the construction of G then Bg can be expressed as Bg = []\NJ Ig], where
the first n columns are indexed by V' and the last n columns are indexed by U. If a vertex ug € U
was deleted in the construction of G, then G has to be a complete graph. In this case, since U
does not have a second vertex adjacent to all vertices in V', Bg can be expressed as [M, J], where
Tnx(n-1) = [I"a '] and the last row of M, which corresponds to ug, is a vector of all ones. By Lemma
2.1, all entries of 17 M and M1 are even, and 17 M1 = 4m + 2, for an integer m > 0. We consider
the dual programs (with A = Ag)

max{w!x : Ax < 1;x > 1} =min{y’1 - 271: yTA - 27 =w’;y, z >0} (2.1)



129

130

131

132

133

134

136

137

138

139

140

141

142

143

144

145

146

147

148

149

151

152

153

154

155

Suppose no vertex was deleted in the construction of G. Let p > 2m + 1 be a prime and let

19

LagT 1

sM 1} [ 0 ] 5-1 2 0
w = 2 s l: 1 5 €Tr —= pl 5 y: 0 y z = 1 .

[ 0 1- LA 1-LM1 0 1

Then it is routine to verify that w is integral, I > 0, and z, (y, z) are feasible solutions to (2.1).

Moreover w!x = 27;7;;1 =yT1 — 271, so x, (y, z) are optimal solutions. Since the optimal value is

not L-integral, while I is, it follows that the dual does not have an integral optimal solution and so
G is not box-perfect. Next, suppose that a vertex was deleted in the construction of G. The proof
for this case is almost identical to the proof for the last case. The only difference is that Bg has
2n — 1 columns, instead of 2n columns. Thus we need to truncate the corresponding vectors. To
be precise, let

i B B R e P P R L B

o |’ JT(1—Lpmr))e JT(1— Ly 0|’ 1)
Using the fact that the last row of M is 17 we deduce that = and (y, 2) are feasible solutions, and
wle = 2"317“'1 = yT1 — 271, which implies that both solutions are optimal. Furthermore, since M1
is even and its last entry is n, we deduce that n is even and thus [ is %/Q—integral. However, the

2m—+1
n

optimal value is not niﬂ—integral, so (G is not box-perfect, which proves the theorem. |

To identify all minimally non-box-perfect split graphs, we consider the following subsets of O.
Let Q; consist of all bipartite graphs G = (U, V, E) € Q such that U has a vertex adjacent to all
vertices of V. Let Qo consist of all bipartite graphs G = (U,V, E) € Q\Q; such that the graph
obtained from G by adding a vertex and making it adjacent to all vertices of V' does not contain
any graph in Q; as an induced subgraph. Let S consist of all graphs in R that are constructed
from a bipartite graph G’ € Q; U Qs and a complete graph G”. It is clear that all members of S
are split graphs. Moreover, S5 and Sa,41 (n > 1) belong to S.

Theorem 2.3. The following are equivalent for any split graph G.
(1) G is boz-perfect;
(2) no graph in S is an induced subgraph of G;
(3) G is totally unimodular.

Proof. Implication (3) = (1) follows from Proposition 1.3(2) and implication (1) = (2) follows
from Lemma 2.2 and Corollary 1.2(1). To prove (2) = (3), let G = (U, V, E) be a split graph,
where U is a stable set and V is a clique. Let G = G[V] and G’ = G\E(G"). Let G be the
bipartite graph obtained from G’ by adding a vertex w adjacent to all vertices in V. Let M be the
biadjacency matrix of G".

We first prove that M is totally unimodular. Suppose otherwise. Then G" has an induced
subgraph H' € Q. Let us choose H' so that H’ contains the new vertex w whenever it is possible.
Consequently, H € Q1 U Qs. Let H be constructed from H’ and a complete graph H”. Then
H € S and, by the construction of G, G contains H as an induced subgraph. This contradicts (2)
and thus M has to be totally unimodular.

Let N be the biadjacency matrix of G’. Then Bg = [N,I] or [{ ], depending on if V is a
maximal clique of G. Notice that M = [}]. So Bg, and thus G, is totally unimodular. 1
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This theorem shows that all minimally non-box-perfect split graphs are contained in §. In fact,
S consists of precisely such graphs.

Theorem 2.4. A split graph G belongs to S if and only if G is not box-perfect but all its induced
subgraphs are.

Proof. The backward implication follows immediately from Theorem 2.3. To prove the forward
implication, let G € §. By Lemma 2.2, we only need to show that G — w is box-perfect for all
w € V(G). Suppose G is constructed from a bipartite graph G’ = (U,V,E’') € Q1 U Q3 and a
complete graph G” = (V,E"). Let M be the biadjacency matrix of G’ and let n := |U| = |V].
Observe that if G’ € Qp then Bg = [N, J|, where N = M and J = [1”0_1}; if G € Qs then
Bg =[N, J], where N = [¥] and J = [&].

Now it is straightforward to verify that, for each u € U, Bg_,, = [N, J'] is obtained from Bg by
deleting the row and the column indexed by u; for each v € V| Bg_,, = [N’, J'] is obtained from Bg
by deleting the column indexed by v and also possibly the last row. In both cases, N’ is a proper
submatrix of N. This implies that N’ is totally unimodular and thus so is [N’, J’]. Consequently,
G — w is box-perfect (totally unimodular) for all w € V(G), which proves the theorem. 1

As we observed earlier that S5 and Sa;,+1 (n > 1) belong to S. Thus these graphs are minimally
non-box-perfect. We point out that, in addition to graphs in S, other minimally non-box-perfect
graphs can also be obtained using Lemma 2.2. For instance, the graph illustrated in Figure 2.2
is constructed from G’ = Cjp and G” = C5 + e. By Lemma 2.2, this graph G is not box-perfect.
However, G is not minimally non-box-perfect since H = G — {9,0} is not box-perfect, which is
certified by vectors w? = (1,1,1,1,1,0,0,0), I” = (0,0,0,0,0,%,3. 1), 27 = (4,3, 3, 1 3 1 1 1)
yT = (0, %, %, %, %, %), and zT = (0,0,0,0,0, %, %, %), where the first row of By is the triangle 123.
It can be shown that H is in fact minimally non-box-perfect because H — x is totally unimodular
forx =1,2,3,4,5,6,7, and H — 8 has the ESP property defined in the next section which implies

the box-perfectness.

Figure 2.2: A new non-box-perfect graph G

3 ESP graphs

In this section we introduce a so-called ESP property, which is sufficient for a graph to be box-
perfect. We shall use this combinatorial property to identify several new classes of box-perfect
graphs. We begin with a few lemmas.

Lemma 3.1 (Chen, Ding and Zang [7]). Suppose a1 and as are rational vectors with a; > as,
and by and by are rational numbers with by < by. Then the system Ax < b, alT:c < by, a%w < bs,
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x > 0 is box-TDI if and only if the system Ax <b, al'x < by, £ > 0 is boz-TDI.

Lemma 3.2 (Cameron [4]). The system Ax < b is box-TDI if and only if the system Ax < b,
x < u is TDI, for all vectors uw, where each coordinate of w is either a rational number or +oo.

The next two lemmas are reformulations of Theorem 22.7 and Theorem 22.13 of Schrijver [21].

Lemma 3.3 (Schrijver [21]). Suppose the system Az < b, x1 < u is TDI for all rational numbers
u, where x1 is the first coordinate of . Then Ax <b is TDI.

Lemma 3.4 (Schrijver [21]). A rational system Ax < b, > 0 is TDI if and only if min{y”b :
yT'A > w’, y > 0 is half-integral} is finite and is attained by an integral y, for each integral vector
w for which min{y”b : yT A > w?, y > 0} is finite.

The next are two easy corollaries.

Lemma 3.5. A graph G is box-perfect if and only if the system B,z <1, 0 < x < wu is TDI for
all rational vectors u > 0.

Proof. The forward implication follows immediately from the definition of box-TDI and Lemma
3.1. Conversely, Lemma 3.2 and Lemma 3.3 imply that B,z < 1, £ > 0 is box-TDI. Then the
result follows from Lemma 3.1. |

Lemma 3.6. A graph G is boz-perfect if and only if for all rational w > 0 and integral w > 0,

min{y?1 + zTu| yT B, + 27 > 2w’ y, z > 0 integral}
> 2min{y?1 + zTu| y" B, + 27 > w';y, z > 0 integral}. (3.1)

Proof. Observe that, for all vectors 4 > 0 and w, the three programs

min{y?1 + 2Tu| yT B, + 2T > w’;y,z > 0}

min{y?1 + z7u| y" B, + 27 > w”;y, z > 0 half-integral }

min{y?1 + 2Tu| yT B, + 2T > w’;y,z > 0 integral }
are finite. Moreover, replacing w by w4 does not change the minimum values of these programs,
where w is obtained from w by turning its negative coordinates into zero. Therefore, the result
follows immediately from Lemma 3.5 and Lemma 3.4. |

Let G = (V, E) be a graph. For any multiset A of cliques of G and any v € V, let dj(v) denote
the number of members of A that contain v. We call G equitably subpatitionable (ESP) if for every
set A of maximal cliques of G there exist two multisets A; and Ag of cliques of G (which are not
necessarily members of A) such that

() [Ax]+[Ag] < AJ;

(i) dp,(v) + dp,(v) > dp(v), for all v € V; and

(iii) min{da, (v),dp,(v)} > |da(v)/2], for all v € V.

We call (A1,A2) an equitable subpartition of A, and refer to the above (i), (ii), and (iii) as ESP
property. Note that (i) is equivalent to |A1| 4 |A2| = |A] since we may include empty cliques in Ay
and Ay. Similarly, (ii) is equivalent to dj, (v) + da,(v) = da(v) for all v, since cliques in Ay, Ay can
be replaced by smaller ones. Finally, it is also easy to see that in an ESP graph every multiset A
of cliques admits an equitable subpartition. We will use these facts without further explanation.
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Theorem 3.7. Every ESP graph G = (V, E) is boz-perfect.

Proof. By Lemma 3.6 we only need to show that inequality (3.1) holds for all rational w > 0 and
all integral w > 0. Let (y”, 27) be an optimal solution of the first minimum in (3.1). Let C be the
set of maximal cliques of G and let D be the multiset of members of C such that each C' € C appears
in D exactly yo times. Let A be the set of C' € C such that y¢ is odd. Since G is ESP, A admits a
equitable subpartition (Aj, A2). Since every clique can be extended into a maximal clique, we may
assume without loss of generality that members of Ay and As are all in C. Let Dy be the multiset
of members of C such that each C' € C appears |yc /2| times. It follows that D = Dy & Dy W A,
where W stands for multiset sum. For i = 1,2, let D; = Dy W A;. We deduce from (i) that

(1) D] +[Do| < D).
Let p= yTBG + 27 — 2w” and let v € V. Without loss of generality we assume
(2) dD1 (U) > dD2 (U) and DPyzy = 0.

dp,(v) = dp,(v) + da,(v) > |dp(v)/2] (i = 1,2). Thus we conclude from (2) that
(3) dp,(v) > [dp(v)/2] and dp,(v) > ldp(v)/2).
By the definition of D we have dp(v) = y? B,, where B, is the column of B¢ indexed by v. So
(4) dp(v) + zy = p, + 2w, > 2w,.
Since w, is an integer, we deduce that
(5) w, < [(dp(v) + 2,)/2].
Setting z1, = |2,/2] and z2, = [2,/2], we have
(6) 210Uy + 220Uy = ZpUy-
We further claim that
(7) dp,(v) + zi > w,, for i =1,2.

To see (7), recall p,z, = 0 from (2). If dp(v) is even, we deduce from (4) that z, is even, which
implies, by (3-4), that dp,(v) + ziw > 2(dp(v) + 2z,) > w,. So we assume that dp(v) is odd. If
z, = 0 then, by (3) and (5), dp,(v) + ziy = dp,(v) > |dp(v)/2] > w,. Else, by (2) and (4), z, is
odd. Thus dp,(v) + 2 > 3(dp,(v) £1) + (2, F1) = 3(dp, (v) + z4) > w,, because of (3), (5),
and the definition of z;,. So (7) holds.

Fori=1,2,let z; = (24 : v € V) and y; € Zﬁ be the multiplicity function of D;. It follows
from (7) that y! B, + 2] > w’, which means that both (y;, z1) and (y,, z2) are feasible solutions
of the second program in (3.1). From (1) and (6) we also conclude that y? 1+27u < (y?1+2Tu)/2

holds for at least one i € {1,2}. Hence inequality (3.1) holds, which proves the Theorem. 1

For a perfect graph G, being ESP can be characterized as follows. Let Z, denote the set of
nonnegative integers. For any d € ZK(G), let G denote the graph obtained from G by substituting
each vertex v with a stable set of size d(v). Note that v is deleted when d(v) = 0. Let ¢, = 17 Bg.

In other words, for each v € V(G), ¢, (v) is the number of maximal cliques of G that contain v.
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Theorem 3.8. Let G be perfect. Then G is ESP if and only if for every d € ZK(G)

there exists d’' € ZK(G) such that |d/2] < d' < [d/2] and a(GY) + a(G4=4) < a(GY).

with d < ¢,

Proof. To prove the forward implication, let G be ESP and let d € ZK(G). Since G¢ is perfect, its
vertex set can be partitioned into a(Gd) cliques. These cliques naturally correspond to a multiset
A of a(G?) cliques of G. Note that |A| = a(G?%) and dy = d. Since G is ESP, A admits a equitable
subpartition (A;, Ag). By deleting vertices from cliques in A; and Ay we can obtained multisets A}
and Aj of cliques of G such that [A7|+[A5] < [Ay][+|Az[, day +das = d, and min{daz,das} > [d/2].
Let d' = dpx. Then |d/2] < d' < [d/2] and

AG?) +a(GTY) < a(GM) + a(Gh2) < A1+ [A2] < [A] = a(GY),

which proves the forward implication.

To prove the backward implication, let A be a set of maximal cliques of G. Then d := dj < ¢
and thus there exists d’ as stated in the theorem. Let di = d’ and ds = d — d’. For ¢ = 1,2,
vertices of G% can be partitioned into a(G%) cliques, and these cliques correspond to a multiset A;
of a(G%) cliques of G. Note that dy, = d;. Thus (A1, Ag) is an equitable subpartition of A, which
proves the theorem. ]

We first remark that a(G?) is exactly the maximum of >, _gd(v) over all stable sets S of
(. Sometimes this interpretation is more convenient. We also remark that we do not know a
box-perfect graph that is not ESP. It seems reasonable to conjecture that no such a graph exists.

4 Known box-perfect graphs

Cameron [4] identified a few classes of box-perfect graphs. In this section we prove that they are in
fact ESP graphs. Our results could be stronger than the results of Cameron if ESP and box-perfect
are not equivalent. But the main reason for establishing our results is for future applications. We
envision that more ESP graphs (possibly all box-perfect graphs) can be constructed from basic
ESP graphs. Therefore, it is important to make sure that all known box-perfect graphs are ESP.

4.1 Totally unimodular graphs

It is well known (see Theorem 19.3 of [21]) that in a totally unimodular matrix, each set of rows
can be partitioned so that the sum of one part minus the sum of the other part is a {0, £1}-vector.
If G is totally unimodular then Bg has this partition property, which implies immediately that G
satisfies the definition of ESP graphs. Thus we have the following.

Theorem 4.1. Totally unimodular graphs are ESP.

We point out that totally unimodular graphs include graphs like interval graphs, bipartite
graphs, and block graphs (every block is a complete graph).
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4.2 Incomparability graphs

Theorem 4.2. Every incomparability graph G is ESP.

Proof. Since G is perfect, we may apply Theorem 3.8. Let d € ZK(G). Note that G? is again
an incomparability graph. In fact, let P be a poset such that G is the incomparability of P and
let P¢ be obtained from P by replacing each element v with a chain of size d(v). Then G? is
the incomparability graph of poset P¢. For each positive integer i, let A; be the set of maximal
elements of P4 — (A; U...U A;_1). Then (Ai,...,A,) is a partition of V(G%) into cliques, where
n = a(GY9). Let V; be the union of A; for all odd i and let V5 be the union of A; for all even 4. Then
GVi] and G?[V;] can be expressed as G4 and G, respectively, for some dy,ds € ZK(G). It is
easy to see that dy + d2 = d and |d/2| < d; < [d/2] (j = 1,2). Moreover, each a(G%) is bounded
by the number of A;s contained in V. Therefore, a(G%) + a(G%) < a(GY), which implies that
d' = d; satisfies Theorem 3.8 and thus G is ESP. ]

4.3 p-Comparability graphs

p-Comparability graphs were introduced in [3] and were shown [3, 5] to be box-perfect. We show
that they are ESP. Let D be a digraph with a special set T of vertices such that every arc is in a
dicycle (directed cycle) and every dicycle meets T" exactly once. In particular, D has no arc between
any two vertices of T. If p is an integer with |T'| < p, then a p-comparability graph G is defined
from D by adding all chords of all dicycles, then deleting 7', and finally ignoring all directions on
edges. Note that 1-comparability graphs are precisely comparability graphs.

Theorem 4.3. Every p-comparability graph G is ESP.

To prove this theorem we will need the following Lemma. Let D = (V, A) be a digraph. For
each dicycle C of D, the incidence vector of C' is the vector x¢ € {0,1}# such that x%(a) = 1 if
and only if a is on C'. A sum of incidence vectors of (not necessarily distinct) dicycles of D is called
a circulation of D. The following is a special case of Corollary 11.2b of [22].

Lemma 4.4. Every circulation f is the sum of two circulations f1, fa such that | f/2] < fi < [f/2]
holds for both i = 1,2.

Proof of Theorem 4.3. Let G be constructed from D and T. Let D* be obtained from D by
splitting each vertex v into v" and v” such that arcs entering v are now entering v’, and arcs leaving
v are now leaving v”. We also add an arc from v’ to v”. Observe that for every dicycle C of D, D*
has a unique dicycle C* such that A(C*) N A(D) = A(C). Moreover, every dicycle of D* can be
expressed as C* for a dicycle C' of D.

We will use a fact proved in [5] that for every clique K of G, there exists a dicycle Cx of D
such that K C V(Ck).

Let A be a set of maximal cliques of G. We prove the theorem by showing that A admits an
equitable subpartition. Let f be the sum of incidence vectors of ' over all K € A. Since each C
meets T exactly once, each Cj, must meet T* = {t't" : t € T} exactly once. As a result, |A| equals
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the sum of f(a) over all @ € T*. In addition, since each K € A is a maximal clique, we must have
V(Ck) — T = K. This implies that da(v) = f(v'v") holds for all v € V(D).

Let fi and fo be the two circulations of D* determined by Lemma 4.4. For 7 = 1,2, let C;" be
the multiset of dicycles of D* such that f; is the sum of x¢* over all C* € C;. Then let C; be the
multiset {C' : C* € C}} and A; = {V(C) —T : C € C;}. By the construction of G, each member
of A; is a clique of G. Moreover, dy,(v) = f;(v'v") holds for all v € V(G), and |As| =3 - fi(a).
Therefore, (A1, A2) is an equitable subpartition of A, which proves that G is ESP. |

Remark. Let us call a graph strong ESP if every set A of maximal cliques admits an equitable
subpartition (Aj, Ag) with max{|A1|, |A2|} < [|A|/2]. This proof also proves that (1-)comparability
graphs are in fact strong ESP.

5 Parity graphs

A graph is called a parity graph if any two induced paths between the same pair of vertices have the
same parity. These are natural extensions of bipartite graphs and they are perfect [19]. Cameron
and Edmonds [3] conjectured that every parity graph is box-perfect. The objective of this section
is to present a proof of this conjecture.

To establish our result we need a structural characterization of parity graphs. Let H be a graph
with a stable set S such that all vertices of S have the same set of neighbors. Let B be a bipartite
graph and let T" be a subset of a color class of B with |T'| = |S|. Let G be obtained from the disjoint
union of H and B by identifying S with T. We call G a bipartite extension of H by B, and we also
call the construction of G from H bipartite extension.

Lemma 5.1 (Burlet and Uhry [2]). Every connected parity graph can be constructed from a single
vertex by repeatedly duplicating vertices and bipartite extensions.

Lemma 5.2. Duplicating a vertex in an ESP graph results in an ESP graph.

Proof. Let ESP graph G have a vertex v. Let G’ be obtained by duplicating v and let v’ be the
new vertex. For any set A’ of maximal cliques of G’, we prove that A’ has an equitable subpartition.

We define A as follows. If vv’ is an edge then A = {K —v' : K € A'}; if vv’ is not an edge then
A={K: v ¢KeAlW{K—-v'+v:v € K € N'}. Note that A is a multiset of maximal cliques of
G. Since G is ESP, A admits an equitable subpartition (A1, A2). By deleting vertices from cliques
in A; and Ay we may assume that dy, +dp, = da and |dp/2] < dp, < [dr/2] (i =1,2).

If vv’ is an edge, let A = {K:v ¢ K € i W{K +v :ve K € A;} (i =1,2). Then (A}, A5)
is an equitable subpartition of A’ because dx (v') = dx(v) holds for X € {A, A}, AL}.

Now suppose vv’ is not an edge. Note that da(v) = dp/(v) + das(v'). Also we may assume that
dp, (v) = |da(v)/2] and dp,(v) = [da(v)/2]. Let

my = [dy (v)/2], me = [da(0)/2], my = da, (v) —ma, mh = da, (v) — ma.

Then
mi + meg = dps(v), ml1 + m’2 =dp (v’), min{mll,mé} > |da (”/)/2J-
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For i = 1,2, let A; be obtained from A; by turning m} cliques K that contain v into K — v + v’.
Then the above equalities and inequalities imply that (A), A}) is an equitable subpartition of A’. i

Remark. Clearly, this proof also proves that duplicating a vertex in a strong ESP graph results
in a strong ESP graph.

Theorem 5.3. Parity graphs are ESP.

Proof. By Lemma 5.2, we only need to show that if G is a bipartite extension of an ESP graph H
by a bipartite graph B = (X, Y, E), then G is ESP. Let Xy C X be the intersection of H and B.
Let A be a set of maximal cliques of G. Naturally, A can be partitioned into Ay and A, which are
maximal cliques of H and edges of B, respectively. Now we find an equitable subpartition (A’;, A7)
of Ap and an equitable subpartition (A, A};) of Ay such that (A5 UA, AL UAY,) is an equitable
subpartition of A. Let Xy be partitioned into (X7, Xs) such that X; consists of z € X with both
dag(x) and dp, () odd. Since (A’z, A%) and (A, A7) are always compatible on vertices in Xo,
we only need to focus on vertices in Xj.

Without loss of generality, let Ap = E. Suppose B has 2t vertices of odd degree. Then F can be
partitioned into cycles and ¢ paths P, ..., P;. Let (A’z, A’) be defined by assigning edges to the two
parts alternatively along the cycles and paths. Then (A’;, A%) is an equitable partition. Note that
we have the following freedom in the assignment. Let x € X7 and let P; be the path with = as an
end. If the other end of P is not in X, then we may choose dy, (z) to be |da,(2)/2] or [da,(x)/2],
as we wish (without changing dy (2) and dyy (2) for any other z € X3 ). If the other end of P, is a
vertex 2’ in X7, then we may assume that dy (z) = |da,(2)/2] and dy, (2) = [dp,(2)/2]. Let
(x1,2}), ..., (zg, z)) be these pairs in X;.

Let H; be obtained from H by deleting 1, ..., 2}, and let A; be obtained from Ag by replacing
each = with z;. Note that da,(z;) = da, (x;) + da,, (2)) for all 4, while dy, (v) = da,, (v) for all
other vertices v of H;. Since H is ESP, so is H;. Let (A}, A]) be an equitable subpartition of A;.
Without loss of generality, we assume dy; (2;) = dpy (i) = da, (2;)/2 for all i. Let A% be obtained
from A} by turning |da,, (z})/2] of its cliques K that contain z; into K —x; +x (for every 7). Then
dpr (zi) = [day (2:)/2] and dy, (27) = [da, (27)/2]. Let A} be obtained analogously. Now it is
straightforward to verify that, the freedom on partition (A’y, A%;) allows us to make adjustments
so that (A3 U A, A5 UAY)) is an equitable subpartition of A. 1

6 Complements of line graphs

In the rest of this paper we allow some graphs to have loops and parallel edges. We call these
multigraphs and we reserve the word graph for simple graphs. If a multigraph H is obtained from a
graph Hy by adding loops and parallel edges, then Hy is called a simplification of H and is denoted

by si(H).

Let L(H) denote the line graph of a multigraph H. Under this circumstance, we always make
the following implicit assumptions:

(i) H has no isolated vertices (deleting an isolated vertex does not affect L(H));

(ii) H has no loops (replacing a loop with a pendent edge does not affect L(H));

12
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(iii) H has no distinct vertices x,y, z such that z is the only neighbor of = and the only neighbor
of y (replacing edges between y and z by edges between x and z does not affect L(H)).

The complement of L(H) will be denoted by L(H). Our results in the next two sections imply
a characterization of box-perfect line graphs. The goal of this section is to characterize box-perfect
graphs that are complements of line graphs.

Theorem 6.1. Let G = L(H) be perfect. Then G is boz-perfect if and only if G is {Ss, S5 }-free.

Our Proof of this theorem is divided into a sequence of lemmas. We first determine the structure
of {Ss, Sgr }-free perfect graphs of the form L(H), and then we confirm that all such graphs are
ESP. We will see that some of these graphs are in fact strong ESP.

We need a result of Gallai [15] which identifies eight classes and ten individual graphs such that
a graph is a comparability graph if and only if it does not contain any of these identified graphs as
an induced subgraph. We will use the following immediate consequence of Gallai’s theorem. Let I"
be the graph obtained from a 6-cycle vivovsvgvsv6v1 by adding two edges viv3 and vivs.

Lemma 6.2. Let G be claw-free and perfect. Then G is an incomparability graph if and only if G
does not contain any of Ss, S3, I', and Cay, (n > 3) as an induced subgraph.

Let KI denote the graph obtained from K4 by adding two pendent edges to two of its distinct
vertices. Let K; ,, denote the graph obtained from K, (n > 3) by adding a pendent edge to a
degree-2 vertex and an edge between the two degree-n vertices.

Lemma 6.3. Let L(H) be {Cs,S3, S5 }-free. If H contains Ss as a subgraph then si(H) is either
K4+ or a subgraph of K;rn for somen > 3.

Proof. Since S3 is a subgraph of H, we assume V(H) = {x1, %2, 3, Y1, Y2, Y3, 21, ---, Zm } such that
x1zows is a triangle and z;y; € E(H) (i = 1,2,3). If m = 0 then it is straightforward to verify the
conclusion of the lemma, using the fact that H does not contain C5 as a subgraph. So we assume
m > 0. Let K7 3 denote the graph obtained from K7 3 by subdividing each edge exactly once. Note
that K7 3 is not a subgraph of H since I}(Kf’:g) = S3. As a result, each z; is adjacent to none of
Y1,Y2, Y3, and at most two of 21, 2, 3. Furthermore, since L(H) is S’gr—free, the entire neighborhood
of each z; must be a subset of {x1, z2, 3} of size one or two (here we also use assumption (i) above).
By assumption (iii) above we may assume that each z; is adjacent to exactly two of z1, 9, z3. Since
(5 is not a subgraph of H, all z;’s must have the same set of neighborhood. Now, since m > 0, it
is straightforward to verify that si(H) is a subgraph of K;Tm+3' 1

Let C be an even cycle of length > 4. Let X be a stable set of C'and let Y = V(C')— X — N¢(X),
where X is allowed to be empty. We construct a bipartite graph from C' by adding a pendent edge
to each vertex in Y and by repeatedly duplicating vertices in X. Let C consist of all graphs that
can be constructed in this way.

Lemma 6.4. Let L(H) be perfect and S3-free. Suppose H is connected and H does not contain S3
as a subgraph. If L(H) contains an induced T' or Coy, (n > 3), then si(H) is a subgraph of a graph
mn CU {K373}.

Proof. Suppose I' is an induced subgraph of L(H). Then H has a subgraph with a 4-cycle x1zox324
and two pendent edges x1y1, xoy2. Note that z1x3 and xox4 are not edges of H since Ss is not
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a subgraph of H. Let zi,..., 2, be the remaining vertices of H. If m = 0, then either si(H) is a
subgraph of K3 3 or H contains a 5-cycle. So we assume m > 0. Like in the proof of the last lemma,
since C5 and K7 5 are not subgraphs of H, for each i we must have Ny (z;) = {1, 23} or {z2, 24},
or {x;} for some j. In addition, Ng(y;) C {zs,xiyo} (i = 1,2) and [Ng(y1) U Ng(y2)| < 3. Now,
since H does not contain K7 5, it is routine to check that si(H) is a subgraph of a graph in C.

Next, suppose L(H) is I'-free. Then H contains a 2n-cycle x1xs...x2, (n > 3). Note that this
cycle has no chord (otherwise L(H) contains an induced I, S3, or Copy 1 with k > 2). Let 21, ..., 2m
be the remaining vertices of H. Using the same argument we used in the last paragraph it is
straightforward to show that each Ny (z;) is {z;} or {z;,x;42} for some j (where xo,4¢ is z4). In
addition, if Ny (%) = {2,242} then Ny(z;+1) = Ng(2). Therefore, si(H) is a subgraph of a
graph in C. |

Lemma 6.5. Suppose G has a vertex u such that G — u is bipartite and G — N(u) is edge-less.
Then G is totally unimodular.

Proof. By Theorem 19.3 of [21], we only need to show that each set A of maximal cliques admits
an equitable partition (A1, As), meaning that min{da, (v),da,(v)} > |da(v)], for all v € V(G).
Suppose to the contrary that some A does not admit such a partition. We choose A with |A| as
small as possible.

Let A, B,C, D be a partition of V(G) —u such that AUC, BU D are stable and N(u) = BUC.
Let G’ be the subgraph of G formed by edges in K — u, over all K € A. We claim that G’ is a
forest. Suppose G’ has a cycle x1x3...x,. Note that for each i, exactly one of x;x;11 and uz;z;11
is a clique in A. Let A’ be the rest cliques in A. By the minimality of |A|, A’ admits an equitable
partition (A}, A5). Let us extend A} (j = 1,2) to A; by including ;241 or uw;z;11 (whichever
belongs to A) for all ¢ with ¢ — j even. Then it is easy to see that (A1, A2) is an equitable partition
of A. This contradicts the choice of A and thus the claim is proved. The same argument also shows
that G’ has no maximal path with two ends both in AU B or both in C'U D. Thus all components
of G’ are paths with one end in AU B and one end in C U D. If G’ has only one path then the
same argument still works. If G’ has two or more paths then we can take any two of them and
treat their union as a cycle and again apply the same argument. |

Recall that a graph G is strong ESP if every set A of maximal cliques of G admits an equitable
subpartition (A1, A2) with max{|Ai],|A2|} < [|A|/2]. The next lemma follows immediately from
this definition.

Lemma 6.6. (1) If G is strong ESP then so are all its induced subgraphs.
(2) Let G1,Go be strong ESP and let G be obtained from the disjoint union of G1,G2 by adding
all edges between them. Then G is also strong ESP.

In a (loopless) multigraph G, the degree of a vertex v, denoted dg(v), is the number of edges
incident with v. The next is the key step for proving Theorem 6.1.

Lemma 6.7. For every H € CU{K33}, L(H) is strong ESP.

Proof. For each p € ZE(H), let pH denote the multigraph with vertex set V(H) such that the

number of edges between any two vertices x, y is zero (if zy & E(H)) or u(zy) (if zy € E(H)). Note
that pH is bipartite since H is bipartite. Let A(u) denote the maximum degree of pH. By Konig’s

14



476

477

478

479

480

481

482

483

484

486

487

488

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

edge-coloring theorem, E(uH) is the union of k matchings if and only if k > A(u). Because of this
theorem and the one-to-one correspondence between cliques of L(H) and matchings of H, to prove
the lemma it is enough for us to show that

(H) (H)

(%) for any p € Zf there exist ui, us € ZE
Apr) < [A(p)/2], and A(uz) < [A(p)/2].

In the following we construct a partition (E1, E2) of E(uH) such that the multiplicity functions
wi of E; (i = 1,2) satisfies (x). This partition will be constructed in several steps. In the process
we determine a partition (E1, Eo, E3) of E(uH), where we begin with (E1, Fa, E3) = (0,0, E(u(H))
and we keep moving edges from F3 to E1, Fo until E5 becomes empty. For ¢ = 1,2, 3, let H; denote
the subgraph of uH formed by edges in F;.

such that u1 + po = p, p; > [p/2] (i =1,2),

First, for each edge e = zy of H, among all pu(e) edges of E3 that are between x and y, we
move |p(e)/2] of them to E; and |[pu(e)/2] of them to Ey. At the end of this process, Hs becomes
a simple graph. It follows that p; > |©/2] (i = 1,2) and this inequality will be satisfied no matter

how edges of Hs are moved to E; and FEs in later steps.

If H3 has a cycle C, since H is bipartite, F(C') can be partitioned into two matchings M, M.
We move M; from E3 to E; (i = 1,2). We repeat this process until Hs become a forest. At this
point, H; and Hy have the same degree on every vertex.

Let S = {v:d,u(v) = A(u)}. Suppose H3 has a leaf v that is not in S. Let P be a maximal path
of Hs starting from v. Let E(P) be partitioned into two matchings M, My, where we assume the
edge of P that is incident with the other end u of P belongs to M7. Then we move M; from E3 to E;
(i =1,2). After this change, dg, (u) = [dum(uw)/2] < [A(w)/2], do,(u) = |dur(w)/2] < [A(w)/2],
and dg, (v) < [duu(v)/2] < [A(w)/2] (i = 1,2). In addition, dy, (w) = dp,(w) for all w # u,v,
and dp, (u),dp, (v) will remain unchanged in the remaining process. By repeating this process we
may assume that all leaves of H3 are in S. As a consequence, A(u) is odd. Note that the same
argument works if H3 has a maximal path with an odd number of edges. Thus we further assume
that in every component of Hs, all leaves are in the same color class (of any 2-coloring of H3).

We first consider the case H = K33. We claim that each component of Hjz is a path. Suppose
a component Hj of Hj is not a path. Then Hj has at least three leaves. Since all these leaves are
in the same color class, H; must have exactly three leaves z1, 22, z3 and they form a color class of
H. Consequently, H; = Hs = K; 3. Moreover, in the previous steps of reducing H3, no path was
ever deleted because otherwise Hs would be a subgraph of Ky9. It follows that d,p(v*) is even,
where v* € V(H) — V(Hs). However, the fact 21, 22, 23 € S implies that uH is A(p)-regular, and
thus d, g (v*) = A(p) is odd. This contradiction proves our claim. Now, since each non-leaf v of
Hj has degree two, its degree in pH is even and thus v € S. It follows that moving all edges of F3
to F4 results in the required partition.

Next suppose H € C. Let Hj be a component of H3. Then Hj is a caterpillar since K7 5 is not
a subgraph of H. Therefore, H; has a path x;xs...x95+1 such that every leaf of Hj is adjacent to
some xg;11. We assume that HY is not a path because otherwise we may move the entire path from
Es to Ep. We make two observations before we continue. First, dg(v) > 1 holds for every leaf v
of Hj, because otherwise the only edge of H that is incident with v would be the only edge of H}
(as v € S). Second, if u,v € V(Hj) are of degree-2 in H and are contained in a 4-cycle uzvy of
H, then at most one of u, v is in S. This is because otherwise pu(uz) = p(vy), p(uy) = p(ve), and
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both z,y € S, which implies that Hj is a subgraph of the 4-cycle uzvy. It follows from these two
observations and the construction of graphs in C that each x9;11 is adjacent to at most two leaves
of Hj. For the same reasons, there must exist ig € {0,1, ..., k} such that dp; (v2i+1) = 2.

For i = 1,2,3,4, let V; = {v : dHé(v) = i}. Note that Vo U V3 UVy = {x1,...,x9541}. Let
M be the matching {xo;_129; : i = 1,...,i0} U {z2ix2i+1 : ip + 1,...,k}. From H} we move M
to Ey and the rest of E(H)) to Ey. Now we verify that, after this change, dg, (v) < [A(u)/2]
and dm,(v) < [A(p)/2] hold for all v € Vi UV U V3 U Vy. For each v € V it is easy to see
that in fact dp, (v) = [A(n)/2] and dp,(v) = |[A(p)/2]. For each even i, we have x; € V5 and
du, (xi) = dp, (z5) = dur () /2 < [A(p)/2]. For each odd ¢ we consider two cases. If z; € V3 then
ity () = (dop (i) +1)/2 < [A() /2] and dygy(21) = (o (1) — 1)/2 < [A() /2], 5 € V2 UV
then dg, (z;) < (dun(zi) +2)/2 < [A(p)/2] and dp, (x;) < dyr(2:)/2 < [A(p)/2]. Therefore, we
may apply this split to all components of H3 and create the required partition Fy, Fs. |

Proof of Theorem 6.1. The forward implication is obvious so we only show that G = L(H) is
ESP when G is perfect and {Ss, S5 }-free.

Suppose L(H) contains an induced S3. Then H contains S3 as a subgraph. By Lemma 6.3,
si(H) is either K or a subgraph of K; ,, for some n > 3. In both cases, it is straightforward to
verify that L(si(H)) satisfies the assumptions in Lemma 6.5. So L(si(H)) is totally unimodular
and thus is also ESP. By Lemma 5.2, L(H) is ESP.

Now suppose L(H) is S3-free. We claim that L(H’) is strong ESP for every component H’ of
H. If L(H') is a comparability graph, then the claim follows immediately from the Remark at the
end of Section 4. So we assume that L(H') is not a comparability graph. By Lemma 6.2, L(H)
contains an induced I" or Cy, (n > 3). This implies, by Lemma 6.4, that si(H') is a subgraph of a
graph in C U {K33}. Then the claim follows from Lemma 6.7, Lemma 6.6(1), and the Remark of
Lemma 5.2. Finally, this claim and Lemma 6.6(2) imply that L(H) is ESP. 1

7 Trigraphs

Our next objective is to characterize claw-free box-perfect graphs. To accomplish this goal, we will
need a result of Chudnovsky and Plumettaz [9] on the structure of claw-free perfect graphs. The
purpose of this section is to explain their result, which requires many definitions.

A trigraph G consists of a finite set V' of vertices and an adjacency function 0 : (‘2/) —{1,0,—1}
such that {uv : f(uv) = 0} is a matching. Two distinct vertices u and v of G are strongly adjacent
if Q(uv) = 1, strongly antiadjacent if O(uv) = —1, and semiadjacent if O(uv) = 0. We call u, v
adjacent if (uv) > 0, and antiadjacent if 6(uv) < 0. Note that every graph can be considered
as a trigraph with {uv : f(uv) = 0} = (). In other words, graphs are exactly trigraphs with no
semiadjacent pairs. The result of Chudnovsky and Plumettaz is in fact about trigraphs.

For any trigraph G = (V,6), let GZ° denote the graph (V, {uv : §(uv) > 0}). Conversely, for
any graph G = (V, E), let tri(G) denote the set of all trigraphs (V,6) such that for any distinct
u,v €V, O(uv) > 0if uv € E and §(uv) <0 if uv ¢ E.

Let G = (V,0) be a trigraph. We call G connected if G=° is connected. For each v € V, let
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Ng(v) = Ng=o(v). We often write N (v) for Ng(v) if the dependency on G is clear. For any X C V,
let G|X be the trigraph such that its vertex set is X and its adjacency function is the restriction
of 0 to ()2() If a trigraph H is isomorphic to G|X for some X C V, then we call H a subtrigraph
of G and we say that G contains H.

A trigraph is a hole if it belongs to tri(C),) for some n > 4. A trigraph (V,0) is an antihole if
(V,—6) is a hole. A hole or antihole is odd if its number of vertices is odd. A trigraph is Berge if
it contains neither odd hole nor odd antihole. A trigraph is a claw if it belongs to tri(K;3). A
trigraph is claw-free if it does not contain any claw. In general, if H is a set of trigraphs, then a
trigraph is H-free if it does not contain any trigraph in . The result of Chudnovsky and Plumettaz
characterizes {claw, holes, antiholes}-free trigraphs, that is, claw-free Berge trigraphs. To describe
the resulting structure we need more definitions.

Let G = (V,0) be a trigraph. For any two disjoint X, Y C V, we say that X is complete
(resp. strongly complete, anticomplete, strongly anticomplete) to Y if every x € X and every y € Y
are adjacent (resp. strongly adjacent, antiadjacent, strongly antiadjacent). A clique (resp. strong
clique) of G is a set C' C V such that any two distinct vertices of C' are adjacent (resp. strongly
adjacent). A stable set (resp. strong stable set) of G is a set S C V such that any two distinct
vertices of S are antiadjacent (resp. strongly antiadjacent).

A trigraph H is a thickening of a trigraph G if V(H) admits a partition (X, : v € V(G)) such
that
e if v € V(G) then X, # 0 is a strong clique of H;
e if u,v € V(QG) are strongly adjacent in G then X, is strongly complete to X, in H;
o if u,v € V(G) are strongly antiadjacent, then X, is strongly anticomplete to X, in H;
e if u,v € V(QG) are semiadjacent, then X, is neither strongly complete nor strongly
anticomplete to X, in H.

Let C be the class of all trigraphs illustrated in Figure 7.1, where

|B?| < 1 for all i,j € {1,2,3}

BYU B, B2 U B3I, | B3 U B} € {0,2}

if f(ayas) = 0 then Bi U B =0

there exists x; € B} U B2 U B} for i = 1,2,3, such that {1, 72,23} is a clique.

It turns out that there are two kinds of claw-free Berge trigraphs. The first are thickenings of
trigraphs in C. The second are constructed (in a way like constructing line graphs) from certain basic
trigraphs. In the following, we first define the building blocks and then describe the construction.

Let G have three vertices v, 21, 22 such that 6(vz;) = 6(vz2) = 1 and 0(z122) = —1. Then the
pair (G,{z1,22}) is a spot. Let G have four vertices vy, v, 21, 22 such that 0(v1z1) = 0(vez2) = 1,
O(viva) =0, O(z122) = 0(z1v2) = O(z2v1) = —1. Then the pair (G, {21, 22}) is a spring.

A trigraph is a linear interval if its vertices can be ordered as v1, ..., v, such that if i < j < k and
0(vivg) > 0 then 0(v;v;) = O(vju) = 1. Let G be such a trigraph with n > 4. We call (G, {vi,v,})
a linear interval stripe if: v; and v, are strongly antiadjacent, v; and v;y1 are adjacent for every
i € {1,...,n — 1}, no vertex is complete to {vi,v,}, and no vertex is semiadjacent to vi or v,.

Let (G,{p,q}) be a spring or a linear interval strip. Let H be a thickening of G and let X,
(v € V(G)) be the corresponding sets. If | X,| = |X4| = 1, then (H, X, U X,) is called a thickening
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Figure 7.1: Trigraphs in C

of (G,{p,q})-

Let C' be the class of all pairs (H,{z}) such that H is a thickening of a trigraph G € C and
z € X,, for some i € {1,2,3} for which Bz_ﬁ UB/™ = and N(z) N (X4, U Xa,,,) = 0 (here we
use the notation from the definitions of C and thickening).

A signed graph (G, s) consists of a multigraph G = (V| F) and a function s : £ — {0,1}. If
ZGGE(C) s(e) is even for all cycles C' of G, then (G, s) is an evenly signed graph. In the following
we define another three classes of signed graphs. For any F' C E, let G[F| = (V, F).

Let F; be the class of loopless signed graphs (G, s) such that si(G) = K4 and s = 1. Let F» be
the class of loopless signed graphs (G, s) such that si(G) is obtained from K, (n > 1) by adding
an edge e* between its two degree-n vertices, and edges in {e : s(e) = 0} are all parallel to e* (while
s(e*) = 1). We remark that our F is F2 of [9] and our F» is F; U F3 of [9]

In a connected multigraph G with E(G) # (), a subgraph B is a block of G if B is a loop or
B is maximal with the property that B is loopless and si(B) is a block of si(G). A signed graph
(G, s) is called an even structure if E(G) # () and for all blocks B of G, (B, s|g(p)) is a member of
F1 U Fs or an evenly signed graph or a loop.

Now we describe how the pieces defined above can be put together. A trigraph G = (V,0) is
called an evenly structured linear interval join if it can be constructed in the following manner:
e Let (H,s) be an even structure.
e For cach edge e € E(H), let Z, C V(H) be the set of ends of e (so |Z¢| =1 or 2).
Let Se = (Ge, Ze) such that G, is a trigraph with V(G.) NV (H) = Z, and

x if e is not on any cycle then S, is a spot or a thickening of a linear interval stripe,

« if e is on a cycle of length > 1 and s(e) = 0 then S, is a thickening of a spring,

 if e is on a cycle of length > 1 and s(e) = 1 then S, is a spot,

 if e is a loop then S, € C’.
e For all distinct e, f € E(H), V(G.) NV (Gy) C Z. N Zj.
e Let V = Ucep)V (Ge)\Ze and let 6 be given by: for any u,v € V

« if u,v € V(G.)\Z. for some e € E(H) then 6(uv) = O, (uv)
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*if u € Ng,(z) and v € Ng, (z) for distinct e, f € E(H) with a common end z, then f(uv) =1
* in all other cases, O(uv) = —1.
e We will write G = Q(H, s,{S. : e € E(H)}).

Theorem 7.1 (Chudnovsky and Plumettaz [9]). A connected trigraph is claw-free and Berge if
and only if it is a thickening of a trigraph in C or an evenly structured linear interval join.

In the following we produce a different formulation of this result. A vertex x of a trigraph is
simplicial if N(x) # () and {z} U N(z) is a strong clique. For i = 1,2, let G; = (V;,0;) be a trigraph
with a simplicial vertex x; and with |V;| > 3. The simplicial sum of G1,G2 (over z1,x2) is the
trigraph G = (V, 6) such that V = (V} — 1) U (Va2 — 22) and, for all distinct vy, va € V,

o O(viva) = 0;(viva) if {v1,v2} CV; for some i = 1,2

o O(vivy) =1 if v; € Ng,(z;) for both ¢ = 1,2

e O(v1vg) = —1 if otherwise.

We point out that both G and G are contained in G. Moreover, using the language of [9], G
admits either a 1-join or a homogeneous set of size > 2.

Lemma 7.2. Let G be a simplicial sum of G1,G2. Then G is claw-free if and only if both G1, G2
are; and G is Berge if and only if both G1,G2 are.

We omit the proof since it is straightforward. This lemma suggests that we can characterize
claw-free Berge trigraphs by determining all such trigraphs that are not simplicial sums. In the
following we describe these trigraphs.

Let Z be the class of linear interval trigraphs. Let £ be the class of trigraphs G such that G=° is
the line graph of a bipartite multigraph and every triangle (a clique of size 3) of G is a strong clique.
Let Jy be the first graph in Figure 7.2. We consider J; as a trigraph with no semiadjacent pairs.
Let Ji consists of trigraphs obtained from J; by deleting k of its cubic vertices (0 < k < 4). Let
Jo(n) be the second trigraph in Figure 7.2, where @1, Q2, and all vertical triples are strong cliques,
f(uv) could be 0, 1, or —1, and all other pairs are strongly antiadjacent. Note that J2(0) € Z. Let
J2 consist of trigraphs of the form Jy(n) — X for all n > 1 and all X C {u,v}. Let J =7 U Ja.

Q

Figure 7.2: J; and Js

Theorem 7.3. A connected trigraph is claw-free and Berge if and only if it is obtained by simplicial
summing thickenings of trigraphs in CULUZ U J.

We need a few lemmas in order to prove this theorem. A 1-separation of a multigraph H is a pair
(Hy, Hz) of edge-disjoint proper subgraphs of H such that H; U Hy = H and |V(H;) NV (H2)| = 1.
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Suppose G = Q(H,s,{Sc}). Then a l-separation (Hp,Hs) of H is called trivial if there exists
i € {1,2} such that H; = K and S; is a spot, where f is the only edge of H;.

Lemma 7.4. Suppose G = Q(H,s,{S.}) and suppose H has a nontrivial 1-separation (Hiy,Hz).
Then G is a simplicial sum of two trigraphs.

Proof. Let = be the common vertex of Hy, Hy. For i = 1,2, let H/ be obtained from H; by adding
a new vertex z; and a new edge xzz;. Let s; be the signing of H] which agrees with s on H;, and
si(zx;) = 1. Since all blocks of H! (other than zx;) are blocks of H, (H/,s;) is an even structure.
Let Szz, be aspot and let G; = Q(H, s;,{Se : e € E(H])}). Since separation (H, Hy) is nontrivial,
G; must have > 3 vertices. Now it is straightforward to verify that x; is a simplicial vertex of G;
(i =1,2) and G is the simplicial sum of G; and G4 over x; and xs. |

Lemma 7.5. Let H be a thickening of G.
(i) H is claw-free if and only if G is claw-free.
(i) H is Berge if and only if G is Berge.

Proof. Part (ii) is (6.4) of [9] and part (i) is easy to verify, as pointed out in [11]. 1

A trigraph G is quasi-line if N(v) is the union of two strong cliques for every v € V(G). It is
easy to see that if G is quasi-line then G is claw-free. A trigraph G is cobipartite if V(G) is the
union of two strong cliques. Clearly, if G cobipartite then G is quasi-line and thus is claw-free. It is
also clear that every connected cobipartite trigraph with > 2 vertices is a thickening of a two-vertex
trigraph. Thus every cobipartite trigraph is Berge.

Proof of Theorem 7.3. To prove the backward implication, by Lemma 7.2 and Lemma 7.5, we
only need to consider trigraphs G € CULUZ U J. If G € C then the result follows from Theorem
7.1. If G € T then G is claw-free [11] and Berge [9]. If G € LU J then G is quasi-line and thus G is
claw-free. If G € J, then deleting simplicial vertices from G results in a cobipartite trigraph, which
implies that G is Berge. Finally, assume G € £ and G=° = L(B) is the line graph of a bipartite
multigraph B. We need to show that G is Berge. Since no semiadjacent pairs are contained in a
triangle, every hole of G must come from a cycle of B and thus G contains no odd holes. If G has an
antihole v1vs...v,v1 with n > 7, then we consider the restriction of G on vy, ..., vs. If O(vivi11) = —1
for all i = 1,...,5, then the graph X formed by {v;v; : 8(v;v;) > 0} would be the complement of a
path on six vertices, which is one of the minimal non-line-graphs. This is impossible since X is an
induced subgraph of L(B). So 6(v;vi+1) = 0 holds for some i, which makes v;, v; 11,z a triangle
for some k. This contradiction (two semiadjacent vertices are contained in a triangle) shows that
G contains no antihole of length > 7. Thus G is Berge, which completes the proof of the backward
direction.

To prove the forward implication, by Theorem 7.1, we assume G = Q(H, s, {Se}). Since G is
connected, H is connected as well. By Lemma 7.4, we also assume that all 1-separations of H are
trivial. Let U be the set of all degree-one vertices u of H for which if e is the only edge incident
with u then S, is a spot. We assume V(H) # U because otherwise H = K9 and G = K; and thus
the result holds. Let Hy = H — U. Note that Hg is connected, as H is connected. Moreover, by its
construction, Hy dose not have a 1-separation. Thus either Hy = K1 or Hj is a block of H.

Suppose Hy is K; or K. It follows that H is a tree with 1, 2, or 3 edges. Moreover, S, is a
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thickening of a linear interval strip for at most one e, and every other S, is a spot. In all cases, it
is routine to check that GG is a thickening of a trigraph in Z.

Suppose Hy is a loop e. Let Sc = (Ge,{z}) € C' and let G, be a thickening of C' € C. If H has
> 2 edges then H consists of e and a pendent edge f with Sy a spot. It follows that G = G, which
is a thickening of a trigraph in C. So e is the only edge of H and G = G, — z. If z is not the only
vertex of X,, (here we use the notation in the definition of C’) then G is also a thickening of C. If
z is the unique vertex of X,, then G is cobipartite. In this case G is a thickening of a two-vertex
trigraph and thus G is a thickening of a trigraph in Z.

Suppose none of the last two cases occurs. Then Hy is a block in which every edge is on a cycle
of length > 2. Let sy be the restriction of s on Hy. Then (Hy, sg) is either in F; U Fy or evenly
signed. First we assume (Hy, s¢) is evenly signed. Then (H, s) is also evenly signed. Moreover, S,
is a thickening of a spring for every edge in Ey = {e € E(Hy) : s(e) = 0}, and S, is a spot for every
other edge of H. Let S. be a spring for each e € Ey and let S, = S, for every other edge of H.
Then G is a thickening of G’ = Q(H, s,{S.}). Now we only need to show that G’ € L. Let H' be
obtained from H by subdividing each edge in Ej exactly once. Then H' is bipartite. It follows from
the construction of  that adjacent pairs of G’ are exactly adjacent pairs of the line graph L(H').
In addition, all semiadjacent pairs of G’ come from a spring, and thus no such pair is contained in
a triangle. Therefore, G’ belongs to L, as required.

It remains to consider the case (Hy, so) € F1 U Fa. If (Ho,so) € Fi, then H is obtained from
K4 by adding parallel edges and adding pendent edges to distinct vertices. Moreover, every S, is
a spot. It follows that G is an ordinary graph (meaning that G has no semiadjacent pairs) and
this graph is exactly L(H). Now it is clear that G is a thickening of L(si(H)), which belongs to
Ji. So we assume (Ho, sg) € Fa. Let V(Hp) = {x1,22,y1,...,Yym} (m > 1) such that z; (i = 1,2)
is adjacent to all other vertices. Like before, we assume that Hy has no parallel edges, except for
two possible edges eg, e; between x1,x2, and such that s(ep) = 0 and s(e;) = 1. We also assume
that S, is a spring, if eg is present. Suppose H is obtained by adding pendent edges to yi,...,Yyn
(n > 0) and to k of x1,22 (0 < k < 2). If eg is present, then G is a thickening of Jz(n), where
O(uv) = 0. So assume that e is not in H, and thus G = L(H). For i = 1,2, let Q; be the clique of
G formed by edges of H incident with x;. Let Q) = Q; — {122, ziy1, ..., xiyn}. If Q) # 0 is neither
complete nor anticomplete to Q) # ), then again G is a thickening of Ja(n) with §(uv) = 0. In the
remainder cases (which are: some @} is empty, or Q) # () is complete or anticomplete to Q5 # (),
if n = 0 then G is a thickening of K3, and if n > 1 then G = J3(n) — X for some X C {u,v}. &

8 Claw-free box-perfect graphs

In this section we prove the following.

Theorem 8.1. A claw-free perfect graph is box-perfect if and only if it is S3-free.

We divide the proof into several lemmas. Let G be a trigraph. We call G a sun if G € tri(Ss).
We call G an incomparability trigraph if G=0 is an incomparability graph. We call G elementary if it
is a thickening of a trigraph in £. We remark that when an elementary trigraph has no semiadjacent
pairs then they are exactly elementary graphs discussed in [18].
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Lemma 8.2. Let G be a connected Berge trigraph. If G is {claw, sun}-free then G is obtained by
stmplicial summing incomparability trigraphs and elementary trigraphs.

Proof. Since GG is connected, Berge, and claw-free, by Theorem 7.3, GG is obtained by simplicial
summing thickenings of trigraphs in CULUZ U J. Therefore, we may assume that G is a thickening
of a trigraph Go € CULUZ U J. If Gy € L then G is elementary and we are done. If Gy € C then
Gol{ai1,a2,as3,x1,x9,x3} (here we are using the notation in the definition of C) is a sun and thus
G contains a sun, which is impossible. So we assume that Gg € ZU J. In the following we prove
that G is an incomparability trigraph.

Suppose Gg € Z. Then vertices of Gy can be ordered as v1,...,v, such that if i < j < k and
Bo(vivi) > 0 then Oy(vivj) = Op(vjug) = 1. Using the notation in the definition of thickening, we
let Xy, ={x;i;:5=1,....,n;} (1 <i<n). Now we define a binary relation < on V(G) such that
Tiy g1 < Tig o if O(24, j, iy 5,) = —1 and (i1, j1) is lexicographically smaller than (is, j2). We claim
that < is transitive. Suppose x;, j, < i, j, < Tiy j;- Since each X, is a strong clique, we must
have i1 < iz < i3. It follows that 6y (vi,vi,) < 0 and Oy (vi,vi,) < 0. As a result, Oy(v;,vi,) = —1 and
thus 0(z;, j, %4y j;) = —1, which proves our claim. This claim implies that the complement of G=°
is the comparability graph of poset (V(G), <), which proves that G=Y is an incomparability graph
and thus G is an incomparability trigraph.

Now suppose Gy € J. We claim that Gg is a thickening of a trigraph in Z. This claim clearly
implies that GG is a thickening of trigraph in Z, and thus the last paragraph proves that G is an
incomparability trigraph.

Before proving the claim we make an observation. It is clear that every cobipartite trigraph is
a thickening of a trigraph that has exactly two vertices and that the two vertices are semiadjacent.
Since this two-vertex trigraph is in Z, our claim holds if Gy is cobipartite.

We first consider the case Gy € J;. If Gy has two or more cubic vertices then G contains an
induced S3. So Gy contains at most one cubic vertex and in this case G is cobipartite. Next we
assume Gy € Jo and let Gy = Jo(n) — X (see the definition of J5). Let z;y;2; (1 <1i < n) denote
the vertical triangles of Ja(n), where y; € Q1 and z; € Qq. If n > 3 then Gol{w,x1,y1, 21, Y2, 23} is
a sun. So we have n < 2. Now it is straightforward to verify that either Gy is cobipartite, or Gy
contains a sun (found in a similar way), or Gp = J2(2) — {u,v}. In the last case, Gy is a thickening
of the trigraph G* = ({tl,tg,tg,t4,t5},9*), where 9*(titi+1) =1 (Z = 1,2,3,4), 0*(t2t4) = 0, and
6*(tit;) = —1 for all other pairs. This completes the proof of our claim and also completes the
proof of the lemma. |

Although simplicial sum was defined for trigraphs, this operation can be naturally inherited by
ordinary graphs. Moreover, we have the following.

Lemma 8.3. The simplicial sum of two ESP graphs is ESP.

Proof. Let G be the simplicial sum of G; and G5 over x1 and z3, where (G; is an ESP graph with a
simplicial vertex x; for i = 1,2. Let A be a set of maximal cliques of G. Note that Ng, (x1)UNg, (z2)
is the only maximal clique of G that contains edges between Ng, (1) and Ng,(z2). For i = 1,2, let
A; consist of members of A that are cliques in G;. Since G; is ESP, A; has an equitable subpartition
(A1, As2). If A does not contain the clique Ng, (1) U Ng, (z2), then (A1 UAa1, Aj2 UAg9) is clearly
an equitable subpartition of A. Now assume that A contains Ng, (1) U Ng,(x2). For i = 1,2, let

22



774

775

776

7

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

A, = AU{{z;}UNg, (z;)}. Note that dy/(x;) = 1. Since G is ESP, A} has an equitable subpartition
(AL, Al,). Without loss of generality, suppose dpr (zi) =1 and dy (x;) =0 for i = 1,2. Let A’ be
obtained from A’; U A}, by replacing the two cliques containing x; or z2 by Ng, (z1) U Ng, (z2);
and set A” = Ay, UAS,. Then (A’;A”) is an equitable subpartition of A. ]

Lemma 8.4. Let A be a set of cliques of a graph G, for which V(QG) is partitioned into two cliques
X,Y. Then G has a multiset A of cliques such that
(i) |N'| = |A| and dpr(v) = dp(v), for allv € V(G);
(i1) members of A’ can be enumerated as Q1, ..., Q|| such that every v € X appears in the first
da(v) terms and every v € Y appears in the last dp(v) terms.

Proof. Foreachi=1,..,|Al,let X; ={r € X :i<dp(z)}and Yi={y €Y :i > |A| —da(y) +1}.
Then for every i, Q; = X;UY] is a clique since dj (z) +da(y) < |A| holds for all non-adjacent z € X
and y € Y. Now it is clear that A’ = {Q1, ..., Q| |} satisfies the requirements. |

Lemma 8.5. Elementary graphs are ESP.

Proof. Let elementary graph H be obtained by thickening a trigraph G, where G=° is the line
graph of a bipartite multigraph B and such that semiadjacent pairs of G are not contained in
any triangle. Let (Z1,Z3) be a partition of V(B) into two stable sets. Let ujvy, ..., unv, be the
semiadjacent pairs of G. Let (X, : v € V(G)) be the partition of V/(H) over which G is thickened.
Fori=1,...,n,let H; = H[X,,UX,,]. Since no semiadjacent pairs of G are contained in a triangle,
it is easy to see that for each maximal clique C of H, either C is a maximal clique of some H; or
C = U{X, : v € Q} for some maximal strong clique @ of G. On the other hand, since G=° = L(B),
for each maximal clique @ of G there exists a vertex z of B such that members of () are precisely
edges of B that are incident with z. We will say that @ and C' = U{X, : v € Q} come from z.
Note that, if @, Q' are maximal cliques of G with u; € Q — Q" and v; € Q' — @ for some 4, then @
and Q' come from vertices that both belong to Z; or both belong to Zs.

Let A be a set of maximal cliques of H. We need to show that A admits an equitable subpartition.
Fori=1,...n,let A ={CeA:CCV(H)} Let A© =A—AD . — A We assume by
Lemma 8.4 that members of each A() are enumerated as C’fi), . C’,(l? such that every z € X,
appears in the first d@ (z) terms and every = € X,, appears in the last d,« (z) terms. In the
following we define a partition (Aj, Ag) of A. To verify that (A1, Ag) is an equitable subpartition

of A we only need to verify min{dy, (z),dp,(x)} > |da(z)/2], for all z € V(H).

We first consider A, If ¢ € A then C' comes from a vertex z of B. In this case we put C
into A; if z € Z; (i = 1,2). Since each v € V(G) is contained in at most two maximal cliques, we
deduce that da(z) < 2 for all z € V(H) — V(H;) — ...V (H,). For these z, our partition of A(®)
guarantees that min{da, (x),da,(x)} > |da(z)/2].

For cliques in each A® (i =1,2,...,n) we consider three cases. If none of X,,, X,, is contained
in any clique of A(), then dj(z) = d,@ () for all x € V(H;). Moreover, for each z € V(H;), since
cliques containing x appear consecutively in the sequence C’YL), e 07(1?, putting Y into A1 for all

: J
odd j and putting C’j(-l) into Ay for all even j lead to min{da, (z),da,(z)} > |da(x)/2].

If exactly one of X,,, X,, is contained in a clique of A we assume by symmetry that Xy, is
contained in a clique C' € A®). We also assume without loss of generality that C' has been placed
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into Ay. For each x € V(H;), since cliques containing x appear consecutively in the sequence
Xu,, C’Y), e CT(L?, putting C]@ into A; for all odd j and putting Cj(z) into Ao for all even j lead to
min{dy, (), dr, ()} = [da(2)/2].

If both X,,, X,, are contained in cliques, say C, D, of A by discussion in the first paragraph
of this proof, we assume that both C, D have been placed into Ay. We consider two subcases.
Suppose n; is odd. For each = € V(H;), since cliques containing = appear consecutively in the
sequence X, , sz), ceny C’,(fi), X,,, putting CJ(-Z) into A; for all odd j and putting C](.Z) into As for all
even j lead to min{dp,(z),dp,(x)} > [da(x)/2]. Now suppose n; is even. For each x € V(H;),
note that cliques containing = appear consecutively in the sequence C%i),Xui, Céi), e C%), Xu;s

unless = € C}i) N Xy,;. In this case we put Cj@ into Ay for all odd j > 1 and we put the rest into
Ay. For each z € V(H;) — (CY) N X,,), it is clear that min{dx, (x),d,(z)} > [da(z)/2]. For each
S Cfi) N X,,, we have dp(xz) = 1 + n;. Our partition yields da,(x) = n;/2, which also leads to
min{dy, (z),da, ()} > |da(z)/2]. i

Proof of Theorem 8.1. The forward implication is clear, so we only need to consider the backward
implication. Let G be perfect and {claw, S3}-free. By Lemma 8.2, each component of G is obtained
by simplicial summing incomparability graphs and elementary graphs. By Theorem 4.2 and Lemma
8.5, incomparability graphs and elementary graphs are ESP. Thus G is ESP by Lemma 8.3, which
proves that G is box-perfect by Theorem 3.7. |
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