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§1 Introduction

Our primary objects of study in this article are compact complex submanifolds S of

quotients X = Ω/Γ of irreducible bounded symmetric domains, and we are interested

in the characterization of S ⊂ X which are totally geodesic. When S ⊂ X is totally ge-

odesic, the tangent sequence 0 → T (S) → T (X)|S → NS|X → 0 splits holomorphically.

In general, for a complex submanifold S ⊂ X, we say that S is a splitting (complex)

submanifold if the tangent sequence splits holomorphically over X, and in the current

article we consider the question of characterizing among compact splitting submanifolds

S ⊂ X = Ω/Γ those which are totally geodesic. The first result about compact splitting

submanifolds concerns the projective space Pn (Van de Ven [VdV58]), which is dual to

the complex unit ball Bn, and the result is that any compact splitting submanifold of Pn

is linear, hence totally geodesic with respect to (any choice of) the Fubini-Study metric.

In Mok [Mk05] the first author studied the problem from a differential-geometric per-

spective, proving the same simultaneously for Pn, Bn and the n-dimensional compact

complex torus T = Cn/L by exploiting the canonical Kähler-Einstein metric and the

projective connection.

We are only concerned about the case of Hermitian locally symmetric spaces of

the noncompact type, and, generalizing the result in Mok [Mk05] for the complex unit

ball Bn to an irreducible bounded symmetric domain Ω. We prove first of all that

a compact splitting submanifold S ⊂ X := Ω/Γ is totally geodesic whenever S ⊂
X is a characteristic complex submanifold, which means that S is tangent at each

point to a local totally geodesic complex submanifold of a special kind, as follows.

Embed Ω as an open subset of its dual Hermitian symmetric manifold Z of the compact

type, and identify Z as a projective submanifold by means of the minimal embedding.

Then, Z ⊂ P(Γ(X,O(1))∗) =: PN is uniruled by projective lines, and, defining the

subset C(Z) ⊂ PT (Z) to consist at each point z ∈ Z of projectivizations of tangents of

projective lines (minimal rational curves), we have on Z a VMRT (variety of minimal

rational tangents) structure πZ : C(Z) → Z, which restricts to Ω and descends by

Aut(Ω)-invariance to X = Ω/Γ, defining thus πX : C(X) → X, and we say that S ⊂ X

is a characteristic complex submanifold to mean that PT (S) ⊂ C(X). Thus, S is tangent

at each point to a local complex submanifold which lifts to an open subset of a projective

linear subspace Λ of Z ⊂ PN . In a certain sense, we have a characterization of “linear ”

geodesic submanifolds S ⊂ X since Λ ⊂ Z ⊂ PN is linear, and since moreover the

intersection Λ∩Ω is a connected open subset of the affine linear subspace Λ∩Cn, when

we identify Ω as an open subset of Cn by means of the Harish-Chandra embedding.

Normalizing the choice of canonical Kähler-Einstein metric gΩ on Ω to be such that
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minimal disks are of Gaussian curvature −2, then Λ ∩ Ω ⊂ Ω is a totally geodesic

Hermitian symmetric submanifold of constant holomorphic sectional curvature −2. (In

particular (Λ∩Ω, gΩ|Λ∩Ω) is holomorphically isometric to the complex hyperbolic space

form (Bn, gBn)). Our proof also exploits the canonical Kähler-Einstein metric of Ω,

but is otherwise elementary relying only on a monotonic property of the curvature of

holomorphic vector subbundles of Hermitian holomorphic vector bundles, which results

from the Gauss equation.

While the rank 1 case pertains to the projective structure, the higher rank case of

Ω ⊂ Z underlies geometric structures modeled on reductive Lie groups. These holomor-

phic G-structures are captured again by the canonical Kähler-Einstein metric, and we

make use of them to characterize not necessarily “linear ” compact totally geodesic com-

plex submanifolds S ⊂ X under dimension restrictions, noting that there exist examples

of non-totally geodesic compact splitting submanifolds S ⊂ X given by graphs of sur-

jective holomorphic maps which are not covering maps between compact ball quotients.

When Ω is of rank ≥ 2, in our proof on the one hand we make use of the underlying

G-structure on Ω which leads to non-trivial direct sum decompositions of associated

vector bundles of the tangent bundle T (X), especially S2T (X) and End0(T (X)), on

the other hand we make use of the holomorphic splitting of the tangent sequence of

the inclusion S ⊂ X to obtain endomorphisms of S2(T (S)) and End0(T (S)). Since the

canonical line bundle of a compact complex submanifold S ⊂ X is ample, there exists

on S a Kähler-Einstein metric, and hence there exists a Hermitian-Einstein metric h

on any associated tensor bundle V of T (S), from which it follows that the kernel of

any endomorphism of V over S must be a parallel subbundle. Making use of this basic

principle we prove in §4 the total geodesy of S under certain dimension restrictions on

S.

In §5 we consider two special classes of bounded symmetric domains, viz., the case

of rank-2 type-I bounded symmetric domains DI
2,p and the case of type-IV domains DIV

n

(Lie balls), n ≥ 3, showing that in the case of rank-2 type-I domains a compact split-

ting complex submanifold S ⊂ DI
2,p/Γ must be totally geodesic whenever dim(S) > p

and that in the case of type-IV domains the same holds true for a compact splitting

complex submanifold S ⊂ DIV
n /Γ whenever dim(S) > n√

2
. For the former case we con-

jecture that dim(S) ≥ p suffices, while for the latter case we conjecture that dim(S) ≥ 2

suffices. For the rank-2 type-I case there exist (p − 1)-dimensional splitting and non-

totally geodesic compact complex submanifolds S ⊂ DI
2,p/Γ at least in the case where

p = 2, 3, 4 while in the type-IV case the dual problem for splitting complex submani-

folds S ⊂ Qn of the hyperquadrics Qn has been solved by Jahnke [Ja05], where S was

shown to be a linear subspace or a smooth hyperquadric obtained as a linear section

of Qn. In §6, the last section, we examine the borderline case of DI
2,2

∼= DIV
4 , and we

prove that in this case any compact splitting complex submanifold of dimension ≥ 2

must necessarily either be totally geodesic, or, writing T (X)|S = TS ⊕N for the holo-

morphic splitting of the tangent sequence, the complementary bundle N must consist
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of characteristic 2-planes, an intermediate result leaving open the delicate problem of

characterizing splitting compact complex surfaces with characteristic complementary

bundles N consisting of characteristic 2-planes, i.e., P(N ) ⊂ C(X)|S .

§2 Background materials and statements of results

In this section we state the main results and collect background materials necessary

for the understanding of the statements of these results. The main results and the

necessary background materials break down into those concerning characteristic com-

pact complex submanifolds and those related to the use of Kähler-Einstein metrics for

compact complex submanifolds of quotients of bounded symmetric domains.

(2.1) Characterization of compact totally geodesic submanifolds among characteristic

complex submanifolds on quotients of irreducible bounded symmetric domains To start

with we define “splitting complex manifolds” which are the primary objects of study of

the current article.

Definition 2.1 (splitting complex submanifold). Let X be a complex manifold

and S ⊂ X be a complex submanifold. We say that S is a splitting complex submanifold

in X if and only if the tangent sequence 0 → T (S) → T (X)|S → NS|X → 0 splits

holomorphically over S.

Concerning compact splitting complex submanifolds the first result was a result of

Van de Ven [VdV58] characterizing projective linear subspaces of the projective space as

precisely the compact splitting complex submanifolds (cf. also Mustaţǎ-Popa [MP97]).

Jahnke [Ja05] characterized compact splitting complex submanifolds of compact com-

plex tori. In [Mok05] the first author of the current article examined compact splitting

complex submanifolds in complex hyperbolic space forms (i.e., complex manifolds uni-

formized by the complex unit ball Bn), complex Euclidean space forms and the projec-

tive space and proved using differential-geometric method the following characterization

theorem.

Theorem (Mok [Mok05, Theorem 1]). Let (X, g) be a complex hyperbolic space

form, a complex Euclidean space form or the complex projective space endowed with the

Fubini-Study metric. Let S ⊂ X be a compact complex submanifold. Then S ⊂ X is a

splitting complex submanifold if and only if (S, g|S) ↪→ (X, g) is totally geodesic.

In [Mok05, Theorem 1] the result was formulated in terms of a holomorphic immer-

sion f : S ↪→ X. The proofs for submanifolds S ⊂ X and for immersions are identical.

The proof of [Mok05, Theorem 1] essentially relies on showing that from the second

fundamental form σS|X one obtains the harmonic representative for the cohomology

class representing the obstruction to the holomorphic splitting of the holomorphic tan-

gent sequence 0 → T (S) → T (X)|S → NS|X → 0. The proofs are the same in the

cases where X is a complex hyperbolic form, a complex Euclidean form, or the complex

projective space equipped with the Fubini-Study metric.

In this article our interest lies on compact splitting complex submanifolds of quo-
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tient manifolds of irreducible bounded symmetric domains in general. As in the case of

Mok [Mk05, Theorem 1] we will make use of the duality between bounded symmetric

domains and their dual Hermitian symmetric spaces of the compact type. First of all we

examine the minimal rational curves on these dual spaces which are uniruled projective

manifolds.

Let Z be an irreducible Hermitian symmetric space of the compact type. Denote

by O(1) the positive generator of Pic(Z) ∼= Z. Then, the vector space Γ(Z,O(1))

of global holomorphic sections of O(1) defines a holomorphic embedding ι : Z ↪→
P
(
Γ(Z,O(1))∗

)
:= PN , called the minimal embedding of Z. The projective submanifold

Z ⊂ PN is uniruled by projective lines. For a point x ∈ Z, by the variety of minimal

rational tangents (VMRT) Cx(Z) ⊂ PTx(Z) we mean the set consisting of all projec-

tivizations [α] of non-zero tangent vectors α ∈ Tx(Z) such that Tx(ℓ) = Cα for some

projective line ℓ ⊂ Z passing through x. Varying x ∈ Z we obtain the VMRT structure

πZ : C(Z) → Z over Z. The action of Aut(Z) on Z induces an action of Aut(Z) on C(Z)

respecting the projection πZ : C(Z) → Z. Let Ω ⊂ Z be the Borel embedding. Then

the identity component of Aut(Ω) is naturally identified with the subgroup of Aut(Z)

which preserves Ω. We write C(Ω) := C(Z)|Ω, define π0 := π|Ω, and call π0 : C(Ω) → Ω

the restricted VMRT structure on Ω. Let now Γ ⊂ Aut(Ω) be a torsion-free discrete

subgroup, and write X = Ω/Γ. The action of Γ on Ω lifts to an action of Γ on PT (Ω),
and it preserves the restricted VMRT structure π0 : C(Ω) → Ω. Thus, the VMRT struc-

ture on Ω descends to a locally homogeneous holomorphic fiber bundle πX : C(X) → X

where each fiber Cx(X) is identified by lifting to Ω and by applying an automorphism

of Ω to the reference VMRT C0(X) ⊂ PT0(Ω) = PT0(Z), where Ω b Cn ⊂ Z are the

natural inclusions of Ω incorporating the Harish-Chandra realization Ω b Cn and the

Borel embedding Ω ⊂ Z, and 0 ∈ Ω is the origin of Cn. We call πX : C(X) → X the

quotient (restricted) VMRT structure on X.

Concerning characteristic complex submanifolds S of X = Ω/Γ we need the follow-

ing basic definitions.

Definition 2.2 (characteristic vector, characteristic s-plane). On X = Ω/Γ

denote by πX : C(X) → X the quotient VMRT structure on X. A tangent vector

α ∈ T (X) such that [α] ∈ C(X) is called a characteristic vector. Let s > 0 be an integer

and x be a point on X. A member Π of the Grassmannian Gr(s, Tx(X)) of s-planes

in Tx(X) is called a characteristic s-plane if and only if PΠ ⊂ Cx(X) for every point

x ∈ S. In general, for any s > 0 we call Π a characteristic vector subspace.

Definition 2.3 (characteristic complex submanifold). Let Ω be an irreducible

bounded symmetric domain and Γ ⊂ Aut(Ω) be a torsion-free discrete subgroup, and

write X := Ω/Γ. A complex submanifold S ⊂ X, s := dim(S), is said to be a

characteristic complex submanifold if and only if the holomorphic tangent subspace

Tx(S) ⊂ Tx(X) is a characteristic s-plane for any point x ∈ S, i.e., if and only if

PTx(S) ⊂ Cx(X) for any x ∈ S.
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We prove first of all the following characterization theorem for compact character-

istic complex submanifolds S ⊂ X = Ω/Γ.

Theorem 2.1. Let Ω be an irreducible bounded symmetric domain and gΩ be a canon-

ical Kähler-Einstein metric on Ω. Let Γ ⊂ Aut(Ω) be a torsion-free discrete subgroup,

write X = Ω/Γ, and let g be the Kähler-Einstein metric on X induced from gΩ. Let

S ⊂ X be a compact characteristic complex submanifold. Assume that S is a splitting

complex submanifold in X. Then (S, g|S) ↪→ (X, g) is totally geodesic. Moreover, writ-

ing T (X)|S = T (S)⊕N for a holomorphic splitting of the tangent sequence over S, we

have necessarily N = T (S)⊥.

(2.2) Characterization of compact totally geodesic submanifolds of quotients of bounded

symmetric domains by means of the existence of Kähler-Einstein metrics Regard-

ing the use of Kähler-Einstein metrics, the starting point is the well-known existence

theorem of Aubin and Yau.

Theorem (Aubin [Au78], Yau [Yau78]). Let M be a compact Kähler manifold

with ample canonical line bundle. Then, there exists on M a Kähler-Einstein metric of

negative Ricci curvature. Moreover, such metrics are unique up to scaling factors.

By a canonical Kähler-Einstein metric on M we will mean any of the Kähler-

Einstein metrics on M of Ricci curvature −c, where c > 0. The following existence

result for compact complex submanifolds of quotients of bounded symmetric domains

is well-known, but we include here a proof for easy reference.

Proposition 2.1. Let Ω be a bounded symmetric domain and Γ ⊂ Aut(Ω) be a torsion-

free discrete subgroup, and write X = Ω/Γ. Let S ⊂ X be a compact complex subman-

ifold. Then, for any c > 0 there exists a unique Kähler-Einstein metric on S of Ricci

curvature −c.

Proof. If Ω is irreducible, gΩ agrees up to a scaling factor with the invariant Kähler met-

ric defined by the Killing form, so that (Ω, gΩ) is of nonpositive holomorphic bisectional

curvature and of strictly negative holomorphic sectional curvature, and the same holds

when Ω is reducible by de Rham decomposition. By invariance gΩ descends to a Kähler-

Einstein metric g on X = Ω/Γ. We denote by R the curvature tensor of (X, g) and by

RS the curvature tensor of (S, g|S). Let x ∈ S and ξ, η ∈ Tx(S). By the Gauss equation,

we have RS
ξξηη

= Rξξηη − ∥σ(ξ, η)∥2 ≤ 0, where σ = σS|X denotes the second funda-

mental form of (S, g|S) ↪→ (X, g). If ξ = η ̸= 0, then RS
ξξξξ

= Rξξξξ − ∥σ(ξ, ξ)∥2 < 0,

and it follows that (S, g|S) is of (strictly) negative Ricci curvature. By the theorem of

Aubin-Yau, for any c > 0 there exists a unique Kähler-Einstein metric of Ricci curvature

−c on S. �

Remark Here and henceforth ∥ · ∥ denotes the norm of a vector measured against a

Hermitian metric which is implicitly understood in the given context.

On a complex manifold M we denote by T r
s (M) := T (M)⊗r ⊗ T ∗(M)⊗s the holo-

morphic bundle of (r, s)-tensors, i.e., tensors which are contravariant of degree r and
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covariant of degree s. Let (Ω, gΩ) be an irreducible bounded symmetric domain equipped

with the normalized Kähler-Einstein metric gΩ, and let X = Ω/Γ, where Γ ⊂ Aut(Ω) is

a torsion-free discrete subgroup. Denote by Rξη̄µν̄ the curvature tensor of X. By con-

tracting with the metric, we obtain from Rξη̄µν̄ a (2, 2)-tensor Rαβ
γδ :=

∑
η,ν

Rγη̄δν̄g
αη̄gβν̄ .

As X is Hermitian locally symmetric, Rαβ
γδ is parallel and hence holomorphic, i.e.

Rαβ
γδ ∈ H0(X,T 2

2 (X)). In particular, we can regard Rαβ
γδ as a holomorphic endomor-

phism on T 1
1 (X). In addition, due to the symmetries of the curvature tensor, we have

Rαβ
γδ = Rβα

γδ = Rαβ
δγ and hence Rαβ

γδ can also be regarded as a holomorphic endomor-

phism on S2T (X). To avoid confusion, we denote the two endomorphisms respectively

by Rτ : T 1
1 (X) → T 1

1 (X) and Rσ : S2T (X) → S2T (X).

Since Rσ is parallel, S2T (X) has a parallel (hence holomorphic) direct-sum decom-

position in which the direct summands are the eigenbundles of Rσ. For the purpose

of obtaining vanishing theorems for cohomology groups of X = Ω/Γ, Calabi-Vesentini

and Borel computed this decomposition for all irreducible bounded symmetric domains

Ω (Calabi-Vesentini for the classical types and Borel for the exceptional types). They

showed that when rank(Ω) ≥ 2, the endomorphism Rσ always has exactly two eigenval-

ues and hence there is a two-factor parallel direct-sum decomposition S2T (X) = A⊕B.

Finally, we recall the following notion.

Definition 2.4 (degree of the strong non-degeneracy of the bisectional cur-

vature). Let X = Ω/Γ, where Ω be an irreducible bounded symmetric domain and

Γ ⊂ Aut(Ω) be a torsion-free discrete subgroup. Let p ∈ X and Zp = {(A,B) : A ⊂
Tp(X), B ⊂ Tp(X) are linear subspaces such that Raābb̄ = 0 for all (a, b) ∈ A × B}.
Then max

(A,B)∈Zp

{dimA + dimB}, which is independent of p, is called the degree of the

strong non-degeneracy of the bisectional curvature of X (Siu, [Siu82]).

Exploiting the existence of Kähler-Einstein metrics on compact complex submani-

folds of quotient manifolds X of irreducible bounded symmetric domains Ω as given in

Proposition 2.1, we show in the current article that compact splitting complex subman-

ifolds of X of sufficiently small codimension (in some specific sense depending on Ω) are

necessarily totally geodesic, as given in the ensuing Theorem 2.2 and Theorem 2.3.

Theorem 2.2. Let Ω be an irreducible bounded symmetric domain and rank(Ω) ≥ 2.

Let Γ ⊂ Aut(Ω) be a torsion-free discrete subgroup and write X = Ω/Γ. Write the

eigenbundle decomposition S2T (X) = A ⊕ B for Rσ, where Rσ is the endomorphism

on S2T (X) induced by the curvature tensor. Let S ⊂ X be a compact splitting complex

submanifold such that rank(S2T (S)) > max{rank(A), rank(B)} and dim(S) > ρ, where

ρ is the degree of the strong non-degeneracy of the bisectional curvature of X. Then, S

is Hermitian locally symmetric of rank at least 2 and totally geodesic with respect to the

canonical Kähler-Einstein metrics on X.

Theorem 2.3. Let Ω be an irreducible bounded symmetric domain with rank(Ω) ≥ 2,

K ⊂ Aut(Ω) be the isotropy group at 0 ∈ Ω and k be its Lie algebra. Let Γ ⊂ Aut(Ω)
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be a torsion-free discrete subgroup and X = Ω/Γ. Write the eigenbundle decomposition

S2T (X) = A ⊕ B for Rσ, where Rσ is the endomorphism on S2T (X) induced by the

curvature tensor. Let S ⊂ X be a compact splitting complex submanifold such that

rank(S2T (S)) > min{rank(A), rank(B)} and dim(S)2 > max{dimR(k), ρ
2}, where ρ is

the degree of the strong non-degeneracy of the bisectional curvature of X. Then, S is

Hermitian locally symmetric of rank at least 2 and totally geodesic with respect to the

canonical Kähler-Einstein metrics on X.

§3 Compact characteristic submanifolds on quotients of irreducible bounded

symmetric domains

Any bounded symmetric domain Ω admits an invariant complete Kähler-Einstein metric

of negative Ricci curvature. By the normalized canonical Kähler-Einstein metric gΩ on

Ω we will mean that gΩ is chosen such that minimal disks on Ω are of Gaussian curvature

−2, noting that all minimal disks are equivalent to each other under Aut(Ω). For any

torsion-free discrete subgroup Γ ⊂ Aut(Ω) and for X = XΓ := Ω/Γ, the Kähler-Einstein

metric gΩ on Ω descends by Γ-invariance to a canonical Kähler-Einstein metric g on X.

For curvature estimates on bounded symmetric domains we will make use of dual

pairs of Hermitian symmetric spaces. Let Ω b Cn ⊂ Z be the standard embeddings

incorporating the Harish-Chandra realization Ω b Cn and the Borel embedding Ω ⊂ Z.

Write G = Aut0(Ω), the identity component of the group of biholomorphic automor-

phisms of Ω, so that also G = Aut0(Ω, gΩ). Write gΩ = m⊕ k for the Cartan decompo-

sition with respect to the Cartan involution of (Ω, gΩ) at 0 ∈ Ω b Cn, where gΩ resp. k

stands for the Lie algebras of G resp.K, and m is canonically identified with the real

tangent space at 0. Let K = Aut0(Ω; 0) ⊂ G be the isotropy subgroup at 0, so that

also K = Aut0(Ω, gΩ; 0) is the isotropy subgroup at 0 of the group of biholomorphic

isometries of Ω. The identity component Aut0(Z) of the automorphism group Aut0(Z)

is a complexification of G, and we will write Aut0(Z) = GC. There is a unique compact

real form Gc of G
C such that, writing gc resp. g

C for the Lie algebras of Gc resp.G
C, we

have gc =
√
−1m⊕ k ⊂ gΩ ⊗R C = gC. There is a unique Gc-invariant Kähler-Einstein

metric gc on Z such that gc agrees with gΩ at 0 ∈ Ω. It defines the structure of a

Hermitian symmetric space on Z, and
(
(Ω, gΩ); (Z, gc)

)
is a dual pair of Riemannian

symmetric spaces (cf. Helgason [Hel78]). We have

Lemma 3.1. Let Ω be an irreducible bounded symmetric domain, dim(Ω) =: n, gΩ be

the normalized canonical Kähler-Einstein metric on Ω, and denote by R the curvature

tensor of (Ω, gΩ). Let x be any point on Ω, χ ∈ Tx(Ω) be a unit vector, and denote

by Hχ the Hermitian bilinear form on Tx(Ω) defined by Hχ(ξ, η) := Rχχξη. Let s be

a positive integer, 1 ≤ s ≤ n, and let Π ⊂ Tx(Ω) be an s-dimensional complex vector

subspace. Then, TrgΩ
(
Hχ|Π

)
≥ −(s + 1). Moreover, if equality is attained for every

unit vector χ of an s-dimensional complex vector subspace Π′ ⊂ Tx(Ω), then Π ⊂ Tx(Ω)

is a characteristic s-plane and Π′ = Π.

Proof. Denote by W the curvature tensor of (Z, gc). As mentioned gΩ agrees with gc at
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0 ∈ Ω ⊂ Z. Moreover, the curvature tensors of (Ω, gΩ) and (Z, gc) are opposite to each

other at 0 in the sense that, for any ordered quadruple (ξ, η, µ, ν) of tangent vectors at

0 of type (1,0) we have

Rξηµν = −Wξηµν . (1)

To prove Lemma 3.1 it suffices therefore to consider (Z, gc). GC acts on O(1) and

hence on Γ(Z,O(1)). Equipping the latter space with a Gc-invariant metric and hence

endowing P(Γ(Z,O(1)∗) ∼= PN with the unique Fubini-Study metric ds2FS of constant

holomorphic sectional curvature +2 invariant under the action of Gc, the minimal em-

bedding ι : Z ↪→ PN is a holomorphic isometric embedding of (Z, gc) into (PN , ds2FS).

Denote by F the curvature tensor of (PN , ds2FS), and by τ the second fundamental

form of the isometric embedding ι : (Z, gc) ↪→ (PN , ds2FS). At 0 ∈ Z, identified with

ι(0) ∈ PN , for χ, ξ ∈ T0(Z) by the Gauss equation we have

Wχχξξ = Fχχξξ − ∥τ(χ, ξ)∥2 ≤ Fχχξξ . (2)

Note that

Fijkℓ = δijδkℓ + δiℓδjk (3)

in terms of an orthonormal basis {e1, · · · , en} of T0(Z) with respect to gc. Note that

for a unit vector χ ∈ T0(PN ) we have Fχχχχ = 2. Furthermore, if ξ ∈ T0(PN ) is a unit

vector orthogonal to χ, we have Fχχξξ = 1. From now on χ denotes a unit vector in

T0(Z). It follows from (2) that Wχχχχ = Fχχχχ = 2 if and only if τ(χ, χ) = 0. In other

words, χ is a characteristic vector if and only if τ(χ, χ) = 0. Let Π ∈ Gr(s, T0(Z)).

Decompose χ = µ+ ν where µ ∈ Π and ν ⊥ Π. Let {ξ1, ξ2, · · · , ξs} be an orthonormal

basis of Π such that µ ∈ Cξ1. Note from (3) that Fµνηη = 0 for any η ∈ Π, hence

Fµνξξ′ = 0 for any ξ, ξ′ ∈ Π by polarization. Let Hc
χ be the Hermitian form on T0(Z)

defined by Hc
χ(ξ, η) = Wχχξη. We compute now

Trgc
(
Hc

χ|Π
)
=

s∑
i=1

Wχχξiξi
≤

s∑
i=1

Fχχξiξi
=

s∑
i=1

Fµµξiξi
+

s∑
i=1

Fννξiξi
, (4)

recalling that Fµνξξ′ = 0 for any ξ, ξ′ ∈ Π. It follows that

TrgΩ
(
Hχ|Π

)
= −Trgc

(
Hc

χ|Π
)
≥ −(s+1)∥µ∥2−s∥ν∥2 ≥ −(s+1)(∥ν∥+∥µ∥2) = −(s+1) .

(5)

From the intermediate inequalities in (4) and (5) it follows that equality holds if and

only if ν = 0 and τ(χ, ξ) = 0 for any ξ ∈ Π, i.e., if and only if χ ∈ Π and τ(χ, ξ) = 0 for

any ξ ∈ Π. If Π ∈ Gr(s, T0(Ω)) is such that equality holds in (5) for every unit vector

χ ∈ Π′ it follows that Π′ = Π and τ(ξ, η) = 0 for and ξ, η ∈ Π. In particular τ(ξ, ξ) = 0

for any ξ ∈ Π, so that Π ⊂ T0(Ω) = T0(Z) is a characteristic s-plane, as desired. �

Proof of Theorem 2.1. By hypothesis the tangent sequence 0 → T (S) → T (X)|S →
NS|X → 0 splits holomorphically over S, T (X)|S = T (S) ⊕ N , where N ⊂ T (X)|S is

a lifting of NS|X to T (X)|S . Let R denote the curvature tensor of (X, g) and σ denote
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the second fundamental form of (S, g|S) ↪→ (X, g). Computing the curvature tensor

RS of (S, g|S), for any point x ∈ S, and any pair of vectors α, β ∈ Tx(S), by the Gauss

equation we have

RS
ααββ

= Rααββ − ∥σ(α, β)∥2 . (1)

Let {β1, · · · , βs}, s = dim(S) be an orthonormal basis of Tx(S). Denoting by RicS the

Ricci tensor of (S, g|S), for any α ∈ Tx(S) we have

RicSαα =
s∑

i=1

RS
ααβiβi

=
s∑

i=1

Rααβiβi
−

s∑
i=1

∥σ(α, βi)∥2 . (2)

By hypothesis PTx(S) ⊂ Cx(X) for every point x ∈ X. By the standard calculation

implicit in (2) and (3) in the proof of Lemma 3.1 we have
∑s

i=1 Rααβiβi
= −(s+1)∥α∥2.

We also write ρ :=
√
−1
∑s

i=1 RicS
ij
dzi ∧ dzj for the Ricci form of (S, g|S), ρij := RicS

ij
.

Hence we have

ραα = −(s+ 1)∥α∥2 −
s∑

i=1

∥σ(α, βi)∥2 ≤ −(s+ 1)∥α∥2 . (3)

We can make use of the holomorphic splitting to consider T (S) as a quotient bundle of

T (X)|S . In other words, we consider the short-exact sequence

(♯) 0 → N → T (X)|S
ϵ−→ Q := T (X)|S/N → 0,

Q ∼= T (S) as holomorphic vector bundles. Let h be the quotient Hermitian metric on Q
induced by the Hermitian metric g on T (X) from the short-exact sequence and denote

by Θ the curvature tensor of (Q, h). For any x ∈ S and any two vectors ξ, η ∈ Qx, we

have h(ξ, η) = g(ξ′, η′) where ξ′ and η′ belong to the orthogonal complement N⊥
x of Nx

in Tx(X) and they are uniquely determined by ϵ(ξ′) = ξ, ϵ(η′) = η. For ξ ∈ Qx and

α ∈ Tx(S) we have the curvature formula

Θξξαα = Rξ′ξ′αα + ∥λ(α, ξ′)∥2 ≥ Rξ′ξ′αα , (4)

for the quotient bundle (Q, h), where, denoting by 0 → Q∗ → T ∗(X)|S → N ∗ → 0 the

dual of the short-exact sequence (♯), we have λ(α, ξ′) := ζ(α, χ) for the second funda-

mental form ζ of (Q∗, g∗|Q∗) ↪→ (T ∗(X)|S , g∗), χ being the lifting of ξ′ to Q∗
x by the Her-

mitian metric g∗|Q∗ (cf. Griffiths [Gri69]). HereQ∗ ⊂ T ∗(X) is the holomorphic subbun-

dle of tangent covectors which annihilate T (S), and we have canonically an isomorphism

Q∗ ∼= T (S)∗ as holomorphic vector bundles. Denote by θ :=
√
−1
∑s

i=1 θijdz
i ∧ dzj the

curvature form of
(
det(Q), det(h)

)
. We have

θαα =

s∑
i=1

Θβiβiαα
≥

s∑
i=1

Rβiβiαα
(5)
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for any orthonormal basis {β1, · · · , βs} of N⊥
x . By (4), (5) and Lemma 3.1 we have

θαα ≥ −(s+ 1)∥α∥2 . (6)

From (3) and (6), we have

ραα ≤ θαα −
s∑

i=1

∥σ(α, βi)∥2 . (7)

On the other hand, ρ and θ are closed smooth (1,1)-forms on S representing 2π times

the first Chern class of T (S) over S. Denoting by ωg the Kähler form of (X, g) we have

0 =

∫
S

(ρ− θ) ∧ ωs−1
g ≤ 0 , (8)

which forces by (7) that the trace of ρ−θ ≤ 0 vanishes identically on S, hence ρ ≡ θ and

σ(α, β) = 0 for any x ∈ S and for any α, β ∈ Tx(S). In other words, (S, g|S) ↪→ (X, g) is

totally geodesic. Moreover, from (6) and (8) it follows that ραα = θαα = −(s+1)∥α∥2 for
every tangent vector α ∈ Tx(S), and by Lemma (3.1) we conclude that N⊥

x ⊂ Tx(X) is

a characteristic 2-plane and that furthermore Tx(S) = N⊥
x . It follows that N = T (S)⊥,

and the proof of Theorem 2.1 is complete. �

The proof given here works also to give a proof of Mok [Mok05, Theorem 1] in

the case where the ambient manifold (X, g) is a flat Euclidean space, but it fails when

(X, g) is the complex projective space endowed with the Fubini-Study metric. One can

prove the analogue of Theorem 2.1 when (X, g) is replaced by an irreducible Hermitian

symmetric space (Z, g) of the compact type by adapting the proof of [Mok05, Theorem

1] and showing that for a compact characteristic complex submanifold (S, g|S) ↪→
(Z, g) the (N∗

S|Z ⊗ TS)-valued (0,1)-form µ derived from the second fundamental form

σS|Z remains ∂
∗
-closed. This is the case because σS|Z remains holomorphic whenever

PT (S) ⊂ C(Z), since ∂χσβγ = −Rβχγ mod Tx(S), and the R.H.S. vanishes because

(†) Rβχγη = 0 whenever Tx(S) ⊂ Tx(Z) consists of characteristic vectors and η is

orthogonal to Tx(S).

When Z ∼= Pn, (†) follows from the curvature formula for the Fubini-Study metric

(cf. (3) in the proof of Lemma 3.1). In general (†) follows from the fact that, viewing

the curvature tensor Rx at x ∈ S as a Hermitian bilinear form Px on S2Tx(Z), the

symmetric square α ⊙ α of any characteristic vector α is an eigenvector of P , giving

Rααγα = 0 whenever γ is orthogonal to α. Then (†) follows by polarization whenever

Tx(S) ⊂ Tx(Z) is a characteristic s-plane, s = dim(S). (Alternatively, (†) follows from
the case of the Fubini-Study metric and the formula for the curvature tensor

(
Wβχγη

)
of (Z, gc) which follows from (2) in the proof of Lemma 3.1 by polarization.)

In this article we are only concerned with compact complex submanifolds of quo-

tients of bounded symmetric domains, for which the new and more direct proof given

here for Theorem 2.1 suffices.
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§4 Splitting complex submanifolds of quotients of irreducible bounded sym-

metric domains: splitting of tensor bundles on Ω versus splitting of tan-

gent sequence on S

Let 0 → V
ι→ U

p→ W → 0 be an exact sequence of holomorphic vector bundles over

a complex manifold M . The sequence splits holomorphically if and only if there exists

a holomorphic bundle map π : U → V such that π ◦ ι = idV . (The kernel of π then

gives a holomorphic complement of V in U .) Furthermore, it is also equivalent to the

existence of a holomorphic bundle map q : W → U such that p ◦ q = idW . (It is now

the image of q which gives a holomorphic complement of V in U .)

Thus, for a splitting complex submanifold S ⊂ X := Ω/Γ, from the splitting of the

holomorphic tangent sequence

0 → T (S)
ι−→ T (X)|S

p−→ NS|X → 0,

we get a holomorphic bundle map π : T (X)|S → T (S) with π(v) = v for every v ∈ T (S),

where we have identified T (S) as a subbundle of T (X)|S . The projection π naturally

induces projection maps on various tensor bundles constructed from the tangent bundles

of S and X, and thus gives the splitting of the exact sequences associated to these tensor

bundles, as follows.

Let T ∗(S) (resp.T ∗(X)) be the holomorphic cotangent bundle of S (resp.X). Con-

sider the dual of the tangent sequence (i.e. the cotangent sequence), we write

0 → N∗
S|X

i−→ T ∗(X)|S
Π−→ T ∗(S) → 0.

Now, given π : T (X)|S → T (S) which splits the tangent sequence, we get a holomorphic

bundle map π∗ : T ∗(S) → T ∗(X)|S defined by π∗(v∗) = v∗ ◦π, where v∗ ∈ T ∗(S). Note

that the condition π(v) = v for every v ∈ T (S) implies that Π◦π∗ = idT∗(S). Therefore,

the cotangent sequence splits holomorphically.

On a complex manifold M , recall that T r
s (M) := T (M)⊗r ⊗ T ∗(M)⊗s denotes the

holomorphic bundle of (r, s)-tensors. Define ιrs := ι⊗r ⊗ π∗⊗s : T r
s (S) → T r

s (X)|S , then
one gets an exact sequence

0 → T r
s (S)

ιrs−→ T r
s (X)|S → Nr

s → 0,

whereNr
s := T r

s (X)|S/T r
s (S). Note that S being a splitting submanifold inX is essential

for us to embed T r
s (S) into T r

s (X)|S when s > 0.

If we further define πr
s := π⊗r ⊗ Π⊗s : T r

s (X)|S → T r
s (S), then we have πr

s ◦ ιrs =

idT r
s (S). Thus, the above sequence of (r, s)-tensor bundles also splits holomorphically. It

is clear that all the aforementioned bundle maps preserve the symmetric tensor products

and hence similar conclusions hold for holomorphic bundles of symmetric tensors.

In the rest of this section, we will only be considering the case for symmetric (2,0)-

tensors

0 → S2T (S)
σ

�
πσ

S2T (X)|S
11



and the case where (r, s) = (1, 1),

0 → T 1
1 (S)

τ

�
πτ

T 1
1 (X)|S .

Here, in order to simplify the notations, we write σ := ι20, πσ := π2
0 , τ := ι11, πτ := π1

1

so that πσ ◦ σ = idS2T (S) and πτ ◦ τ = idT 1
1 (S).

Now suppose S ⊂ X is a compact splitting complex submanifold, where X = Ω/Γ

with rank(Ω) ≥ 2 and Ω is irreducible. We recall the following theorems by Calabi-

Vesentini and Borel.

Theorem 4.1. (Borel [Bor60], Calabi-Vesentini [CV60]) Let Ω be an irreducible bounded

symmetric domain of rank ≥ 2 and Γ ⊂ Aut(Ω) be a torsion-free discrete subgroup, and

write X := Ω/Γ. Then, the endomorphism Rσ : S2T (X) → S2T (X) has exactly two

eigenvalues, which are non-zero, and there is a two-factor parallel direct-sum decompo-

sition

S2T (X) = A⊕B.

Theorem 4.2. (Borel [Bor60]) Let Ω be an irreducible bounded symmetric domain of

rank ≥ 2 and Γ ⊂ Aut(Ω) be a torsion-free discrete subgroup, and write X := Ω/Γ.

Then, there is a parallel direct-sum decomposition

T 1
1 (X) = C ⊕D,

where C is the eigenbundle corresponding to the kernel of Rτ : T 1
1 (X) → T 1

1 (X) and

rank(C) > 0. If we write G = Aut(Ω) and K ⊂ G for the isotropy group at 0 ∈ Ω, then

rank(D) = dimRk, where k is the Lie algebra of K.

Now consider

S2T (S)
σ−→ S2T (X)|S

πσ−→ S2T (S),
∥

A|S ⊕B|S
where πσ ◦σ = idS2T (S). From the decomposition S2T (X) = A⊕B we define canonical

projections pA : S2T (X) → A and pB : S2T (X) → B and use them to decompose the

identity map as

idS2T (S) = EA + EB ,

where EA = πσ ◦ pA ◦ σ and EB = πσ ◦ pB ◦ σ are both endomorphisms on S2T (S). We

have the following observation.

Proposition 4.1. The endomorphisms EA, EB are parallel with respect to some Kähler-

Einstein metric on S.

Proof. From Proposition 2.1 we know that there exists a Kähler-Einstein metric on S.

Since EA, EB can be regarded as elements in H0(S, T 2
2 (S)), the proposition now follows

from the following theorem of Bochner. �
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Theorem 4.3. (Bochner-Yano [BY53]) Let M be a compact Kähler-Einstein manifold,

then all elements in H0(M,T r
r (M)) are parallel for every r > 0.

The following classical theorems regarding the holonomy groups of irreducible Rie-

mannian manifolds will be needed later.

Theorem 4.4. (Berger [Ber55]) Let M be an irreducible Kähler manifold of dimension

n, then either M is Hermitian locally symmetric of rank at least 2, or the restricted

holonomy group of M is one of the following groups: (i) U(n); (ii) SU(n); (iii) Sp(n/2)×
U(1); (iv) Sp(n/2).

Theorem 4.5. (Weyl [Wey49]) For (i) U(n); (ii) SU(n); (iii) Sp(n/2) × U(1); (iv)

Sp(n/2), their natural representations on the symmetric tensor product SmCn are irre-

ducible for every m.

Remark Theorems 4.4 and 4.5 in the present forms are taken from Kobayashi [Kob80].

Combining Theorem 4.4 and Theorem 4.5, we have

Theorem 4.6. Let M be an irreducible Kähler manifold. If there exists a non-trivial

proper subspace in S2T (M) which is holonomy-invariant, then M is Hermitian locally

symmetric of rank at least 2.

Lemma 4.1. Let X = Ω/Γ, where rank(Ω) ≥ 2. Let ρ be the the degree of the strong

non-degeneracy of the bisectional curvature of X (Definition 2.4). If S ⊂ X is a compact

complex submanifold such that dim(S) > ρ, then S is irreducible (in the sense of de

Rham) with respect to any Kähler metric on S.

Proof. Let h be a Kähler metric on S such that S is reducible. Then after replacing S by

a finite unbranched cover if necessary, we can write T (S) = E ⊕ F , where E and F are

parallel vector subbundles of T (S), such that e := rank(E) > 0 and f := rank(F ) > 0.

Consider the curvature (1, 1)-form c1(F, h) for (F, h|F ) representing the first Chern class

of F . Then its kernel contains E and hence c1(F, h)
f+1 ≡ 0 on S. On the other hand,

on S we have the restriction of a canonical metric g of X and if we denote the curvature

(1, 1)-form for (F, g|F ) by c1(F, g), which is cohomologous to c1(F, h), then

0 =

∫
S

c1(F, h)
f+1 ∧ ωe−1

h =

∫
S

c1(F, g)
f+1 ∧ ωe−1

h ,

where ωh is the Kähler form of h. But c1(F, g) is seminegative as g is of nonposi-

tive holomorphic bisectional curvature. Thus, from the above integral formula we get

c1(F, g)
f+1 ≡ 0 and hence at every point p ∈ S, c1(F, g) has a kernel Kp ⊂ Tp(S) of

dimension at least e. Now let RS,g be the curvature tensor of (S, g|S), then for µ ∈ Kp,

and ν ∈ Fp, both of unit length, we have

0 ≥ RS,g
µµ̄νν̄ ≥ c1(F, g)

(
1√
−1

µ ∧ µ̄

)
= 0.
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Therefore, RS,g
µµ̄νν̄ = 0 and we deduce that

ρ ≥ dim(Kp) + dim(Fp) ≥ e+ f = dim(S).

Remark The degree of strong non-degeneracy of the bisectional curvature ρ is defined

for every Kähler manifold (for non-homogeneous cases, it varies from point to point).

In the cases for Ω/Γ, where Ω is irreducible and rank(Ω) ≥ 2, ρ is calculated for all

cases (Siu [Siu82] for classical cases and Zhong [Zho84] for exceptional cases):

DI
m,n : ρ = (m− 1)(n− 1) + 1 DII

n : ρ =
(n− 2)(n− 3)

2
+ 1

DIII
n : ρ =

n(n− 1)

2
+ 1 DIV

n : ρ = 2

DV : ρ = 6 DV I : ρ = 11.

Here we note that ρ is also the maximal dimension of the reducible (in the sense

of de Rham) Kähler submanifolds of Ω/Γ. On the one hand, if we have a reducible

Kähler submanifold S = M ×N ⊂ Ω/Γ, then for any p ∈ M ×N and every µ ∈ Tp(M),

ν ∈ Tp(N), we have 0 = RS
µµ̄νν̄ ≤ R

Ω/Γ
µµ̄νν̄ ≤ 0 ⇒ R

Ω/Γ
µµ̄νν̄ = 0. Thus, dim(S) = dim(M) +

dim(N) ≤ ρ. On the other hand, from the above table, one knows that there exists a

reducible totally geodesic locally symmetric submanifold of dimension equal to ρ. They

are listed as follows:

DI
m,n : B1 ×DI

m−1,n−1 DII
n : B1 ×DII

n−2

DIII
n : B1 ×DIII

n−1 DIV
n : B1 × B1

DV : B1 × B5 DV I : B1 ×DIV
10 ,

where Bm is the m-dimensional complex unit ball.

We are now ready to prove Theorem 2.2 and Theorem 2.3, as follows.

Proof of Theorem 2.2. The assumption rank(S2T (S)) > max{rank(A), rank(B)} im-

plies that neither pA ◦ σ : S2T (S) → A|S nor pB ◦ σ : S2T (S) → B|S is injective. In

particular, both EA = πσ ◦pA ◦σ and EB = πσ ◦pB ◦σ must have a non-trivial kernel at

every point on S. Now from Proposition 4.1, EA, EB are parallel with respect to some

Kähler-Einstein metric h on S. Hence, their kernels are invariant under the parallel

transport with respect to the Riemannian connection ∇h of h. If EA is not identically

equal to the zero endomorphism, then at any point p ∈ S, we would get a non-trivial

proper subspace of S2Tp(S) which is holonomy-invariant with respect to ∇h. Then,

Lemma 4.1 together with Theorem 4.6 say that S is Hermitian locally symmetric of

rank at least 2. If EA is the zero endomorphism, then we can apply the same argument

to EB , which cannot be zero since EA + EB = idS2T (S). Thus, S must be Hermitian

locally symmetric of rank at least 2.
14



Since X is Hermitian locally symmetric of non-compact type, we see that S is also

of non-compact type and the total geodesy of S follows from the theorem below in Mok

[Mok89]. �

Theorem 4.7. (Mok [Mok89, p.14]) Let X be a Hermitian locally symmetric manifold

of non-compact type and S be a Hermitian locally symmetric manifold of finite volume

uniformized by an irreducible bounded symmetric domain of rank at least 2. Then, any

non-constant holomorphic mapping S → X is necessarily a totally geodesic isometric

immersion up to a normalizing constant with respect to the canonical Kähler-Einstein

metrics on X.

For every X = Ω/Γ, with rank(Ω) ≥ 2 and Ω irreducible, Theorem 2.2 gives an

explicit upper bound of the dimension of any compact splitting complex submanifold of

X which fails to be totally geodesic. It turns out that, by combining the eigenbundle

decomposition for Rτ on T 1
1 (X), we can obtain another upper bound which is much

sharper in some cases.

Lemma 4.2. Let M be a complex manifold and x ∈ M . Let Q = (Qαβ
µν ) ∈ T 2

2 ,x(M)

satisfying Qαβ
µν = Qβα

µν = Qαβ
νµ . Regard Q both as an element Q⊙ ∈ End(S2Tx(M)) and

an element Q⋆ ∈ End(T 1
1 ,x(M)). If Q⊙ = λI⊙ for some non-zero λ ∈ C, where I⊙ is

the identity map, then Ker(Q⋆) = {0}.

Proof. If Q⊙ = λI⊙, then

Qαβ
µν =

λ

2

(
δαµδ

β
ν + δβµδ

α
ν

)
,

where δαµ is the Kronecker delta. Now let T = (Tµ
α ) ∈ T 1

1 ,x(M), then

Q⋆(T ) =

(∑
α,µ

Qαβ
µνT

µ
α

)
=

(
λ

2

∑
α,µ

(
δαµδ

β
ν + δβµδ

α
ν

)
Tµ
α

)
=

λ

2

(
I⋆
∑
µ

Tµ
µ + T

)
,

where I⋆ = (δβν ) ∈ T 1
1 ,x(M).

Now suppose Q⋆(T ) = 0. Since λ ̸= 0, it follows that T = −I⋆
∑

µ T
µ
µ and after

taking trace, we get ∑
µ

Tµ
µ = −dim(M)

∑
µ

Tµ
µ .

Thus,
∑

µ T
µ
µ = 0 and hence T = 0. �

Remark An equivalent way of formulating the proof goes as follows. Qαβ
µν is a curvature-

like tensor. The hypothesis Q⊙ = λI says that Q agrees up to a non-zero multiplicative

constant with the curvature tensor of the complex hyperbolic space form (Bn, gBn), and

the conclusion Ker(Q⋆) = 0 follows from the fact that (Bn, gBn) is of strictly negative

curvature in the dual sense of Nakano.

Proof of Theorem 2.3. We first define the endomorphism RS
σ : S2T (S) → S2T (S), by

composing the following mappings

S2T (S)
σ−→ S2T (X)

Rσ−→ S2T (X)
πσ−→ S2T (S).
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Thus, RS
σ := πσ ◦Rσ ◦ σ.

Since S2T (X) = A⊕B is the eigenbundle decomposition for Rσ, we have

Rσ = λApA + λBpB,

where pA : S2T (X) → A, pB : S2T (X) → B are the projections and λA ̸= 0, λB ̸= 0

are the two eigenvalues of Rσ. Hence, we get

RS
σ = λAEA + λBEB .

We now proceed with the proof. We may assume that rank(A) ≤ rank(B). Similar

to the proof of Theorem 2.2, the hypothesis rank(S2T (S)) > rank(A) implies that the

endomorphism EA : S2T (S) → S2T (S) must have a non-trivial kernel at every point

on S. If EA is not identically equal to zero, then the same argument as in the proof of

Theorem 2.2 shows that S is Hermitian locally symmetric of rank at least 2 and totally

geodesic.

Now suppose EA ≡ 0. Since EA+EB = idS2T (S), we have EB = idS2T (S) and thus

RS
σ = λAEA + λBEB = λBidS2T (S).

By Lemma 4.2, if we regard RS
σ as an endomorphism RS

⋆ ∈ End(T 1
1 (S)), then its kernel

is trivial at every point on S.

On the other hand, the curvature (2, 2)-tensor on X defines another endomorphism

Rτ : T 1
1 (X) → T 1

1 (X). Recall that by Borel (Theorem 4.2), there is a decomposition

T 1
1 (X) = C⊕D, where C is the kernel of Rτ and rank(D) = dimRk. Hence, if we define

RS
τ : T 1

1 (S) → T 1
1 (S) by composing

T 1
1 (S)

τ−→ T 1
1 (X)|S

Rτ−→ T 1
1 (X)|S

πτ−→ T 1
1 (S),

i.e. RS
τ := πτ ◦ Rτ ◦ τ , then the hypothesis dim(S)2 > dimRk, which is equivalent

to rank(T 1
1 (S)) > rank(D), implies that τ(T 1

1 (S)) intersects C|S at every point on S

and thus RS
τ has a non-trivial kernel. Finally, it is clear that RS

τ and RS
σ are given by

the same (2, 2)-tensor on S and it follows that RS
τ = RS

⋆ . We have thus arrived at a

contradiction and the proof of the theorem is complete. �

§5 Splitting complex submanifolds of quotients of irreducible bounded sym-

metric domains of type I and type IV

Calabi-Vesentini [CV60] explicitly calculated the multiplicities of the eigenvalues Rσ

on S2T (X), where X = Ω/Γ for all classical types of irreducible bounded symmetric

domains Ω. We now use their results to specialize Theorem 2.3 to type-I and type-IV

domains. We first recall the definitions of these domains.

Type-I irreducible bounded symmetric domains DI
m,n. Let M(m,n;C) be the set

of m-by-n complex matrices. If we identify M(m,n;C) with Cm×n, then

DI
m,n = {Z ∈ M(m,n;C) : Im − ZZ̄t > 0} b Cm×n.
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Type-IV irreducible bounded symmetric domains DIV
n . Let n ≥ 3 be a positive

integer. Then,

DIV
n =

(z1, . . . , zn) ∈ Cn :

n∑
k=1

|zk|2 < 2 and

n∑
k=1

|zk|2 < 1 +

∣∣∣∣∣12
n∑

k=1

z2k

∣∣∣∣∣
2
 b Cn.

Theorem 5.1. Let p ≥ 2 be an integer, and Γ ⊂ Aut(DI
2,p) be a torsion-free discrete

subgroup. Write X = DI
2,p/Γ, and let S ⊂ X be a compact splitting complex submani-

fold. If dim(S) ≥ p + 1, then S is Hermitian locally symmetric of rank at least 2 and

S ⊂ X is totally geodesic with respect to the canonical Kähler-Einstein metrics on X.

Furthermore, if p ≥ 3, then S is uniformized by DI
2,q, for some q ≤ p.

Proof. Write S2T (X) = A⊕B, where rank(A) ≤ rank(B). By Calabi-Vesentini [CV60],

rank(A) =
p(p− 1)

2
and rank(B) =

3p(p+ 1)

2
.

On the other hand, it is well-known that the Lie algebra k of the isotropy group K ⊂
Aut(DI

2,p) at 0 ∈ DI
2,p can be identified with the Lie algebra of S(U(2)× U(p)). Thus,

dimRk = dimRu(2) + dimRu(p)− 1 = p2 + 3.

Hence, if dim(S) ≥ p+ 1, we have both

rank(S2T (S)) ≥ (p+ 2)(p+ 1)

2
> rank(A)

and

dim(S)2 > dimRk.

Since the degree of the strong non-degeneracy of the bisectional curvature of X =

DI
2,p/Γ is p (Siu, [Siu82]), it then follows from Theorem 2.3 that S is Hermitian locally

symmetric of rank at least 2 and totally geodesic with respect to the canonical Kähler-

Einstein metrics on X. Finally, the last statement of the theorem follows from the

classification of the totally geodesic symmetric submanifolds of X (cf. Satake [Sat65]).

�

Theorem 5.2. Let n ≥ 3 be an integer, Γ ⊂ Aut(DIV
n ) be a torsion-free discrete sub-

group. Write X = DIV
n /Γ, and let S ⊂ X be a compact splitting complex submanifold. If

dim(S) >
n√
2
, then S is Hermitian locally symmetric and uniformized by DIV

m , m ≤ n.

Moreover, S ⊂ X is totally geodesic with respect to the canonical Kähler-Einstein metric

on X.

Proof. By Calabi-Vesentini [CV60], we can write S2T (X) = A⊕B, in which

rank(A) = 1 and rank(B) =
(n+ 2)(n− 1)

2
.
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Since the Lie algebra k of the isotropy groupK ⊂ Aut(DIV
n ) at 0 ∈ DIV

n can be identified

with the Lie algebra of SO(n,R)× SO(2,R), we have

dimRk = dimRso(n,R) + dimRso(2,R) =
n(n− 1)

2
+ 1.

Thus, if dim(S) >
n√
2
, then we have both

rank(S2T (S)) > 1 = rank(A)

and

dim(S)2 > dimRk.

Finally, the degree of the strong non-degeneracy of the bisectional curvature of X =

DIV
n /Γ is 2 (Siu, [Siu82]) and the results now follow from Theorem 2.3 and the classifi-

cation of the totally geodesic symmetric submanifolds of X (cf. Satake [Sa65]). �

For DI
2,p, p ≥ 2, there is a totally geodesic symmetric subspace B1 × Bp−1 ↪→ DI

2,p

which can descend to their quotients. If there exists a surjective holomorphic map from

a compact quotient of Bp−1 to a compact quotient of B1 which is not an unramified

covering map, then the graph of such mapping will give a (p− 1)-dimensional compact

splitting complex submanifold of DI
2,p/Γ for some Γ. It is also known that such maps

exist for p− 1 = 1, 2, 3 (cf. Deraux [De11]) In view of this, we formulate our conjecture

on DI
2,p as follows.

Conjecture 5.1. Let p ≥ 2 be an integer and Γ ⊂ Aut(DI
2,p) be a torsion-free discrete

subgroup. Write X = DI
2,p/Γ, and denote by g a canonical Kähler-Einstein metric on

X. Let S ⊂ X be a compact splitting complex submanifold of dimension ≥ p. Then,

(S, g|S) ↪→ (X, g) is totally geodesic.

As we have just seen, when X is uniformized by a type-IV domain DIV
n , n ≥ 3, we

can write S2T (X) = A ⊕ B, where rank(A) = 1. So for a compact splitting complex

submanifold S ⊂ X with dim(S) ≥ 2, similar arguments show that either S is Hermitian

locally symmetric of rank at least 2 (which must be totally geodesic in X) or EA ≡ 0.

Here we recall that EA : S2T (S) → S2T (S) is defined by composing

S2T (S)
σ−→ S2T (X)

pA−→ A
πσ|A−→ S2T (S).

Clearly, if σ(S2T (S)) ⊂ B, then we have pA ◦ σ ≡ 0 and hence EA ≡ 0. In such case,

it means that S is a characteristic complex submanifold in X in the sense of Definition

2.3 (cf. Lemma 6.2 in the next section for a proof applicable to irreducible bounded

symmetric domains of rank ≥ 2 in general) and it follows from Theorem 2.1 that S is

totally geodesic. (This is the case of “linear” totally geodesic submanifolds.) At the

same time, the analogous question for the dual Hermitian symmetric space, i.e., the

hyperquadric, has been solved by Jahnke [Ja05], where it was proven that any compact

splitting complex submanifold S ⊂ Qn of dimension ≥ 2 must either be a projective
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linear subspace or a smooth linear section which is itself a hyperquadric. In the latter

case, endowing Qn with a Kähler-Einstein metric h, (S, h|S) ↪→ (Qn, h) is not necessarily

totally geodesic. However, it is totally geodesic with respect to a Kähler-Einstein metric

h′ = γ∗h for some γ ∈ Aut(Qn). In the case of the noncompact dual, i.e., the type-IV

domain DIV
n that we are considering, we suspect that a dual and more rigid situation

is valid, since Kähler-Einstein metrics are unique up to scalar constants. We thus

formulate the following conjecture regarding compact splitting complex submanifolds of

dimension at least 2 for quotients of type-IV domains.

Conjecture 5.2. Let n ≥ 3 be an integer, Γ ⊂ Aut(DIV
n ) be a torsion-free discrete

subgroup, write X = DIV
n /Γ, and denote by g a canonical Kähler-Einstein metric on

X. Let S ⊂ X be a compact splitting complex submanifold of dimension ≥ 2. Then,

(S, g|S) ↪→ (X, g) is totally geodesic.

§6 A borderline case: compact splitting complex surfaces of quotients of the

3-dimensional and 4-dimensional Lie balls

In what follows we examine compact splitting complex surfaces of quotients of type-

IV domains (Lie balls) of dimension 3 and 4. Since the problem reduces to that of

DIV
4 (by embedding DIV

3 in a standard way in DIV
4 ), and since DIV

4 ≡ DI
2,2, the case

being studied is a borderline case both for Conjecture 5.1 and for Conjecture 5.2, and

hopefully the partial results we have can shed some light on both conjectures. We have

Theorem 6.1. Let Γ ⊂ Aut(DIV
n ) be a torsion-free discrete subgroup, n = 3 or 4.

Write X = DIV
n /Γ, and let g be a canonical Kähler-Einstein metric on X. Let S ⊂ X

be a 2-dimensional compact splitting complex submanifold, and let T (X)|S = T (S)⊕N .

We have

(1) If n = 3, then (S, g|S) ↪→ (X, g) is totally geodesic, and S is biholomorphic to a

quotient ∆2/Ξ of the bidisk ∆2 by a cocompact torsion-free discrete lattice Ξ ⊂
Aut(∆2).

(2) If n = 4, then either (S, g|S) ↪→ (X, g) is totally geodesic, or Nx ⊂ Tx(X) is

a characteristic 2-plane for every point x ∈ S. In the totally geodesic case, S is

biholomorphic to ∆2/Ξ as in (1) or to B2/Σ for a cocompact torsion-free discrete

lattice Σ ⊂ Aut(B2) on the complex 2-ball B2.

For the proof of Theorem 6.1 we need some basic facts about irreducible Hermitian

symmetric manifolds.

Lemma 6.1. Let (Z, gc) be an irreducible Hermitian symmetric space of the compact

type, where the underlying Kähler metric gc is such that minimal rational curves are

(totally geodesic and) of constant Gaussian curvature +2, and denote by π : C(Z) → Z,

C(Z) ⊂ PT (Z) its canonical VMRT structure. Then, for any x ∈ Z and any unit vector

α ∈ Tx(Z), [α] ∈ Cx(Z) if and only if Wαααα = 2, where W is the curvature tensor of

(Z, gc).
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Proof. By the Polysphere Theorem (cf. Wolf [Wol72]) there exists a totally geodesic

polysphere P ⊂ Z of dimension r = rank(Z) passing through x such that α ∈ Tx(P ).

(P, gc|P ) is isometrically biholomorphic to the Cartesian product of r copies of (P1, h),

where h is a Hermitian metric of constant Gaussian curvature +2 on the Riemann sphere

P1. Identifying α as an element of T0(P ) and writing thus α = a1e1 + · · · + arer such

that each ei, 1 ≤ i ≤ r, corresponds to a unit vector at 0 ∈ P1 of the i-th Cartesian

factor (P1, h). Then |a1|2 + · · · + |ar|2 = 1 and Wαααα = 2(|a1|4 + · · · + |ar|4) =

2(|a1|2+ · · ·+ |ar|2)2−4
∑

i<j |aiaj |2 ≤ 2 and equality is attained if and only if aiaj = 0

whenever i ̸= j, i.e., if and only if exactly one of the coefficients ai is non-zero (and of

unit modulus), which is the case if and only if [α] ∈ Cx(Z). �

Lemma 6.2. Let Ω be an irreducible bounded symmetric domain of rank ≥ 2. For a

reference point 0 ∈ Ω denote by K ⊂ G = Aut0(Ω) the isotropy subgroup at 0. Denote

by S2T0(Ω) = A0 ⊕ B0 the decomposition of the K-representation space S2T0(Ω) into

two irreducible components, where B0 is generated by the set of squares α⊙α of highest

weight vectors of T0(Ω) as a K-representation space. Suppose V ⊂ T0(Ω) is a vector

subspace such that S2V ⊂ B0. Then V ⊂ T0(Ω) is a characteristic vector subspace.

Proof. Let R be the curvature tensor of (Ω, gΩ). By Lemma 6.1 and by the duality

between (Z, gc) and (Ω, gΩ) a unit vector χ ∈ T0(Ω) is a characteristic vector if and

only if Rχχχχ = −2. On the other hand, denoting by P the Hermitian bilinear form

on S2T0(Ω) defined by P (ξ ⊙ µ, η ⊙ ν) := Rξηµν , then B0 ⊂ S2T0(Ω) is precisely the

eigenspace of P with eigenvalue −2. Suppose now S2V ⊂ B0. Then, for any unit vector

χ ∈ V we have χ⊙ χ ∈ B0 so that Rχχχχ = −2. But by Lemma 6.1 the latter holds if

and only if χ is a characteristic vector, proving the lemma. �

In what follows we will need to examine parallel transport of sets which are not

necessarily vector spaces. For clarity we formalize the definition for parallel transport

of sets, as follows.

Definition 6.1. For a Hermitian holomorphic vector bundle (V, h) over X, π : V → X,

with Hermitian connection ∇, we say that a subset Z ⊂ V is invariant under parallel

transport to mean that given any point x ∈ X any η ∈ Vx ∩ Z, and any smooth curve

γ : (−a, a) → X on X passing through x, and for the smooth section η̃ over γ such

that η̃(x) = η and such that ∇γ̇η ≡ 0, we must have η̃(y) ∈ Z for any point y = γ(t),

−a < t < a.

The following lemma concerns parallel transport with respect to affine connections

in general. We will formulate it for Kähler manifolds for which the lemma will be applied

in the current article. We have

Lemma 6.3. Let (X, g) be a Kähler manifold, (V, h) be a Hermitian holomorphic

vector bundle over X and denote by ∇ the Hermitian connection on (V, h). Then, the

following holds.

(1) Suppose E1, E2 ⊂ V are invariant under parallel transport, then E1∩E2 is invariant

under parallel transport.
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(2) Denoting by H ⊂ S2V the subset consisting of squares of non-zero tangent vectors,

then H is invariant under parallel transport with respect to ∇.

(3) Suppose E ⊂ V is a vector subbundle such that S2E ⊂ S2V is invariant under

parallel transport with respect to the Hermitian connection ∇ on (S2V, S2h). Then

E ⊂ V is invariant under parallel transport on (V, h).

Proof. (1) follows immediately from the definition of invariance under parallel trans-

port. For (2), given x ∈ X, a smooth curve γ : (−a, a) → X, γ(0) = x, η ∈ Vx and η̃ a

smooth section of V over γ satisfying η̃(x) = η, we have∇γ̇(η̃⊗η̃) = ∇γ̇ η̃⊗η̃+η̃⊗∇γ̇ η̃ =

2∇γ̇ η̃ ⊙ η̃. Hence, ∇γ̇ η̃ = 0 if and only ∇γ̇(η̃ ⊗ η̃) = 0, i.e., (♯) η̃ is invariant under

parallel transport over γ if and only if η̃ ⊗ η̃ is invariant under parallel transport over

γ. The forward implication in (♯) proves that H is invariant under parallel transport,

giving (2). For (3), if for each η ∈ Ex we choose the V -valued smooth section η̃ to

be the parallel transport of η over γ, for any t ∈ (−a, a), the assignment η 7→ η̃(γ(t))

defines an injective linear map Φt : Ex → Vγ(t). Writing Ht := Φt(Ex), the hypoth-

esis under (3) implies by (♯) that S2Ht = S2Eγ(t), which implies that Ht = Eγ(t).

(λ ⊥ Ht ⇒ λ⊙ λ ⊥ S2Ht ⇒ λ⊙ λ ⊥ S2Eγ(t) ⇒ λ ⊥ Eγ(t)). Varying x ∈ X and γ this

implies that E is invariant under parallel transport, proving (3). �

Regarding rigidity phenomena for compact complex submanifolds S ⊂ X on quo-

tient manifolds X of type-IV domains (Lie balls), we have the following characteri-

zation result under the hypothesis that the holomorphic conformal structure on X is

non-degenerate when restricted to S, i.e., S inherits a holomorphic conformal structure

from X by restriction.

Theorem 6.2. (Mok [Mok02]) Let Γ ⊂ Aut(DIV
n ), n ≥ 3, be a torsion-free discrete

subgroup and write X = DIV
n /Γ. Let S ⊂ X be a compact complex submanifold of

any dimension d, where 1 ≤ d < n, such that for any point x ∈ S, the restriction of

the canonical holomorphic conformal structure on DIV
n is non-degenerate at x. Then,

denoting by g the canonical Kähler-Einstein metric on X, (S, g|S) is totally geodesic in

(X, g).

For the proof of Theorem 6.2 when S is of dimension ≥ 3 one made use of a result of

Kobayashi-Ochiai [KO81] on compact Kähler-Einstein manifolds admitting G-structures

modeled on irreducible Hermitian symmetric spaces of the compact type, together with

results on Hermitian metric rigidity of Mok [Mok87] [Mok89]. For the case in Theorem

6.2 where S is of dimension 2 on top of Hermitian metric rigidity one made use of the

following special result for holomorphic curves on quotients of type-IV domains.

Lemma 6.4. ([Mok [Mok02, Lemma 1]) Let n ≥ 3, U ⊂ DIV
n be an open subset, and

C ⊂ be a connected smooth holomorphic curve such that Tx(C) is spanned by a char-

acteristic vector at any point x ∈ C. Suppose there exists on C a parallel holomorphic

line subbundle E ⊂ T (U)|C spanned at each point x ∈ C by a characteristic vector

orthogonal to Tx(C) Then, C is a connected open subset of a minimal disk.

In the current article, for the proof of Theorem 6.1 we will also make use of the
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existence result on Kähler-Einstein metrics given by Proposition 2.1, the local charac-

terization result for a certain type of totally geodesic holomorphic curves as given by

Lemma 6.4, together with the following result related to Hermitian metric rigidity.

Proposition 6.1. (Mok [Mok87]) Let Ω be a not necessarily irreducible bounded sym-

metric domain and Γ ⊂ Aut(Ω) be a cocompact torsion-free discrete subgroup, X = Ω/Γ.

Let g be any Aut(Ω)-invariant Kähler metric (which is of nonpositive holomorphic bi-

sectional curvature), and denote by R the curvature tensor of (X, g). Let h be any

Hermitian metric on X of nonpositive curvature in the sense of Griffiths and denote

by Θ the curvature tensor of (X,h). Then for any pair of (1, 0)-tangent vectors (α, ζ)

at any point x ∈ X which is a zero of holomorphic bisectional curvature of (X, g), i.e.,

Rααζζ = 0, we must have Θααζζ = 0.

Proposition 6.1 is a consequence of Hermitian Metric Rigidity Theorem ([Mok87],

[Mok89]) in the compact case, including both the locally irreducible and the locally

reducible case. In the locally irreducible case, Proposition 6.1 for the case of charac-

teristic vectors α was established first by an integral formula on first Chern forms and

the uniqueness theorem for Hermitian metrics of nonpositive curvature in the sense of

Griffiths was derived as a consequence.

For the bounded symmetric domain DIV
n , n ≥ 3, we denote by DIV

n b Cn ⊂ Qn

the standard embeddings incorporating the Harish-Chandra realization and the Borel

embedding. At 0 ∈ DIV
n ⊂ Qn, the tangent space T0(D

IV
n ) = T0(Q

n) is endowed with

a Hermitian inner product given by gΩ and equivalently by gc as the dual canonical

metrics agree at 0. We have the following standard way for the expression of the

canonical holomorphic conformal structure.

Lemma 6.5. Let q ∈ Γ(Qn, S2T ∗(Qn)⊗O(2))) be an Aut(Qn)-invariant holomorphic

section defining the canonical holomorphic conformal structure on Qn. Let m ≥ 2 be

an integer, and e1 ∈ T0(D
IV
n ) be a characteristic vector of unit length. Then, there

exists an orthonormal basis {e1, · · · , e2m} in T0(D
IV
2m) consisting of characteristic vec-

tors including e1 such that, writing the corresponding dual basis as {e∗1, · · · , e∗2m} and

identifying the fiber of O(2) at 0 ∈ Z with C by some linear isomorphism, we may write

q(0) = e∗1 ⊙ e∗2 + e∗3 ⊙ e∗4 + · · · + e∗2m−1 ⊙ e∗2m, where ⊙ denotes the symmetric tensor

product.

We are now ready to give a proof of Theorem 6.1 characterizing compact complex

splitting surfaces of quotient manifolds of Lie balls of dimension 3 or 4.

Proof of Theorem 6.1. Consider first Case (1) of Theorem 6.1. Embedding DIV
3 into

DIV
n as a totally geodesic complex submanifold in the standard way accompanied by a

Lie group monomorphism Ψ : Aut(DIV
3 ) → Aut(DIV

4 ), then X = DIV
3 /Γ embeds as a

totally geodesic complex submanifold of X ′ = DIV
4 /Γ′, Γ′ = Ψ(Γ). Thus, Case (1) for

dimension n = 3 follows from that of Case (2) for n = 4 since the only totally geodesic

2-dimensional complex submanifolds of the 3-dimensional Lie ball DIV
3 are the maximal

bidisks, and since there does not exist any characteristic 2-plane in T0(D
IV
3 ). (This is
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easily seen if we identify DIV
4 with DI

2,2 and identify DIV
3 as DIII

2 ⊂ DI
2,2 consisting of

symmetric matrices.)

From now on we consider only the case n = 4. Write S2T (X) = A⊕B for the locally

homogeneous holomorphic direct sum decomposition as given in Theorem 4.1, where A

is a holomorphic line bundle and B is of rank 9, and denote by ν : S2T (X) → A the

natural projection induced by the direct sum decomposition S2T (X) = A⊕B. Denote

by ρ : DIV
4 → X = DIV

4 /Γ the universal covering map. Let x ∈ X be an arbitrary

point, and let x̃ ∈ DIV
4 be chosen such that ρ(x̃) = x. Identify Tx(X) with T0(D

IV
4 ) via

a lifting of Tx(X) to Tx̃(D
IV
4 ) and an automorphism of DIV

4 . The locally homogeneous

holomorphic line bundle A ⊂ S2T (X) is generated at each point x ∈ X by an element

ax ∈ Ax identified with e1 ⊙ e2 + e3 ⊙ e4 ∈ S2T0(D
IV
4 ).

Suppose S2T (S) ⊂ B|S . Then, by Lemma 6.2 we have PT (S) ⊂ C(X)|S , and

for each point x ∈ S, Tx(S) ⊂ Tx(X) is a characteristic 2-plane. By Theorem 2.1 it

follows that (S, g|S) ↪→ (X, g) is totally geodesic. For the proof of Case (2) of Theorem

6.1, from now on we assume that S2T (S) ̸⊂ B|S . Denote by π : T (X)|S → T (S)

the holomorphic linear projection such that Ker(π) = N and π|T (S) = idT (S), and by

πσ : S2T (X)|S → S2T (S) the holomorphic linear projection naturally induced by π.

Writing Φ := πσ ◦ ν|S2T (S) we have a holomorphic bundle homomorphism given by

Φ : S2T (S) ⊂ S2T (X)|S
ν−→ B|S ⊂ S2T (X)|S

πσ−→ S2T (S).

Regard now Φ as a holomorphic bundle endomorphism of the rank-3 holomorphic vector

bundle S2T (S). By Proposition 2.1, S is equipped with a Kähler-Einstein metric (of

negative Ricci curvature). Hence, T (S) is a holomorphic vector bundle over S equipped

with a Hermitian-Einstein metric, which also induces a Hermitian-Einstein metric on

S2T (S). It follows that either (a) S2T (S) is a holomorphic and isometric direct sum of

at least two Hermitian-Einstein holomorphic vector subbundles of rank ≥ 1 of the same

slope, or (b) the holomorphic vector bundle S2T (S) over S is stable (cf. Siu [Siu87]). In

Case (a) we claim that

(†) S ⊂ X must be uniformized by the bi-disk ∆2, i.e., S ∼= ∆2/Ξ for some torsion-

free discrete subgroup Ξ ⊂ Aut(∆2), and moreover (S, g|S) ↪→ (X, g) is totally

geodesic.

To establish (†) let h be the unique Kähler-Einstein metric on S of Ricci curvature −2.

We will consider the holomorphic vector bundle τ : S2T (S) → S and its projectivization

τ ′ : P(S2T (S)) → S, and also holomorphic fiber subbundles (with not necessarily closed

fibers) on them. For any point x ∈ S, let Hx ⊂ S2Tx(S) be the subset consisting of

all ξ ⊗ ξ such that ξ ∈ Tx(S), ξ ̸= 0. Varying over x ∈ S we obtain a holomorphic

fiber subbundle γ : H → S (where γ = τ |H) of τ : S2T (S) → S of fiber dimension 2.

By Lemma 6.3, H ⊂ S2T (S) is invariant under parallel transport with respect to the

Hermitian connection on (S2T (S), S2h) induced from (S, h). Under the hypothesis for

Case (a), the rank-3 Hermitian holomorphic vector bundle (S2T (S), S2h) splits into a

holomorphic and isometric direct sum of at least two Hermitian-Einstein holomorphic
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vector bundles of rank ≥ 1 (and of the same slope). In particular, there must be

a rank-2 holomorphic vector subbundle E ( S2T (S) which is parallel with respect

to (S2T (S), S2h). For each point x ∈ S, PHx ⊂ PS2Tx(S) is a holomorphic curve

of degree 2, where PHx denotes the image of Hx under the natural projection map

βx : S2Tx(S)−{0} → P(S2Tx(S)). Varying x over S we will also write γ′ : PH → S for

the corresponding holomorphic fiber subbundle of τ ′ : PS2T (S) → S, where γ′ = τ ′|PH.

For any point x ∈ S, PHx∩PEx is nonempty, consisting either of two isolated points, or

of a single unreduced point. There exists therefore a nonempty connected open subset

U ⊂ S such that either (i) PHx ∩ PEx consists of two isolated points for every x ∈ U

or (ii) PHx ∩ PEx consists of a single unreduced point for every x ∈ U . In either case,

there exists a holomorphic section σ : U → PH ∩ PE which defines a holomorphic line

subbundle Λ ⊂ S2T (S)|U , which is a parallel subbundle with respect to (S2T (S), S2h).

Since every element of Λ is a square ξ⊙ ξ it follows that there exists a holomorphic line

bundle L ⊂ T (U) such that Λ = S2L ⊂ S2T (S). By Lemma 6.3, L ⊂ T (U) is invariant

under parallel transport.

Denoting by L⊥ ⊂ T (U) the orthogonal complement of L in T (U), then L⊥ ⊂
T (U) is also a parallel subbundle with respect to (T (S), h), and T (U) = L ⊕ L⊥ is

a holomorphic and isometric direct sum decomposition. Hence, denoting by Rh the

curvature tensor of (S, h), we have Rh
ξξηη

= 0 whenever ξ ∈ Lx and η ∈ L⊥
x for some

x ∈ U . Since S is of complex dimension 2 and (S, h) is the canonical Kähler-Einstein

metric of Ricci curvature −2, (U, h|U ) is locally isometric to the product of two Poincaré

disks of Gaussian curvature −2. In particular, (U, h|U ) is locally symmetric, so that

∇Rh ≡ 0, where ∇ stands for the Hermitian connection of (S, h). Since h is real-

analytic, the condition ∇Rh = 0 holds everywhere on S, hence (S, h) is Hermitian

locally symmetric and of negative Ricci curvature, implying that S is uniformized by

the bidisk ∆2, i.e., S ∼= ∆2/Ξ for some torsion-free discrete subgroup Ξ ⊂ Aut(∆2).

Thus, S is the image of a holomorphic embedding f : ∆2/Ξ ↪→ X = DIV
4 /Γ, and f∗g

is a Kähler metric of nonpositive holomorphic bisectional curvature on ∆2/Ξ.

For the proof of the claim (†) for Case (a) it remains to show that (S, g|S) ↪→ (X, g)

is totally geodesic. Write s for the Kähler metric g|S . It follows from Proposition 6.1

(related to Hermitian metric rigidity) that also Rs
ξξηη

= 0 whenever ξ ∈ Lx and η ∈ L⊥
x

for some x ∈ U . Together with the Gauss equation this gives 0 = Rs
ξξηη

= Rg

ξξηη
−

∥σ(ξ, η)∥2 ≤ 0, where σ stands for the second fundamental form of (S, g|S) ↪→ (X, g),

so that also Rg

ξξηη
= 0, and σ(ξ, η) = 0. By Lemma 6.4, a local holomorphic integral

curve C of L or of L⊥ is necessarily totally geodesic, so that also σ(ξ, ξ) = σ(η, η) = 0,

which together with σ(ξ, η) = 0 implies that σ(x) = 0 for every x ∈ U and hence for

every x ∈ S by the Identity Theorem for real-analytic functions. It follows that σ ≡ 0

on S, i.e., (S, g|S) ↪→ (X, g) is totally geodesic, as claimed.

It remains to consider the situation where S2T (S) ̸⊂ B, i.e., ν|S2T (S) ̸≡ 0, and

where Case (b) holds, i.e., S2T (S) is a stable holomorphic vector bundle, in which case
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S2T (S) must be simple as a holomorphic vector bundle over S, i.e., Γ
(
S,End(S2T (S))

)
=

C·idS2T (S). Since dim
(
Φ(S2Tx(S))

)
≤ rank(A) = 1 < 3 = rank(S2T (S)) for any x ∈ X,

it follows from the simplicity of S2T (S) that Φ ≡ 0. From ν|S2T (S) ̸≡ 0 and rank(A) = 1

it follows that ν(S2Tx(S)) = Ax for a general point x ∈ S. From Φ := πσ ◦ ν|S2T (S) = 0

it follows that πσ(Ax) = 0 for a general point x ∈ S, and hence πσ(Ax) = 0 for every

point x ∈ S. From now on x ∈ S denotes an arbitrary point. Since dim(PNx) = 1,

dim(Cx(X)) = 2 and PTx(X) ∼= P3, PNx ⊂ PTx(X) and Cx(X) ⊂ PTx(X) must have

nonempty intersection. Under the aforementioned identification Tx(X) ∼= T0(D
IV
4 )

without loss of generality we may assume [e1] ∈ PNx ∩ Cx(X). Then, we have

0 = πσ(e1 ⊙ e2 + e3 ⊙ e4) = π(e1)⊙ π(e2) + π(e3)⊙ π(e4) = π(e3)⊙ π(e4) .

It follows that either π(e3) = 0 or π(e4) = 0. Now q(e1, e1) = q(e1, e3) = q(e1, e4) =

q(e3, e3) = q(e4, e4) = 0, and it follows that for k = 3 or 4, and for a, b ∈ C, we have

q(ae1 + bek, ae1 + bek) = a2q(e1, ek)+ 2abq(e1, ek)+ b2q(ek, ek) = 0, implying that both

Ce1+Ce3 and Ce1+Ce4 are characteristic 2-planes. In other words, when S2T (S) ̸⊂ B

and S2T (S) is a stable vector bundle over S, we have Nx ⊂ Cx(X) for every point x ∈ S.

The proof of Theorem 6.1 is complete. �

Remark

(a) For the last argument there is the following alternative verification. Identifying DIV
4

with DI
2,2, the quadratic form q is given by q

([
a b

c d

]
,
[
a b

c d

])
= ad − bc. Identifying e1

with E11, e2 with E22, e3 with
√
−1E12 and e4 with

√
−1E21, where Eij is the matrix

with the (i, j)-th entry being equal to 1 and all other entries being equal to 0, we have

q = e∗1 ⊙ e∗2 + e∗3 ⊙ e∗4. Now, Ce1 ⊕ Ce3 corresponds to CE11 ⊕ CE12, which consists

of matrices of rank ≤ 1, so that Ce1 ⊕ Ce3 ⊂ T0(D
IV
n ) is a characteristic 2-plane. The

same applies to Ce1 ⊕ Ce4, which corresponds to CE11 ⊕ CE21.

(b) To prove (†), after showing that S ⊂ X is the image of a holomorphic embedding

of ∆2/Ξ, it follows readily that for x ∈ S, Tx(S) agrees with T0(P ) of a maximal bidisk

P ⊂ DIV
4 , and hence the restriction of the canonical holomorphic structure of X to

S is non-degenerate, from which (†) follows from Theorem 6.2. We note however that

beyond Hermitian metric rigidity the key additional argument in the proof of Theorem

6.2 for the case of surfaces S was in fact Lemma 6.4, which is local in nature.
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compactes, Bull. Sc. Math. 102 (1978), 63-95.
25



[Ber55] Berger, M.: Sur les groupes d’holonomie homogènes des variét’es connexion affine
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