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Abstract

In this article, we study the stochastic wave equation in arbitrary spatial dimension
d, with a non-linear multiplicative term of the form o(u) = w, also known in the
literature as the Hyperbolic Andreson Model. This equation is perturbed by a
general Gaussian noise, which is homogeneous in both space and time. We prove
the existence of a solution of this equation (in the Skorohod sense) and the Holder
continuity of its sample paths, under the same respective conditions on the spatial
spectral measure of the noise as in the case of the white noise in time, regardless of
the temporal covariance function of the noise.

MSC 2010: Primary 60H15; Secondary 60HO7

Keywords: stochastic wave equation, stochastic partial differential equations, Malliavin
calculus

1 Introduction

In this article, we are interested in studying the stochastic wave equation with multiplica-
tive noise:

2 .
%(t, r) = Ault,z) +ult,2)W(t,x), t>0,2ecR’

u(0,7) = 1, xz€R? (1)
ou

a((),x) = 0, zeR?

This problem is also known in the literature as the Hyperbolic Anderson Model, by
analogy with the Parabolic Anderson Model in which the wave operator is replaced by
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the heat operator. We assume that the noise W is Gaussian with covariance structure
specified by two locally integrable non-negative definitive functions v : R — [0, co] in time
and f : RY — [0, 00] in space. Since the noise is not a martingale in time, the stochastic
integral with respect to W cannot be defined in the It6 sense. To define the concept of
solution we use the divergence operator from Malliavin calculus. We refer the reader to
Section 2 below for the precise definitions of the noise and the solution.

The Parabolic Anderson Model with the same noise W as in the present article has
been studied extensively in the recent years. These investigations culminated with the
recent impressive article [17], in which the authors have obtained a Feynman-Kac formula
for the moments of the solution (for general covariance kernels v and f), as well as
exponential bounds for these moments (under some quantitative conditions on v and f).
The exact asymptotics for these moments were obtained in [8]. These extend some earlier
results of [18] and [19], in the case when the noise W was fractional in space and time
with index H > 1/2 in time, and indices Hy, ..., H; > 1/2 in space.

In contrast with its parabolic counterpart, the Hyperbolic Anderson Model with noise
W as above received less attention in the literature. However, there is a large amount
of literature dedicated to the stochastic wave equation with spatially-homogeneous Gaus-
sian noise which is white in time and has spectral covariance measure u in space. (The
covariance kernel f is the Fourier transform of p.) We describe briefly the most important
contributions in this area. In the landmark article [10], Robert Dalang introduced an It6-
type stochastic integral with respect to this noise (building upon the theory of martingale
measures developed in [25]), and proved that the solution of the stochastic wave equation
with this type of noise (and possibly a Lipschitz non-linear term o(u) multiplying the
noise) exists in any dimension d = 1,2,3, provided that the measure y satisfies what is
now called Dalang’s condition:

| et < . )

This result was extended to any dimension d in [9]. In [9], it was also proved that the
solution of the wave equation with affine term o(u) = u+0b is Hélder continuous, provided
that p satisfies:

B

A deeper study of the Holder continuity of the solution of the wave equation in dimension
d = 3 (with general Lipschitz function o) was carried out in [13] and [15]. Exponential
bounds for the moments of the solution of the Hyperbolic Anderson Model in dimension
d = 3 were obtained in [12]. The fact that the solution of the wave equation (with general
Lipschitz function o) has a density was proved in [23] for any dimension d. In [16], it was
shown that this density in smooth for dimensions d = 1,2, 3.

The existence and Holder continuity of the solution of equation (1) with noise W
which is fractional in time with index H > 1/2 and has a spatial covariance function
given by the Riesz kernel f(x) = |z|7%,0 < a < d was proved in [1] under the conditions
a < 2, respectively a/2 < f < 1 (which are restatements of conditions (2) and (3) for the
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Riesz kernel). Exponential bounds for the moments of this solution were obtained in [4],
for several examples of covariance functions f. Interestingly, the condition o < 2 does
not depend on H, which is in sharp contrast with the necessary and sufficient condition
a < 2H+1 obtamed in [6] for the existence of the solution of the wave equation with
additive noise: at2 = Au + W. In the case of the Parabolic Anderson Model with the
same noise W, it was proved in [3] that o < 2 is the necessary and sufficient condition
for the existence of the solution. We believe that this is also the case for the Hyperbolic
Anderson Model, and more generally that (2) is the necessary and sufficient condition
for the existence of a solution of equation of (1), regardless of the temporal covariance
function . In the present article, we only show the sufficiency part, extending in this
way the results of [1] to arbitrary covariance functions v and f. As far as we know, the
question of necessity of (2) is still open even for the white noise in time.

This article is organized as follows. In Section 2, we gather some preliminary results
about the space of integrands with respect to the noise W and the existence of solution to
equation (1). In Section 3, we show that this solution exists for any temporal covariance
function v and for any spectral measure g which satisfies (2). In Section 4, we prove that
this solution is Holder continuous in time and space, provided that u satisfies (3).

We conclude the introduction with a few words about the notation. We let D¢ (R?) be
the set of complex-valued infinitely differentiable functions on R? with compact support.
For any p > 0, we denote by LE(R?) the space of complex-valued functions ¢ on R? such
that |[? is integrable with respect to the Lebesgue measure. We let Sc(R?) be the set of
complex-valued rapidly decreasing infinitely differentiable functions on R?. We denote by
D (R?) and Si(R?) the space of all complex-valued linear functionals defined on D¢ (R9),
respectively Sc(R?). Similar notations are used for spaces of real-valued elements, with
the subscript C omitted. We denote by x -y = Zle x;y; the inner product in ]Rd and by
|z| = (z - 2)"/? the Euclidean norm in R?. We denote by Fp({) = [, e ““p(z)dz the
Fourier transform of a function ¢ € L*(R?). We use the same notatlon F for the Fourler
transform of functions on R, R% or R but whenever there is a risk of confusion, the
notation will be clearly specified.

2 Preliminaries

In this section, we give the rigourous definition of the noise W, we establish a criterion for
integrability with respect to W, and we apply this criterion to the fundamental solution
of the wave equation on R, x RY. Next, we introduce the basic elements of Malliavin
calculus, and we define the concept of solution to equation (1). Finally, we give a necessary
and sufficient condition for the existence of this solution.

We assume that W = {W(p);p € D(R x R%)} is a zero-mean Gaussian process,
defined on a complete probability space (€2, F, P), with covariance

EIW (@) Wieal] = [ (= 5)f(o = y)or(to)pals p)dodyitds = T, o).

where 7 : R — [0,00] and f : R? — [0, 00] are continuous, symmetric, locally integrable



functions, such that
v(t) < oo if and only if t#0

f(x) < oo ifand only if z #0.
We denote by H the completion of D(R x RY) with respect to (-, ) defined by

<901>902>H = J(9017902)-

We are mostly interested in variables W (p) with ¢ € D(R, x R?).
We assume that the functions v and f are non-negative definite (in the sense of
distributions), i.e. for any ¢ € S(R) and ¢ € S(R?)

/R (6% D) (B)dt >0 and / (0% 3)(@) fla)dz > 0,

R4

where ¢(t) = ¢(—t) and 3(z) = ¢(—x).
By the Bochner-Schwartz Theorem, there exists a tempered measure v on R such that
7 is the Fourier transform of v in Si(R), i.e.

ng /]—Yb v(dr) forall ¢ € Sc(R).

Similarly, there exists a tempered measure p on R? such that f is the Fourier transform
of pin SE(RY), i.e.

1
[ e@t@is = [ Folouid) oral o e so) (4)
R4 (2m)¢ Jpa
It follows that for any functions ¢y, ¢ € Sc(R) and ¢y, s € Sc(R?)

/R /R (t = 8)60 (1) Ba(s) dtds — % /R For (1) Foalr)w(dr) (5)

and

L | e =ewnbitd - o [ Fo@Fa@ude.  ©)

The next result shows that the functional J has an alternative expression, in terms of
Fourier transforms. In particular, this shows that J is non-negative definite.

Lemma 2.1. For any @1, 02 € D(R x R%), we have:

1
(27T)d+1 Rd+1

J(1,2) = Foor(7, &) Fopa(m, v (dr) u(dE), (7)

where F denotes the Fourier transform in both variables t and x. Moreover, J is non-
negative definite.



Proof: Since p(t,-) € D(]Rd) for any t € R and k = 1,2, by (6) we have:

Here) =g | [ 2= (Rdfm O Ferls @m <d5>) itds.

For any £ € R? fixed, we denote (%55 ( ) = Foul(t, = Jpa€ “Tpp(t,z)dx. Note that
gb € Dc(R) for any € € R? and k = 1,2. Hence, by Fubml s theorem and (5), we have

J(p1,2) = o) /Rd (// t—sqs“) gb (5)dtds>p(d§)
= G [, | P owlaras) ®)

where for any 7 € R and k = 1,2, we denote

FoP(r) = /Re_”'tcbék) (t)dt = /Re_”'t (/Rd e_ig'xwk(tﬁ)W) dt = Fipi(7,€)-

This proves (7). Consequently, for any ay,...,a, € C and ¢, ..., ¢, € Dc(R; x RY),

Z a]ak‘J ijaspk’ / /
R4

7,k=1

Foi( 75 v(dr)p(dg) =

This proves that J is non-negative definite. [J

The map ¢ — W(y) is an isometry which can be extended to H. For any ¢ € H, we
say that W () is the Wiener integral of ¢ with respect to W and we denote

_ /R /R L)Wt do).

We note that the space H may contain distributions in &'(R%™).
To obtain a criterion for integrability, we need the following approximation result.

Lemma 2.2. If y is a tempered measure on R?, then F(D(R?)) is dense in Z%(Rd,p),
where

LR, ) = {p € LE(RY, p); 0(€) = (=€) for all € € RY}.
Proof: We refer the reader to the proof of Theorem 3.2 of [20] for the case d = 1. The
same argument can be used for higher dimensions d. UJ

We also need the following result on the “energy” of a complex-valued function ¢ with
respect to a kernel k.

Lemma 2.3. Let m be a tempered measure on R whose Fourier transform in St(R?) is
a locally integrable function k : R® — [0, 00] such that k(x) < oo if and only if x # 0.
Then for any bounded function ¢ : R? — C with bounded support, which is continuous
almost everywhere, we have:

o) = [ e = p)etaiolidrdy = g ). )




Remark 2.4. If we assume that k is a kernel of positive type (i.e. the measure m is
absolutely continuous with respect to the Lebesque measure), relation (9) can be deduced
from Lemma 5.6 of [21] for any function ¢ € LL(RY) with E.(|¢|) < oo. In the proof of
Theorem 2.5 below, we will use relation (9) for the kernel k = v on R and the measure
m = v. We do not use the result of [21] since we do not assume that v is absolutely
continuous with respect to the Lebesque measure. (Relation (9) will also be used in the
proof of Theorem 2.10 below for the kernel k = v, on R", with v, (t1, ..., t,) = [T, v(t:).)

Proof of Lemma 2.3: Suppose that ¢ = 1 + iy, |¢(z)| < K for all z € R™ and the
support of ¢ is contained in the set {x € R";|z| < M}. We proceed by approximation.
Let p € D(R") be such that p > 0, [, p(z)dz =1 and the support of p is contained in
{x € R"; |z| < 1}. For any € > 0, we define p.(z) = ¢ p(x/e) for all x € R, Let

Pe = P*Pe = Y1+ 1P,

where ¢.; = @1 * p. and .o = 9 x p.. Then ¢, € De(RY), |¢.(z)| < K for all x € RY,
() = @(x) for any continuity point = of ¢, and the support of ¢, is contained in the
set {x € RY|z| < M + 1}, for any ¢ € (0,1). Moreover, Fp, = FoFp. — Fpase |0
and | Fp.| < |Fe|. By the definition of the Fourier transform in S&(R?), for any & > 0,

/Rd /Rd /i(l’ - y)%(w)@s(y)d:ﬁdy = (2711->d /Rd “/T_-Qpe(f)’Zm(df) (10)
Note that
i /Rd /Rd (o= ppc()pel)dady = /Rd /R e —y)p(e)e(y)dedy. (1)

(This follows by applying the dominated convergence theorem to the real and imaginary
part of the integrals above. In fact, since the integral on the right-hand side of (10) is
real-valued, the term on the left-hand side has to be real-valued for any € > 0, and hence
its limit as € | 0 is real-valued.) On the other hand, by Fatou’s lemma,

[ (Fet©)Fmid) <timnt [ 7o) Pm(ds) (12)

From (10), (11) and (12), we obtain that

(er)d/ | Fo(&)Pm(de) < /Rd /Rd k(x —y)p(z)e(y)dedy.

Rd

Hence, if the right-hand side of (9) is infinite, so must be the left-hand side. If the
right-hand side of (9) is finite, then by the dominated convergence theorem, we have:

» [Fe(&)IPm(de) =lim [ [Fee(§)[*m(de). (13)

E\I,O Rd

In this case, relation (9) follows by (10), (11) and (13). O



Recall that the Fourier transform FS of a distribution S € S'(RY) is defined by
FS(p) = S(Fyp) for all p € S(RY). When S is a genuine distribution and FS = g is a
function, this means that

[ 90ple)ie = S(Fe) forall e SR (14)

In this case, FS is understood as the equivalence class of all functions g which satisfy
(14). If g is an element of this class, we say that ¢ is a version of FS. If ¢g; and g, are
two versions of FS, then g; = g5 a.e. This leads us to the following hypothesis.

Hypothesis A. p is absolutely continuous with respect to the Lebesgue measure.

Using the alternative expression given by (8) for the inner product (1, p2)3 and the
previous lemmas, we obtain the following criterion for integrability with respect to W.

Theorem 2.5. Let R 3t — S(t) € S'(RY) be a deterministic function such that FS(t,-)
is a function for allt € R. If FS(t,-) is uniquely determined only up to a set of Lebesgue
measure zero, we assume that p satisfies Hypothesis A. Suppose that:
(i) for each t € R, there exists a version of FS(t,-) such that (t,&) — FS(t,-)(§) =: ¢e(t)
is measurable on R x R4,
(i) for all § € R, [o |de(t)|dt < oo.

Then the following statements hold:

a) The function (1,€) — Foe(T ) is measurable on R x R?, where F¢¢ denotes the
Fourier transform of ¢¢, i.e. Foe(T fR “Ttoe(t)dt, T € R.

b) If
118 = Z5myase / / | Foe(r) Prl(dr)u(de) < oo (15)

then S € H and ||S||3, = ||S||0.

c) Assume in addition that S(t,-) = 0 for all t & [0,T], for some T > 0. If for every
¢ € RY, the function t — FS(t,-)(€) is bounded and continuous almost everywhere on
[0, 7], and

/Rd / / (t = $)FS(t, ) FS(, (O dtdsp(de) < o0

(2m)d
then S € H and ||S|3, = Ir.

Proof: a) This follows by Fubini’s theorem, using the fact that (¢,7,&) — e "¢ (t) is
measurable on R x R x R, by hypothesis (i).

b) By Theorem 3.9 of [2], we know that S € Hc¢, where Hc is the completion of
D (R with respect to the inner product

(1, 02)1e = / ) Yt —s)f(x —y)oi(t, x)pa(s, y)dedydtds.
R2 xRR?

We will now prove that S lies in the smaller space H (of real-valued elements).



Let a(r,&) = Foe(7). By (15) and part a), the function a lies in LZ(R*™!, 1I), where
1
II(dr,d§) = WV(dT)M(df)-

We denote LZ(RHLTT) = { € LA(RM! T0); (7, &) = p(—7, —¢) for all 7 € R, € € R}
We observe that a € LZ(R¥*! IT), since by Lemma 3.3 of [7],

O-¢(t) = FS(t,)(=€) = FS(t,)(§) = ¢¢(t) forall £ € RY,

and hence

a(—7, =€) = /Re”tgb_g(t)dt = /Re_”t¢5<t>dt =a(r,&) forall 7€ R, ¢e€RE

By Lemma 2.2, F(D(R1)) is dense in LZ(R** II). Hence, for any ¢ > 0, there
exists a function [ = I(¢) € D(R4*1) such that

/ la(r, €) — Fi(r, &) PT(dr, de) < 2.
RA+1

Note that the previous integral is [pu 1 [Foe(T) — Fipe()PII(dT, d§) =: ||S — 1||§, where
F1)e is the Fourier transform of the function ¢ +— ¢(t) = FI(t,-)(§). The conclusion
follows using expression (8) for the inner product in H.

c) For every ¢ € R? fixed, we apply Lemma 2.3 to the bounded function ¢¢ : R — C
which is continuous a.e and has support contained in [0, 7]. We apply this lemma for the
measure m = v and the kernel x = v on R. We obtain that, for any ¢ € R,

| [ ot speetwnetiaeds = o [ (Foctnpotan).

We integrate with respect to u(d€) and we multiply by (27)~¢. We obtain that

1 2 —. IS|2
= g [, [ o Prianatie) = s15

Since I < oo, it follows that ||S||2 < oo. The conclusion follows by part b). [J

We are interested in applying Theorem 2.5 to the case when ¢ is related to the fun-
damental solution G of the wave equation on R, x R?. We recall that:

1

G(t,z) = 51{|x\<t} ifd=1
1 1
G(t = ——1 if d =2
(t, ) on JiE a7
1
G(t7> = 4—t0't, if d= 3,
e



where o, is the surface measure on the sphere {z € R3;|z| =t}. Ifd=1or d = 2, G(t,")
is a non-negative function in L*(R%), and if d = 3, G(t,) is a finite measure in R3.
If d > 4 is even, G(t,) is a distribution with compact support in R? given by:

1 19\ @22 1 o(ty)
G(t,) = -z t717,), To(y) = —/ AL 2

and if d > 5 is odd, G(t, ) is a distribution with compact support in R? given by:

1 1o\ 1
G(ta ) = 1-3... .. (d — 2) <¥&> (t 2t>7 Et(@) = W_d /BB(O,l) gO(tZ)dO'(Z),

where wy is the surface area of the unit sphere 9B(0, 1) in R¢, and ¢ is the surface measure
on 0B(0,1) (see e.g. Theorem (5.28), page 176 of [14]).
It is known that for any d >1, the Fourier transform of G(¢,-) is given by:

sin(Z[¢])
€l

Note that when d = 1,2, 3, the previous formula uniquely determines FG(t,-) as the
Fourier transform of a function in L*(R?) for d = 1,2, or the Fourier transform of a finite
measure for d = 3. But when d > 4, (16) is interpreted in the sense of distributions, and
the definition of FG(t,-) is unique only up to a set of Lebesgue measure zero.

We have the following result about the integrability of G.

FG(t,)(€) = ¢ e R (16)

Theorem 2.6. For any t > 0 and x € RY, we define g ,(s,-) = G(t — s,z — )1 4(s) for
any s € R. If d > 4, we assume that p satisfies Hypothesis A. Suppose that

L= (erw / / / W_8)sin<<t—r>\sr|>;;n<<t—s)\sw drdsu(de) <00 (1)

for any t > 0. Then, for anyt >0 and v € RY, g;, € H, the stochastic integral

v(t,x) = /ot/RG(t — s,z —y)W(ds,dy)

is well-defined and E|v(t, x)|* = I,. In particular, (17) holds for anyt > 0 if the measure
satisfies (2). (Note that v is the solution of the linear wave equation %(t, x) = Av(t,x)+
W(t,z),t > 0,2 € R? with zero initial conditions.)

Proof: By applying Theorem 2.5.c) to the function S = g;, we infer that g,, € H. To

see that ¢, satisfies the conditions of this theorem, we note that, due to (16), for all
s € R and £ € RY,

ensin((t = 5)[€)
‘ g

Then |¢e(s)] < (t — s)ljg(s) < tlpg(s) for all s € R and & € R. It follows that g,
satisfies conditions (i) and (ii) of Theorem 2.5.

Pe(s) == Fgre(s,-)(§) = 0.4(5)-

9



By the construction of the stochastic integral, E|v(t, z)|* = ||g:2 |12 = L.

Finally, we note that I; coincides with the term ay(t) which appears in the series
representation (25) of the second moment of the solution u(t, z) to equation (1). (See def-
inition (34) of o, (t) below.) In Section 3 below we will prove that the series ) ., a,(t)/n!

converges under condition (2). In particular, this implies that a;(t) < oo under (2). O

Remark 2.7. Theorem 2.5.¢) can also be applied to the function S = g; , where g; . (s, -) =
G(t — s, —-)1jy(s) and

Glt, ) = — Ll (1s)
) = exp | ———
T artyar CP\ Ty
is the fundamental solution of the heat equation %—? = %Au on R, x R?. Since Gra(s,-) €

LY(RY), its Fourier transform is uniquely determined and we do not need to assume that
i is absolutely continuous with respect to the Lebesgue measure. Note that ¢;, € H
provided that, for any ¢ > 0,

e gt [ [t s (Y (DY ) <

In this case, v(t,z) = W(g;,) is the solution of ¥ = L Av + W and E|v(t,z)]* = I,.

We will now extend the previous considerations to multiple Wiener integrals with
respect to W. This will allow us to give a rigorous definition of the solution to equation
(1), using an approach based on Malliavin calculus with respect to the isonormal Gaussian
process W = {W(y); v € H}.

We first recall very briefly some basic elements of Malliavin calculus (see [22] for more
details). It is known that every square-integrable random variable F' which is measurable
with respect to W, has the Wiener chaos expansion:

F=EF)+)Y F, with F,€H,,

n>1

where H,, is the n-th Wiener chaos space associated to W. Moreover, each F,, can be
represented as F,, = I,(f,) for some f, € H®" where H®" is the n-th tensor product
of H and I, : H®" — H, is the multiple Wiener integral with respect to W. By the
orthogonality of the Wiener chaos spaces and an isometry-type property of I,,, we obtain
that

E|F|* = (EF)’ + ) ElL(f)l* = (EF) + Y !l full3en:

n>1 n>1
where ﬁ is the symmetrization of f, in all n variables:
~ 1
fn(thxl’ cee Jtn7 xn) = ﬁ Z fn(tp(l)vxp(1)7 s 7tp(n)7$p(n))'
" pESn
Here S, is the set of all permutations of {1,...,n}. We note that the space H®" may

contain distributions in S'(R™@+1),

10



We denote by 6 : Dom(8) C L*(Q; H) — L*(Q) the divergence operator with respect to
W, defined as the adjoint of the Malliavin derivative D with respect to W. If u € Dom 9,
we use the notation

d(u) = /000 /Rd u(t, )W (ot, dx),

and we say that d(u) is the Skorohod integral of u with respect to W. In particular,
E[6(u)] = 0.

We let w = {w(t,z);t > 0,2 € R} be the solution of the homogenous wave equation.
Since the initial conditions are ug = 1 and vy = 0, we have

w(t,z) =1 forallt>02¢cR%

We consider the filtration F; = o({W (1j,q¢); s € [0,t], » € D(RY)}) VN, t > 0, where
N is the o-field of P-negligible sets.
We are now ready to give the rigorous definition of the solution to equation (1).

Definition 2.8. We say that a process u = {u(t,z);t > 0,z € R?} is a (mild) solution

of equation (1) if for any ¢ > 0 and = € RY, u(t, z) is Fi-measurable, E|u(t, z)|?> < oo and
the following integral equation holds:
t
uta) =1+ [ [ Gt =50 = puls. ) WGs.50), (19
0 Jrd
i.e. v®) € Dom ¢ and u(t,r) = 1+ §(v»®)), where
v (s5,) = 1199(s)G(t — 5,2 — Ju(s, ), >0 (20)

and - denotes the missing y-variable. (When d > 3, G(t—s, z—-)u(s, -) is the multiplication
of the distribution G(t — s,z — -) with the function u(s,-).)

The existence of the solution u can be proved exactly as in [1] (in the case v(t) =
H(2H — 1)[t|*"~2 with § < H < 1). The key idea is to show that the variable u(t, ) has
a Wiener chaos expansion in which the kernels f,(-,¢,x) can be written down explicitly.
These kernels are defined as follows. If d =1 or d = 2,

folti, @, ot st ) = Gt —th, 0 — @) ... Gty — t1, 02 — 1) Vo<t < ctpery- (21)

Ifd=3, fu(ti,,...,tn, ", t,x) is a finite measure on R given by:
ot oty tx) = Gt —ty, o — day,) ... Gty — t1, 29 — doy) Ljoct <. ctncty,  (22)
where G(t,a — -) is the measure defined by G(t,a —-)(A) = G(t,a— A) for all A € B(R?).
If d >4, forevery 0 < t; < ... < t, <t, fu(t,-,...,tn, -, t,x) is the element of

D'(R™) whose action on a test function ¢ = ¢; @ ... ® ¢, with ¢; € D(R?) is given by:

(fn(th e ,tn, ',t,.fl?), ¢) = gOn(tQ — tl,tg — t2, e ,t — tn,$), (23)

11



where the pairs (¢, px) are defined recursively for k = 1,...,n by the following relations:

Ye(s1, - 8k-1,7) = Ok(-)pr—1(51,...,8K-1,")
¢k(817-~,8k) = 1/1k(31,-~-,8k—17')*G(Ska')

with g = 1. The function f,(t1,-,...,ts, , ¢, x) is defined to be 0 if the relation 0 < t; <
... <t, <tis not satisfied.

The following result is an extension of Theorem 2.8 of [1] to the case of an arbitrary
covariance function 7.

Theorem 2.9. Suppose that f,(-,t,x) € H® for anyt > 0,2 € R and n > 1. Then
equation (1) has a solution if and only if for any t > 0 and z € R,

the series », ~o In(fu(+,t, 7)) converges in L3(9),

where I, is the n-th order multiple Winer integral with respect to W. In this case, the
solution is given by:

u(t,x) = Ju(t,x), with  Ju(t,x) = L(fal- £, 2)).

n>0

Proof: The proof is identical to the one used in the proof of Theorem 2.8 of [1], replacing
|t — s|?"72 by y(t — s). We omit the details. [J

From Theorem 2.9, it follows that if we assume that f,(-,¢,2) € H®" forany t > 0,2 €

R? and n > 1, then a necessary and sufficient condition for the existence of a solution u
to equation (1) is:

Dl fal ts @) fen < o0, (24)

n>0

for any ¢ > 0 and x € R?, and in this case,

Blut,2) = 3 o), (25)

n>0

where a,(t) = (0)2|| fu(-, 1, 2)|%n. Here, we denote by f,(-,t, ) the symmetrization of
fn(-,t, ) with respect to the variables (t1,x1), ..., (tn, Z5).

To check that the kernel f,,(+, ¢, x) lies in H®", we need the following result, which is the
counterpart of Theorem 2.5 for multiple Wiener integrals of order n. (See also Theorem
2.2 of [1] for a related result in the case v(t) = H(2H — 1)[¢t[** 72, with § < H < 1.)

Theorem 2.10. Let R™ > (ty,...,t,) = S(ti,-, ... tn,-) € S'(R™) be a determin-
istic function such that FS(ti,-, ... tn,") is a function for all (t1,...,t,) € R". If
FS(ty, ... tn,-) is uniquely determined only up to a set of Lebesque measure zero, we
assume that | satisfies Hypothesis A. Suppose that:

(i) for each (ty,...,t,) € R", there exists a version of FS(t1,-,...,tn,) such that the
function (t1,...,t,, &, ..., &) = FS(t1, - .. tn, )&y 6n) =1 Gey o en(ts, ... ty) is

12



measurable on R™ x R™;

(ZZ) fO’f’ all 61, . 7£n € Rd, fR" |¢§1 _____ fn(t17 . ,tn)|dt1 ce dtn < 00.
Then the following statements hold:

a) The function (T1,..., 70, &1, ..., &) — Fog

..........

.....

> 1 2
1516, = By [, [ Fer....en (s o) [w(dmy) - v (dmy ) pu(dEy) - p(dEn) < o0,

then S € HE" and ||S|13en = IS|5,0-

c) Assume in addition that S(ti,-, ..., t,,-) =0 for all (t1,...,t,) € [0,T]", for some
T > 0. If for every &y, ..., & € RY, the function (t1, ..., tn) = FS(t1, -y tn, )&, ., &)
is bounded and continuous almost everywhere on [0,T]", and

1 n
In(n) = W/R /[O’Tpn]l_[ly(tj—sj)]:S(tl,-,...,tn,-)(f)]-"S(sl,-,...,sn,-)(f)dtdsun(dﬁ) < o0,

then S € H and ||S||3, = Ir. In the integral Ir(n) above, t = (t1,...,t,), s = (1,...,5,)
and pin(d€y, . .., d€,) = 5=, 1(d€;) is a measure on R™,

Proof: We argue as in the proof of Theorem 2.5.

a) This follows by Fubini’s theorem and hypothesis (i).

b) Note that a € LA(R"@V TL,), where a(7, . .., T, &1, -1 &n) = Foey 60 (T1y 1 Tn)
and

1

S vdm) - v(dr)p(dér) - p(dén).

I, (dm,...,dr,,d&, ..., dE,) = )

By Lemma 2.2, F(D(R™%1)) is dense in L2(R"*Y 11,,). Hence, for any ¢ > 0, there
exists a function | = I(g) € D(R™V) such that

¢ —om :=/ la — Fl|?dI, < &2
Rn(d+1)

The conclusion follows since H®" is the completion of D(R™4+1)) with respect to the inner
product (-, -)yen defined by

<¢1,¢2>H®n:/ F o (e m)FOD o (), s dE)

Rn(d+1) 77777777

where o) o (t,....tn) = Fo(ti . ta, ) (&, ..., &) for k= 1,2,

c) For every &;,...,&, € RY fixed, we apply Lemma 2.3 to the bounded function
bey,. &, - R" — C which is continuous a.e. and has support contained in [0, 7']". We apply

13



this lemma for the measure m = v, and the kernel k = v,, on R", where v, (dm,...,dr,) =
[Tj_, v(dr;) and v, (ts, ..., tn) = [[j—; 7(t;). We obtain that, for any &, ...,&, € RY,

n

- 1
/ [Tt = 59)de.....cn(t)r....c. (5)dtds = ooy | e (s o) [Prm(dr),
0,T)2n jy (2m)" Jn

where t = (¢1,...,t,) and s = (s1,...,s,). We integrate with respect to p,(d¢y, ..., d§,)
and we multiply by (27)~"¢. We obtain that

1
Ip(n) = W/R”d | F st (1, - o) Pon(dr) i (d€) = IS5

Since Ir(n) < oo, it follows that ||S]|§,, < co. The conclusion follows by part b).
U

As a consequence of the previous theorem, we obtain the following result.

Theorem 2.11. For anyt > 0, x € RY and n > 1, let f.(-,t, ) be defined by (21) if
d=1ord=2,(22) ifd =3 or (23) if d > 4. Suppose that p satisfies (2). If d > 4,
suppose in addition that Hypothesis A holds. Then for anyt >0, x € R and n > 1,

fn('utwr) € H(gm and ||fn<7t7x)||3-[®” = It(”)?

where
n / / Sln t2 —tl)lfl‘)SIH((tg—tQ)‘fl —|—€2D sm((t—tn)\fl + +£n‘)
t 271' (27)nd Rnd J[0,¢)2n ’51 ’61—{_52’ |§1++€n’
sin((s2 — s1)[&) sin((ss — s2)[& + &f)  sin((t — s0)[S1 + - + &)
[ &1+ &2 &+ .+ Gl
H Y(t; — sj)dty ... dtadsy ... dspu(déy) ... pu(dE,).

Proof: We apply Theorem 2.10.c) to the function S = f,(-,¢,x) for fixed ¢ > 0 and
r € RY de S(ty,....tn) = falti, ... tn,t,x). To see that f,(-,t,x) satisfies the
conditions of this theorem, we note that by relation (9) of [1], for any (¢1,...,t,) € R and
517"'7571 S IRd7

Geren(tis o tn) = Fhalts, ot t2)(Er, ., 6n)
= ¢ O TEG(ty — 11, )(6) FG(ts — to, ) (& + &) oo . FG{t —to, )& + ... + &)
_ i€t LSt — 0)[&]) sin((ts — 6)[G+ &) sin((E—)|& + - + &)
|€1] €1 + &a| €1+ ...+ &)
if0<t; <...<t,<tand ¢g ¢, (t1,...,t,) = 0 otherwise. Hence,

|Ber,en (s oo tn) ] S (ta = 1) o (8= o) Ljocti <o ctnary < UM Lo gm.

It follows that f,(-,t, x) satisfies conditions (i) and (ii) of Theorem 2.10.
Similarly to the calculations done in the proof of Theorem 3.4 below, one can prove
that I;(n) < oo, under condition (2). By Theorem 2.10, we conclude that f,(-, ¢, z) € H®"

and ||fn<7tax)||’?-[®n = It(n) |
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Remark 2.12. Theorem 2.10.c) can also be applied to the function S = f,(-,¢,x) where
fn(-,t, x) is defined by (21) and G is the fundamental solution of the heat equation, given
by (18). Using the same argument as in the proof of Theorem 2.11, we infer that, if u
satisfies (2), then f,(-,t,x) € H®" for all t > 0 and x € R%.

3 Existence of mild solution

In this section, we establish the existence of a solution to equation (1) under condition
(2) (by applying Theorem 2.9), and we show that this solution is L?*(€)-continuous and
has uniformly bounded moments of order p > 2.

We need to recall an important analytical result. (See also relation (3.4) of [11] for a
related result.)

Lemma 3.1. Let p1 be a tempered measure on R whose Fourier transform in Sk(R?) is
a locally-integrable function f : R? — [0, 00] such that f(z) < oo if and only x # 0. Then

for any 8 >0,
1 g 1\
ow [ (riers) w0 = [ () wao 20

Proof: We prove the result in a similar way as in Remark 5.8 in [24]. We assume that
the right hand side of (26) is finite, otherwise it is trivial. Note that for ¢ > 0 and 5 > 0,

P = ﬁ /000 tP=le=qt. (27)

Fix n € RY. We apply (27) to ¢ = 1+ [ +n|? and then integrate p(d€). Using Fubini’s
theorem, we obtain:

A (ﬁ)ﬁM(df) g [ e (et ) an

Let p(x) = (2mt)~%2e~ 141"/ Note that for any &1 € RY,
Fle™pa)(€) = /d e HE Ty (2)dr = Fpor(€ + ) = e 1T,
R
By applying Parseval’s identity (4) to the function ¢ = e~ py; € Sc(R?), we see that

/Rd e poy () f (x)dx = (271r)d /Rd e*t|£+nlzﬂ(d£)

Hence, by applying Fubini’s theorem,

! i z)f(x)dx
- 15 |Gt S, (28)

15




where G4 is the Bessel kernel:

1 o0
Gaplx) = —/ P Ye tpg, (x)dt > 0.
dﬁ( ) F(ﬁ) 0 2t( )
We take the modulus on both sides of (28) and we use the fact that the left-hand side of
this relation is non-negative. We use the inequality | [...| < []...| on the right-hand

side. Since |e”™*| =1 and f is non-negative, we obtain that

o o (- n|2)6“<d5> < [ Gumsen= o [ (5 fw)ﬁu(d@-

O
Based on the previous lemma, we obtain the following result.

Lemma 3.2. For anyt > 0,

) 2 2
sup || 1FG(t. (€ + mln(de) < a | ) (29)
and )
2 2
s [ 1FG e+ mPutde) <22 v 1) [ ). (30)

Proof: We first prove (29). Note that 322 < -2 for any # > 0. (This can be seen as
follows: if x < 1, then % <1< H%, and if z > 1, then % < % < H%) Hence
2 2 2
sin”(t|£]) 4t 4t
[FG(t )OI = < < :
€17 L+ = 1+ 22Ef

It follows that

412
su FGt, )€ +n)Pu(dé) < su /— d¢) =
sup PG E A+ m () sw L T e )

1 1
4¢2 sup/ ———u(d€) = 4¢? sup/ — i, (d§),
nerd Jra 1+ [t§ 4+ n]? (&) nerd Jra 1+ &+ 7l ()

where ji; = poh; * and hy(€) = t£. We now apply Lemma 3.1 (with 8 = 1) to the measure
e To justify the application of this result, we note that the Fourier transform in S'(R%)
of the measure i, is the non-negative definite function f; defined by fi(z) = f(tz),r € R%,
since for any ¢ € S(RY) we have:

1 1 1 t
ot |, Femias) = g [ Fetonias) = o [ RO nias)

— oW (z) f(z)dx = /Rd o(z) fi(z)dx,

R4
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where ¢ (z) = t=%p(x/t). It follows that

1 1 1
T = g = [ a9

Inequality (30) follows similarly, by observing that

sin2(t|f\) 2 9 2 .
Tﬁt Strmz if |€] <1
nd 2(1l¢])
sin“ (¢ 1 2
< — <K f 1
e SRS TrEE TE
0

We will need the following elementary result.

Lemma 3.3. For any n > 1 and for any function h : [0,t]* — R which is either non-
negative or integrable,

/ / H*y(tj—sj)h(tl,...,tn)dtl...dtndsl...dsnSF?/ \h(ty, ... tn)|dty ... dt
047 J04m j5

[0,¢]"
(31)
where Ty = fft'y(s)ds =2 fot v(s)ds

Proof: We consider only the case when h is a non-negative function. The proof for an
integrable function h is similar. We use an induction argument on n > 1. For n = 1, we
note that [ y(r — s)dr = [**y(r)dr <T, and hence

/Oth(s) (/Otv(r - S)dr) ds <T /Oth(S)dS.

For the induction step, we assume that the inequality holds for n — 1. Then

// (tn — Sn) (/ hty, ...ty Hw — 5;)dtyds .. dtn_ldsn_1> dt,ds, <
[0,8]2(n—1)

7j=1

/ / Yty — 8n) <F;?1/ h(tl,...,tn)dtl...dtn1> dt,ds, =
0o Jo [0,¢]7—1
t t
F;“/ </ / Yty — sn)h(tl,...,tn)dtndsn> dty...dt, 1 <
[0,¢]7—1 0 Jo
t
F;“/ <Ft/ h(tl,...,tn)dtn) dty...dt,
[0,¢]n—1 0

where we used the induction hypothesis for the first inequality, and inequality (31) for
the case n = 1 for the last inequality. For the equality above, we used Fubini’s theorem
whose application is justified since h is non-negative. []

The next result is the analogue of Theorem 3.2 of [17] (or Theorem 5.2 of [24]) for the
wave equation.
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Theorem 3.4. Suppose that the measure p satisfies condition (2). If d > 4, suppose in
addition that p satisfies Hypothesis A. Then equation (1) has a mild solution u which is
L?(Q)-continuous and satisfies: for any p > 2 and T > 0

sup  Elu(t,z)|? < oco.
(t,)€[0,T] xRY

Proof: Step 1. We first show the existence of a mild solution w.
Note that f,(-,t,x) € H, for all t > 0, z € R* and n > 1 (by Theorem 2.11).
Therefore, by Theorem 2.9, it suffices to show that (24) holds, i.e.

1
n>0
where
an(t) = EJu(t,2)* = E|L(fa(-,t,2) [ = ()| fal, 1, ) 3o (33)
To prove (32), we proceed as in the proof of Theorem 3.2 of [17]. In the integrals
below, we use the notation t = (t1,...,t,), s = (s1,...,8,), X = (z1,...,2,) and y =
(y1,---,Yn). Then
an(t) = / [T — si)en(t, s)dtds, (34)
[O,t]Qn j:1
where
blts) = i [ P T D€ Euld) (0
and B
Gt x) =l fu(ty, ot o ). (35)

If the permutation p of {1,...,n} is chosen such that t,1) < ... < t,), then

Fo (&, &) = e ERYTFG(tym — tay, ) (6m) FC e — ooy ) G + Epe)
L FG( = Loy, ) oy + - F Epm) (36)

By the Cauchy-Schwarz inequality and the inequality ab < (a® + b?)/2, we obtain:

Using (34) and the symmetry of the function , it follows that

1 n
oult) < 5 4 m]:[lfy(tj—sj)(zpn(t,t)+¢n(s,s>)dtds

n

:/ [T = sp)wn(t, t)dtds.
(0,62 52y
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Using Lemma 3.3 for the function h(t) = ¢,(t,t), we obtain:
a,(t) < T} P (t, t)dt. (37)
[0,¢]™
We now estimate ¢, (t,t). We denote u; = t,(j11) — t,;) for j =1,...,n. We have:

1
Galtt) = o [ PG ) IF G ) ) + )P

|‘FG(UTL7 ')(gp(l) +...+ fp(n))|2u(d51) .. ,u(dgn)
- (27:)nd /Rdﬂ(dfiﬂfG(ul,')(fi)lQ (/Rd 1(dEY | FGus, ) (€L + 2. ..

(/Rd | FG(tn, )& + ...+ 57’1)]2u(d§,’1)> ) 7

where for the last equality we used the change of variable ; = &,;) for j = 1,...,n. Using
Lemma 3.2 it follows that

Yt t) < WH(SHP/ \]:G(Uja')(fj+77)\2ﬂ(d§j)>

neRd J R4

1 ~ 4
< — — 1 (dEs). 38
< ol [, g .

We now go back to the estimate (37) for a,,(t). We decompose the set [0, ¢]" into n!
disjoint regions of the form t,q) < ... <, with p € S,. Using (38), it follows that

T Ay —t <j>)2 p Py
i) = (@) 2 /<1>< <tp(n) /RWH L+ (tpe1) — to()? |§a|2ﬂ( G )t

pESH

= Tin @% Z;<¢/‘II ;:1 fmw”%”“““@”t

J=1

tin 27r (2m)nd /Rnd /St 1:[ 1+ 2\5J|2dwﬂ(dfl) p(d&n),

where S;,, = {(wy,...,w,) € [0,t]" ;w1 + ... +w, <t} and w = (wq,...,w,). As in the
proof of Lemma 3.3 of [17], since S;,, C S/ x SI°, the last integral is smaller than

o= /IH1{|5J<N} (/ H1+w2|€ B f)H”(dfj)

Ic{1,..., St jer jel

/dm [[10em (/ 11 1 +w2|§ |2dWIC> [T ntag)),

Jjelc jele jerIc

where S{ = {w; = (w))jer;w; > 0,3,c,w; <t} and S{° = {wpe = (w))jer;w; >
0, Zjelc w; < t}. Here |I| is the cardinality of I and N > 0 is arbitrary.
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For the integral over the set S/ we use the bound
2
4ws

— 1 < aw? < 42,
1+ w2[§;[? !

and so, this integral is bounded by (4t*)/l [, dw; = 4Tl¢311/|I|1. For the integral over

SI°, we have:

/SIC H +w2|€ |2 H/o +w2|§ |2

t jelIe jele
“ I | —dw; = 47101 ] —
elc/ B P |£y\2

We denote

1
" /|5>N} 145 (&) end Dy /{msmu( )

It follows that

t3|” . c n t3k

Ic{1,...,n} k=0
n tn+2k
< 4ry oo o Dkcont
k=0
Hence .
n n tn+2 mn—
W(t) <T n!(%)nds DO (39)
and
1 1 n tn+2kz
= n'a ( ) = %; t (27T)nd P k! NYN
t?k
— ﬁpjﬂvc&k > (8(2m) Oyt
E>0 n>k
- FDkC H(8(2m) T ICONT )R, (8(2m) T CNT )",
k>0 n>0

Due to condition (2), Oy — 0 as N — oo. Hence, 8(27) ¢CyI'it < 1 for N > N;. It
follows that:

1
Z Ean(t)

(2m) DT %)k

IN

1
1— 8(2m)~4Cy Tyt ;Okv
1
)

1— 8(27'(' 7dCNFtt

exp (8(27r)_dDNFtt3> < 00.



This concludes the proof of (32).

Step 2. We show that the p-th moments of u are uniformly bounded.

We proceed as in the proof of Theorem 4.2 of [1]. We denote by || - ||, the L?(£2)-norm.
We use the fact that for any F' € H,, and p > 2,

1], < (0 = 1)1z (40)

(see last line of page 62 of [22]). Using Minkowski’s inequality, applying (40) for F' =
Jn(t, x), and invoking (33) and (39), we see that:

1/2
futte ol < S Ittally < Sl = 021l = 30— 0 (a0

n>0 n>0 n>0
< 1 n/2rn/2 1 8n/2 n tn/2+k Dk;/QC(n—k;)/Q
>~ ;(p - ) t (27T)nd/2 kzzg (]{")1/2 N YN

which is uniformly bounded for (¢,z) € [0,T] x R? (using the same argument as above).
Step 3. We show that u is L?(€)-continuous.
The argument is Step 2 above shows that for any 7" > 0 and p > 2,

sup || Jn(t,2)|, < Crp < 0.
n>0 (6:2)E[0,T]xR4

Hence {u,(t,x) = >, _, Ji(t, ) }n>1 converges to u(t,z) in LP(Q), uniformly in (¢,z) €
[0,7] x RY. By Lemma 3.6 below, J, is L?*(Q)-continuous, and hence u, is L*(Q)-
continuous. Therefore, u is L?(Q)-continuous. [J

Remark 3.5. In the proof of Theorem 3.4, we expressed «,(t) as an integral which
depends on the measure p (instead of the kernel f); see (34). However, the fact that
the Fourier transform of p is the locally integrable non-negative function f was used in
Lemma 3.1.

The following result is an extension of Lemma 4.2 of [1] to the case of an arbitrary
covariance function (t).

Lemma 3.6. Under the conditions of the Theorem 3.4, we have:
a) for anyn >1 and t > 0,

E|J,(t+ h,z) — J.(t,z)*> =0 as h — 0, uniformly in x € RY
b) for anyn >1,t >0 and v € R?
E|J,(t,z 4 2) — Jo(t, )] = 0 as |z| =0,z € R
Proof: a) We assume that |h| <1 and h > 0. (The case h < 0 is similar.) We have:
ElJo(t+h,x) — Jo(t,2))> = nl||falt+hyx) = fulost,2) ]| 2o
< (At )+ Bt 1)), (41)
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where

Au(th) = (| falot+ha) g — ful b, 2) | 2en (42)
Bu(t,h) = (n!)Qan(-,t—Fh,:B)l[ojt_i_h]n\[oﬂan{@n. (43)

We evaluate A, (t, h) first. We have:

n(t, h) t dtd
At]%nv (t,s)dtds,
where
n 1 n n
?ﬂg,h)(t,S) = W/]%ndf [gé )(,t,$+h) _gt( )(7t7$):| (517"'7571)
F [gén)( 7t’ T+ h) - gén)(_) t’ {L‘)] <§17 cee 7€n)u(d§1> L M(dfn)

and gén)(-,t,x) is given by (35). By the Cauchy-Schwarz inequality and the inequality
ab < (a* +v%)/2,

) < (676.0) " (u5s9) 7 < L (6000 + 0 (s.9))

Using the symmetry of the function v and Lemma 3.3, it follows that

n

A, (t,h) < / [Tt — syl ¢, t)dtds < T (¢, t)dt. (44)
[0 t]Qn

[0,¢]

Using definition (36)) of the Fourier transform of gén)(-, t,x), we see that

n 1
VY = oo /R TG NG IFG o1, ) + -+ )

|F[G<un + h’ : ) - G(um : )](gp(l) +..+ gp(n))|2:u(d€1) .- p“(dgn):
where Uj = tp(j—f—l) — tp(j) and 0 < tp(l) <...<t p(n) <t= tp(n—‘rl It follows that

vt < ndH(sup IFG(uj,-)<€j+77)|2M(d€j)> (45)

neRd

- sup / |]:G(un +h, )(én + 77) - FG(UM )(gn + n)|2ﬂ<d§n)-

neRd JRd

By applying the dominated convergence theorem twice, we infer first that zﬂgz) (t,t) =0
as h — 0, and then that A,,(t,h) — 0 as h — 0.
As for the term B, (t, h), note that

n

Bu(t.h) = /[ T = 505910, 01, ()t
0,t+h|2"
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where D, ;, = [0,t 4 h]™\[0,¢]" and

7157}? (t’ S) -

(27T)nd Rnd
By the Cauchy-Schwarz inequality and the inequality ab < (a® + b?)/2,
W) < () (169) " <5 (e s 9)

Using the symmetry of the function v and Lemma 3.3, it follows that:

n

Bath) < [ [t - sni e 0, (Lo, (s)dsds
[0,t4h]2"
< [ Tl - sl ot edss

< T, / A (8, )L, (). (46)
[0,t+h]"

We observe that for any t = (¢1,...,t,) € [0, + h]", if we denote u; = t,j41) — to()
where p € ), is such that 0 <t,q) <... <t,) <t+h=1t,4,41), then

. 1
i (6, = W/Rnd | FG(ur, ) (&) [ FG(un—1, )&ty + - - - + Epinn))|”

| FG(tn + Dy ) (Epry + - - - + &) P1a(dEr) - . . p(dEn)

< 1:[ (Suﬂg g | FG(u, ) (; +77)|2M(d§j)>
(S;g e | FG(un + Dy )(§n + 77)!2M(d§n)> (47)

which is bounded by a constant of the form C}* for any h € [0, 1], due to (30). The fact
that B,(t,h) — 0 as h — 0 follows from (46) by the dominated convergence theorem,
since D, — 0 as h — 0.

b) Note that

Bl (b2 -+ 2) = Jult o) = - Cat,2), (48)
where
Coft2) = (P2 +2) = ot )l
- / Hv s (6, ) dbds (49)
Ot
and

n 1 n n
it,s) = W/R ]:[91(; 't +2) - gﬁ)(-,t,ﬂf)]

Flo ot +2) = g 4,2) | n(d6a) ... pld).
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By the Cauchy-Schwarz inequality and the inequality ab < (a® + b?)/2,

Wit < (v 0) T (1ss) <5 (WD + 6 s9).

Using the symmetry of v and Lemma 3.3, it follows that

n

cut < [ oty - sl edes <ty [ wPeod (60
[0,t]2"‘

[O,t] n

Using the definition (36) of the Fourier transform of gt(”)(-, t,x), we see that

. 1
¢§,z)(t7t> - W /Rnd |fG(U1, ’)(fp(l))|2 . |.7:G(un_1, -)(gpu) =+ .. ~§p(n—1))|2

FG () (Epry + - - Eppy) 2|1 — e HEHFE022 041 | u(de,), (51)

where u; = £,j41) — o) and 0 < t,0) < ... <tym) <t =t,ms1). By applying twice the
dominated convergence theorem, we conclude first that 1/)152) (t,t) — 0 when |z| — 0, and
then that C,(t,z) — 0 when |z| — 0. O

4 Holder continuity

In this section, we assume that the spectral measure p satisfies (3) and we show that the
solution of equation (1) has a Holder continuous modification. Note that (3) implies (2).
We recall the following results.

Proposition 4.1 (Proposition 7.4 of [9]). Let G be the fundamental solution of the wave
equation in dimension d > 1. If p satisfies (3), then:

(i) for any T > 0 and M > 0, there exists a constant C' > 0 depending on T,d, M, 3 such
that for any h € R with |h| < M

sup  sup | [FG(t+h,)(E+n) = FG(t,)(E+m)Pudl) < CIpP~*% (52)

te[0,TA(T—h)] neRd J R4
(i) for any T > 0, there exists a constant C > 0 depending on T, d, 3 such that for any
te[0,T]
sup [ 1FG()(E +n)Putde) < €2 (53)
R

neR4

(iii) for any T > 0 and for any compact set K C R?, there exists a constant C' > 0
depending on T, K, d, B such that for any z € K,

sup sup [ |FG(t,-)(€ +n)P[1 — e P pu(de) < O (54)
t€[0,T7] neRd JR4
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Lemma 4.2 (Lemma 3.5 of [5]). For anyt >0 and h > —1

n—1
(1 + )™+
L.t h ::/ tig — ) (t = t,)"dt = gn(1+h)
1) = J e e L =" =) = iy

We are now ready to state our result about the Holder continuity of the solution.

Theorem 4.3. Suppose that p satisfies (3). If d > 4, suppose in addition that j satisfies
Hypothesis A. Let u be the solution of equation (1). Then:

a) for any p > 2 and T > 0 there ezists a constant C > 0 depending on p,T,d and [ such
that for any t,t’ € [0,T] and for any z € RY,

lu(t, ) — u(t’,2)]l, < Clt ="~ (55)

b) for anyp > 2, T > 0 and compact set K C R, there exists a constant C > 0 depending
onp,T,K,d and B such that for anyt € [0,T] and for any z,z' € K,

lu(t, ) = ult,2")], < Cla - 2|'~". (56)

Consequently, for any T > 0 and for any compact set K C R?, the solution {u(t,x);t €
0,T],z € K} to equation (1) has a modification which is jointly 6-Hélder continuous in
time and space, for any 6 € (0,1 — ).

Remark 4.4. If f(z) = |z|~ is the Riesz kernel for some 0 < a < d, then the spectral
measure y is given by u(d€) = C, 4|¢|7@=*d¢, where C, 4 > 0 is a constant which depends
on o and d. In this case, condition (2) holds for any 0 < o < 2 and condition (3) holds
for any 3 with a/2 < 3 < 1. Therefore, for any 7' > 0 and for any compact set K C R?,
the solution u = {u(t,x);t € [0,T],2 € K} has a modification which is jointly #-Holder
continuous in time and space, for any 6 € (0, 2_70‘) This result coincides with Theorem

5.1 of [1].

Proof of Theorem 4.3: a) Let t,¢ € [0,7] and x € R? be arbitrary. Assume that
h:=t —t>0. (The case h < 0 is similar.) By Minkowski’s inequality, (40) and (41),

lu(t +hyz) —u(t. o), < Y (0= 1"t + hw)) = Ju(t,2)l2

- 1/2
< Yo-0 (e nen) 6

where A, (t,h) and B, (t, h) are given by (42), respectively (43).
To estimate A,(t, h), we use (44). Note that by (45), (52) and (53), we have

Y (t,t) < C™(uy . wh),
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where u; = tp(j-H) — tp(j) and 0 < tp(l) < .. < tp(n) <t= tp(n-‘rl)' By invoking Lemma
4.2, it follows that

n—1

At h) < RZ2TICmp) / [t = t)>at, ...ty

0<t1<...<tn<t j=1

t
= K27 Om) / T1(tn,2 — 2B)dt,
0

_ (3 —26)" L
= R¥FTIC™n) / tin=DE=28) gy
' I((n—=1)B8-26)+1) Jo

We now use the fact that for all a > 1 there exists a constant C' > 0 such that
['(an+1) > C(nh)* foralln>1 (58)
(see e.g. (68) in [4]). It follows that

1
(n1)2—25

An(t,h) < BZ¥TRO™ ¢(nDE-28)+1 (59)

To estimate B, (t, h), we use (46). First note that by (47) and (53),
Y1 (6,8) < O™t -t + R,

where u; = t,41) — tpg) and 0 < t,0) < ... < tym) <t = tyms1). We observe that if
(t1,...,tn) € Dyp = [0,t4 h|™\[0,¢]" then there exists at least one index i with ¢; > ¢. So,

Dy = U {(t1,...,tn);0 < o) < oo Stpm-1) S lpm)t <Tpm) <+ h}.
pESH

By applying Lemma 4.2, it follows that
t+h n—1
n n 2-2 2-2
By(t,h) < TP,C Z/ / H(tp(jJrl) _tp(j)) ﬂ(t+h_tp(n)) Pdt
PESn 0<tp() <<t pq) to(n) j=1

= 0! / Toa(tn,2 = 2B) (t+ h — t,)° P dt,
t

['(3—2p)" Hh e _
— T Ol (n—1)(3—28) 4228
ry,C nF((n )G -—29) 1 1) /t ty (t+h—t,) " dt,
(3 —28)" /" CNGo2s) o
= I, C"n! t 4+ h — ) DB=28) ,,2-28
t+han((n—1)(3—25) D 0(+ u) u u

(3 —28)" VAU B
< O™ T(n 1)(3—2P8) h3 28 )
= T P — DB -28) + 1) 3— 23

Using (58), it follows that

1

2—2 n n
B,(t,h) < h?>~T0C ()

T (n=1)(3-28) (60)
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Relation (55) follows from (57), (59) and (60).
b) Let t € [0,7] and z,2" € K be arbitrary. We denote z = 2/ — z. By Minkowski’s
inequality, (40) and (48), we have:

futt ) =utt, D)l < 3= (ta2) e, 0l = S p-1" (5Cute.2))

n>0 n>0

where C,,(t, z) is defined by (49). To estimate C,(t,z) we use (50). Note that by (51),
(53) and (54),
M, 8) < C™2> P (uy .. up_1)> P,

t,z

where u; = t,41) — tp) and 0 < 1,0y < ... <lpm) <t =1ymns1). Hence

n—1
Colt, ) < |22 CmTnl / [T(t5e1 — 1)) 2at.
0<t1<...<tn<t ;1

J

Using the same estimate for the last integral as above, we infer that

1
Cy(t, 2) < 12\2—250"rgmt(n—l)@—zﬂm

Relation (56) follows. The final statement is a consequence of Kolmogorov’s continuity
theorem. UJ
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