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Abstract

In this paper, we consider fractional parabolic equation of the form % = —(—A) Tu+

uW (t, ), where —(—A)2 with o € (0,2] is a fractional Laplacian and W is a Gaussian
noise colored in space and time. The precise moment Lyapunov exponents for the
Stratonovich solution and the Skorohod solution are obtained by using a variational
inequality and a Feynman-Kac type large deviation result for space-time Hamiltoni-
ans driven by a-stable process. As a byproduct, we obtain the critical values for

6 and 7 such that Eexp (9 <f01 fol Ir — s|Poy(X, — Xs)drds)n> is finite, where X is

d-dimensional symmetric a-stable process and () is |z|~? or H?Zl || =P
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1 Introduction

Let {W(t,x) ,t>0,2 € Rd} be a general mean zero Gaussian noise on some probability

space (€2, F,P) whose covariance function is given by
E[W (r,2)W (s,y)] = |r — s|""y(z —y),
where [ € [0,1) and

T, |z where 8; €[0,1),5 =1,...,d.

Jj=

() = {\x!‘ﬂ where 5 € [0,d) or

If we abuse the notation 8 = 2?21 B;, the spatial covariance function has the following
scaling property

Y(ex) = |e|P(x) (1.1)



for both cases. In this paper, we shall study the following fractional parabolic Anderson
model,

% = —(=A)su+uW(t,z),t >0,z R

1.2
u(0,7) = up(z), x € R4, 12

where —(—A)z with 0 < a < 2 is the fractional Laplacian and where the initial condition
satisfies 0 < § < |up(z)] < M < oo. Without loss of of generality, we assume ug(z) = 1
when we study the long-term asymptotics of u(t, z). The product W (t, ) appearing in the
above equation will be understood in the sense of Skorohod and in the sense of Stratonovich.

Let us recall some results from [28] for the SPDE (1.2).

(i) Theorem 5.3 in [28] implies that, under the following condition:
B <a, (1.3)

Eq. (1.2) in the Skorohod sense has a unique mild solution (¢, z), and its n-th moment
can be represented as (see [28, Theorem 5.6])

n A t ot '
HUQ(Xt] + ) exp ( Z / / |r — s|7Poy(XI — Xf)drds)] :
j=1 1<j<k<n /0 V0

(1.4)
where X, ..., X,, are n independent copies of d-dimensional symmetric a-stable process
and are independent of W, and Ex denotes the expectation with respect to (X[, ¢ > 0).

Ela(t, z)"] = Ex

(ii) Under a more restricted condition:
afy+ B <a (1.5)
the following Feynman-Kac formula
¢
utte) = Ex |l e ([ [ axe —pwanan)] . 0o
0 Jrd
is a mild Stratonovich solution to (1.2) (see [28, Theorem 4.6]), where dy(z) is the

Dirac delta function. Consequently, Theorem 4.8 in [28] provides a Feynman-Kac type
representation for n-th moment of u(t, x)

n ' 1 n t ot .
Huo(Xt] + ) exp (5 Z / / r — s| oy (X7 — Xf)drds)] .

jk=1
(1.7)

Elu(t,z)"] = E

The more restricted condition (1.5) is to ensure that the “diagonal” terms, i.e., the sum
SSr_y Jo ol — s| 7Py (X} — XF)drds appearing in (1.7) are exponentially integrable (see
Lemma 2.1 and Theorem 2.3, or [28, Theorem 3.3] in a more general setting). To deal with



the moments given by (1.4) and that given by (1.7) simultaneously, we introduce, under the
condition (1.5), for a positive p € [0, 1],

uo(X exp(/ /5 — )W (dr. dy)
_g/ot/ot |r_3|—507(XT—XS)drds)]. (1.8)

When p = 0, u”(t, z) is the Stratonovich solution u(¢,x) to (1.2), and when p = 1, u”(t, z) is
the Skorohod solution u(t,z) to (1.2). The n-th moment of u”(¢, x) for a positive integer n
is given by

uf(t,x) :=Ex

E[|u’(t, z)

Huo (X} + ) exp( Z/ / lr — s| Py (X7 — XFYdrds

7,k=1

_ g ;/0 /0 r — s| oy (X7 — Xg)drds)] . (1.9)

Let us point out that when p = 1, E[|u”(¢, 2)|"] is finite under the weaker condition (1.3).

The goal of this article is to obtain the precise asymptotics, as t — oo, of the p-th
moment E [|u”(¢,z)|P] for any (fixed) positive real number p. To describe our main result,
we recall the definition of Fourier transform and introduce some notations. Denote by S(IR¢)
the Schwartz space of smooth functions that are rapidly decreasing on R?, and let S'(R%)

be its dual space, i.e., the space of tempered distributions. Let J?(ﬁ) or (Ff)(€) denote the
Fourier transform of f, for f in the space S'(R?) of tempered distributions. In particular,
we set

Fl&) = / e~ 2w f(2)dx, for f € LY(RY).
Rd
We will also need the following notations.
&alf )= [ IelIFORdE;
Fod:={f€L’RY:|fl.=1and &E(f, f) <oo} ; (1.10)

1
Apg = {g<s,x>: [ #aar=1wsepayana [ [ lﬁ\alﬁ(s,é)\2d5d8<oo};
(1.11)

M(a, fo,d,y) := sup / / / (s,2)g*(r, y)dwdydrds
9€Aa rad |1 — Slﬁ0

//|€| 19(s, |d£d8} (1.12)

The finiteness of the variational representation M(«, g, d, ), when 8 < «, is established in
the Appendix. Note that M(«, 5, d, ) has the scaling property, for any 6 > 0,

M(a, fo, d, 0y) = 05- M(av, By, d, ), (1.13)
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which can be derived in the same way as Lemma 4.1 in [12]. The following is the main result
in this paper.

Theorem 1.1 Let p € [0,1] and assume the condition (1.5) (and when p =1, the condition
(1.5) is replaced by the condition (1.3)). Let p > 2 be any real number or p=1. Then

. _2a=B-afq o
lim ¢~ o log |u”(t,z)[l, = (p — p)= " M(a, By, d, ),

t—o00

1/p

ahere ()], = (Ellue(t, )P))

We conclude this introduction with some remarks on the motivation of our work and
a brief literature review for the related results. The following three points motivate us to
obtain the above asymptotics.

(i) The limit related to the long-term asymptotics is known as the moment Lyapunov
exponent in literature and the problem is closely related to the issue of intermittency
(see, e.g., [23]). To illustrate our idea, write the limit in Theorem 1.1 in the following
form:

2a—fB—a

lim ¢~ log E exp (p log |u”(t, m)|> = A(p).

t—o00

The system satisfies the usual definition of intermittency, i.e., the function A(p)/p is
strictly increasing on [2, 00). By the large deviation theory (see, e.g., Theorem 1.1.4 in
[11] and its proof for the lower bound), for any sufficiently large [ > 0

lim £ = log P(Ay) = —sup {Ip — A(p) } < 0

t—00 p>0
and there is p; > 0 such that

. Ellu(t, x)|P'14,,]
lim LE R
SR T Bt o))

where 2oty
Ay = {log\up(t,x)\ >t a5 }

This observation shows that as in other cases of intermittency, it is rare for the solution
u(t, z) to take large values but that the impact of taking large values should not be
ignored.

(ii) When the noise W is the space-time white noise with dimension one in space, the
parabolic Anderson model (1.2) is the model for the continuum directed polymer in
random environment (see [1] for the case o = 2 and [6] for the case o < 2), where (1.2)
is understood in the Skorohod sense, the solution u(t,z) is the partition function for
the polymer measure, and log @(t, x) is the free energy for the polymer (see, e.g., [15]).



Similarly, if we consider an a-stable motion X in the random environment modelled
by W, one may consider the Hamiltonian

¢ t ot
H?(t,x) ::/U /]Rd 50(Xf_T—y)W(dr,dy)—g/O /0 lr—s| 7Py (X, — X, )drds . (1.14)

Then, u’(t,z) = Ex[e”*®)] is the partition function for the polymer measure, and
log u”(t, x) is the free energy for the polymer.

(iii) The equation (1.2), as one of the basic SPDEs, describes a variety of models, such as
the parabolic Anderson model (see, e.g. [7]) and the model for continuum directed
polymer in random environment (see, e.g., [1]), in which the long-term asymptotic
property of the solution is desirable. In the recent publication [8], the space-time
fractional diffusion equation of the form

v
(07 + S(=2)""2) ult, @) = Xu(t, )W (t,2),
has been studied, where 9° is the Caputo derivative in time ¢. It is highly non-trivial
to obtain precise asymptotics in general case. Our model (1.2) corresponds to the case
[ =1, and our result may provide some perspective for the general situation.

The moment Lyapunov exponent has been studied extensively with vast literature. To
our best knowledge, however, the investigation in the setting of white/fractional space-time
Gaussian noise started only recently, especially at the level of precision given in this paper.
When the driving processes are Brownian motion instead of stable process, i.e., the operator
in (1.2) is %A instead of the fractional Laplacian, the long-term asymptotic lower and upper
bounds for the moments of the solution were studied in [4] for the Skorohod solution and in
[29] for the Stratonovich solution; the precise moment Lyapunov exponents were obtained in
recent publications [9, 10] for the Skorohod solutions, and [12] for the Stratonovich solution.
In [3], the authors obtained the intermittency property for the fractional heat equation in
the Skorohod sense, by studying the lower and upper asymptotic bounds of the solution.

In the present paper, we aim to obtain the precise p-th moment Lyapunov exponents
for both Stratonovich solution and Skorohod solution to the fractional heat equation in
a unified way, for any real positive number p > 2. The mathematical challenges and/or
the originality of this work come from the following aspects. First, compared with case of
the heat equation, the fact that the fractional Laplacian is not a local operator makes the
computations and analysis more sophisticated. New ideas and methodologies are required. In
particular, Fourier analysis is involved in a more substantial way. Second, the Feynman-Kac
large deviation result for stable process (Theorem 3.1) is a key to our approach. However,
the method used to derive a similar result for Brownian motion in [12] can no longer be
applied, as the behavior of stable process is totally different from the behavior of Brownian
motion. Third, we obtain the precise long-term asymptotics for u”(t, z) with p € [0, 1], which
enables us to get the precise moment Lyapunov exponents for the Stratonovich solution and
the Skorohod solution simultaneously. Finally, the existing results on precise Lyapunov
exponents were mainly for n-th moment with n a positive integer, due to the fact that the



Feynman-Kac type representation is valid only for the moment of integer orders. We are
able to extend the result from positive integers to real numbers p > 2. The idea is to use
the variational inequality and the hypercontractivity of the Ornstein-Uhlenbeck semigroup
operators.

The paper is organized as follows. In Section 2, we establish some rough bounds for
the long-term asymptotics of the Stratonovich solution by comparison method. The rough
bounds will be used in the derivation of the precise upper bound in Section 6. The critical
exponential integrability of fol fol Ir — s|7Poy(X, — X,)drds is also studied. In Section 3,
we obtain an Feynman-Kac type large deviation result for a-stable processes, which plays
a critical role in obtaining the variational representation for the precise moment Lyapunov
exponent. In Section 4, we establish a lower bound for the p-th moment of u”(¢,z) which
is also valid if the a-stable process is replaced by some general symmetric Lévy process.
In Sections 5 and 6, we validate the lower bound and the upper bound in Theorem 1.1,
respectively. Finally, in Appendix, the well-posedness of the variation given in (1.12) which
appears in Theorem 1.1 is justified, and the proof of a technical lemma that is used in Section
6 is provided.

2 Asymptotic bounds by comparison method
In this section we derive long-term asymptotic bounds by comparison method for log E[u(t, )]

= log E exp <f0t fg lr — s|Poy (X, — Xs)drds). Note that by the self-similarity property of
the stable process X, the integral inside the above exponential has the following scaling

property,
at at
/ / lr — s| Py (X, — X,)drds
o Jo
Lo s t ot
Zq? oo / / Ir — s| Py (X, — X,)drds, for all a > 0. (2.1)
0o Jo

First, we present the following integrability result.

t et
Lemma 2.1 E/ / Ir — s|Py(X, — X,)drds < oo if and only if afy + 8 < «.
0 Jo

Proof  Using the self-similarity of X, and the scaling property of v(x), we have E[y(X, —
X)) = |r—s|*§E[fy(X1)], noting that 0 < E[y(X})] < oo, under the condition of this lemma.
Hence, we have

t t t t
IE/ / lr — s| 7Py (X, — X,)drds = E[y(X,)] / / |r — s|7Po|r — s]’gdrds,
0o Jo 0 Jo

which concludes the proof. O



Lemma 2.2 Under the condition (1.5), the process

t t
v, :/ / I — u[ oy (X, — X,)drdu, t>0
0 JO

has a continuous version.

Proof  We shall use the notation || F||, = (E[|F|?])"?. For any 0 < s < t < oo, we have for
any p > 1,

Y- Yill, < / / I — a[ Py (X, — X drdu + / / I — a7 (X, — Xl drdu

/ / I — |y (X, — X[l drdu

= 11+IQ+[3.

By scaling property, when 1 < p < %,

_8, 1\ /P 8
(X = Xl = (B (1% = X,J757]) 7 = qlr —ul =%

I < // |r — | 7P~ «dudr

< —/ ri= BO_EdT
T fo— 2

t
< C/ tfo-Sdr = Ot |t — 5,

Thus,

This means
< Ctp(l—ﬁo—§)|t — slP.

Similar estimates for Iy and I3 can also be obtained. Thus for 0 < s,t < T, there is a
constant C depending only on (a, 3, By, T') such that

E Y, =Y = [V = Y[} < Crlt — s
It follows from Kolmogorov continuity criterion that {Y;,¢ > 0} has a continuous version.
O

Theorem 2.3 Under the condition (1.5), there exists a constant 6 > 0 such that when

€ (0,9), i
1 r1 aBo+8
E exp (9 <// Ir — s| Py (X, — Xs)drds> ) < 00, (2.2)
0 Jo

and consequently, for all A > 0,

t ot
E exp (/\// Ir — s| 7Py (X, — Xs)drds> < 00. (2.3)
0Jo



Remark 2.4 The inequality (2.3) is a consequence of Theorem 3.3 in [28] which was proved
by using moment method. Below we will provide another approach to prove (2.3) by using
the techniques from the theory of large deviations, and it turns out that this approach enables
us to get a stronger result (see Remark 2.6).

Proof  Denote

t t %
7, = (/ / |s — | 7Py (X, — Xr)dsdr) , for t > 0. (2.4)
0o Jo

First we shall show that Z, is sub-additive and hence exponentially integrable by [11, theorem
1.3.5].

The following identity holds

5ol =G [ Js = ul 5l au, 2.5)
R
where Cy > 0 depends on [y only. Similarly, for the function ~y(z) we also have

() =C(y) | K(y—a)K(y)dy, =eR?, (2.6)

Rd

where C(y) > 0 is a constant and

148,

d
| if — d =B85
K(ﬂj‘) _ E |xj| 2 1 ’V(ZE) H]:l |x.7| J

s if y(z) = |2|~*.

(2.7)

With these identities, we can rewrite Z; as

1/2
Zt=< / §§<u,x>dudaz> ,
RxRd

Bo

@(u,m):cocw)/o s — u|~ 2 K(X, — )ds

For t1,t; > 0, by the triangular inequality

where

9 1/2
Zt1+t2 < Ztl + (/ |:§t1+t2 (U,ZL‘) - &1 (U,CL’)} dde) :
RxRd

Let X, = Xy, +s — X4y, which is independent of {X,,0 < r < ¢}, and we have
€t1+t2 (U, ZL‘) - €t1 (u> $)

t1+t2
—CC() / s —ul”

t1

Bo+1

> K(X, —x)ds

to 1 .
:COC(W)/ |s+t1—u|_ﬁOT+K(X5~|—Xt1 —x)ds.
0



The translation invariance of the integral on R%*! implies that

/Rde [5t1+t2(u,x) - 5t1(u,af)]2dudx = /Rde [S;Z(u,x)rdudx,

where
Bo+1

> K(X, — )ds.

~ t2
Gulu) = GoC) [ s =l
0
Therefore, the process Z; is sub-additive, which means that for any ¢1,to > 0, Z; 44, <
Zy, + Zy,, where Zy, is independent of {Z;,0 < s < ¢} and has the same distribution as Z,.
Notice that Z; is non-negative, non-decreasing, and pathwise continuous by Lemma 2.2.
Thus it follows from [11, Theorem 1.3.5] that, for any ¢ > 0 and ¢ > 0
E exp [(HZt)} < 00,

and ]
tll>11010 7 logE [exp (6Z;)] = ¥(6), (2.8)

for some ¥(#) € [0,00). Moreover, by the scaling property (2.1) we have Z 2 a*7, with
k=1-L -5 ¢€(1/21), and hence for all 6 > 0,

1 1 1
U(6) = Jim ~logEexp [(67,)] = lim —logE [eXp (Zw%)} = 0= U(1). (2.9)
Chebyshev inequality implies that

exp(0t)P(Z; > t) <Eexp(0Z;) and then 0t + logP(Z, >t) <logEexp(0Z;).

Taking the limit yields, for any 6 > 0,

1 1 1
lim sup n logP(Z, > t) < tliglo n log E [exp(0Z;)] — 0 = 0=V (1) — 6.

t—o00
Therefore ]
limsup - logP(Z, > t) < inf {#x¥(1) — 6}, (2.10)
t 0€(0,1)

t—o00

where the term on the right-hand side is strictly negative noting that 1/ € (1,2) and
U(1) > 0, and is denoted by —a for some a > 0. Hence there exists a constant 7' > 0 such
that when ¢t > T,

P(Z, > t'"") =P(Z, > t) < exp(—at/2). (2.11)

Consequently,
1 o0 1
E [exp(@Zf”)} - / P(OZI" > y)eVdy + 1
0

T [e%e)
< / eydy—l—/ e~ 02y 4 1,
0

T
where the last term is finite if § € (0,a/2). This implies (2.2).

Finally (2.3) is obtained by (2.2), the scaling property (2.1) and the fact that the condition

(1.5) implies 325 > 1. O




Remark 2.5 Note that by(2.9), ¥(f) = 6~ W¥(1) with ¥(1) € [0,00). Actually, ¥(1) > 0
when fy = 0, by (2.21) in the proof of Lemma 2.8. However, when 5y € (0,1), ¥(1) must
be 0, which means that the asymptotics given by (2.8) is not optimal. Indeed, if W(1) # 0,
Gértner-Ellis theorem for non-negative random variable ([11, Corollary 1.2.5]) and equation
(2.9) imply that for A > 0,

1 1
lim —log P(Z2 > M>2%) = —sup {0A2 — 650U (1)} = C AT,
t—o00 t 0>0
where C; = W(1)#1(kT-r — /fﬁ). Note that the assumption W(1) > 0 guarantees that
0= W(1) is an essentially smooth function ([11, Definition 1.2.3]), and hence the Gértner-Ellis

theorem can be applied. Then, by the Varadhan’s integral lemma ([11, Theorem 1.1.6] or
[17, Section 4.3]),

]_ 1 1
lim 7 log Eexp (6t Z}) = sup {\ — C1 772 } = Coffon T,

t—o00 A>0

where (5 is a positive constant depending on C; and k. By the scaling property (2.1), this
limit is equal to

lim ¢t ' log E [exp(0Z;,)] = lim £ logE [exp(027)] = Cofzt ,
t—o00 t—o00

where 7 = 2’;1 and % = % This contradicts with Proposition 2.9 when gy € (0, 1).

Remark 2.6 We observe that the restriction # € (0,6) for (2.2) in Theorem 2.3 can be
removed when 3y € (0,1). Indeed, the inequality (2.10) in the proof can be replaced by

1
limsupglog}P’(Zt >t) < gng{H%\IJ(l) —0}.
>

t—o00

Noting that by Remark 2.5, ¥(1) = 0 when S, € (0,1), we have

1
limsupglog}P}(Zt >t) = —o0.

t—o00

This enables us to choose any positive number for a in (2.11), and hence (2.2) holds for
any 6 > 0. Moreover, using Theorem 1.1 (note that Theorem 1.1 is proved without quoting
Theorem 2.7), the critical exponential integrability and the corresponding critical exponent
for folfol |7 — s| 7Py (X, — X,)drds can be obtained.

Theorem 2.7 Let Cy := C’(a,ﬁ,ﬁo,d,'y(-)) be given in (2.16). Then under the condition
(1.5), we have

1,1 5
E exp (9 <// |r — s| oy (X, — Xs)drds) ) < o0, for any 6 < Cy, (2.12)
0Jo
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and

|9

) =00, for any 6 > Cj. (2.13)

11
E exp (8 (/ / Ir — s|7Py(X, — Xs)drds>
0 Jo

Furthermore,

11 U
E exp <9 <// |r — s| oy (X, — Xs)drds) ) < 00, for any 6 >0 andn < %. (2.14)
0 Jo
and

11 7
E exp (9 (// lr — s| 7Py (X, — Xs)drds) ) =00, for any @ >0 andn > %. (2.15)
0 Jo

Proof  Recall that Z; is defined in (2.4). Theorem 1.1 implies that, when p = 1 and p = 0,

2a—B—«

1
lim ¢~ o5 = log E exp <§Zf) = M(a, Bo, d, 7).

t—00

2a—B—afBy

By the scaling property (2.1) of Z? and the change of variable s = ¢ «=# | the above
equation is equivalent to

1 (]
lim —log E exp (Hsl’ﬁ/o‘Zf) = (20)>—"M(«, By, d, 7).

§—00 S

Then the Gartner-Ellis theorem implies

1 (o]
lim = logP(s™7/*Z} > \) = —sup {OA — (20)= 7 M(a, By, d,7) }

s$—00 S 0>0
s B (a=B\7 =
Y (M , Bo d, )
a—p\ 2« (@, Bo,d,7)

Denote . ,

B [a=PB\* ( 7

= M ) 2.1
CYO o — B 20 (047 507 da ’Y) ) ( 6)
and hence Cj is a finite positive constant. Then we have
1 20
lim ~logP(Z," > s) = —C,. (2.17)
5—00 8§

For any fixed o € (0, 1), there exists T, > 0 such that when ¢ > T,
2a
B

P(Z,” >t) <exp(—toCy),

and therefore,

2a o0 2a
E{exp(@Zlﬁ )} = 1+ / P(0Z," > t)e'dt
0
Ts [e'e] .
< 1—|—/ etdt—l—/ e o0 Coelqy,
0 [eg

11



where the right-hand side is finite when 6 < ¢Cj. Since o € (0,1) can be arbitrarily chosen,
the first result (2.12) is obtained. Finally the inequalitys (2.13), (2.14), (2.15) can be proved
in a similar way by using (2.17), and the proof is concluded. O

To obtain the optimal asymptotics for E exp <f0t fot lr — s|Poy (X, — Xs)drds>, we first
investigate the asymptotics of Eexp (fot f(f v(Xs — Xr)dsdr>.

Lemma 2.8 Under the condition (1.3), there exists a constant C' € (0,00), such that

20— t t e
lim ™ =P log E exp (9/ / (X, — Xs)drds) =Cha-5, VO >0. (2.18)
0 Jo

t—00

Let X be an independent copy of X. Then under the condition (1.3), there exist 0 < Dy <
Dy < oo such that for all 6 > 0,

t—00

Dleﬁ < lim inf t_% log E exp (9/ / Y( X, — Xs)drds)
o Jo

B t pt ~ .
< limsupt™ = log Eexp (9 / / (X, - Xs)drds) < D05, (2.19)
0 0

t—o00

Proof When ~(x) = |z|7?, (2.18) is a direct consequence of [14, Equation (1.18) | using
the scaling property of the [ [/ v(X, — X,)drds. When y(z) = H?:l |z;|7%, it suffices to
show that there there exists a constant C; < oo such that

B t ot )
tlim ¢ log E exp (9/ / (X, — Xs)drds) = (105 . (2.20)

This is because that H;l:l |z;| 7% > |2|7 and hence C} is greater than or equal to the
constant C' > 0 in (2.18) when «(x) = |#|7. This means that if O] < oo satisfies (2.20),
then it will be automatically positive.

From now on the generic constant C' may be different in different places.

We claim that (2.20) is equivalent to

1 ¢ t 1/2 2«
tlim n log E exp (9(// (X, — Xs)drds) ) =Cl=-5, VO>0 (2.21)

for some constant C' € (0, 00), which can be proved in the same way as we did to get (2.9)
in the proof of the Theorem 2.3. Indeed, by the scaling property (2.1) with 5y = 0, and by
a Gértner-Ellis type result for non-negative random variables ([11, Corollary 1.2.5]), both
(2.20) and (2.21) are equivalent to the tail asymptotics

1 pl
lim t‘llogP(// (X, — X, )drds > )\t§> = —sup {fw - 092«%} =—C)\s, Y A>0.
—00 0 0

0>0
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Now we prove (2.19). The upper bound can be obtained by (2.18) and the observation
that

E exp (e /0 t /O ty(Xr — Xs)drds) = Eexp (9(1(7) /R ) /0 t K(X, —x)dr /0 t K(X, — x)dsd:z:)
< Eexp @0(7) /R (/Ot K(X, - x)dr>2 -+ (/Ot K(X, - x)dr)2 dx)

E exp <gC('y) /R (/OtK(XT _ x)dr>2dx> < Eexp <e /Ot /Otv(Xr _ Xs)drds> |

For the lower bound, if suffices to consider the case y(x) = |x|=?. By [5, Theorem 1.2],

1 1
lim ¢~ 5 log P (/ / (X, — X,)drds > t> = —a,
t—00 0 0

where a is a positive constant. By the scaling property (2.1), the above equality is equivalent
to

t—00

— a— t t ~ a
lim ¢~ log P (t—i—f / / WX, — X,)drds > /\) = —a)%, for all A > 0.
0 0

Then by Varadhan’s integral lemma, we have

20— t t ~ a a
lim ¢~ o=p log exp (9/ / (X, — Xs)drds) = sup{O\ — aA\?} = bh-7,
0 Jo

t—00 A>0

for some b > 0. O

Based on the above result, we shall derive the following asymptotics for E exp (9 f(f fot lr—
s| 7Py (X, — Xs)drds) by comparison method.

Proposition 2.9 Under the condition 1.5, there is 0 < C7; < Cy < 00 such that for any
0 >0,

o _2a—B—afy t ot
Ch0>-7F <liminft o7 logEexp (9// lr — s|7Py(X, — Xs)drds)
0Jo

t—00
_2a—B-—afy t ot o
<limsupt ~ % logEexp <9// Ir — s| Py (X, — Xs)drds> < Cyfa-5.
t—00 0J0

(2.22)

Similarly, under the condition (1.3), there is 0 < Dy < Dy < 00 such that for any 6 > 0,

Chw t prt ~
D105 <liminft =5 logEexp (0// [ — sy (X, - Xs)drds)
0J0

t—00
2a—B—afg t ot ~ Je 2N
<limsupt % logEexp (9// Ir — s| Py (X, — Xs)drds) < Dofa-5.
t—00 0J0

(2.23)

13



Remark 2.10 By the scaling property (2.1), the above asymptotics (2.22) is equivalent to

o 1 o [
C0a—75 < li{n inf — logEexp (— // lr — s|7Py(X, — Xs)drds)
—00

t—o00

< limsup — logEexp< // Ir — s| Py (X, — X )drds) < Chfa7, (2.24)
respectively. We also have a similar result for (2.23).

Proof  The proof is similar to [12, Proposition 2.1], but we include details for the reader’s
convenience. First we prove the lower bound in (2.22). Note that

//V—ﬂ% (X, — ATW®>t%// (X, — X,)drds,

where the term on the right-hand side has the same distribution as

/

by the scaling property (2.1). Then the lower bound is an immediate consequence of Lemma
2.8.

Now we show the upper bound of (2.22). By the symmetry of the integrand function, we

have
t pt
// lr — s|7Py(X, — X,)drds = 2// lr — s|7Py(X, — X,)drds.
0J0 [0<s<r<t]

Thus, the inequality (2.22) is equivalent to

2a—pB—apBy 2a—B—afBy

2a—p t a—p
/ v(X, — Xy)drds
0

limsupt™ L log]Eexp( // lr —s|Poy(X, — X )drds) < a5 . (2.25)
[0<s<r<t]

t—o00

Compared with lower bound, the estimation (2.25) is more difficult to obtain because
|r—s| =% is unbounded when r and s are close. We shall decompose the integral f[o <s<r<] |r—

s|7P~y(X, — X,)drds and then apply Holder inequality to obtain the desired result. More
precisely, let [0 < s < r < t] =L UL UI3 where I} = [0 < s <t <t/2],[, =]t/2 <
s <r < t]and Iy = [0,¢/2] x [t/2,1]. Noting that [f, |r — s|7(X, — X,)drds and
ffb |r — s|7Py(X, — X,)drds are mutually independent and are equal in law, by the Holder

inequality,
E exp (9 // Ir — s| 7Py (X, — Xs)drds>
o<s<ret]
2/p
< (Eexp (Qp// lr — s|7Py(X, — Xs)drds)>
I
1/q
X (E exp (9(1/ lr — s|7Py(X, — Xs)drds)> ,
I3

14



where p~! + ¢~! = 1. Furthermore, by the scaling property (2.1),

/ Ir — s|7Py(X, — X,)drds
I

J 1 2a—B—afg
£ (5) “ /4)< e Ir — s| Py (X, — X,)drds.
<s<r<t

Taking p = 22%[3«;&60

, we have

E exp (0 // Ir — s| 7Py (X, — Xs)drd3>
[0<r<s<t|

p

1
t/2 rt a3
< | Eexp (Gq/ / lr — s| Py (X, — Xs)drds)

0 Ji2

Now to obtain (2.22), it suffices to show
nmoaty t/2

limsup ¢~ log]EeXp( / / — s Poy(X, - X )drds) < Cha-s . (2.26)
t—o0 t/2

Actually, decomposing [0,¢/2] x [t/2,t] as AU B, where A = [t/4,t/2] x [t/2,3t/4] and
B =[0,t/2] x [t/2,t] \ A, we have

t/2 pt
E exp (0/ / Ir — s|7Py(X, — Xs)drds)
o Ji2
1/p
< (Eexp (Qp// lr — s|7Py(X, — Xs)drds)>
A
1/q
« (]Eexp (eq / I — s|~for (X, —Xs)drds>> | (2.27)
B

where 1/p + 1/g = 1 and p,q > 0 are to be determined later. Since X has stationary
increments and by (2.1), we have

//|T—S| Poy(X, — Xdrds—/ / lr — s|7Py(X, — X,)drds
t/4
20— B 2a=f-aby  pt/2
= (—) / / Ir — s| Py (X, — X,)drds.
2 /2

, and the above identity combined with (2.27) yields

t/2 pt
E exp (0/ / Ir — s|7Py(X, — Xs)drds> < Eexp (Hq/ Ir — s|7Py(X, — Xs)drds>

0o Ji2 B

¢ —Bo  pt pt N agn
< Eexp <9q (Z) // (X, — Xs)drds) < Eexp <9q450/ / (X, — Xs)drds) ,
0Jo o Jo

15
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where 7 = 26“;5—_7;'80 Thus (2.26) follows from Lemma 2.8 with ¢ being replaced by 7 and

(2.22) is obtained.

The lower bound in (2.23) can be obtained in a similar way as for the lower bound in
(2.22), by using the second half of Lemma 2.8. Now we show the upper bound. Noting
that the stable process has stationary increments which are independent over disjoint time
intervals, we have

t/2 pt 4 t/2 rt/2 -
/ / Ir — s|Py(X, — X,)drds = / / Ir — s|7Py(X, — X,)drds.
0o Ji2 o Jo

By Remark 5.7 in [28], under the condition (1.3),

¢t
E exp <)\// |r — s| oy (X, — Xs)drds) < oo for all A > 0.
0Jo

Hence (2.26) still holds under the condition (1.3), and therefore the upper bound in (2.23)
is obtained. The proof is concluded. 0

3 Feynman-Kac large deviation for stable process

In this section, we will obtain a Feynman-Kac large deviation result (Proposition 3.1 below)
for symmetric a-stable process, which is a space-time extension of Lemma 6 in [13] and
will play a critical role in the derivation of our main result. In [12] a similar result for
Brownian motion was obtained (Proposition 3.1 in that paper) in order to get the precise
moment Lyapunov exponent for the Stratonovich solution of heat equation. The approach
in [12] heavily depends on the local property of the Laplacian operator and the property of
Brownian motion such as the continuity of paths and the Gaussian tail probability, and hence
cannot be adapted to our situation, as the fractional Laplacian is a non-local operator, the
stable process is a pure jump process, and the stable distribution is fat-tailed. Inspired by
the idea in [13], instead of considering the stable process itself, we shall consider the stable
process restricted in bounded domains by taking its image of quotient map, which will be
elaborated below.

Fix a positive number M. Let T4, = R?/MZ® be the d-dimensional torus and X be
the image of X; under the quotient map from R? to T4,. Then, X™ is a Markov process
with independent increments on T%,, and its associated Dirichlet form is given by

St 1) = Trm 0 KT, (3.1)

kezd

where f denotes the usual Fourier transform for functions on T4, i.e., for k € Z4,

J?(k) — ()~ 2mka/M g — / fla)e2mika/M gy

T, [0,M]4
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Here the function f on T4, is considered as an M-periodic function (with the same symbol
f) on R which means that f(z + kM) = f(z) for any k € Z¢. Let

Faur = {f € L*(T4y) ¢ | fllopa, = 1 and Eane(f, f) < o0}, (3.2)

1/2 1/
/
Flang, = (U Py ) o= ( / If(rc}|2dx> = ([, eras)

is the L2-norm on T4, endowed with the Lebesgue measure.

where

Proposition 3.1 Let f(t,x):[0,1] x T4, — R be a continuous function. Then, we have

tlggo%logla lexp (/Otf(;XsM)ds)} - /01 Mr(F(s,-)ds, (3.3)

where My(f) = sup {{g, f9)aizy, = Ear(g,9) }-

9E€EF o, M

Proof Let {0 =359 < 81 < -+ < 81 < 8, = 1} be a uniform partition of the interval
[0, 1]. First, we consider the functions of the form

Zfz Sz Sit+1) )+fn 1( )I{l}(s).

By the Markov property, we have

e e ([ tf(%Xé”)dSH —E |exp ( I f<§,xé”>ds> exp ( / tf(;X%dS)]
I m (1=t
=E |exp (/ fO(Xéw)ds> Exu |exp (/ 1 f( —|— XM )
0 z 0
[ g (-4
> E |exp (/ fo(XéV[)ds>;|X]tw|<5] |ir|1f5E$ exp (/1 f( ;—f— , XMds )] )
0 " < 0

where E, denotes the expectation with respect to the stable process staring from .

<E [exp (/Otf(i,X;”)ds)] . (34)
exp (/O MXj”)ds)] : (3.5)

Repeating the above procedure, we can get

exp (/n fi(Xé\/[>dS> XM <o
0 n

Similarly, we have

t n—1
g oo ([ £ x5 | < I sup
0 i=0 v€T,

17
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First, we show that

lim llog inf E, {exp (/t fz-(XsM)ds) XM < 5} > Au(fi)- (3.6)
0

t—oo |x|<é

By boundedness of f; and the Markov property, we have
t t—1
E. [exp (/ fl-(X;”)ds) XM < 5} > CE, [exp (/ fi(X;‘”)ds) XM < 5}
0 1

ZC/T

where p(y) is the density function of X. Note that p(y) is strictly positive and contin-
uous on T¢,, and Then, there exists ¢ > 0 such that inf,cpn p(y) > € and consequently

inf,cpm E, [I[‘X{\/[|<6]i| > 9. Therefore,

E, [exp (/Ot fl-(XSM)ds> XM < 5] > Oe%6 /Td E, [exp (/OH fi(Xé”)dsﬂ dy. (3.8)

M

ply — z)E, {eXP (/Ot—Q fi(XsM)dS) Exu, [I[X{W@]H dy, (3.7)

d
M

On the other hand, for any g € F, s,

f o ([ )

>l [ oty fon ([ nxis) x| ay

T

= llgll 2 (g, e O Tan =V g, g (3.9)

where in the last step T, ys is the self-adjoint operator associated with the Dirichlet form
Eam, Vy is the operator of the multiplication of the function f, and the equality follows from
[13, Lemma 5]. By spectral representation theory, there exists a probability measure p,(d\)
such that

[e.o]

(9, fig)amt — Eam(9,9) = (9, —(Tomr — Vi) G)anr = / Atig(dN), (3.10)

—00

and

(g,e DT =Vid gy 3 = / e~ DAy (dX) > exp ((t - 2)/ /\ug(d)\)> . (3.11)

—0o0 —0o0

Combining (3.10) and (3.11), we have

L1 _ _
lim inf = log(g, e(t=2) (ot Vfi)g>a,M > (g, fi9)am — Eani(9, 9), (3.12)

t—oo ¢

and then, by choosing ¢ arbitrarily, (3.6) follows from (3.8), (3.9) and (3.12).

18



Now we show that

lim sup — log sup E, {exp </t fi(Xéw)ds)} < Au(fy). (3.13)
0

t—o00 xeﬂ‘d

Actually, by the uniform boundedness of f; on T4, and the Markov property of XM

E, [GXP (/Ot fz‘(XsM)dS)] < CE, {GXP (/j fi(Xj”)dsﬂ

—c [ #ly- a8, [e ( tlfi(Xé”)dSNdy

R 0
—C(p, —(t— 1)<TQ,M—VfZ.)1>27RM_

By spectral representation, for any g € F, s,

o0

where —og = —Ap(f;) is the infimum of the spectrum of the operator T, s — VJ,. Hence

t—o00

hmsup—logEx {exp </ fi(XM)d s)] < Au(fi).

Combining (3.4), (3.5), (3.6) and (3.13), we have

Jim — 1ogE[exp ( / (5, XMya )} Z)\M fi). (3.14)

Finally, for general continuous function f(s,z) on [0,1] x T4, let

n—1

fn(3>x) = Z f(si?a:)[[si,si«rl)(‘g) + f(3n717$)1{1}(5)'

1=0

Then, by the uniform continuity of f on [0,1] x T4,, f, converges to f uniformly. By letting
n go to infinity in (3.14), we can obtain (3.3). O

In the meantime, the lower bound in (3.3) also holds for the original stable process X.
Proposition 3.2 For the stable process X on the whole RY, if we assume that f(s,x) is

continuous in (s,x) on [0,1] x R and that the family {f(-,x),xz € R} of functions is
equicontinuous, Then, we can obtain the lower bound

li{g(i)?f%logE [exp (/;f(;,Xs)dsﬂ > /OlA(f(s,-))ds, (3.15)

where A(f) = supyer, {(g, f9)oma — Sa(gag)}‘
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Proof  The proof is similar to the lower bound part of the proof for Proposition (3.3). We
shall only sketch the idea.

We still start with the functions of the form f(s,2) = 31" fi(2) s, 000 (8)+ Fu1 (2) [y (5).
Fix a compact set D C RY, Then, there exists a positive £ such that the density function
p(y) of X; is bigger than ¢ for all y € D. For any g € F, with support inside D, using a
similar argument as (3.8) — (3.12), we can get

t—o00

1 t
liminfglogEx {exp (/ fi(Xs)ds) Xy < 5] > (9, fig)ars — Ealg, 9)-
0

Therefore, for any g € F, with compact support, we have

1 t
lim infglog]E {eXp (/ fi(Xs)dS):| > (9, fi9)art — a9, 9),
— 00 0

and hence .
1
liminf — log E {exp (/ fi(Xs)ds>} > A(fi)-
t—oo t 0
Finally, (3.15) follows from a limiting argument. O

4 A variational inequality

In this section, we will establish a lower bound for ||u’(t,z)||, for p > 1,p € [0, 1], where
u” is given by (1.8) when p € [0,1) under the condition (1.5) and u'(¢,z) is the Skorohod
solution (¢, z) under the condition (1.3). This will be used to obtain the lower bound in
Theorem 1.1.

First let us introduce some notations by recalling the Dalang’s approach (see [16]) of
defining stochastic integral with respect to the Gaussian noise W. Let D(R%t!) be the set
of smooth functions on R%*! with compact support, and H be the Hilbert space spanned by
D(R4) under the inner product

o= [ [ = sl = g)plra)ls. g)drdsdady, ¥ ¢.0 € DR (4.1)

In the probability space (Q, F,P), let W = {W(h),h € H} be an isonormal Gaussian process
with covariance function give by E[W (h)W (g)] = (h, g)3. We also write, for h € H,

W(h) = /R /R (s, @)W (ds, ).

Denote the Fourier transforms of |s|=% and ~(x) by uo(d7) and u(d€), respectively, then
po(dr) = Cp,| 7|~ dr; (4.2)

/W@:{%AW”%, for y(z) = |« 7, (43)

[15_, Cs,l€ e, for y(z) = TT9, Jay| .
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The Parseval’s identity provides an alternative representation for the inner product,

BV (o)W ()] = e, the = [ [ olr 0r Om(nutde), for .1 € SR,

With the above notations (1.3) is equivalent to the following general form of the Dalang’s
condition

| gl <. (4.4)

and (1.5) is equivalent to

/R ﬁu(d&) < 0. (45)

a1+ |§|a(

Now we recall the approximation procedure used in [20 21, 28], which we shall use in the
proof of the main result in this section. Denote gs(t) := 31,6 (¢) for t > 0 and p.(z) = &p(%)
for x € R, where p(z) € D(RY) is a symmetric probability density function and its Fourier
transform p(&) > 0 for all £ € RY. For positive numbers € and d, define

Sty = [ [ astt = e — )W s, dy) = W), (46)

where
dia(s,y) = gs(t — )p(z — ) - To(s).

Consider the following approximation of (1.2)

{

Then, Feynman-Kac formula for the Stratonovich solution u*

ud(t,z) = Ex [uo ) exp (/ Wed(r, X2 )dr )] ,

and the Feynman-Kac formula for the Skorohod solution (¢, x) is

876(t7 (L’) - _(_A)%ua76(t7x) + u876(t7 x)W676(t7x)7

£9(0,2) = ug(z). (4.7)

£ <

66

~€ &, x 1
#9(t.2) <Ex w5 e ([ WS Xg Jar = [ 1) uo(dT)M(dé))],
Rd+1
where .
70 (u,y) = / gs(t —u — 8)p(X7 —y)ds - Ijg y(u). (4.8)
0
Notet that

/WserfrdT—//dCDE(s W (du, dy),
R

by stochastic Fubini’s theorem.
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For p € [0, 1], define the following random Hamiltonian,

t
HEy ()= [ WS X =5 [ P8 Pualdrn(ae).

and denote
ul s(t,x) == Ex [exp (HLs(t, x))] . (4.9)

Then, for all fixed (t,7) € Ry x R? under the condition (1.5), for all p € [0,1], HZ4(t,x)
converges to H’(t,r) given in (1.14) (see Theorem 4.1 in [28]) and ul 4(¢, z) converges to
uf(t,x) == Ex [exp (H?(t,x))] in L? for all p > 1 (see Theorem 4.6 in [28]). Under the less
restricted condition (1.3), when p = 1, uls(t, ) converges to the Skorohod solution (t,z)
of (1.2) in L? for all p > 1 (see Theorem 5.6 in [28]).

The following is the main result in this section.
Proposition 4.1 We assume one of the following conditions
(i) The condition (1.5) is satisfied and p € [0, 1].
(ii) Dalang’s condition (1.3) is satisfied and p = 1.
Let p > 1, and when p =1 we assume p € [0,1). Then, for any (t,z) € RT x R4,
(Elu(t,z)[?)"”

> s o ([ (Fo)(sxds -

[, e )|

geSu (RiH) 2(p — p)
where
Su(RH) = {g € SR, g, = 9.0}, (4.10)
and N
Fals.o) = [ gl o dryulde), (4.11)

Proof  First, we consider the case p > 1 and p € [0, 1]. Let q := p(p—1)~! be the conjugate
of p. Let o(t, z) € S(R4L) be a real function, and denote

Xo=o ([ [ otmwiasn -4 [ gm0l mianae) ).
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Note that X, € L9(2) and ||.X,||, = 1. Hence, by Holder’s inequality, we see
[u st z)], = E [ ug (1 x)Xso}

exp (//Rd <I>5‘5 (s,y) + (s, y)} W (ds, dy)

(7€) IZuo(dT)u(df))]

=EwEx

-4 [ e ke - 1 [

Rd+1

=Ex

o (157 [ 170 O Pralartas)

+ FOy, (1,6 (T,f)uo(dT)u(dé)—u Isﬁ(ﬂf)\zuo(dﬂu(df))]-

Rd+1 2 Rd+1
Note that for any = > 1,
(1 —p)a®+2ab— (¢ — 1)b* = (1 — p)a® + 2(1 — z)ab + 2zab — (¢ — 1)b?

_12 _12
2—ub2+2xab—(q—1)b2:2xab— <(q—1)+ (z=1) >b2.
1—p 1—p

If we choose the optimal value ¢y =1+ (1 — p)(¢ — 1) for =, Then, we have

(1 —p)a® +2ab— (g — 1)b* > 2a(cob) — (cob)?.

p—0p
This argument also works with the product ab replaced by inner products (-, -)%, noting that
Jpar F (1356 (1,8)p(7, &) po(dT)pu(d€) is a real (random) number. Therefore,

[uZ5(£, 0)l, ZEx

o [ FOIE 0 (wpr.9) ralartas)

1 1 ~ 2
T35 foun, [P uo(df)u(d€)>]- (4.12)

Note that
Foid(n ) = [ exp(-2rir(t - 5+ € X)F (loanal)) (B

which converges to f(f exp(—2mi(7(t —s) + £ - X;))ds as € and 6 go to 0. Letting ¢ and § go
to 0 in (4.12) yields

[u? (2, 0)ll, ZEx

e ([ [ (2= o)+ €20) (0. ) mdr)atae s

11 o
EET lcop (T, )] Mo(dT)M(df))]~
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The proof is concluded for the case p > 1, noting that F(S(R*!)) = S(R41), and
o(—1,—&) = p(1,&) since ¢ is a real function.

When p =1 and p € [0,1), we have

N e e e §)|2uo(d7)u(d§))]

2o ([ O (b)) mldrutde)

1 1

"1 fon lcop (T, §)|2M0(d7)u(d§))] -

where the last step follows from (1 — p)a® > 2ab — l%pr. The result can be deduced in a
similar way. O

Remark 4.2 The result still holds if the a-stable process X in w”(t,z) is replaced by a
general symmetric Lévy process with characteristic function E[e®Xt] = ¥ In this
case, the conditions (1.5) and (1.3) are [, Wu(df) < o0 and [gq H;\Il(g),u(df) < 00,
respectively.

5 On the lower bound

In this section, we establish the lower bound in Theorem 1.1 for all p > 1.

Note that po(d(ct)) = ®puo(dr) and p(d(cf)) = Pu(d€) for any ¢ > 0, by (4.2) and
(4.3). Consequently, for h € Si(R), where Si(R™) is given in (4.10), we have

(Fhla-, b)) (s, z) = a=®b=P(Fh(-, %)) (a s, b~ z), a > 0,b > 0, (5.1)

where Fg is defined by (4.11).

Now let
200 — B — afy

t, = tX(p — p)a=7 for p > 1, with y =
P (p p) OI'p_ 7W1 X Oé—ﬁ 9

and for any h € Sy (R¥*1) denote
1  x-1
ho(7,€) = t(p — p)h<tﬂ (p—p) *Ft = 5).

Then, by (5.1), change of variables and the self-similarity of the a-stable process, we have

/Otp(fm(ti,xs)ds d /0 ' Fho)(s, X.)ds.

p

and

L I Pualdratde) = o= oty [ [hir ) pa(dr)utae)
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Clearly, h; € Sy(R4!). Proposition 4.1 and the above two identities imply

ot o)l > Ex e ([ Frato. s = 5t [t ot )]

~ o ([(FWE X2 [ htr O tarintas) |

By Proposition 3.2,

nmmftllogEX [exp ( /0 tp(]?h)(%,Xs)ds)} > /0 A(Fh)(s.))ds

t—o0 P

:/olgséli{/(ﬁh)( @de = [ Jerlat |d§} s
:gi,‘i&?d{/ o2l ”dwds—// 1°1a(s. |d§ds}

where A, 4 is given by (1.11). Therefore,
X p
lim inf £~ log [|u” (¢, )],

1
z@—mfzgi{mmm—//|wm@®mw%

z@—mfﬁwp{ sup //Wa| \&w} (5.3)
ge-Aa,d hESH(Rd+1)

where

L(h,g) / » (Fh)(s, )¢ (s, x)dxds — _/Rd \R(7, &) Ppao (dr) pu(dE)
= [ M OFR N Oalarinas) =5 [ Jhlr 6 Pralarin(ac).

Rd+1

Since Sy (R4™) is dense in LR g @ 1) (see, e.g., [24]), and T'(+, g) is continuous with
respect to the L?(R*L, 11 ® p)-norm, we have

sup  T(h,g) > F(F(QQ)(—T, -9.9) =5 [ 1FPR 0 Froldrin(as)

heSp (RI+1) 2

2
/ / /de S—r|50 )g (T,y)dxdydrds.

Summarizing the computations starting from (5.3), we have

liminf ¢™*log ||u”(t, x)||,
t—o0

> (p— p”gijfd{ ///de ls_ﬂﬁo s,2)g%(r,y)dzdydrds
- [ eriats.opacas
0 JRd

= (p—p)= " M(a, By, d. ),
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and the lower bound is established.

6 On the upper bound

In this section, we provide a proof for the upper bound in Theorem 1.1. In Subsections 6.1
and 6.2, we shall obtain the upper bound for any positive integer n > 1, i.e.,

limsupt™ = logEexp( Z/ / Ir — s| 7%~ — XF)drds

t—o0
_ B r—s| Po~y(X7 — X9)drds
2 S

<n(n—p)as M(a,ﬁo, ,7). (6.1)

The proof for real number p > 2 is inspired by the idea in [26]. We shall compare ||u”(t, )|,
with ||u”(t,x)|l2 by using the Mehler’s formula and hypercontractivity of the Ornstein-
Uhlenbeck semigroup operators. First, we address the case when p € [0,1], under the
condition (1.5).

Let W' = {W'(h),h € H} be an independent copy of W = {W(h),h € H}, and let
W :Q — R" and W : Q — R™ be the canonical mappings associated with W and W,
respectively. For any F' € L*(Q), there is a measurable mapping ¢y from R* to R such that
F =¢poW. Denote by {7, 7 > 0} the Ornstein-Uhlenbeck semigroup associated with W.
By Mehler’s formula (see, e.g., [27]),

TF) = [vr(c”W + V1= W),

where E' denotes the expectation with respect to W’. For p € (1,00) and 7 > 0, define
q=1+¢e*(p—1), Then, the Ornstein-Uhlenbeck semigroup operators possess the following
hypercontractivity property (see, e.g., [27]),

I7-Ellg < [[E1]p- (6.2)

Now fix ¢ > 2. Let " = ¢ — 1, Then, | T F||, < ||F||2. Let p = p+ €[0,1). By (1.8) and
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Mehler’s formula,

Tu(t,z) = EEx

exp< //%Xfr— W (dr, dy)
Rd

<ot ot
+V1—e- / / So (X7, — y)W'(dr,dy) — g/ / Ir — s| Py (X, — Xs)drds)]
0 Jo

¢
=Ex | exp (e_T/ do( X1, —y)W(dr,dy)
0 JRrd

+1 —p—e?) / / Ir — s| Py (X, — X)drds)]
exp(// do( X}, — y)W,(dr,dy)
R4
o [t [t
o _/ / |T_S|_ﬁ07T<Xr_Xs)drd3) )
2Jo Jo

where in the last step W, = e "W and 7,(x) = e *"y(x). By (6.2) with p = 2, (6.1) with
n = 2, and the scaling property for M(«, 5y, d,y) defined by (1.13), we have

IT(t, )], < (2= §)a " M(a, Bo, d, )

= (2 - ﬁ) aiﬁeaiﬁM(av 607 da WT) = (q - p>ﬁM<a7 5(% d) 77’)

Observing that
t o [t
oo ([ [ anxempwitinan=§ [ [ sl 06 Xgaras )|,
0 JRd 2 Jo Jo

the upper bound in Theorem 1.1 for any real number ¢ > 2 follows from the scaling property
(1.13).
Finally, for the case p = 1 under the condition (1.3), in which w”(t,z) is the Skorohod

solution to (1.2), we can apply the approach in [26] and obtain the upper bound for all real
numbers p > 2.

—Ey

T.u(t,z) = Ex

6.1 Upper bound under the condition (1.5).

In this subsection, we deal with the case p € [0, 1] under the condition (1.5). The proof will
be split into four steps.

Step 1. In this step, we will reduce the study of n-th moment to the study of first moment.
Recall that (2.5) and (2.6) imply

/ / Ir — 5| Py (X7 — Xk)drds
1 t
— GOl )/ (/ - K(x—Xf)ds/
Rd+1 0 0
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Therefore, by the inequality (3.7, a;)* <n>." | a?, we have

j=14 =123
noot gt
Z/ / r — 5| 7Py Xf)drds—pZ/ / lr — s| 7Py (X7 — XI)drds
jk=1 j=170 J0

n t t
<o-n> [ / r— sl (X2 — X{)drds.
j=1

Consequently, to obtain the upper bound in Theorem 1.1, it suffices to show

n—p n t t ) )
exp | —— Z/ / lr — s| Py (X7 — X9)drds
2 =Jo Jo

< n(n_p)ﬁM<a7ﬂ07d7 ’Y) (64)

2a—f
limsupt™ log E

t—o00

By the scaling property (2.1), we see

t gt
/ / r — 5|7y (X7 X])drds =
0 Jo

*ﬁ 0450

tn

) drds

|t (r—s)

where t,, = — ¢ (n — p)a-? is given in (5.2). Therefore, (6.4) is equivalent to

hItIiiLlp logE {exp (21&/ / 1 =) ’6 d ds>] M(a, Bo, d, 7). (6.5)

Now, to obtain the upper bound, it suffices to prove (6.5). To this goal, we shall use the
representations (2.5) and (2.6) for the covariance functions. But in these two representations,
the integrals are over infinite domains. We shall approximate them by bounded, continuous,
and locally supported functions, and this will enable us to apply Hahn-Banach theorem in
Step 4.

Step 2. In this step, we will replace the temporal covariance function by a smooth
function with compact support. Let the function ¢ : R™ — [0, 1] be a smooth function such
that o(u) = 1L,u € [0,1], o(u) = 0 for u > 2, and —1 < ¢'(u) < 0. Define the following
truncated functions

1+Bg

ka(u) = [ul~"2

1489

o(A™ ul), kaa(u) = ul” "

o(A™ ul)(1 = o(a™ [u])), (6.6)

with A > 0 being a large number and a > 0 being a number close to zero.
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Then, by Hélder’s inequality, we have for any € > 0

el ] [ Ws)] |
K(z — S)ds) dud:z:)]

exp (Co V5 /]Rd+1 (/ [t
ot e o]

=E

1/p

t 2 1/q
X (]E exp (( )C’DC( )q/ (/ k:A,a(t_l(s—u))K(x—Xs)ds) dudx)]) :
2t Rd+1 0
(6.7)
where 3 Lo
kaa(u) = lul" 72" —kaa(u).
Note that
feaa(u ) (|u —/fA( )+ (ka(u) — kaa(u))
,1+30
< Jul ™ F Lz + lul I{jui<2q)
< A-Aw B2 4 (2a) B0 B (6.8)

for 0 < B < By < By < 1. We may choose By and By such that (o, By, B) and (a,BO,B)
satisfy the condition (1.5) if p € [0, 1) or the condition (1.3) if p = 1.

Combining (2.5) and (6.8), for the second term in (6.7), we have

exp (( )CoC( )2qt /Rd+1 (/t kao(t™ (s — u)) K (x — Xs)d5>2dudfv)]

1
lim sup n log E

t—o0
1
< limsupglogE [exp <C(5 q) [ ~(Bo=Fo) — / / Ir — 5| Poy(X, — X,)drds
t—o0
—|—(2a)’é°6°—/ / lr — s]’ﬁofy(Xr — Xs)drds} )}
_ (ﬁo /30) a(Bo—Bo)
§C<a,ﬁ,8,q,7(~)) <A + (2a) = ) (6.9)

where the last step follows from Hélder’s inequality and (2.24). Therefore, for fixed (e, q),
this term can be as small as we wish if we choose A sufficiently large and a sufficiently
small. On the other hand, we can choose ¢ arbitrarily close to 0 and p arbitrarily close to 1.
Consequently, to prove (6.5), it suffices to prove

exp (COC( ) 21t /R N ( /0 (1 (5 — W) K (5 — Xs)ds)2 dudm)]

< M(aaﬁmdv IY) (610)

1
lim sup Z]E

t—o00
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Step 3. In this step, we will replace the spatial covariance function by a smooth function
with compact support. Similarly to the truncation for the temporal covariance function, for
0<b< B < o0, we let

Kpp(z) = K(x)o(B~ [a])(1 — o(b[x])),

where K (x) is given in (2.7). Then, 0 < Kp(z) < K(z) and Kp(z) - K(x) when B — oo
and b — 0. Now the left-hand side of (6.10) can be estimated in the similar way as in (6.7),

exp (COC( ) Qlt /R N ( /0 (1 (5 — W) K (1 — Xs)ds>2 dudx)]
< (E exp ((1 +€)CoC (1) /RW (/Ot kna(t™ (s — u))Kpy(z — Xs)ds)Qduda:>] ) "
X (E exp (( )C’OC( )th /Rd+1 (/Ot kot (s — u))Kpy(z — Xs)ds)zdudx>] > 1/q,

where Kpy(z) = K(z) — Kpy(z). Noting that kaq(u) is supported on [—2A4,2A] and is
uniformly bounded (say, by L), we have

_ . )
E |exp (( )COC’( )— d / (/ kaot™ (s —u))Kpy(x — Xs)ds> dudw)]
2 Jparr \ Sy * :
_ 1 2 q b ?
g 2t R4 0 ’
Using that (“+b) < “t—2 + %, we have
2

! / / Kpy(z — X,)ds | dx

t + S R4 Bb
1 t+s 2

< / (/ KBbw— ds) dx+—/ ( KBb(:v—XS)ds) dx

t R4 S Jrd t ’

N 1 s 2

—-/ (/ KB7b(:r—Xs)ds> d:n+—/ (/ KB,b(x—(XHS—Xt))ds) da,

t R4 0 S Jrd 0

where the last equality follows from a change of variable for s and the fact that the Lebesgue
measure on R? is invariant under the translation * — = + X,. Hence, by the independent
and stationary properties of the increments of Lévy processes, we have

E -exp (tfs /Rd (/Hs Kpy(z —Xs)ds)zdx)]
<E exp< /Rd (/ Kpy(z — X d) d:v) exp (g/Rd (/Osffﬂb(:p—Xs)ds)de)].
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Therefore,

lim sup — log E

t—o00

o (2 ([ ot ) )
exp (C’/Rd (/01 Kpy(r — Xs)ds) dx)] )t
exp (C’ /Rd </01 Kpy(x — Xs)ds>2dx)] : (6.11)

By Theorem 2.3 we have by Dalang’s condition (1.3)

o (o) ([t xgar) ar)
=E [exp (9 /01 /01 (X, — Xs)drds)] < 00

for any 6 > 0. Now letting B — oo and b — 0, by the dominated convergence theorem we
see that the term on the right-hand side of (6.11) goes to 0.

Now combining all the inequalities after (6.10), noting that we can choose ¢ arbitrarily
close to 0, and p arbitrarily close to 1, we have that (6.10) can be reduced to

exp (COC( ) 21t /R N ( /0 (15 — ) K — Xs)ds)2 dudx)]

< M(Oéa 507 da 7)

Step 4. Summarizing the arguments in Step 2 and Step 3, we see that to obtain the upper
bound in Theorem 1.1, it suffices to show

exp (2%000(7) /]R » { /0 t kot (s — u))Kpy(z — Xs)ds} 2 duda:)]

< 0ﬁM<aaﬁoad7 7) (612)

In this final step, we will prove the above inequality. Fix positive constants A, a, B,b and
choose arbitrarily M > 2max{A, B}.

/]Rd+1 [/Dt kaa(u—1t"s)Kpy(z - Xs)ds} duds
-y

kEZ »e74d

2
/ {ZZ/ kna(Mj4u—1t" )KBb(Merx—X)ds] dudx
[0,M]d+1

JEZ zc74

<lim sup log (E

t—o00

=logE

E

1
lim sup EE

t—o00

1
lim sup ;E

t—o00

2
{/ kaoMk+u—t"'s)Kpy(Mz+z — Xs)ds] dudz

]d+1

t _ 2
:/ [/ Ear(u—t1s) Ky (o — Xs)ds} dudzx , (6.13)
,m4+1 [ Jo
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where

kM ZkAa M]+U) and KM ZKBb MZ—|—(L’) (614)

JEL 2€74

are M-periodic functions. Note that the summations in (6.14) are well-defined, since the
supports of ks ,(-) and Kpg,(-) are bounded domains. The process

or(u, ) = %/0 Far(u—t718) Ky (@ — Xds, (u,x) € [0, M), (6.15)

can be considered as a process taking values in the Hilbert space L*([0, M]**!) with the
norm denoted by || - ||. Since Ky and Ky are bounded, smooth functions with bounded
derivatives, there is a constant C' > 0, such that

[6e( )l < C and [|@e(- +un, - +x1) = G- + w2, -+ 22)|| < Cf(ur, 21) — (ug, 72)]
for all ¢ and (uy, 1), (uz,9) € [0, M]*!. Let K be the closure of the following set in
L2([0, M]*):
{F € L2(0,M)™) s I < Cand |-+, +21) = f(-+ s, -+ 2)
< C(uy, x1) — (ug, z2)| for (uy,x1), (uz, z2) € [0, M]d+1}.
Then, ¢; defined in (6.15) belongs to K, and it follows from [19, Theorem 1V8.21] that K is
compact in L2([0, M]¢1).

Let 6 > 0 be fixed. For any g € K, noting that the set of bounded and continuous
functions are dense in L*([0, M]%™!), the Hahn-Banach theorem ([30]) implies that there is a
bounded and continuous function f € L([0, M]**!) such that ||g||*> < —||f||*+2(f,g)+6. By
the finite cover theorem for compact sets, one can find finitely many bounded and continuous
functions fi,---, f,, such that [|g|* < 0 + maxi<i<m{—|f;||* + 2(fi,g)} for all ¢ € K. In
particular, we have, noting that ¢, € K,

m
E [eéetnm\?] < 3y e 3OS [P0

=1

Therefore,

2 1 1 1
lim sup — ; logE [e?gt”‘z’tu } < -0 + max {—56’||fi||2 + lim sup n log E [¢?t/i001] } . (6.16)
t—o00

t—o0 27 1<i<m

Notice that, for i =1,...,m,

o= [ t [ /[ o B D= )R - X.)dudsds = [ (5x)as,

where

fi(s,z) = / filu, y)%M(u — S)[N(M(y —x)dudy (s,z) € [0,1] x R?.
[0,M]d+1
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Since K is a periodic function and Ky (z — X,) = Ky (z — XM), we have that

s
ho) = [ 5(5.x0)ds.
0 t
It is easy to check that f; satisfies the condition in Proposition 3.1. Hence,

1 1 3 1
lim —log E [e"/+*] = sup {e / fils,2)g* (s, w)dwds — / Eant(9(s, ->,g<s,~>>ds},
0JT4, 0

t—o00
geAg/{d

where

1
Al = { (s,-) € L*(T%) : llg(s,)llpe, = 1,¥s € [0, 1] and / Eanr(g(s,+),9(s,-))ds < OO}-
0
Notice that

/1 fi(s,2)g*(s, x)dzds
0 JRd
1 -~ ~
[0,M]+1 0 JTe,

2
1 1 1
S—Hfi|]2+§/ / // |u—s|’l+BOKM( 1)g* (s, x)dxds | dudy. (6.17)
o,m)d Jr | Jo J1d,

Since ¢ in (6.16) can be arbitrarily small and M in (6.17) can be arbitrarily large, the desired
inequality (6.12) follows from inequalities (6.13) — (6.17) and Lemma 7.3.

6.2 When p =1 under the condition (1.3)

In this subsection, we consider the Skorohod case, i.e., p = 1, under the condition (1.3), by
applying the methodology used in Section 6.1. However, under condition (1.3), there will
be a technical issue in step 1, since the left-hand side of (6.5) is infinity if condition (1.5)
is violated. To deal with this issue, we will first, do step 2 for n-th moments which reduces
|s| 7% to a smooth function with compact support, and then, we do step 1 to reduce the n-th
moment to first moment.

More precisely, as in Step 1 in Section 6.1, when p = 1, (6.1) is equivalent to

(et 5[ )

M(a, Bo, d,7) (6.18)
Recall that k4 ,(u) is defined in (6.6). Let

1
lim sup —logE

t—o00

Yaa(u) = Cy /R kaa(u—v)kaq(v)do
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and .
Vaa(u) = u] % = a4 (u).
Then, by Holder’s inequality, we have

(o 5.5
s(E exp< Z [ [ enatee=om <X£Xf>drds>])l/p
x (E exp <q((;;°€( //ma L — )y (XﬁXf)drds)])l/q. (6.19)

1<j<k<n
Therefore, using a similar argument which reduces (6.5) to (6.10), one can show that to
prove (6.18), it is suffices to prove

exp< Z //mat Yr—s))y (Xg—Xf)drds>]

S M(Oé,,B(),d, ’Y) ’ (620)

E

1
lim sup n log &

t—o00

provided that, for any A > 0

1 t t N )
lim hmsup log E {exp (A/ / VaatH(r—8)y(XI — Xf)drds)] = 0. (6.21)
f?l—moo t—o0 0o Jo

1+50

Recalling that kaq(u) = [u|~" 2 — kaq(u),

1489

_ 148 _
] 0 — g 0() = co/ TR S

<C (/ k;Aa(u—v)|v| =0 dv+/k:A7a(u—v)l~€A7a(v)dv)
R R
< QC/kAa u—v)|v|” !

< 20( o g )

where 0 < ) < By < By < 1 and the last inequality follows from (6.8). Hence we have

dv — C’o/ kao(u—v)kaq(v)do
R

2 + ( Za

Faalt) = Jul 0 — §aalu) < CBo, B /3>( ot Bt o u) (6.22)

Therefore, (6.21) holds because of (6.22) and the second half of Proposition 2.9, and hence
(6.18) now is reduced to (6.20).
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By a similar argument used in Step 1, in order to show (6.18) that has been reduced to
(6.20), it suffices to prove

lim sup = logEfleXp( //z/;Aa L — )X, — X)drds)]

t—o00

S M(Oé,ﬂo, 77) (623>

The left-hand side now is finite under condition (1.3) since 94, is a bounded function.
Noting that (6.23) is identical to (6.10), we may prove it in the exact same way as in Step
3 and Step 4 in Subsection 6.1.

7 Appendix

First, we will prove the finiteness of M(«, Sy, d,~y) defined in (1.12). Consider a general non-
negative definite (generalized) function vy(z) € S'(R?). By the Bochner-Schwartz Theorem,
there exists a tempered measure p on R such that v is the Fourier transform of p in S’'(R%),
le.

/Rd o(x)y(x)dt = Fo(x)u(dr) for all o € S(RY).

Rd
It follows that for f, g € S(R?),

/Rd /R v —y)f(2)g(y)drdy = / F(©)F(E)p(de). (7.1)

Lemma 7.1 Under the Dalang’s condition (4.4),

ggsd{ /Rd/Rd r—y y)dady — /\5! 9(¢ |d€}

for any 6 > 0, where F, 4 is given in (1.10)

Proof Tt suffices to consider g € F, 4N S(R?), since S(R?) is dense in F, 4 endowed with

the norm
ot = ([, [ e dwdy) + [l ras.

By (7.1) and noting that ||F(¢%)(-)||ec < 1, we have

L, [ 26— use ety = [ 176 Futas)

< (€| SN]>+/H§|>M|( 3P |§|au|(€c|i§)
= Il SNJ>+H@*@(-)ﬂ-%/ﬂ " o
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Since a € (0,2] we see [£]*/2 < [¢€ —n|*/? + |n|*/? for all n € RY. Thus, we have
@I < [ a1~ mial) (" + ¢ = nl°") d
<2 (1g1() * (131C)] - 1)) (©)
By Young’s inequality and Parseval’s identity,
[« (@I -1o) || < 1618 | eriateas = [ leria P

Therefore, for any 6 > 0,

o [ [ 2e =@l tdady - /|5| TGIR

seu<[|5|szv1>+(e /M - ) [ eriaora.

Since p(d€) is tempered and hence locally integrable, p([|€| < NJ) is finite for any 0 < N <
00. On the other hand, the Dalang’s condition (4.4) implies that limy_, f|£|>N "é‘llf) =0.
Therefore, for any # > 0, one can always find N sufficiently large such that

o [ [ e =gt - [ leeiaerds < ouiel < N < .

This concludes the proof. O

Lemma 7.2 Let y(u),u € R be a locally integrable function. Then, under the Dalang’s
condition (4.4),

1 1
sup {e / / / o(r — $)(@ — 9)g(s, )9 (r y)dedydrds
9g€EAL 4 0o Jo JR2d

/ | et |dsds}

Proof  The result will be proven by using a similar argument as that in the proof [10,
Lemma 5.2]. Similar as in Lemma 7.1. Consider g € A, 4N S(R*™), and extend g(s, x)
periodically in s from [0, 1] x R? to [0, 00) x R, still denoted by the same notation g(s,z).

Then, we have
1 1
/ / / Yo(r — $)v0(z — y)g*(r, 2)g* (s, y)dxdydrds
0 0 R2d

1 pr
- 2/ / / Yo(r — 8)y(z — y)g*(r, 2)g*(s, y)dzdydrds
R2d
1—r
/ olr / / (@ = (r+s,2)g°(s, y)dedydsdr
RQd
/ Yo (r |/ / (x —y)g*(r + s,2)g%(s, y)dadydsdr.
RQd
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By (7.1), we can write

[ =06+ s s pdedy = [ (FoPr+5.0) OFF, ) ©ulde)

< ( y |(Fg*(r +s,-)) (§)|2M(d§) (/ (Fo(s ‘ e )1/2

= ([ e+ st s ( / m_y>92<s,x>92(s,y>dmy) .

Noting that ¢ is periodic in time, we see by Holder inequality,

[ [t =t s douds < [ [ 2= g6, 00 6. v)drduds.
R2d RQd

Summarizing the above computations, we obtain

/01 /01 /RM Yo(r = 8)y(x — y)g*(r, x)g* (s, y)dxdydrds

1 1
<2 [ patwldu [ [ 2= p)g(s. 006 s, y)dudyds
0 0 R2

s {e [ oot =90 =)o, 02(r,)dadras
[ |£ra\§<s,£>12d5ds}

<ggu£)d{29/ |70 (u |du/ /de r—y)g%(s, 1) g% (s, y)dwdyds
- [ [ reriats |d£ds}

:/0 ggjljd{%/ |70 (u ]du/ /de x —y)g*(s,x)g°(s, y)dxdy
- [ [ reeiats, |d£}ds

- s {2@ [ rwtwia [ [ =g @ sy

[ |§|a|a<s>|2ds}ds,

where the variation on the right-hand side is finite by Lemma 7.1.

Hence,

The following lemma was used in the proof of upper bound.
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Lemma 7.3 Let Ky be defined by (6.14). Then

2
1 148y ~
limsup sup {—000(7)/ / // lu—s|~ "2 = Ky (y — )% (s, x)drds| dudy
Moo geAM, 2 [0,M]4 T4,

—/0 Eanr(g(s,+), (s, -))ds} < M(a«, Bo, d, 7). (7.2)

Proof By [22, Lemma A.1], there exists a positive constant C, 4, depending on («, d) only,

such that (2n¢ - )
o —cos(27€ -y
|£’ Oad/ |y|d+a dy7

where Cy g = [pa = CT§+Zy) dy for any n € R? with |n| = 27. By Lemma 7.4, we have

_ Cad f(y) — f()?
Eall. f) = T/}Rd /Rd Wdyd% (7.3)

and for any M-periodic function A,

Cad / |h(y) h(.fL')P
5047 h,h) = — ———dydx. 7.4
ul ) 2 [0,M]d JRA ly — x|t (74)

To prove (7.2), for any fixed M-periodic (in space) function g € A}, we shall construct
a function f € A, 4 such that f = g on [0, 1] x [M*/2, M — M'/?] and the difference between
gand fon [0,1] x (R?\ [M'/2 M — M'/?]) is negligible in some suitable sense as M goes to
infinity.

Denote
By o= [0, M]4\ [MY2, M — M*Y?]. (7.5)

By Lemma 3.4 in [18], for fixed s € [0, 1], there is an a(s) € R? such that
/ (s, x4 a(s))dx < 2dM Y2,
En

We assume a = 0, for otherwise we may replace g(s, ) with g(s,a(s) + -) without changing
the value inside {} in (7.2). Therefore, without loss of generality, we assume for all s € [0, 1],

[E G*(s, z)dx < 2dM /2. (7.6)
M

Define 90(:’1:) = (b(xl) e ¢<xd)7 T = (‘Th o 7xd) € Rd? where

aM~1/2, 0<xz< M2

1, MYV?2 <z < M- M2
) =N b MM <o < M

0, otherwise,
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and let
f(s,2) = g(s,x)p(x)//G(s),
with

6(5):= [ ety

Then,
9| < 1,]¢'| < M~Y2 and hence |p| < 1,|Vyp| < d'/2M~1/2,

Noting that
1> G(s) =/ 9 (s,)¢*(y)dy > 1 —/ g*(s,y)dy > 1 —2dM /2,
[O,M} En

we have
0<1—2dM Y2 <by = inf G(s) <1 (7.7)

s€[0,1]

Firstly, we compare the second terms in the variations on both sides of (7.2), i.e., compare
Jyi= [y Ealf(s,7), f(5,))ds with J := [} Eanrlg(s, ), g(s,-))ds. Note that

(s, y)e(y) — g(s, x)e(x)] = [(g(s,y) — g(s,2))e(y) + g(s,2)(p(y) — (z))|?
< (L+o)lg(s,y) — g(s,2) P (y) + (L + 1/e)g* (s, x)|e(y) — e(x) [,

for any € > 0. Therefore,

/ l9(s,y)e(y) — g(s,x)sﬁ(ﬂfﬂ?dydgj

‘y — x‘dJra

9(s,y) — g(s,2)P¢*(y)
<1+@/’ T dyds

(s,x |30 gp(az)P
(1+1 dydzx. 7.8
/€) /d /d i ydx (7.8)

Now we bound the above two integrals separately. For the first integral, it is easy to verify
by (7.3) that

Co, l9(s,y) — g(s, 2)*¢*(y)
2 : /Rd Rd |y — $|d+a dydx < ga7M<g<Sa ')7 9(37 )) (79)

For the second integral, we have first, for any o € (0, 2),

(s, 2)le(y) — p(z)|”
< g°(s,2)le(y) — (@) *(Tpana () + Tio e (y))
= g*(s,2)lp(y) — p(@) 7 lo(y) — o(@)|7 Tjo,ana(x) + o anja(y))
< 2270d7 Mg (s, ) (Lo e (%) + Lo ana () (ly — 2|7 ALy — ),
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Consequently, we have

2
Rd JRA |?J - 95|d+a

(s, 2)(ly — z|” Ay — z]?)

<, d22 4o ol? / e dydx
[0,M]d JRA ’?J i
—_ o /\ —_
+ Ca7d22_gd0/2M_0/2/ / S SL’ |y l’| — ’y 33" )dydflf
[0,M]d ly — |t

— Ca7d22—ada/2M—a/2 /

2 |7 A Jyl?
g (s,x)dx/ ———dy
[0,M]d ra |yl

(s, x4+ y)(|z]7 A |z|?)
||+

+ Cpa2270do2 M2 / dxdy
[0,M]¢ JRd
<CM~/2, (7.10)

for some constant C' depending only on («, d), where in the last second step, the two integrals
are finite for a € (o, 2).

Combining (7.3), (7.4), (7.8), (7.9) and (7.10), and recalling by, given in (7.7), we have
baai = b [ (7 (5. S5,
0
< / G(s)Eal (5.}, (5, )ds

(1+¢) / Eanrt(g(s,-), 9(s,))ds + C(1 4 1/e)M~/?

= (14¢e)J+C(1+1/e)M~2, (7.11)

Secondly, we estimate the first term inside {} in (7.2). Recall that Kp(-) is supported
n [—2B,2B]¢, hence for any fixed y € [0, M]¢, Kp(y — +) is supported on [—-2B, M + 2B]%.
Therefore, for y € [0, M]4,

/[()M]dKM( —x)g (s:cd:c_/[OM] ZKBI) — o4 2M)g¥(s, x)dx

= Kpp(y — 2)g*(s,z)dx = / Kpy(y — 2)g*(s, z)dx (7.12)

Rd [—2B,M+2BJd

where the second equality follows from the M-periodicity of g(s,-).

Denote .
Ey = [-2B, M +2B)*\ [M"? M — M*/?] . (7.13)
Then there exists a constant C' depending only on d such that
/~ (s, x)de < CM~Y? Vs € [0,1]. (7.14)
Enr
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This is because of (7.6), the periodicity of g(s,-) and the fact that there is a partition of
[—2B, M + 2B]¢\ [0, M]¢ such that the number of parts in the partition is finite depending
only on d and each part from this partition can be shifted by zM for some z € Z? to become
a subset of [0, M]?\ [2B, M — 2B]* C [0, M]*\ [VVM, M — /M]* when M > 4B2.

Notice that
3(s,x) = G(s)f*(s,x), Ve [MY* M— M/ =[-2B,M+2B]*\ Ey,

where E); is defined by (7.13). We can bound the integral in (7.2) as follows, noting (7.12),

1 1+8g ~ 2
1 ::/ / [// |lu —s|” 2 KM(y—x)gQ(s,x)dxds} dudy
o,m4 Jr LJo Jjo,m)d
AN
a [0,M]4 [~2B,M+2B]d
<(l+e / / {/ / lu—s
0,M]4 2B, M+2B]4\ By
Y ATY/
[0,M]4 By
<(1+¢) maXGs/ /[/ lu—s
s€(0,1 [OM
2
_ 146 2
+(1+ 1/6)/ / [// lu—s|"72 Kpp(y — x)g (s,ac)da:ds} dudy
o,M]d JR LJo JEy,

<(14¢) (CoCY) I+ (1 +1/e) Iy, (7.15)

2
oy — x)g%s,a:)da:ds] dudy

oy —2)g% (s, x)dxds} dudy

sy — )% (s, x)dmds} dudy

sy — ) f2(s, x)dxds} dudy

where

b= 2(y.o)dzdydrd
' / / /Rded ‘7“—3‘50 (S’x)f (Tvy) rayaras

e L

2
oy —2)g*(s,x)drds| dudy.
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We consider . Note that the function Kpg(-) is uniformly bounded, say, by D. Then we
have

1 1
. / / / lr — s| P drdsdy - Kpply — x1)g%(s, 21)dx;
o,m)4 Jo Jo B

- Kpp(y — 22)g>(r, 22)das
En

1,1
SC’O_I / / / lr — s|_B0desdy Kpy(y — xl)g2(s, x1)dxy DgQ(r, x9)dxy
0,M]4 Ep En
1 1
<CCyiM~Y? KB,b(y)dy/ / |r—s|_5"drds/ g*(s,z1)dx,
R4 o Jo Eum

1
<CCy'M™V2 | Kpy(y)dy(1l — BD)_l/ [51_50 +(1- 3)1_60] / G*(s,x1)dx,ds
0 B

Rd M
1
oG M [ Kudn(1 =0 2= [ [ s m)dnds
<2CC;'M~Y? / Kpy(y)dy(1 — o) 12 — Bo) "1 (2dM /%)
Rd
:O(KB,b(')ad7 BD)M_la (716)

where the third step and the last second step follow from (7.14).

Finally, combing (7.11), (7.15) and (7.16), we can bound the quantity inside { } in (7.2)
as follows (recall that J and J; are defined by (7.11) and by, is given in (7.7))

1 1+e¢ B by Li1je

Z I—J< I 1+1/e\M~ Y — Jy

2000(7) J < L+ O(1+1/e) 1+6J1+C -1
by | (14¢)? 2

: dxdydrd

_1+8{ 2bum / / /]R;clx[[gd ‘T—S‘BO (S,l‘)f (Tvy) rayaras

1+1/6 /2

—/O Ealf(s,-), f(s, ))d}+C(1+1/5)M +C0———
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Therefore,

sup {3000(7)1 - J}

geAg/{d

b (1+¢)? , ,
: dxdydrd
1+€f2“4°‘d{ 2by / / /Rded |T—s|ﬂ0 f7(s,2) f*(r,y)dwdydrds

1+1/€ —0/2

—/Olga(f(s,-),f(s, -))ds }+C(1+1/5)M + (00—

b <1+€) / / / 2 )
B dedydrd
l+e < Y ) fijgd{ Rd xR |7’— S|,80 <S’x)f (Tv y) rayaras

_/lga(f(sa')af(s, ))d }—I—C(lﬂ—l/e)M _|_Cl++1£€ 0/27

where the last step follows from (1.13). Noting that limy; ., by = 1, we have, by choosing
¢ arbitrarily small,

1
lim sup < =CoC(y)I —J < sup / / /
M—o00 ge A, {2 fE€Aqd R xR T - S|BO

P25, 2) f2(r, ) dudydrds — / Ealf(s,), (s, ->>ds}.

0

Hence (7.2) is proved, provided a € (0,2). Note that o € (0,2) is arbitrary, therefore (7.2)
holds for a € (0, 2).

The proof is concluded, noting that for the case a = 2, (7.2) can be proved in a similar
way as in [12, Lemma A.3]. O

Lemma 7.4 Let f € L*(RY) and h € L*(T4,). Then,

Z/Rd <1 — cos(27m¢ - y)) |f 2d¢ = / |f(x +y) — f(x)|]*dz, (7.17)
and
2 Z (1 — cos(27k - y)) (h(k)|? = / |h(z + My) — h(x)|*dx. (7.18)
M 0.1¢

Proof  We will prove (7.18) only, and (7.17) can be proved in the same spirit. Noting that
1 — cos(2mk - y) = 2sin®(7k - y), we have

3 (1 cos(2mk ) )RR = 17 S [2sin(k - y)R(K)P

kezd kezd

_L inky _ _—itky\ 7 2 _/
=7 Z ‘(e e ) h(k)| = -

kezd
43

h(x + T) — h(z — T) dr.




The last equality holds because of the Parseval’s identity

3 S BWE = [ Jgla) e

kecza [OvM]d

and the fact that for any a € R? and any M-periodic function g,

gm)(k) _ / 6—27rik-y/Mg(y + a)dy _ / e—?ﬂik~(y+a)/Mg(y + a)dy 627rik~a/M
[0,M]¢ [0,M]

= /[ ’ 6—27rilc~y/Mg(y)dy 627rik-a/M _ /g\(k)e%riku/M’
0,M

—2mik-y/M

where the third equality holds because e g(y) is an M-periodic function in y.
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