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Abstract

We study a class of backward doubly stochastic differential equations (BDSDEs) in-
volving martingales with spatial parameters, and show that they provide probabilistic
interpretations (Feynman-Kac formulae) for certain semilinear stochastic partial differ-
ential equations (SPDEs) with space-time noise. As an application of the Feynman-Kac
formulae, random periodic solutions and stationary solutions to certain SPDEs are ob-
tained.
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1 Introduction

The existence and uniqueness of solutions to general backward stochastic differential equa-
tions (BSDEs) was obtained by Pardoux and Peng in their pioneering work [18|, and they
found in [19] that solutions to BSDEs provide probabilistic interpretations for solutions to
semilinear parabolic PDEs, which is an extension of the classical Feynman-Kac formula.
Furthermore, Pardoux and Peng [20] introduced and studied the so-called backward dou-
bly stochastic differential equations (BDSDEs), the solutions to which serve as nonlinear
Feynman-Kac formulae for associated semilinear SPDEs driven by white noise in time. Along
this line, this article concerns probabilistic interpretations (nonlinear Feynman-Kac formu-
lae) for solutions to a class of semilinear SPDEs driven by space-time noise.

Let (€2, F, P) be a probability space satisfying the usual conditions. Let W = (W;, ¢t > 0)
be standard d-dimensional Brownian motion and (B(¢,x),t > 0) be a one-dimensional local

martingale with spatial parameter x € R? which is independent of W. Consider the following
BDSDE,

T
Yt#L" — ¢ Xt:ib + f r )(15,175/'15,357 Zt,x dr
s T r r r

1



T - T
+/ g(T,Xﬁ’x,Yj’x,Zﬁ’z)B(dT,Xﬁ’x)—/ ZHdwW,, s et T], (1.1)

where X5 is the unique strong solution to
X1 = b( X )ds + o( X)W, se[t,T], X" =zecR% (1.2)

Here ¢ : R - R; f,g: [0, 7] x RT x R x R% b : R — RY and o : RY — R¥? are measurable
functions. Denote by £ the infinitesimal generator of X, i.e.

d 62 d P
i (2) 5 mula) + D i) (),
- 7 i 7

i=1

(Zw@) =5

t,j=1

with a;;(z) = Zzzl oir(x)ojk ().

There are three major goals in this article. Firstly, under suitable conditions, we obtain
an existence and uniqueness theorem for BDSDE (1.1). Secondly, we establish the connection
between BDSDE (1.1) and the following semilinear SPDE,

“dult,x) = | Lult,x) + F(t.x,ult, ), Valt, x)a<x>>}dt
vyt zult, o), Vult, 2)o(2) B(dt,z),  (tz) € [0,T] xR%,  (1.3)
u(T,z) = ¢(z),

%
where Vu = (0p,u,...,0,,u) and [ B(dt,z) is a backward It6 integral. Thirdly, as an
application of this connection, we construct periodic and stationary solutions for SPDEs via
infinite horizon BDSDEs.

We would like to give a brief review for the background and some remarks on the con-
nection between our work and some related literature. After the introduction of BDSDESs
driven by two independent Brownian motions in [20], BDSDEs and probabilistic interpre-
tations (nonlinear Feynman-Kac formulae) for SPDEs have been extensively investigated in
several directions, and we list a few of them which is far from complete.

For SPDEs driven by temporal white noise, Bally and Matoussi gave probabilistic inter-
pretations for solutions in Sobolev spaces (weak solutions) in [3]; Buckdahn and Ma intro-
duced viscosity solutions and established Feynman-Kac formulae in [4, 5|. SPDEs driven
by temporal colored noise and the associated BDSDEs driven by Brownian motion and
fractional Brownian motion were studied by Jing and Leén in |11, 12].

Feynman-Kac formulae for linear SPDEs with space-time noise were obtained in |8, 9, 10,
22|. On the other hand, the related results for nonlinear SPDEs with space-time noise seem
to be very limited, and we only find one paper [15] which is due to Matoussi and Scheutzow.
In [15], the authors dealt with a general type of SPDEs with nonlinear space-time noise which
includes equation (1.3). However, the conditions imposed in [15] for the associated BDSDEs
are rather restrictive in our situation. In the present article, we obtain the existence and
uniqueness of the solution to BSDE (1.1) under relatively general conditions (see Theorem
3.2 and Remark 3.3 for its relationship with the result in [15]). In comparison with BDSDEs

2



driven by (fractional) Brownian motions in |20, 3, 5, 12|, technically it is more difficult to
establish an existence and uniqueness theorem under general conditions for BDSDE (1.1)
due to the spatial dependence of B(t,x). The key step is to combine the It6’s formula with
contraction mapping theorem in a proper way to obtain the existence and uniqueness of the
solution in a suitable Banach space (i.e. M?# given in (3.7), see the proof of Theorem 3.2).

A remarkable application of the nonlinear Feynman-Kac formula is the construction of
random periodic and stationary solutions to SPDEs via the associated BDSDEs. Unlike the
deterministic situation, in which elliptic PDEs give the steady status of parabolic PDEs when
time tends to infinity, “elliptic SPDESs” do not exist, and we need to use other equations to
take the role of “elliptic SPDEs”. It turns out that the solutions to associated infinite horizon
BDSDEs can be used to represent the periodic/stationary solutions to SPDEs.! In Section 6,
we aim to find the random periodic solution to the following infinite horizon SPDE without
terminal value which has a form on the interval [0, 7] for arbitrary 7" > 0:

u(t,z) = u(T,x)—i—/t [Lu(s, ) + f(s,z,u(s, z), (67 Vu)(s, z))]ds

T
—/ o(s,2,u(s,2), (67 Vo)(s, 2)) B(ds, z). (1.4)
t
For a given 7 > 0, if a solution u to SPDE (1.4) satisfies
O.ou(t,") =u(t+r,-) forallt >0, as., (1.5)

where 6 is the shift operator defined in Section 6, we call © a random periodic solution.

Periodicity is a common phenomenon in our world which is exhibited in, for instance,
change of seasons, long-duration oscillation of ocean temperature, and migration pattern of
birds. Many efforts have been made by mathematicians, physicists, oceanographers, biol-
ogists, etc., to depict and study periodicity in systems perturbed by noises. Considering
the significance of periodic solution in deterministic dynamical system, the importance of
(random) periodic solution in random dynamical system is obvious. However, unlike in
deterministic dynamical systems, the perturbations caused by the noises in random dynam-
ical systems break the strict periodicity, which had brought difficulty to give a rigorous
mathematical definition of periodicity for a long time. Observing that the random periodic
solution is a stationary solution (stochastic fixed solution) of fixed discrete times with an
equal interval as the period, Zhao and Zheng [25] put forward the concept of random periodic
solution for C'-cocycles, and later Feng, Zhao and Zhou proposed random periodic solution
for semi-flows in [6].

Nevertheless, random periodic solutions can be obtained in few cases for SPDEs due to
the partial differential operator and the noises. To our best knowledge, the only known
result was obtained by Feng, Wu and Zhao in 7] based on the definition of random periodic
solution for semi-flows. In [7] , the authors identified random periodic solutions to SPDEs

!Note that Peng [21] first discovered that the solutions to semilinear elliptic PDEs can be represented by
the solutions to infinite horizon BSDEs, and Zhang and Zhao [24] obtained random stationary solutions to
SPDESs driven by cylindrical Brownian motion via BDSDEs.



driven by temporal white noise with solutions to infinite horizon random integral equations.
In this article, random periodic solutions to SPDEs driven by local martingales with spatial
parameters are constructed by the associated BDSDEs. We would like to point out that our
result is not an immediate extension of |7] or [24], since the noise in SPDE (1.3) also depends
on the space variable x, which makes the analysis more challenging.

This article is organized as follows. In Section 2, we recall some preliminaries on It6-
Kunita’s stochastic integral and provide some lemmas which shall be used later. The ex-
istence and uniqueness of the solution to BDSDE (1.1) is studied in Section 3, and the
p-moments of the solution is estimated in Section 4. In Section 5, with the help of the finite
p-moments of the solution, we obtain the regularity of the solution to the BDSDE and then
establish the connection between BDSDE (1.1) and SPDE (1.3). Finally, in Section 6 we
construct the periodic and stationary solution to the SPDE via the infinite horizon BDSDE.

Throughout the paper, C'is a generic constant which may vary in different places.

2 Some preliminaries

In this section we provide preliminaries on the integrals against local martingales with spatial
parameters and some useful lemmas. For more details on the It6-Kunita’s integral, we refer
to [14].

Denote
Ft:ftw\/ﬂ%, gt:]-“f"vﬂ?, (2-1)

where P, = o{B(r,z) — B(s,x),s < r < t,z € R}, F = F, and F}| and F}V are
defined in a similar way. Note that G, is a filtration, while F; is not. The joint quadratic
variation of (B(s,r),t > 0,z € RY) is

t
(B) Bl = [ als.w0)ds. (22)
0
Throughout the paper, we assume the following condition on ¢(s, z,y).

(H) The function ¢(s, z,y) given in (2.2) satisfies

sup [q(s, 2, y)| < K(1+ ||+ [y[?),
0<s<T

for some 0 < Kk < 2 and 0 < K < o0.

Let (f;,0 <t <T) be a predictable process with respect to the backward filtration ff:r
satisfying

/T q(s, fs, fs)ds < oo a.s. (2.3)
0



Then the stochastic integral fOTg(ds,fs) is well-defined (see e.g. [14, Chapter 3|). In
particular, if the paths of f; are a.s. continuous, then assuming (H), condition (2.3) is
satisfied, and the integral can be approximated by Riemann sums (|14, 16])

n—1

/t %(ds,fs) = lim Z [B<tk+17ftk+1) - B(tk7ftk+l)j|’

|A]|—=0
k=0

where A = {t =ty < --- <t, =T} and |A| = supgcpep, 1 [thr1 — x|

Let (X5* ¢ < s <T) be the solution to equation (1.2). Note that X** is independent of

B and it is a.s. continuous. Thus fST %(dr, XE) for t < s < T is well defined under (H),
and its quadratic variation is given by ([14, Theorem 3.2.4])

</T B (dr, Xﬁ,x)>87T _ /ST o(r, X5 X (2.4)

In the sequel, we shall use the following generalized 1t6’s formula, which is an extension
of [20, Lemma 1.3].

Lemma 2.1 Suppose that f,g and h are F;-measurable processes such that

T T T
/ | fs|ds —I—/ g2q(s, X, X,)ds +/ hZds < oo, a.s.,
0 0 0

where X, = X%%. Let Sy be F;-measurable and of the form

t t t
St:50+/ fsds+/ gsdg(ds,Xs)Jr/ hedW,, 0 <t <T,
0 0

0

and then we have

t t t
S? = Sg+2/ SstS—/ |gs]2q(s,Xs,Xs)ds+/ |h|?ds
0 0 0

t t t
_ sg+2/ szsds+2/ Ssgsdﬁ(ds,xs)m/ S.hudW,
0 0

0

t t
—/ Igs|2q(s7Xs,Xs)ds+/ |hs|?ds . (2.5)
0 0

More generally, for any function ¢ € C*(R), we have the following Ité’s formula,

t

t . 1 t , 1
p(S) = w50+ [ (S0as.— 5 [ (Slalals, X Xds+ 5 [ (Slhfds
0 0 0

t t t
= gp(So)—ir/ go’(SS)fsds—i—/ @’(Ss)gsdg(ds,Xs)+/ ©'(Sg)hsdW,
0 0 0

t
©"(Ss)|hs|?ds . (2.6)
0

1

t
—5/ @"(95)|9s)%a(s, X5, Xs)ds +
0

N | —
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Proof. The Itd’s formula (2.6) can be proven by the standard methods of approximation
and localization (see e.g. [13, Theorem 3.3]). Here we provide a sketch of proof for (2.5),
and (2.6) can be proven in a similar spirit.

Fixing ¢t > 0 and a partition A = {0 = t¢, 1, ...,t, =t} of [0,t], we have

n—1

PS5 = |st., - si]

=0

n—1 n—1
=9 Z Sti [Sti+1 — Stl] + Z [StiJrl — Sti:|2
1=0 =0
n—l tit1 tit1 n—l
=28, ( fods + / hde8> +2 Z Siir /
o t; t ; ¢

7

n—1 tiv1
—2) (Si,, —Su) / gsd§ ds, X +Z Sty — S (2.7)
i=0 ti

tit1

gsdg(ds, Xs)

When the mesh size |A| goes to zero,

n—1 tit1 tit1 n—1 tit1 —
> S, ( fuds + / hdes) + D S / 9sd B (ds, X
i=0 ti ti i=0

1

converges to fg SsdSs, and the rest terms on the right-hand side of (2.7)

—_

n—

n—1 tiv1 % )
=2 (Sipy — ) /t 9sd B (ds, Xs) + Y [Siiry — Si]

=0 i i

tit1 tiv1 n—1
(St.r, — Si) ( / hadW, — / 4,d B (ds, XS)) 3 p
=0

ti ti

tit1 tit1 tit1 tit1 -
(/ hedW, +/ gsdﬁ(ds,xs)) (/ hedW, —/ gsdﬁ(ds,Xs)> +3 0
t; t; ti t; =0

,_.
Il
o

n—

~
I
o

i
L

I
™

=0

n—1 tiv1 2 n—1 tiv1 2 n—1
- (/ hdes) -y (/ 9. B (ds, XS)) +) 4

i=0 ti i=0 ti i=0

converges to

t t
/ hgds — / g?q(s, Xs, Xs)ds,
0 0

since Y 1, ,0z converges to zero based on the fact that the covariation between a martingale
and an absolutely continuous process is zero. [ ]

Similarly, we also have the following product rule.

Lemma 2.2 Let )y be a continuous Fi-measurable process with bounded variation and Sy
be given in Lemma 2.1. Then the following product rule holds

d(S¢Q:) = S dQ; + QudS;.
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The following result of exponential integrability will be used in the proof the existence and
uniqueness of the solutions to (1.1) in Section 3.

Lemma 2.3 Ifb and o are bounded measurable functions, we have
T
E/ exp (pq(t, Xy, Xy)) dt < oo, for all p > 0.
0

In particular,

T T
Eexp (p/ q(t, Xt,Xt)dt) < 0o and E/ q(t, Xy, Xy)Pdt < oo, for all p > 0.
0 0

Proof. Note that X; =2+ f(f b(Xs)ds + fg o(Xs)dWs. Since b is bounded and |¢(t, z,y)| <
K(1+ |z|* + |y|*) with x € (0,2) for all ¢ € [0,T] by condition (H), it suffices to show that

T
E/ exp (p
0

which can be reduced to show that

t K
/ o(Xs)dWy ) dt < oo, for all p > 0,
0

E l Sup exp (p /0 (X)W, ) dt} < . (2.8)

0<t<T

Denoting N; = fg o(Xs)dWs, by the exponential inequality for martingales (see, e.g. [17,
Formula (A.5)]), we have for any = > 0,

.TQ
Pl sup |[Ny|>x | <2exp|—= |,
(OStET’ 12 )_ p( 2D0>

where Dy = T||o||% < oo. Let N = SUPg<;<7) | Vi|. The left-hand side of (2.8) is estimated
E [ sup exp (p

as follows,
t K K
/ o(X,)dW, )dt} —E [eP|N\ ]
0<t<T 0

o 2 _2
:/P(]N|”2y)eydy§1+/ 2 exp b +y | dy,
R p 0 2Dy

where the integral on the right-hand side is finite for all p > 0 since x < 2. The proof is
concluded. [ ]




3 Existence and uniqueness of solutions to BDSDEs

This section concerns the existence and uniqueness theorem for the following BDSDE

T T T
Y, =¢ —|—/ f(s,Ys, Zs)ds +/ g(s,Y;,Zs)g(ds,Xs) —/ ZdWs, t €10,7],  (3.1)
¢ ¢ ¢
where (X, = X%% 0 < s < T) is the unique solution to (1.2). Denote, for p > 1,

SP([0, T;R) = {h : Q0 x [0,T] = R; continuous, h(t) is F-measurable, and E[ sup |h(t)["] < oo} ,
0<t<T
T
MP(0, TER) = {2 x [0.7] = BY (1) is Frrmeasurable and E / et < o0}
0

T
Q*([0,T);R) = {g : QA x [0,T] = R; g(t) is F;-measurable and ]E/ lg(t) [P |q(t, Xi, Xy)[Pdt < oo} :
0

where F; is given in (2.1).

We will follow the standard procedure in [20]. First, as a preparation, we prove the
following existence and uniqueness result when f and g are independent of Y and Z.

Proposition 3.1 Let f € M*([0,T];R),g € Q*([0,T];R) and £ € L*(Fr). Then the equa-
tion

T T T
Y;=¢ -I—/ f(s)ds —I—/ g(s)d%(ds,Xs) —/ ZdWs, t €0,T], (3.2)
has a unique solution (Y, Z) € S*([0,T];R) x M?([0,T]; R%).

Proof.  First we discuss the uniqueness. Suppose (Y?, gl),z = 1,2, are two solutions in
M2([0, T];R) x M?([0,T];R%). Denote Y =Y! —Y? and Z = Z* — Z2. Then

T
)_/t + / stWs = 07
t
and hence T
E(V2) +IE/ \Z,[2ds = 0
t

because V; € F, = FV Vv Ff and EV (Y, ftT ZdW,) = 0, where EW means the expectation
taken in the probability space generated by W. This immediately implies the uniqueness.
Now, we consider the existence. Denote d%(ds, X;) by dM; and let

gt:| ’

N,—E [g+/0Tf(s>ds + /OTg(s)dMs




which is a martingale with respect to the filtration G; = F}¥ vV FE. Then by the martingale
representation theorem, there exists a square integrable process Z; € G; such that

t
N, = N, + / Z,dW.. (3.3)
0

Letting t = T we have Ny = Ny + fOT Z,dW,. On the other hand, from the definition of N,
we have

Np =&+ /OT f(s)ds + /OTg(s)dMs.

Thus, we have

t T
N, = Ny —l—/ ZsdWg = Np — / ZdW
0 t

_ §+/0Tf(s)ds+/0Tg(s)dMs—/tTZSdWS.

Namely, we have

E [§+/0Tf(s)ds+/0Tg(s)dMs gt] :£+/0Tf(s)ds+/0Tg(s)dMs—/tTstWS. (3.4)

Let

vi=[e+ [ s+ [ g

gt:| . (3.5)
Then by (3.4),
T T T
Y}Zf—i—/ f(s)ds—l—/ g(s)dMs—/ ZsdW.
t t t
Thus (Y}, Z;) given by (3.3) and (3.5) satisfies (3.2).

Now we show (Y}, Z;) € Fy = FV' v }"fT. Note that Y; € F; because £ + ftT f(s)ds +
ftT g(s)dM, € F' vV F and its expectation conditional on G; = F/V vV Ff is measurable
with respect to .EW\/]-"ET. Similarly, we have ftT ZdWs = f—i—ftT f(s)ds+ftT g(s)dMs—Y; is
F1'V Fl measurable since the right-hand side is. By the martingale representation theory,
Zs is F)' V F. measurable for s € [t,T], and hence Z, is F;-measurable.

Finally, we show the square integrability of Y and Z. By equations (2.4) and (3.5), Holder
inequality and Burkholder-Davis-Gundy inequality, there exists a constant C' depending only
on T such that

(s i) <c (=) + & [ P+ [ fonuts . x0)

0<t<T

<00.

Hence Y € S?([0,T];R). On the other hand, noting
T T T
| zaw.=vixer [ gt [ g,
0 0 0
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by Burkholder-Davis-Gundy inequality, we have Z € M?([0, T; R?). u

Now we are ready to prove the main result Theorem 3.2 in this section. Assume the
following conditions.

(A1) Let the functions b and o be bounded and satisfy the global Lipschitz condition:
[b(z) = b(y)| + lo () = o(y)] < K|z —yl,

where we use | - | to denote both the Euclidean norm for a vector in R? and the
Hilbert-Schmidt norm for a matrix in R4,

(B1) Let f and g be two given functions such that f(-,0,0) € M?([0,T];R), g(-,0,0) €
Q*([0,T];R), and

1fty,21) — fFt oy, ) < K(ly — vl + |21 — 22)?);
lg(t, vy, 21) — g(t, yo, 22)|2 < Kly — y2|2 + oy(w)|zr — 22|2 )

where oy (w)q(t, Xy, X;) < a a.s. for some constant o € (0, 1).

Theorem 3.2 Let the conditions (H), (A1) and (B1) be satisfied. Assume & € LP(Fr) for
some p > 2, the BDSDE (5.1) has a unique solution (Y,Z) € M*P for some 3 > 0, where
the space M>P is defined in (3.7). Furthermore, Y € S*([0,T];R).

Remark 3.3 In [15], the authors considered the following BDSDE

T T T
YS:§+/ f(r,YT,ZT)err/ M(dr,g(r,Yr,ZT))—/ Z.dW.. (3.6)

Consider their case when k = 1 and | = d+1. Ifwe let M (t,z,y) = yB(t,z) forxr € R y € R
and g(r, Y, Z,) = (X, 9(r,Y,, Z,)), then equation (3.6) is reduced to BDSDE (3.1). Now

the joint quadratic variation of M is given by

t

<M(7 xz, y)a M(7 zla y/»t = <yB(a ZL‘), y,B('a x/)>t = yy,/ Q(S7 z, .’L’l)dS,
0
and thus the characteristic of the family of the local martingales {M (-, z,y), (z,y) € R}
is a(s, (z,y), (', y) = yy'q(s,z,2"). In [15], to obtain the existence and uniqueness of the
solution to BDSDE (3.6), the authors imposed the following condition (inequality (3) on page
5) on the characteristic a when k =1

la(s, z,2) —a(s,z,2") —a(s, 2, 2) +a(s, 2, 2)| < |z — 2%,

where z = (x,y) and 2’ = (2/,y'). This condition implies that — sup  q(s,z,x) <1 if we
0<s<T, z€Rd
letx =2/, and that  sup  y?|q(s,z,x)—2q(s,x,2')+q(s,2’,2')| < |z —=x
0<s<T,yeR
which further implies that q(s,z,y) = C(s) for some deterministic function C(s) € [0, 1].

12 if we lety = o/,
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Proof. Define

T T
M?P = {(y,z) : (F¢)-adapted and ]E/ {s exp (ﬂ/ (jrdr) lys|*ds
0 s

+ IE/T exp (ﬁ /T (der) |z’ ds < oo} (3.7)
0 s

with 5 > 0 to be determined later and ¢. = q(r, X;,, X,,) V 1.

For any (y,z) € M*# C M?([0,T);R) x M?([0,T];R%), by condition (B1) and Proposi-
tion 3.1, there exists a unique pair (Y, Z) € S([0, T];R) x M?([0,T]; R?) so that

T T T
Vg [ fonzdst [ gl - [ Zaw, (3.9
t t t
. <~
where we take the notation dM, = d B (s, X;).

Step 1. In this step, we shall show the mapping defined by (3.8) maps M?” to itself,
ie. (Y,Z) € M*P forall B> 0.

Denote fs := f(s,ys,2s) and gs := g($,ys, 25). Applying Lemma 2.1 and Lemma 2.2 to
Y2 exp <ﬁ fot q~§n)ds> where ¢ = g, A n, we have

t
Y2 exp (B / ~§")d8>
0
T T s T s
€ exp (5 / q~§”>ds) - [ B e (6 / q£">dr> vids— [ e (ﬁ / aﬁ“’dr) Z,ds
0 t 0 t 0
T s T ]
w2 ew (B / c’iﬁ”)dr) Vifds+ [ ew (ﬂ / @E’”dr) (s, X, X,)ds
t 0 t 0
T s T s
—2/ exp (6/ (]ﬁ”)dr) YSZSdWS—I—Q/ exp (6/ cjﬁ")dr) Y,gsd M. (3.9)
t 0 t 0

The expectations of these two stochastic integrals on the right-hand side of the above
equation are equal to zero. Here we only show that

T s
E / exp (5 / q§">dr) Y,gsdM, = 0, (3.10)
t 0

and the other one can be proven in a similar way. In fact, by Burkholder-Davis-Gundy

inequality,
T s
E sup / exp (B / dﬁ”)dr) Y,gsdM,
0<t<T J¢ 0

T 3
<CE (/ Y;zthQ(t,Xt,Xt)dt)

0

11



2

0<t<T

T
SCE ( sup |Y;5|2/ (92(t7070) +yt2 + at(w)|zt|2>Q(t’Xt7Xt)dt>
0

T
< (B(sup [ +E [ (020.0.0)+ 47 + o)l Plate, X Xt )
0

0<t<T

<00,

where the last inequality follows from the facts Y € S2([0, T];R), (y,z) € M>?, condition
(B1), Lemma 2.3 and Hélder inequality. This implies (3.10).

Now taking expectation in the equation (3.9), we have

t T S T S
E (Yt2 exp (6/ cjgn)ds>) —I—E/ 5q~sn) exp (5/ (]ﬁ”)dr) des—FE/ exp (5/ (j?(,”)dr> | Z,|*ds
0 t 0 t 0
T T s
—F (g2 exp (5 / g§">ds)> +2FE / exp (5 / g§”>dr) Y, f.ds
0 t 0
T s
E X ~<">d> 24(s, X4, X,)d
+ /tep(ﬁ/oqr ) gsq(s )ds
T T
E (§2exp (5/ q§">ds)> +2¢EE/ exp (ﬁ/ " ) Yol (1£(5,0,0)] + |ys| + |2]) ds
0 t 0

T S
+ 2K / exp (ﬁ / dﬁ")dr) (9°(5,0,0) + K (42 + as(w)|z:[*)) a(s, Xs, X.)ds
t 0

T s
<K (52exp (5 [ ))w_ E / i xp (6 [ d)<5Y2 (!f(s,O,O)\er!ys!2+!zs|2)) ds
T s
—l—KE/ exp (B/ cjff”dr) (9°(5,0,0) + y2 + as(w)]z]*)q(s, X, X,)ds,
t 0

where in the last step we used the fact 2ab < 5a2+%b2 for any 0 > 0. Choose § > 0 sufficiently
small such that 8 > v/K§, and then we have

s T s
—VK§E (n) ( ~<">d)Y2d E < ~<">d) 7.2
(5 )/OQSQXPﬁ/OQTT53+/06XP/B/OC]T7‘||5
T T
E<§2exp(/a / cﬁ“)d)) VK / exp( / czﬁmdr) (15,0, 0)P + lysf? + [2aP)ds
0

T S
+2E/ exp (5/ dﬁ")dr) (9%(5,0,0) + K(y2 + as(w)]2s]%)) a(s, Xs, X;)ds
0 0

E<§2exp (/a / qsds))+—1a / exp( / qwdr) (1F(5. 0,007 + gs]? + |[2)ds

= "o (5[ ) (060,00 + K2 + )l s, X Xds. @1

Here E (52 exp (ﬁ fOT cjsds>> < 00 because of Lemma 2.3 and the condition £ € L” for some

p > 2. The last two integrals in (3.11) are both finite because of Lemma 2.3, conditions
(B1) and the fact (y, z) € M?5.

12



Now let n go to infinity. Then denoting by C'(d) the sum of the terms on the right-hand
side of (3.11), by the Monotone Convergence Theorem we have

T T T T
—VEKOE [ Goex ( ;d)YQd E [ ex ( }d)Zszd < (8 .
(6 )/Oqep ﬁ/tqr Ss—l—/oep B/tqr||s (0) < o0

Therefore (Y, Z) € M?*?, and the mechanism (3.8) defines a mapping ¥ from M?2# to itself:
(Y, Z) = ¥(y, 2).

Step 2. In this step, we shall prove that ¥ is a contraction mapping on M?? for
sufficiently large f3.

Let (Y*, Z%) = U(y', 2°) for i = 1,2, f, = f(s,y}, 2}) — f(s,9%, 22), and g, = g(s, 9y}, 2}) —

g(s,92,2%). Then
T T T
Ytl—Yf_/ fsds+/ gdes—/ Z,dW,.
¢ ¢ ¢

We shall use a generic notation h = h' — h?, where h can be Y, Z,y and z. Applying Lemma
2.1 and Lemma 2.2 to Y2 exp (ﬂ f; Ejg")ds), we have

t
oo (s [ 00)
T s 3 T s B
- [ (5 [Caar) vas— [ (5 [ aar) 2P
t 0 t 0
T s o T s
2 [ e (6 / q£">dr) Vifds+ [ ew (ﬁ / qzﬁ")dr) (s, X, X,)ds
t 0 t 0
T s o T s B
—2/ exp (ﬁ/ qvf,”)dr) YSZSdWS—i-2/ exp (5/ Qﬁ”)dr) Y,g.dM,.
t 0 t 0

As in Step 1, we can show that these two stochastic integrals on the right-hand side of

the above equation are integrable and hence the expectations of them are zero. Taking
expectation and letting n go to infinity, we have

E (Yf exp (B /Ot cjsds)) + E/tT Bq, exp (6 /05 Q},dr) YZids + ]E/tT exp <6 /Os @}dr) | Z,|?ds
—9F </T exp (6 /S qrdr> Y, fsds + /tT exp <6 /OS cjrdr> 72q(s, X, Xs)ds>

B[ [ e (5 [ ) (VRIS + 2+ K18+ o)l Pals, X X)) ]

IA

2 _

<E [ exp ( q;dr) (E|Y;|2 + aK|gs|* + aK|Z)? + K|ys|*q(s, X,, X,) +a|zs|2) ds]

s B T s
E/ s €Xp (B/ cjrdr> ]Y;\st—l—(Ka—l—K)E/ s €xXp (5/ chdr) \gjs\zds

¢ 0
T s
+(Ka+a)E/ exp (B/ q}dr> |z, |%ds,
¢ 0

13
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where in the second inequality we used the fact 22y < 122+ ay? for any a > 0. This implies

2 t T B t T 3
(5 — —> ]E/ s €Xp (ﬁ/ @dr) Y2ds + ]E/ exp (ﬁ/ q}dr) VARE:
a 0 s 0 s

¢ T ¢ T
<K(a+ 1)E/ qs exp <B/ q}dr) |s’ds + (Ka + a)E/ exp (B/ cj,dr) |Z,|2ds.
0 s 0 s

Since 0 < a < 1, we may choose a > 0 so that Ka+a < 1. Choose 3 such that B—% = I;(;Ii;)
Let p = % = Ka+ a < 1, and then we have
1Y, 2)13.5 < pll(7, )36
where
T T T T
- _ Ka+« _
1y, 2)1I3 5 :E/O qs exp (5/8 Qrdr> lys[*ds + mE/O exp (5/8 qrdT’) | 2| *ds.
Therefore W is a contraction mapping in the space M?# endorsed with the norm || - ||2,5.

Step 3. Finally, the fact that Y € S?([0,T];R) can be proven in the same way as in
Proposition 3.1. [

4 Moments of the solution

In this section, we show that under suitable conditions, the solution to (3.1) has finite p-
moments for p > 2, which will be used in Section 5 to obtain the regularity of the solution.

Basic calculations yield the following lemma on ¢,(x), where ¢, (x) is an approximation
of |z|*” at quadratic growth as |z| tends to infinity. The lemma will be used in the proof of
Theorem 4.2.

Lemma 4.1 Fizp > 1. For x € R, define
() = (Jz| An)? + pn~ (|2 = n)*.
Then ¢, (x) is a convex function with
(@) = plol" ™ g + o0 parsn), @) = p(p — 1|2 Ijzi<a,

where Y7 (x) is defined as the Randon-Nikodym derivative dy) (x)/dx.
Let ¢n(z) = pn(2?). Then we have

|65(2) - 2] < 2pdn(z), |dp(x) 27 < 2p(2p — 1)¢n(2).

14



Furthermore, we also have the estimations

16 (2)] < (20)? (6u())? (¢1(x))?
|6, (2)| 57T < (2p) 571 6 (2),
|60 ()71 < (2p) 7T (),

and for any v € (0,1),
o (@) |2[27 < oy () 707,

where C, is a constant depending only on (p, 7).

Theorem 4.2 [In addition to the conditions (H), (A1) and (B1l) we assume

(i) lg(t,y, 2)]* < C(g*(£,0,0) + [yI*) + ar(w)l2l*, v € (0,1), cu(w)q(t, Xo, Xy) < v as. for

some constant o < 1;

(ii) for somep > 1,¢ € L**(Q, Fr,P), f(-,0,0) € M?([0, T];R) and g(-,0,0) € Q*([0,T]; R).

T P
E ( sup |Y;|* + (/ |Zt|2dt> ) < 00. (4.1)
0<t<T 0

Proof.  Let ¢,(z) be the one defined in Lemma 4.1. Note that ¢,(z) is convex and
d¢! (x) = ¢!!(x)dx. Applying Lemma 2.1 to ¢,(Y;), we have

Then

/ &' (Y. |Z|2ds—11+/ & ( SYS,Z)E(ds,XS)—ZSdWS], (4.2)
where

T 1 T
Limonl€)+ [ 016 YaZods =5 [ 0066 Vi 25, X, X,)ds

T
<\st+0/ 64V (1 (5.0,0)] + |Ya| + |Z])ds

1 T
+0/ P (Y. (5,0,0) + |Y:[*)q (s,XS,XS)ds+§a/ (Y| Z|ds.
t
Therefore,
1 T
41 / A AARE
<|s|2p+c/ 1L (Y1 (5,0,0)] + Y] + | Zo])ds

1 T
+C/ (Y. (5,0,0) + |Y:[*)q (s,Xs,XS)ds+§a/ ¢ (Y,)| Z,|ds
t

15



n /tT ¢ (V) [g(s, Y., Z,) B(ds, X,) — stWS] . (4.3)

Since ¢/,(x) is at linear growth when |x| goes to infinity, by the conditions on g and the
facts (Y, Z) € M*PY € 52([0,T];R), we can prove

/ & ( s,xg,Z)B(ds,Xs)—stWS ~=0

in the same spirit of proof for equation (3.10). Therefore, by taking expectation of (4.3) we
have

B(gn(¥D) + SE / Lz s
<E|§\2P+CE/ (Y11 (5. 0.0)] + Ya| + |Z])ds

+CIE/ ¢! (Y)(g%(5,0,0) + |Y|*)q(s, X, X,)ds + a/ B! (Ys)| Zs|*ds
<E[¢[* + CE / (|¢n< YOI [£(5.0,0)] + 6a(Y2) + (6n(Y2)* (¢1,(Y.))* |Z4])) ds

t

T p—1 1 1 T
+CE [ (0007 425,0.0) + (0,000)' F07) s, X Xds + 5o [ 010012,

(4.4)

where the last inequality follows from Lemma 4.1. By Young’s inequality, we have

2p=1 2p—1 1 %
[6n(Yo)] 2 [£(s,0,0)] < |¢n(32)\+%|f(8,0,0)! > (4.5)
1
(6a(Y2))? (64(Y))? | Z4| < ¢n( 5) +agn (V)| Zy|,  for any a > 0, (4.6)
and
(6a(Y)7 ¢(5.0,0)(s, X, X,) + (@n(¥;))' 75077 <s X, X,) @)
—1 1 1—
< P 0u (V) + a5, 0.0) g, X X7+ P00, (1) 4 (s, X, X T

Choosing sufficiently small a, we may find constants # < 1 and C' < oo independent of n,
such that after substituting (4.5)-(4.7) into (4.4), by Lemma 2.3 and conditions for f(-,0,0)
and ¢(-,0,0), we have

E(pn(¥7)) + E/ AT

T
<C+C [ E(u(¥)ds + 30 / §1(Y,)|Z4[ds.
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All the terms in the above equation are finite, since ¢,(z) is at quadratic growth when
|z| — oo and ¢!(x) is bounded. Then it follows from the Gronwall’s Lemma that, for all
n e NT,

sup E(6a(¥;)) < O,

0<t<T
and hence

T
sup E (¢n(Y;)) +E / ¢1(Y2)| Z[2ds < C,

0<t<T

for some constant C' independent of n. Letting n go to infinity and noting that the derivatives
oD (z) 7 (|2]*)D for i = 0,1,2, we have

T
sup E(|Y|*) —HE/ [Y|?P72| Z|?dt < oo. (4.8)
0

0<t<T

Therefore, by (4.2) and the Burkholder-Davis-Gundy inequality, we have

2

E ( sup %(Yt)) <C+CE (/()T(czﬁil(Ys))2 (9°(s, Y5, Zs)a(s, X, Xs) + | Z,]?) ds)

0<t<T

<C+CE

0<t<T

T
sup (¢n(Y;))? ( /0 Y3172 (2(5, Ys, Zs)a(s, X, Xs) + | Z47) ds)

1
2

|

1 T
<C+-E ( sup %(Yt)) +CE / Yo% (62 (s, Vs, Zs)a(s, Xs, Xs) + | Zs|?) ds
0

2

0<t<T
1
<a+lp ( up asn(m) ,
2 \o<i<T
where A < oo is a constant independent of n, noting that
T
E/ |Y6"2p72 (92(5,}/37 Zs)q(s, Xs, Xs) + |Zs‘2) ds
0
T
SE/ YL[*72 ([Clg(5,0,0)% + Vi) + | Zo[*] a(s, Xo, Xs) + 1 Z,[?) ds
0
T T T
<CE / VaPP262(5,0,0)q(s, Xo, X,)ds + CF / Y, ds 4 9 / 1Y, [2-2| 2, ds
0 0 0

is finite by Holder’s inequality, (4.8) and the condition that g(-,0,0) € Q% ([0, T]; R).

Thus we have, letting n — oo,

E ( sup ]Yt|2p) < 0. (4.9)

0<t<T

Let (Y™ Z(®), cxn, where (Y@ Z(©) = (0,0), be a sequence of processes generated by
the mapping (3.8). Then (Y™, Z(™) converges to the solution of (3.1) in the space M?>”?
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by Theorem 3.2. Denote (Y=Y Z("=1) by (y,z) and (Y™, Z™) by (Y, Z). Applying Itd’s
formula to Y7, we have

T T T
/ | Z[?ds <|¢]* + 2 / Yo f(8,ys, 25)ds + / 9*(8, s, 25)q(s, X5, Xs)ds
0 0 0

T
+ 2/ Y, [g(s,ys,zs)g(ds,Xs) — ZSdWS} )
0

For any § > 0, using condition (i) and the fact that we can find C'(J) for any 6 > 0 such
that (b+ a1 + -+ +a,)? < (14 0)b? + C(0)(a} + -+ - + a?), we have

(/OT |Zs|2ds)p < (1+9) (a /OT |zs|2ds>p +C(5)

N (/O (4(5,0,0) + |y8|2“/)q(s,Xs,Xs)d8)p+ </OT|3§||f(S,ys,zs)|ds) +

p

T
L+ le> + / Yog(s,yer 25) B (ds, X,)
0

1

Taking expectation on both sides and noting that sup sup ]E|Y;(n)|2p < 00, by (4.9),
n 0<t<T

Lemma 2.3 and conditions (i), (ii), we can find some constants C’(d) and C”(d) such that

([ e

<(1+ ) (a /OT \zs\QdS)p +C(9)

T
/ Y, ZdW
0

T P
1+E( / |Ys|<f<s,o,o>+rysr+|zs\>ds)

T £ T £
+E (/ |Y;,|2(1 + |ys|27 + aSIZSIQ)q(S,XS,XS)dS> +E (/ ]Ys\2|Zs|2d8) ]
0 0

T p
1+ E </ yYstSms)
0
T 5 T 5
+E (/ |Ys]2|zs|2ds) +E (/ ]YS|2]ZS|2ds) :
0 0
By Young’s inequality, for any a > 0,
T p T £ T £
E (/ |Y;||zs|ds) +E (/ |Y5|2|Zs|2d5) +E (/ |Y;|2|Zs|2d5)
0 0 0
1 T p T p T p
<- []E (/ |YS|2ds) +2TE sup \YS|2p] + 2aE (/ \zs\2ds) + aE (/ |Zs]2ds>
a 0 0<s<T 0 0
T P T P
<C(a) + 24E (/ |z5|2ds) +aF (/ |ZS|2ds> |
0 0
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Therefore,

(1 - aC"(5))E (/OT |ZS|2ds>p < [(1+ 8)a? + 2aC" (8)]E (/OT |zs|2ds)p + A(,q).

One can choose § and a small enough such that (1 + §)a? 4+ 3aC”(§) < 1. Denote p =
(1£0)a?420C70) and A'(6,a) = 299 Then 0 < p < 1 and A'(6,a) < oo, and we have

1—aC" (6) 1—aC"(6) "
T P T p
E (/ |Z§")|2ds) < pE (/ |Zs(”_1)|2ds> + A'(6,a).

0 0

This yields
T P T P
E (lim / ]ZS(”)|2ds) < liminf E (/ |Z§”)|2ds> < 00. (4.10)

The inequality (4.1) now follows from (4.9) and (4.10). |

5 BDSDEs and semilinear SPDEs

In this section, under proper conditions, we will obtain the regularity of the solution to the
BDSDE, and then establish the relationship between the SPDE

T
ult, z) = ole)+ / (Luls,z) + f(s,,u(s, 2), Vu(t, 2)o(z))] ds
' T
+ / o(s,0.u(s, 2), Vu(t,)o () B(ds,2), t€0.7),  (5.1)
t
and the BDSDE
T
Y —p(X57) + / Flr, X5, Y%, 75%)dr
TS T
N / o X yte 70y (g, Xty / 29 AW, selt,T].  (5.2)

Assume the following condition for f and g.
(B2) Let f,g:[0,00) x R x R x RY — R be two given functions satisfying for ¢ € [0, T
[f(tz, g0, 20) = f(t oy, ) < Ky — ol + |20 — 2);
l9(t, 2,51, 21) = gt 7,92, 22)* < Klyy — 1of* + (@)1 — 2/,

where oy (z)q(t, z,z) < « for some constant a € (0, 1).

Theorem 5.1 Assume (H), (A1), (B2) and that ¢ is of class C?. Let {u(t,z);0 <
t < T,z € R be a random field such that u(t,z) is Fp-measurable for each (t,x), u €

C%2([0, T)xR% R) a.s., and u(t, x) satisfies (5.1). Thenu(t,x) = Y;"", where (Y5%, Z8%) ey
is the unique solution to (5.2).
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Proof. = We shall borrow the idea from the proof for [20, Theorem 3.1]. To prove the
result, it suffices to show that (u(s, X1®), o(z)T Vu(s, X1*);t < s < T) solves BDSDE (5.2).
Letting t =tg <ty <ty <---<t, =T, by Itd’s formula and equation (5.1), we have

—_

n—

[ults, X5°) = ultisn, X;5,))

=0
n—1

=Sl XUt XL, Z B XUE) = ulti, X0
1=0
n—1 tig1 tigr1

= — gu(ti,Xﬁ’w)ds—/ o(x)"Vu(t;, X2 dW,
=0 ti ti

1+1

+ / s, XU5) 4 f(s, X5 ufs, X2, o(2)T V(s XL ))] ds

i

tir1 —
+ / q(s, XfH, u(s, XZH) (X,fM)Tvu(s X/ ")) B (ds, XfM) .
t;

tit1

Let the mesh size go to zero and the result is concluded. ]

To get the converse of the above theorem, we need more path regularity of (Y, Z2), for
which we impose the following conditions.

(A2) b € C}RERY), 0 € CP(RY R, ie. b and o are bounded functions of class C?

whose partial derivatives are also bounded.
(B3) Besides condition (B2), we also assume

(i) For any s € [0,77], f(s,-,-,-) and g(s,,-,-) are of class C?, and all their partial
derivatives are bounded on [0,7] x R? x R x R%.

(ii) g is uniformly bounded, |g.(t, ,y, 2)|*q(t,z,2) < a < 1,and |g,(¢, =, y, 2)|?q(t, 2, x) <
C < o0, for (t,z,y,2) € [0,T] x R x R x R%

(ili) ¢ € C3(R%R), ie. ¢ is of class C* whose partial derivatives are of polynomial
growth.

Under the condition (A2), it is known (see e.g. [23]) that the random field {X%%;0 <
s < T,r € R?} has a version of class C? in x, and of class C! in (s, x). Moreover, for fixed

(¢, ),
sup (|X07[ + [VXI + [VEX)) € () L7(Q)

t<s<T p>1

First we establish the relationship between Y and Z. Denote by D = (D', D? ... D%
the Malliavin derivative operator with respect to the Brownian motion W = (W', W2 ... Wd).
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Proposition 5.2 Assume (H), (A2) and (B3). Then Z'* = DY " a.s., and furthermore
the random process {Z4* t < s < T} has a continuous version given by

Zy" = VYT (VX") o(X7),
and in particular,
20" = VY o),
where VXL* := (—a(X?I)"

9z; >1§i,j§d
to the initial value x of Xb*, and (VYI*,VZ") is the unique solution to BDSDE (5.5).

S 7
Moreover, forp > 1,

is the matriz of first order derivatives of Xb* with respect

E ( sup |Z§’$|p> < o00. (5.3)

0<s<t

Remark 5.3 In this proposition, (VY}* NV Z5%) is just a notation for the solution to BDSDE
(5.5). After the regularity of Y is obtained in Theorem 5.4, one shall see that (VY V Z5*)
also means the matriz of the first order derivatives of (Y1, Z1®).

Proof. The proof is similar to the combination of the proofs of Proposition 2.2, Lemma 2.5
and Lemma 2.6 in [19]. Here we provide a sketch of the proof for the reader’s convenience.

For a general function ¢(x) = (¢(x), -+, dg(x))T : R — R? we denote

¢ (x) = (agiw )>1g,jgd'

By the chain rule for vector-valued functions, VX5* is the unique solution to the following
linear SDE,

S d S
VX =]+ / V(X)X dr + / oL (XP)VXE AW, s € [t,T),
k=11

t

where oy, is the k-th column of the matrix . On the other hand, the Malliavin derivative
Dy X5* satisfies the following linear SDE, for s € [t, T],

S d S
Do X5 = o( X)) + / V(X" Do X dr + ) / oL (XEPYDy X2 dWE, 0 e [t 5.
(% k=1 0

By the uniqueness of the solutions to linear SDEs, we have
DpXb" = VXM (VX)) o(XpY), t<0<s<T. (5.4)

Let (VY}* VZ5*) be the unique solution to the linear BDSDE, for s € [t, T7,

T
VY =X 4 [ X Y 2O

s
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A KE Y LY L XY 2V
T
b [ ontr X 2 2RI gy XY 2O
’ T
+ g.(r, XP¥ Y Zﬁ’x)VZﬁ’w] B(dr, X"*) — / VZHE AW, (5.5)

On the other hand, as in the proof of Proposition 2.2 in [19], one can show that under
the conditions (H), (A2) and (B3), X% Y5 and Z.* are in DY2, and (DyY!*, Dy Z4%)
solves uniquely the linear BDSDE (5.5) as well, i.e. fort <0 <s<T,

T
DQYSW :gb'(X%m)Dngfp’z + / {f;t(r, Xﬁ’m, Y;t’z, Zﬁ’gC)Dngjz
+ [y (r, XP0 Y 20T DY T+ fu(r, X7, Y, Zf«’x)Dto’l} o
T
+ / {gw (Tu Xi’x’ Y;t’xv Zﬁyx)DGX?x + gy(ra Xﬁ’xv Kt7$7 va’x)D9Y;t7x
’ T
+ 9. (Ta Xﬁ’xv Kntw? Zﬁ’z)DGZ;E’x] B(dr7 Xﬁ,z) - / DGZﬁ’der.

By (5.4) and the uniqueness of the solution to linear BDSDESs, we have
DpYE" = VYR (VX" ) o(X™), t <0< s<T.
Letting s decrease to 6, we have

75" = lim DgYH* = VY, " (VX,") to(X)7).

s—0+

The continuity of Z%* follows from the continuities of VY!* VX1* and X5*. Finally, we
may obtain L? estimates for supy. <, |VYJ"| as we have done for sup,, |YJ*| in Theorem
4.2, and thus (5.3) is deduced. |

Theorem 5.4 Assume (H), (A2) and (B3), and additionally assume that for some v > 0
and K > 0,
lq(t,z,2) —q(t,z,y)| < K|z —y|", forallt€]0,T].

Then the random field {Y}*;0 <s <t <T,x € Rd} has a version whose trajectories belong
to C9%2([0,T)% x RY).

Proof. The proof follows from the approach used in the proof of Theorem 2.1 in [20], from
which we also borrow some notations.

First we show that for fixed (¢,7) € [0, T] x R%, {Y*%: s € [t,T|} has a continuous version.
Fort <s; <sy <T andp > 1,

EP) 2p
E (/ fr, X0 Y Zﬁ’r)dr>

22
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B(Y% - Yie) <0




52 2p s2 2p
+IE< / g(r,Xﬁ@,Y:@,ij)ﬁ(dr,xﬁ@)) +E< / Zﬁ’xdWr> ]
S1 S1
59 2p
([ @ vz ar )
s1

82 p 592 p
+(E / g(r,Xi’x,Kf’””,Zﬁ’x)zq(r,Xﬁ’”iXﬁ””)dr) +(E / rz,%’xﬁdr) ]
S1

S1

<C

<Cls1 — sof",
where the last inequality follows from the boundedness of f and g, the integrability of

q(r, XH*, X5%) by Lemma 2.3, and the integrability of Z by Proposition 5.2. Then the
continuity follows from the Kolmogorov’s continuity theorem.

For t1,t3 € [s,T], denoting X! = X% YV = Yloi 71 = Zli% =1 2 we have
1
V2= v! = [ 00X+ MG - X)ax (G - X
T 1
[ R X A = XY 2D - XDadds
s 0
T 1
[ [ XY =YD, 207 - Y
s 0

F(r X2 Y2, 24 N2~ ZINZ2 — ZY)dAdr

gy (r, X2 YL+ A(Y2 = Y1), Z(Y? = Y1dA B (dr, X?)

T T

1
/
T 1 —
+ / / go(r, X1+ A(X2 = X1, Y, 2 (X2 — XNd B(dr, X?)
s 0
1
/

T 1
s 0
T
T / o(r. X2 Y2 2B (dr, X2) - B (dr, x1)]
ST
+/ Z2 — ZHdW,. (5.6)

We adopt the following notations:
qi;i(r) = q(r, X!, X7), 4,7 = 1,2,
A, ;= summation of the inner integrals of the 2nd, 3rd and 4th terms on the right-hand side of (5.6)

and

B, := summation of the inner integrals of the 5th, 6th and 7th terms on the right-hand side of (5.6).
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For p > 1, applying It0’s formula to |Y? — Y'|?’ and taking expectation, we have

T
BY2 - Y2[) 4 p2p— DE [ [¥7 - V)22 - 2} Par

Zq

T
Fan=1) [ VI (Bhana(r) + 020 XLV 2D 00) + thalr) ~ 21200

1 2p T
/"¢u%+xx%—xﬁmxx%—xw +ag/1w%4¢W*AMr
0 s

+ QBTg(Tv X1}7 Y;la Zg)[QQ,Z(T> - Q1,2<T)]) d?“} (57)

Y2 - Y 4 alY,2 -V *72|Z2 — Z}? for a > 0, the second term on the right-hand-side
can be bounded by

By the boundedness of the derivatives of f and the fact that |Y? — V}*~1Z2 — Z!| <

T
C [ (V2= Y Y2 = VX X Y2 - VP22 - 2l ar
’ T T
<Cla) [ (V2= Y2Pr o X2 Xy dra [ oYz ZPdr (59

for some a € (0,1).

By (ii) in condition (B3) and the fact that g, is bounded, we have
Big22(r) < Cgea(r)|X; = Xp P + V7 = Y/[P] + /|27 — 2,

for some o € (a,1). Furthermore, noting that |g;, j, (1) — ¢i,,(r)] < C|X? — X}|7 for
(11, 71) # (i2,j2) and the fact that g and its first derivatives are bounded, we may bound the
third term on the right-hand side of (5.7) by, for some o € (¢/, 1),

T
p(2p —1) / V2 - Y2 [C(l + go2(r)) | X7 — X, P+ C|1X7 — X}
+COIX2 - XN+ C)YE-Y P+ "2~ Z,ﬂ dr
T
sc/DW—WW+awmmﬂﬁ—xW+aw%wa¢ﬁ—xwﬂm
’ T
—meUM/!W—wWﬂﬁ—EWr (5.9)

Noting that g 2(r) has finite p-moments for any positive p, combining (5.7), (5.8) and (5.9)
and choosing a sufficiently small, we may find § € (0,1) and C' > 0 such that for some

P > p,

m@—ﬁﬁwmm—mﬁWﬁ—Wﬁﬂﬁ—ﬂwr
0
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1/2
<C <E[sup |th’q+ sup ’Xﬂq}) (E|X%—X%’4p)l/2
0<t<T

0<t<T

T , /' T
w [ (BOx2 = XP)" 4 BOXE - X2 4 X2 = X+ [ E(W—i@l\%)dr],

where ¢ is determined by the polynomial growth of ¢'(z) and p. By Gronwall’s inequality
and the following estimate, for m > 0,

E( sup X2 = X;|™) < Cou(1+ |o|™ + Jwo|™) (|22 — 21| + [t — ta]™72),
0<s<T

we deduce that for |z1| V |z2| < R, t1,t3 € [s,T], there exists a constant C,, g1 such that
E(|Y? = Y/ [*) < Cpra(|z2 — 217 + [ta — t27/?),  for any p > 1. (5.10)

Therefore by Kolmogorov’s continuity theorem, for any fixed s € [0,T), the process {Y!* ¢ €
[s,T],x € R%} has a continuous version. Actually, using a similar argument as in the proof
of Theorem 4.2, we may get for any p > 1,

T p
B sup V2 - V) B |([ 122 - 22Pas) | < Clloa =l e - 0. 500
0<s<T 0

Now we show the existence of a continuous version of the first derivative of Y** in z. Let
{e1,-+ ,eq} be an orthonormal basis of R? and h # 0 be a constant. Define

~ 1
Azy;t,x — E(Yz,m—l—hei _ Y;t,ac))
and similarly define A} X% and A} Z4®. Setting vy = x, 29 = x + he; and t; = to, by (5.11),
we have

T P
E( sup |ALY ) +E [(/ |AZZ§’“|2ds) < 00. (5.12)
0

0<s<T

Finally, we consider A} Y5% — Al Y5 |2|V|2'| < R, which satisfies an equation analogous
to (5.6). With the help of (5.11), (5.12), the condition (B3) and the following two estimations

T T -
£ { / f(r)B(dr, Xpethen) — / F(r)B(dr, X1¥'h )]
S . s p
<CE |:/ f2(r) (q(n Xﬁ,m+hei7 Xﬁ,z—&-hei) + q(r, Xﬁ,m +h e X;f,ac +h ei) . 2(](7”, Xﬁ’m+h6i7 Xf,’m h ez')) dr}

r v 171"
SCE |:/ f2(T) ‘X£7x+hei o X;}x +h'e; dT’:|

for an (F;)-adapted function f and

E( sup [ALXT — AL X |™) < O+ Jaf™ + |o'[™)(Je — 2| + |[h = B[™),

0<s<T
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we may get the following estimate in much the same spirit as to get estimate (5.10):
(ALY = ALY PP) < C(lh = WP + o — 2/7),

where C'is a constant depending on p, R, T', the bounds for g and the derivatives of f and g.
This implies that the derivative of Y** as well as a continuous version of it exists. Moreover,
similarly as in the proof of Theorem 4.2, we also have the following

T p
B sup (8- 8y P ([ Iz - ALz Pas) | < CQn-n ),
0

0<s<T

which implies that the derivative of Z%* with respect to z exists and it is continuous in the
mean-square sense. Finally, the existence of a continuous second derivative of Y** can be
proven in a similar way:. ]

The following result provides a nonlinear Feynman-Kac formula for SPDE (5.1).

Theorem 5.5 Assume the same conditions as in Theorem 5.4. Then {u(t,x) = Y"";0 <
t < T,z € R} is the unique classical solution to SPDE (5.1).

Proof. Uniqueness follows from Theorem 5.1, and we show that u(t, z) = Y;*" is a solution

t,x
to (5.1). Noting that u(t + h, Xffh) = iﬁﬁhh’X”h = Ytﬁl, applying Itd’s formula and using

(5.2), we have that for h > 0,

u(t + h,x) —u(t,z) =u(t + h, X{") — u(t + h, X;5) +ult + h, X[5) — u(t,z)
t+h t+h
= Lu(t + h, XP")ds — / Vu(t + h, X0%)o (X5 dW,
¢

t
t+h t+h
- / f(SvX?I»Ystw’Z?I)dS - / 9(37X§7I’Y:7x7Z;’x)§<d87X;’x)
t t
t+h
+ / ZdW. (5.13)
t

Let 7, be a partition 0 =ty < t; < --- <t, =t. By (5.13), we have

nolo et
o) —ultir) == 3 [ LLulti X2 + (5, X1, VI 22 s
i=0 /i

n—1 tiv1
S [ gt v 2 B s, X
i=0 Vi

tit1

n—1
+Y [ 12 - vutn, Xt (X,
=0 g

If we let mesh sizes of the partitions 7, go to zero, by Theorem 5.4 and Proposition 5.2, we
have

u(t, z) =¢(x) +/t [(Lu(s,x) + f(s,z,u(s,z), Vu(s,x)o(x))]ds
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r =
+ [ glsmuls o), Vuls,a)o() Bds, o)
t
and the proof concludes. [
Remark 5.6 Consider the linear BDSDE

T T T
VI = ¢(X5") +/ (hy + 0, Y,5%)dr +/ B,V B (dr, Xt7) — / ZytdWw,, t<s<T,

s

where h, = h(r, X1*), a, = a(r, X1*) and 5, = B(r, X*). The solution is given by

T T
v = o(XpIT + / Th,dr / Tz dw,,

s S

where

T T 1 T
I = exp (/ a.dr + ﬂTE(dT, Xhry — 5/ B2q(r, Xﬁ’ﬂXi"”)dT) :

For the corresponding SPDE, noting that Ytt’x 18 E?T-measumble, we have

T
u(t,z) =Y =R [gb(X;f)rtT + / I h,dr
t

ffT} :
When h, = a, =0, 8. =1 and X»* = x4+ W, — W,, the Feynman-Kac formula is given by

u(t,x) =Ew

T
o(x + Wr — Wy) exp (/ %(dr,x + W, —Wy)

1

T
_5\/ Q(T7x+Wr_Wt7$+Wr—Wt)dT)],
t

and it coincides with the Feynman-Kac formula provided in [9, Theorem 3.1].

6 Random periodic solutions to semilinear SPDESs

In this section, we will construct random periodic solutions to semilinear SPDEs via the
corresponding infinite horizon BDSDEs. For this purpose, we first consider the solvability
of the BDSDE on [0, 7] with 7" increasing to infinity,

VI =Y [ XU Y, 20 dr
— [T g(r, X0, v, 200) B (dr, XY — [T Z0wdW,, s € [t T, (6.1)

: —K'Tytaw _
A YT =0,
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for some positive constant K’ < oo. This equation is equivalent to the following infinite
horizon BDSDE

—K’sy;t,a: _ / e—K’rf( th Yta: Ztcc d’f‘+/ K'e Krytmdr (62)

S

- [ ey v 2 Ban X - [ ek zimaw,

To study the equation on [0, 00), we introduce the weighted spaces, for p > 2 and ¢ > 0,
SP74[0,00);R) = {(;5 : Q% [0,00) — R, continuous, ¢(t) is F;-measurable, and
E[ sup e_qt|¢(t)|p} < oo};
0<t<oo

MP~9([0,00); RY) = {qb Q% [0,00) — RY ¢(t) is Fj-measurable and IE/ e Mo(t)Pdt < oo} .
0

Assume the following conditions

(H)’ The function ¢(s,z,y) is uniformly bounded, i.e. there exists M < oo such that

sup  |g(s,7,y)| < M, as.
SER+7 (:E7y)€]R2d

(B2)’ Let f,g:[0,00)xRIxRxR? — R be two functions such that f(-,0,0,0),g(-,0,0,0) €
M>~K'(]0,00); R) and

|f(t 1, 21) — ft 22,52, 22))* < K(|lon — 2o 4 |y1 — 1] + |21 — 22f);

lg(t, 21,91, 21) — g(t, 22, Y2, Z2)|2 < K(|op — 1’2’2 + |y — 3/2’2) + ay(x)|21 — Z2|2>

where oy (2)q(t, z,z) < a for some constant a € (0, 1).

(M) There exists a positive constant p such that 2u — K’ — 2= — KM > 0 and

(y1 — ?/2)(]0(7575157?41, z) — f(tﬂ%ymz)) < —plyr — ?/2|2

with a and K taken from condition (B2)” and M from condition (H)’.

We will need the following estimation for X (see e.g. [13]) in the proof the Theorem 6.2.

Lemma 6.1 Assume (A1), forp>1 and K' > 0, we have
E [/ eK/’"\X,f’z|2pdr] < e Kz + CE [/ e KT (16(0)|% + |0 (0)P)dr| < oo,
t t
where C' 1s a constant only depending on given parameters.
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The following theorem guarantees the existence and uniqueness of the solution to the
infinite horizon BDSDE under suitable conditions.

Theorem 6.2 Assume (H)’, (A1), (B2)’ and (M). BDSDE (6.1) has a unique solution
(Y, Z) € S K N M>K([0,00); R) x M>~5'([0, 00); RY).

Proof. First we show the uniqueness of the solution.

Let (Y5, Zt%) and (Y, Zb%) be two solutions to BDSDE (6.1). Denote, for s > t,

>

tx _ vtz tx., tax _ Atz t.x.
87 — 87 _}/;7, ZS7 _ZS7 _st7

Flsia) = f(s, X0" Y5 20) = f(s, X07, V", Z0%);
gls,x) = g(s, XL" V1", Z07) = gls, X0, V0", Z0).

Applying 1t6’s formula to e*K/“”|1_/5’t""E|2 on [s,T], we obtain

! e~ 2 T o |~ 2 T / =

G_K 5|Y'St,a:| . K// G_K T|Y;t,a:| dr +/ G_K 7‘|Z:,m|2dr

T
= e_K/T|Y7€@|2 + 2/ e_K/T}_/?"t7$ (f(T’, X;E’w? }/rtwv Z:w) - f(?", X?m? Y;W’ Z:’x))dT
T o ’ A

w2 [T (X0 Y 20 = £ X0 Y 20 i
T : T =

+ / e g(r, x)[Pq(r, Xp7, X77)dr — 2 / Ty g (r, x)d B (dr, X;7)
s . . ) s

_2/ €_K TY;t’xZ;E’xdWT
/s — 2 T 1ot K T ’ —

S efK T|sz:,x‘ . 2,11,/ efK r|}/Tt,x‘2d7, i / eiK r|Y;t,:Jc’2dT
s l—a—-—¢/,
T o T o

+(1-—a-— 5)/ e KT Z5T 2 dr + K/ e KTV P q(r, XET, X5 Y dr
T, 8 _ 8 T —

+/ e K "o (W) 257 Pq(r, X5T X5 dr — 2/ e K "YEG(r, 2)d B (dr, X27)
s . - _ s

_2/ efK ry;t,mzﬁ,xdwr’

where ¢ > 0 is a sufficiently small number, and the last step follows from the conditions

(B2)’, (M) and Young’s inequality.

Taking expectation (in this proof, we shall omit the standard localization procedure for
the conciseness), we have

K

E—K’s’}_/;t,x‘? + (Q,U _ K —
l-—a—c¢

T T
— KM) / e_Kl’"D_/rt’x\er + 5/ e_KIT]Z,f’ﬂQdT
< E KTV (6.3)
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Taking K” > K’ such that 2u — K" — —&— — KM as well, we can see that (6.3) remains

l—a—e¢

true with K’ replaced by K”. In particular,
E—K“s|ﬁt,x|2 < E—K”Tﬁfjg,x 2,
and hence
E-R 1] < oK RO TR T g (6.0
Since Y4, Y% € §2~K' N M>~5'([0, 00); R),

supEe X T[VE* < Esupe XT(2VE[" + 22| < oo
T>0 T>0

Therefore, letting 1" go to infinity in (6.4), we have
]Eefl(”s’}_/;t,m‘2 =0,

which yields the uniqueness.

Now we deduce the existence of the solution. For each n € N, we define a sequence of
BDSDE:s (5.2) with ¢ = 0 and 7' = n and denote it by BDSDE (5.2,,). It is easy to verify that
for each n, the BDSDE satisfies the conditions in Theorem 3.2. Therefore, for each n, the
unique solution (Y*m, Zt@m) of BDSDE (5.2,,) belongs to S?([t, n]; R) x M?([t, n]; RY) which
is identical with the space S>~K([t, n]; R) x M>~K([t,n];R?). Let (Yo", ZL#n) = (0,0) for
s € (n,00). Then (Yienr zben) e S2-KNM2K([t,0);R) x M> K([t,00); R?). In the
following, we will prove that (Y!*", ZL*™) is a Cauchy sequence.

Let (Y =m zbzm) and (YE®", Z4*™) be the solutions to BDSDE (5.2,,,) and BDSDE
(5.2,), respectively, and assume m > n. Denote, for s € [t, 00),

vtexmmn __ t,x,m t.x,n ~7t.x,mn __ t,.x,m t.x,n
-)/;77 b _‘}/577 _.}/;77 Zs77 b _ZS77 _ZS77 .

)

We will estimate (Y% Zb=mm) for s € [n,m] and s € [t, n], respectively.

(I). When n < s < m, (Yhomn Ztemn) = (yhem ztezm) Note that (YIom™ Z60m) is
the solution to BDSDE (5.2,,), i.e. for s € [t,m],

<
[ = (o XY 2l X Y1 B X 2
yom = 0.

An application of Ité’s formula to e 5X7|Y5*™|2 on [s,m] leads to
m m

6—K’s|yst,m,m|2 . K// G_K,T|Y7‘t’x’m|2d7" ‘I’/ 6_K1T|Z£’m’m|2dT

m S S
= 2/ eiK/TY;ﬂt’me(r? X?wv Y;t,m,m, Zﬁ’x’m)dr (65)

3 m

b [ R g X Y 2 Pl X, X
S
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_2/ G—K'TYTt,x,mg(T’ Xﬁ,xy )/Tt,w,m’ Zﬁ,a},m)d%(dr’ X;,x> _ 2/ e—K’ry;t,w,mzi,:c,deT'
Taking expectation and using the conditions (B2)’ and (M), we have
E |:6—K’8|Y8t,x,m|2 i K// 6—K’r|y;t,x,m|2dr +/ G_K/T|Z:’I’m|2d’l":|

= E|2 / e Ky tam (f(p, XEe Y hem Zbemy — f(r, X5 0, 255 ) dr

+2 / eTRTY R (f(r, XT,0, 250 = f(r,0,0, ZE)) dr

+2 / e Krytem(f(r,0,0, Z5"™) — f(r,0,0,0))dr
+2 / e KTy e £(r,0,0,0)dr + / e‘K'TIg(r,Xi’x,Y;”’m,Zi"c’m)IQq(r,Xi””,Xi"C)dr]

< E

K mo mo
—a—¢ i .
+(l-a—c+(1+¢)a) / e~ K| Zbam 2qr + C/ e KT f(r,0,0,0)|%dr

—|—C’/ e_K/T|g(T,0,0,0)|2dr].

Therefore,
E e_K/S|YSt’”[”’m|2 + (Qu — 2 — 1 —(1+e)KM — K’) / e_K,’"|Y;f’z’m|2dr
—a—¢ s
+(1 —a)e / e—K’T|Zf;xvm|2dr] (6.6)

< C/ e_K/”EHXﬁ’ﬂQ]dT—FC/ e_K/T|f(T,O,O,O)|2dT+C’/ e_K,r|g(T,O,O,0)|2dr.

Note that the constant £ > 0 can be chosen to be sufficiently small such that all the terms
on the left-hand side of (6.6) are positive. By Lemma 6.1, we have

]E/ G_K,T|}/;t’x’m|2d7“] + E |:/ e_Klr|Z£’m’m|2dT:|

< CeX™|of2 4+ CE / KT ([B(0)]2 + |o(0)]2)dr

n

<O [ (10.0,0 + lg(r:0.0,0) ) ©.7)

31



where the right-hand side converges to zero as n, m — oo. Applying Burkholder-Davis-Gundy
inequality to (6.5) on the interval [n,m] and using a similar argument which was used to
obtain (6.7), we have

E sup efK’s|Y;t,x,m|2
n<s<m
< Ce—K’”|x|2+(JE/ K (16(0))? + |0 (0)|?)dr (6.8)

m

+CE [ e K0 (17(r,0,0.0)P +1g(0,0,0,0)2)dr + CE [ e K7(yiem |22 Py,
where the right-hand side goes to zero as n, m — oc.
(ITI). When ¢t < s < n, taking the notations

fm,n(s7x) — f(S, X;ﬁ,x7 Y'st,z,m’ Z;ﬁ,;r,m) o f(S7X§,w7}/St,a:,n, Z;t,x,n)7
gm,n(57x) — g(S,X?m, Y'St,w,m’ Z;‘,,:v,m) o g(S, X;ﬁ,m’ Y;t,:p,n7 Zz,x,n)7

we have

vemn —ypeny [ e - [ g Blds xi) - [ Zimmedw,

2dr]

Apply 1t6’s formula to e*K/T|}7Tt’:’3’m’”|2 on [s,n|, and then take expectation,

E |:6—K’5|Y;t,x,m,n|2 . K/ /n 6_K,T|Y:’z’m’n|2d7“ + /n e_K,T|Z£’$’m’n
S S

= E

e—K’n |Y7;§,a:,m|2

+2 / e—K/TY'Tt,z,m,n (f(T, Xﬁ,x’ }/Tt,x,m7 qu,x,m) - f(T’, Xﬁ’m7 }/Tt,x,n’ Zﬁ’%m))dr

_|_2/ 6—K’r}_/;t,a:,m,n (f(7"7 Xﬁ,x’ Y;t,x,n’ Zﬁ,x,m) - f(?", Xﬁ,x’ Y;t,a:,n7 Z;,x,n))dr
s

+f e-K’r|gmv”<r,m>|2q<r,X:@,Xﬁ“)dr]

IN

E

n n
6—K’n|YTILf,x,m|2 _ 2#/ e—K’r|}_/;t,cc,m,n|2dr + K / 6—K’r|}_/;t,w,m,n|2d,r
s l—a—c¢eJ,
n n
+<1 — - 5)/ G_K,T|Zi’x’m’n|2d7’ + K/ 6—K’7"|Y/;t,x,m,n|2q(,r’ X:’$7X:’x)d7“
s s
n
+/ 6_K/rozr(w)|Zﬁ’x’m’"\2q(r, X Xﬁ"’”)dr] .
s

Hence

K

l—a—c¢

E e—K/s|}7St,m,m,n|2 + (ZM _ K — . KM) / e—K/r|)7;ﬂt,m,m,n|2d7,
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n
+ 6/ e—K’r‘Zﬁ,x,m,n’er]
s

<E [efK’n‘ert,x,m’Q] .

Taking ¢ small enough, we have

E/ 67K/T|}7Tt’m’m’n|2d7’ +E/ efK/r|Z;€',x,m,n‘2dT S CE [efK/n‘YTf,m,m|2:| : (69)

S

where the right-hand side goes to zero as n, m go to infinity by (6.8). Also by the Burkholder-
Davis-Gundy inequality, we obtain

E sup e X's|ytemn® < OF [e—K’w,Wﬂ . (6.10)

t<s<n

Now combining (6.7) — (6.10), we have

00 00
E sup e—Ks|YSt,x,m,n|2 + E / e—Kr|it,x,m,n|2dr + E / e—Kr|Z£,a:,m,n|2dr
t t

s>t
goes to zero as n,m — Q.

Denote by (Y®, Zb®) the limit of (Y}®", Zb®") in the space S5 N M2~ K ([t, 00); R) x
M?>K([t,00);RY). We now show that (Y* Zi%) is a solution to BDSDE (6.2). Since
(YEen ZEwm) satisfies BDSDE (5.2,,), it suffices to verify that BDSDE (5.2,,) converges to
BDSDE (6&) in L*(Q) as n — oo. We only show the convergence of stochastic integral with

respect to B, and the convergence of the rest terms can be proven in a similar way. To see
it, notice that

E

" / o / —

| et X v 2 Blan i)~ [ et X i 200 B, X
/ —
< | [ e R (glr, XU, YEmn 78 — g(r, X0V, 7)) B (dr, X0 P
V2B [ e Krg(r, X5, VT, 269) B (dr, X2,
As n — 00, each term on the right-hand side of the above inequality converges to zero, since
Bl [ e K (gl X1, Y1 200 — gl X1,V 20)) Bl X P
S . /
S CE/ e—K T(|Y;t,ac,n . Y'rt,z|2 + |Z:,z,n . Z£’$|2)d7“
t

and
E| / e N rg(r, XPT, YT, Z0) Bdr, X2

33



< CE/ e‘K'r(|Xﬁ’x|2+|Yf’w|2+|Zﬁ’x|2)dr+C’/ e 5g(r,0,0,0)dr.

n

The proof is concluded. [

From now on, we assume that the noise (B(t,z),t > 0,7 € R?) in SPDEs (1.3) and (1.4)
is a centered Gaussian random field with covariance function

E[B(t,2)B(s,y)] = (t A s)q(z,y),

where ¢(x,y) is a positive-definite function (see e.g. [9, Section 5]). The condition (H)’
for q(z,y) now becomes sup, , cp2q |¢(z,y)| < M. Note that (B(-,z),z € R?) is a family of
Brownian motions (up to a multiplicative constant) with covariance g(x,y), and the joint
quadratic variation is given by

<B(a IL‘), B(v y))t = tQ(ZL', y)
We now construct a measurable metric dynamical system (2, . %, P, (0;)1>0), where 6; :  — Q

is a measurable and measure-preserving mapping defined by 6,0 B(s,z) = B(s+t,z)— B(t, =)
for x € R?, and 6, o W, = W, — W,. Then for any s,t > 0,

(i) P(071(A)) = P(A), for all A € F;
(ii) 6y = I, where [ is the identity transformation on (2;
(iii) 93 O Ht = 68+t'

Set, for any .%-measurable mapping ¢ defined on (2,

60 p(w) = o(6(w)).

For any r > 0, s > t, € RY, apply the transformation 6, to SDE (1.2), and then it
follows that

QToXﬁ’xzqu/

t+r

s+r s+r

b(6, o X5 )du + / o(0, 0 X*)dW,.

t+r

So by the uniqueness of the solution and a perfection procedure (see e.g. [1]), we have

0,0 X" = X% forall r,s,t, 2, as. (6.11)

For a given period 7 > 0, we consider the random periodic solution to BDSDE (6.1). For
this, we assume the following random periodic condition on the coefficients.

(P) For any t € [0,00), (7,9,2) € R? x R x R4,
f(t7x7y7z):f<t+7-7x7y7z) and g(t,m,y,Z):g(t‘i‘T,w,y,Z).
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Proposition 6.3 Assume (H)’, (A1), (B2)’, (M) and (P). The unique solution (Y1*, Z4%) 5,
to BDSDE (6.1) is a “crude” random periodic solution, i.e. for any 0 <t <'s,

0,0 YI" = YIITT 0 020" = 7077 as.
In particular, for any t > 0,
0,0V =Y as. (6.12)
Proof. Let B(s,z) = B(T' — s,x) — B(T",z) for arbitrary 7" > 0 and —co < s < T".

Then B (s,z) is a local martingales with the same joint quadratic variation as B(s,z) and
B(0,z) = 0. For an .%;-adapted square integrable process {h(s)}s>o and any r > 0,

T+r T R
/ h(s — r)d B (s, XI7) = — / BT — s — r)dB(s, XI) (6.13)

t+r T'—-T—-r
for r > 0. Applying 6, to B(s, X'*), we have

0,0 B(s,x) = 6.0(B(T'—s,2) = B(T',x)) = B(I' = s+ 7,2) = B(T' + 7, 1)
= (B(I"-=s+71,2) = B(T',z)) — (B(T" +1,2) — B(T", z))

A

= B(s—r1,z)— B(—T,x). (6.14)

So for 0 <t <T <T’ by (6.11), (6.13) and (6.14)

T —t
6,0 / (5)dB(s, X) = 6.0 / W(T' = s)dB(s, X4
t

’__

’*]

= 0 o h(T'" — s)dB(s — 7,0, o X4 )
T’ ¢
= / 0,0 h(T' — s)dB(s — T, XpTe )
T
= / 9 o h(T' — s — T)dB(s, X:77)
TH+1
= / 0, 0h(s— T)d%(s, Xy,
t+1
Therefore, by condition (P),
T =
0, o / g(u, X" YE* 757 B (du, X5")
¢
T+1
_ / g, X7 0.0 VI 6. 0 757 VB (du, X1, (6.15)
t

+7
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We apply 6, to BDSDE (6.1), and then get, by (6.15),

O 0 VI =0, 0 Y + [ 17 fu, X572 0, 0 YI* 0, 0 ZU" )du

T X xr F T X
- 57:; glu, X572 0 oY 0.0 ZV" ) B (du, XEH™) — :Lt 6, 0 Zb"_dW,
lim e X' T+7¢ o V1" = 0.
T—o00
(6.16)
On the other hand, BDSDE (6.1) implies
Ktj—:,x _ thﬂfT + f‘:jT f<u7X£+T,x’ Y’J—l—’r,m7 ZZ—l-T,m)du
T+ T, % T, T,T T,% T+7 T,
— [T g, Xt YTzt B (du, XUy — [T gtkneqy, s € [t T,
R
(6.17)

By the uniqueness of the solution to BDSDE (6.1), it follows from comparing (6.16) with
(6.17) that for any ¢ > 0,

¢ t
0,0 YE" = YT 0,025 = Z.17% for s > t.

The proof is concluded. [

For the infinite horizon BDSDE, we shall assume the following condition instead of (B3).

(B3)’ (i) For any ¢ € [0,00), f(¢,-,+,) and g(t, -, -,-) are of class C?, and all their derivatives
are bounded on [0,00) x R? x R x R<.

(ii) ¢ is uniformly bounded, |g. (¢, z, v, 2)[*q(t, z, ) < a < 1, and |g, (¢, z,y, 2)[Pq(t, x, 2) <
C < o0, for (t,r,y,2) € [0,00) x R x R x R%

Similar to Theorem 5.4, the solution to the infinite horizon BDSDE also possesses path
regularity.

Theorem 6.4 Assume (H)’, (A2), (B3)’ and (M), and additionally assume that, for some
constant K >0 and v > 0,

lg(z,2) — q(x,y)| < K|z —y|”, forallte]0,T].

Then the random field {Y}%;s >t > 0,2 € R}, which is the solution to BDSDE (6.1), has
a version whose trajectories belong to C%%2([0,00)? x RY).

For t > 0, define u(t,z) = Y;"*, where (Y}*, Z4%),5, is the solution to BDSDE (6.1).
Then it follows from Theorem 6.4 that u € C%%([0,00) x R?). For arbitrary T > 0, we
consider SPDE (1.4) on the interval [0, T]. Note that there is no given terminal condition for
SPDE (1.4), so (B3)(iii) is not needed for the solvability and regularity of its solution. By
Theorem 5.5, u(t, z) = Y, is a classical solution to SPDE (1.4), and we have the following
theorem.

36



Theorem 6.5 Assume the same conditions in Theorem 6.4. Let u(t,z) = Yf”x, where
(YE= Z8%) o>y is the solution to BDSDE (6.1). Then for arbitrary T and t € [0,T], u(t, z) is
a solution to SPDE (1.4).

The following theorem is the main result in this section.

Theorem 6.6 Assume condition (P) and the same conditions in Theorem 6.4. For any
T > 0, define u(t,z) & Y"", where (Y5®, Z4%) 5y is the solution to BDSDE (6.1). Then
u(t,x) has a version which is a “perfect” random periodic solution to SPDE (1.4).

Proof. By Theorem 6.5, we know that u(t,z) £ Y, is the solution to SPDE (1.4), so we
get from (6.12) that for any ¢ > 0,

O-ou(t,”) =u(t+7,-) as.

The above equality is the so-called “crude” random periodic property for u(¢,-). By the
continuity of u(t,-) in ¢, one can find an indistinguishable version of u(t, -), still denoted by
u(t, -), such that it is a “perfect” random periodic solution in the sense of (1.5). |

Finally, we consider stationary solutions to SPDEs, in a special case that the coefficient
functions f, g : R* x R x RY — R in (B3)’ are independent of time variable. Let (B(t,x),t €
R,z € R%) be a centered Gaussian field independent of W with covariance E[B(t, z) B(s, y)] =
(|t] A ls|)q(x,y). Consider the following infinite horizon SPDE,

v(t,z) = v(0,$)+/0[.,iﬂv(s,x)+f(x,v(s,x),(JTVU)(S,$))]ds
—i—/o g(x,v(sm),(JTVU)(s,x))B(ds,x). (6.18)

For any T > 0, if we choose B(s,z) = B(T — s,z) — B(T, ) as the driven noise in SPDE
(1.4), then SPDE (1.4) is a time reversal of SPDE (6.18).

Theorem 6.7 Assume the same conditions in Theorem 6.4. For any T > 0, let v(t,z) £

}fTT:tt’x, where (Y, Z5%) sy is the solution to BDSDE (6.1) with B(s,z) = B(T — s,z) —

B(T,z) for s > 0. Then v(t,z) has a version which is a “perfect” stationary solution to
SPDE (6.18).

Proof. Notice that SPDE (1.4) is a time reversal transformation of SPDE (6.18). By
Theorem 6.4 v(t, z) = Y;/"* is a solution to (6.18). Furthermore, one can show that v(t, z)
does not depend on the choice of T" as in [24, Theorem 2.12].

We define 6, = (6,)"", t > 0. Then (©2,.7, P) and 0 constitute a new measurable metric
dynamical system. Moreover, 0, 0 B(s,x) = B(s+t,z) — B(t,x) since B is the time-reversal
form of B.
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Since we are assuming that f,g in BDSDEs (6.1) and (1.4) are independent of time
variable, (P) holds for any 7 > 0. Therefore, (1.5) gives a stationary solution to SPDE (1.4)
by perfection procedure (see e.g. |1, 2]), i.e.

O.ou(t,)=u(t+r,-) foralt,r>0 as.

Therefore,

érov(t,x) = O_,ou(lT—t,x)=0_,00,0ou(T —t—r,x)
= uwlT—t—rz)=v(t+rz) forallt,r>0 as.,

where T is chosen sufficiently large such that ¢t +r < T'. This yields that v(t,z) = YTT__tt’”T is
a “perfect” stationary solution to SPDE (6.18) with respect to the shift operator 6. [
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