STATISTICS OF HECKE EIGENVALUES FOR GL(n)

YUK-KAM LAU, MING HO NG AND YINGNAN WANG

ABSTRACT. A two-dimensional central limit theorem for the eigenvaules of GL(n)
Hecke-Maass cusp forms is newly derived. The covariance matrix is diagonal and hence
verifies the statistical independence between the real and imaginary parts of the eigen-
values. We also prove a central limit theorem for the number of weighted eigenvalues
in a compact region of the complex plane, and evaluate some moments of eigenvalues
for the Hecke operator T}, which reveal interesting interferences.

1. INTRODUCTION

In the literature there are fruitful results for the statistics of Hecke eigenvalues in
the GL(2) case. Let Sk be the space of holomorphic modular forms of even weight &
for SLy(Z), and T, be the mth Hecke operators. For any prime p, let A¢(p) be the
Hecke eigenvalue of T}, for the primitive form f in Sy (so T,f = A¢(p)f). The family
FJ = {X¢t(p) : p € P, f € H} shows interesting statistical behavior, where P denotes
the set of all primes and H = |J,, Hy, is the union of the sets Hy, of primitives forms in
Sk. The famous Sato-Tate conjecture (already settled for this case) asserts that for fixed
| € Hg,

b b
1
lim Probp, (a < Af(p) < b) = / dust = / VA4 —z2dx
T—00 o 2 a
for any interval (a,b), where Probp, is the counting probability*! and P, = {p € P: p <
x}. Serre [18] and Conrey et al. [5] independently showed that for fixed prime p,
_p+t1 4 — g2

b
Jim Probin (o< Ap) <) =Py [ S

The study of statistical behaviour of number-theoretic functions has a long history.
The famous Erdés-Kac Theorem (cf. [1]) asserts the central limit behaviour for the
prime divisors of integers: Probyn4)((32,<;, Opjn — loga n)//logon < b) tends to the
standard normal distribution as z — oo, where d,, = 1 if p is a prime divisor of n or 0
otherwise, and logy n := loglogn. Central limit theorem is also observed in &. In [15],
Nagoshi established that

(1.1) wh_}rglo Probp, <a <

b
> Al < b> = 1/ e 2 dy
21 Ja

where k = k(z) satisfies %ggi — oo as ¢ — 00. (m(z) = |Py| ~ z/logz.) The counterpart

for the level aspect is shown in the work of Cho and Kim [4]. Very recently, following

m(x)
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the work of Faifman and Rudnick [6], Prabhu and Sinha [17] obtained a central limit
theorem for the frequency: for k = k(x) satisfying % — 00 as x — oo and for any

integral I C [—2,2],

N — I I
(12) lm Proka< _ _Nilfiw) —m(@pse(D) b) - /2 g
V@) (pse (1) — pse(1)?) 2r Ja
where Ny(f,z) :== |{p € Py : A\¢(p) € I}| and pgr([) is the measure of I with respect to

the Sato-Tato measure. Pertinent investigations for other arithmetic objects were carried
out in [12], [22] and [3], for example.

In this paper we attempt to extend the above investigations to the GL(n) case and
obtain new results. When n > 3, the Hecke eigenvalues are not necessarily real. For
prime p, the (normalized) eigenvalue of T, may be expressed as Ay(p,1,---,1) where
¢ is an associated eigenfunction. We still write T}, for the mth Hecke operator. Using
the Hecke relation and some consequences of — a recent great progress due to Matz and
Templier — automorphic Plancherel density theorem, we experimented the moments of
Zpé »Ag(p,1,---, 1) and the real or imaginary part. Let J(; be the set of all Hecke-Maass
cusp forms ¢ for GL(n,R) whose Langlands parameters p, are purely imaginary (in C")
and distant from the origin at most ¢ in Euclidean norm. Write

(1.3) F); : 5 Z F(¢

PEXH;

We found that for any ¢ = ¢(z) such that llgggi — 00 as T — 00,

T
(1.4) mh_}rf)lo<< ZA¢p, S )> > =0 forr=1,2

p<CE t

while

T .

. 0 ifr=1,
(15) $1Ln§o<< Z%e‘%p’ )> >t_{; if r = 2.
p<:C

(and the same result holds for Sm A4(p,1,---,1)). This infers that the real part and

imaginary part of A4(p,1,---,1) are probably uncorrelated.

The first result justifies the uncorrelation as well as gives a central limit theorem for
general eigenvalues A¢,(pk). For k = (k1, -+, kn_1), we let Ay(p*) := A¢>(pk1= e phnn).

Theorem 1.1. Let 0 # k = (ki,--- ,ko_1) € No7t. Suppose W(x) is any increasing
function that tends to infinity as v — oo and let t = t(x) > exp(¥(x)logx).

(1) k # k*: For any rectangular box D = (a,b) + i(c,d) of C, we have

1
lim Probg < Ay(p*) € ) / / ~@* ) drdy.
T—00 ¢ \ /Tr(x) Z;

(2) k= Kk': In this case we have As(p¥) € R, and for any interval (a,b),

1 1 b,
lim Prob a< Ay(pF) < b) = / e 2 dg
T—00 He ( mpg; ¢(p ) \/ﬁ a

Here k' := (kp—1,--+ ,k1) for k= (k1,- -+ ,kn—1).
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Remark 1. Write
Z¢( —-1/2 ZA¢

p<zx
and let 0 £ k € Ng_l. Suppose t = t(x) satisfies the condition in Theorem 1.1.

(i) For all integers r > 0, we have

(a) lim <(%eZ¢ (z))" > = lim <(\st¢( )) >

T—00 T—>00
|
- e~ (@) dody = Sop -
xXr e ray = r ’
b 5
li 2 —(2*+y?) -
mggo Z 5T //R2 x+1iy)"e dxdy = 0 by (a) and binomial
PpeEH:

theorem.

The case k = (1,0,---,0) recover (1.5) and (1.4).

(ii) Theorem 1.1 (1) remains valid if D is replaced by any borel set, and hence the
associated random wvariable is circularly symmetric Gaussian. The moduli |Z(’;(a:)\ and
the phases arg(Z(’;(x)), ¢ € Hy, are Rayleigh distributed and uniformly distributed, re-
spectively, as x — oo (cf. [9, §3.7.1, p.145]). Thus for any real r > 0,

r T
s (Z5@)[), =T+ ).

Part (b) of Remark 1 (i) explains the vanishing of (1.4); together with Remark 1 (ii),
one observes the cancellation among the arguments of Zpgx Ap(p,1---,1) over ¢ (in the
sense that it is suppressed by \/7(x)). However, if the weight 7(x)'/2 in (1.4) is reduced

to m(x)'/™, we shall observe crests — positive interferences — for suitable amplifications.
This phenomenon is revealed in the moment result below.

Theorem 1.2. Let m € Ny, and t = t(x) satisfying llggfc — 00 as x — 0o. We have
LN
m ————  ifnlm
_ ) i (my ’
i (g St ) ) = )
psz 0 if nfm.

Naturally it is desired to consider the moments without averaging over primes p.

Theorem 1.3. Let m € Ny. Then,

n—1 )
—1)) . ! v P
hm <A¢ Pl m>t (1+0n(p)) - m! Z‘:1_[0 @+ if m = nd,
0 if ntm.

Note that []7—, Vil /(i) = G(1+n)G(1+0)/G(1 +n+0) in terms of the Barnes G-
function G(z) whose value at z=k+1is G1+k)=1!-21-3l..- (k- 1)L

The final result here is related to the studies in [6] and [17]. The frequency N;(f,z)
in (1.2) is considered in [17] but the method seems not easy to be adapted in our case.
Instead we consider the smooth weighted frequency and get a central limit theorem.
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Theorem 1.4. Let 0 # k = (k1, -+ ,kp—1) € Ngil and ¢ be a real-valued compact
supported function on the complex plane. Suppose t = t(x) > exp(xz?) where A € (0,1)
is any fived number. For any interval (a,b),

: N, (gb,x)—w(z),u 1 ’ —x?
lim Probg{t<a< - < :\/%/ae /2 dz

T—00 W(x)o—gp

where Ny(¢, ) =3 ,<, ©(Ap(p*)) and (see Section 2 for the definitions)

Ho = / ©(Sk) dusr  and 03) = / ((Sk) — u@)Q dusr.
TO/Gn T()/Gn

Notation. Ny = NU {0} = {0,1,2,---} and i = y/—1. A vector is underlined or
written in bold face, a bold vector (e.g. k) will have n — 1 coordinates. A partition
A= (A1, ,Ay) € Nj satisfies Ay > --- > A, by definition, which is not underlined
though A is a vector. We write [v] := >, v; for a vector v = (v1,--- ,vy) € N, and
moreover, |k = >_;(n —j)k; for k = (ki, - ,kn_1) € No~t. An m-tuple (a,--- ,a)
may be abbreviated as a,,. The Kronecker delta d, equals 1 if * holds and 0 otherwise.
The O-symbol O, and vinogradov symbol <, are used whenever their dependence on *
would be emphasized.

Organization and method. The automorphic Plancherel density theorem of Matz
and Templier [14] with Casselman-Shalika formula manifests the statistical law underly-
ing the Hecke eigenvalues for GL(n) in terms of the Schur polynomials and Plancherel
measures. Section 2 provides a background on the Schur polynomial and a preparation
— Lemma 2.1 below. Section 3 discusses Hecke-Maass cusp forms and their eigenvalues.
The key ingredients, i.e. the statistical law from [14] and the integrals of degenerate
Schur polynomials in [13], will be summarized therein and applied to prove Theorems 1.2
and 1.3. In Section 4, we derive the central limit behaviour in a broader context, with
the prototype from Section 3, using the continuity theorem in Probability theory. This
is new to [4], [6], [17], [21] where the moment method is applied; here we do not evaluate
explicitly the main terms of higher moments. Theorems 1.1 and 1.4 are then proved in
Section 5 with the tools in Sections 3 and 4.

2. DEGENERATE SCHUR POLYNOMIALS AND THE SATO-TATE MEASURE

Let k= (k1,--+ ,kn—1) € Ng_l. The degenerate Schur polynomial Sk, is defined as
det (ij?;f(sz))
J

(cf. [10, p.233]) which is different from the common Schur polynomial sy (cf. [8, Appendix
Al),

1<ij<n

(2.1) Sk(r1, 22, ,Tp) :=

1<i j<n

det (:U’\"Jr"_i)
J 1<i,j<n

det (a:?_l)
1<i,j<n

for partition A = (Ag,---,A\,). In [13, §7], we work out some of their connections and
properties.

(2.2) sa(@1, -+, an) ==
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If)\:’L(k) = (k1+”'+kn*15k1+"'+kn72a"' ,kl,O),then

(2.3) Sk(x1,- -+ ,2n) = sx(x1, -+, Tn).
Conversely, if k = 3(A) :== (Ap—1 — An, -+ , A1 — A2), then
(2.4) sx (@1, mp) = (21 2p) M Sk(21, -+ 20).

Note [A| := Y ;A\ = D> (n —i)k; =: ||| in (2.3), and ||k| = |A| — nA, in (2.4). For
example,
So =s0 =1, S(cy o) (@10 ) = (@10 2Tn)°

for ¢ € Ny, and with a little calculation, we have

S(Onfz,l) (xlv c. ’:En) — 5(1707171)(5517 . ’xn) =x14+ -+ Tp.
The Schur polynomials sy(z1, - ,z,) form an orthonormal basis for the vector space
of symmetric polynomials in x1,--- ,z, with respect to some inner products. One choice

is (, ) defined as follows: Confining each z; to the unit circle S of C, a Schur polynomial
is a function on the space U(n)* of conjugacy classes in U(n). Note that U(n)* = S"/&,
where &,, is the symmetric group of order n. The inner product (, ) is induced by the
pushforward measure on U(n)#, cf. [13, §7.2]. Thus for any two partitions A and u,

(25)  (sx su) 12/ SXSp Ay ()
U(n)t
L 1 i0y iOp i6 i0 i(n—i)6;\|2
o T ) -,

= ey

Moreover the product sys, of any two Schur polynomials is a linear combination of
Schur polynomials, following from the Littlewood-Richardson rule. The degenerate Schur
polynomial may be regarded as the restriction of a Schur polynomial (from U(n)?) to
SU(n)*, the space of conjugacy classes in SU(n). Analogously to dhig(nyt, We have a

measure dugr, called the Sato-Tate measure, on SU (n)ti Consequently, we have an inner
product (, ) defined as

(2.6) (Sk, Spr) = / SkSy dpist = Oy
SU(n)t
and ([13, Lemma 7.1 (2)]) the Littlewood-Richardson rule,
(2.7) Sker Sy = d,.Se
£

where dik/’s are nonnegative integers and the summation runs over &£ € Ngil satisfying
1€l < k]l + [[K']| and [|€]] = ||kl + [|K']] mod n. (Recall [|k|| := 3;(n — i)k;.)

Lemma 2.1. For m € Ny, let

Te(m) = | oy S s

We have (i) Ix(m) = 0 if n { m||k||, and (ii) for every ¢ € Ny,

Lo, 1) (nf) = (n0)!

N
Il
=)
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Remark 2. One may express Iy, _, 1y(m) into fSU(n) tr(U)™ dU and boil it down to
Frobenius’s formula, cf. Chapters 4 and 6 in [8].

Proof. By (2.7), it is seen that S’ = 3 ¢ ceSe where co = 0 if n { m[[k[[. (i) follows
readily as Ix(m) = (S}, So).

Similarly, for (ii) we have
I(On7271)(n£) = <S%Kn_271)750> =do

where Sinbénf2 1) = Zg deSe. By (2.3), it follows that
nt nt
S(0n72,1) = 5(1,0,1,1) = Z fusu‘
I

From (2.4) sy = S on SU(n)*, and by (2.6), we see that (s, So) = 0 if x is non-constant,
ie. p# (¢, -+ ,c) where ¢ € Nyg. Thus,

do= " Y fu= (50rr) )

~ >
pn=(c,"-+,c), 3 cENg c20

by (2.5). As s(10, (@1, ,a0)" = (x1 + -+ + 2,)™, the inner product

(8?1{0“_1)1 S(c,m ,c))
1

_ 10y 10 \nl _—ichy —icOp i(n—i)6;\|2
= et +...+e e ceee det(e " dey - - db,
T o ) de(et%)

= Z (n)! ! Z sgn(o)sgn(m)

ril-orp! nl(27)n
it trn=nt 1 n ( ) o,meC,

o / pilr—cto(D)=r()01  ilr—cta(m)=r(m)0n gg. ... 49,
[0,27]™

(no)! 1
— Z o Z sgn(o)sgn(m)
ri4-+rn=nf ‘f”'(f)gn

where (%) denotes the constraint given by the linear system

ri+o(l) = 7w(1)+c

mtaln) = w(n)+e

Adding up the equations yields nc = nf, the inner product is zero unless ¢ = £. In this
case, we move out the summation over ¢ and apply a relabeling to obtain

n 1 nt)! -
oyt = 55 X S e

T 0€G, Tt =nl 7"(66)71
nt)!
D DI
ril-oorp!
ri+-+rp=nt T€6n

(k%)
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where (xx) and (x*x) are respectively the linear systems

Toy +o(l) = w(1)+£ rn = w(l)+0-1
: and
Tom) +o(n) = m(n)+/ rm = wn)+l—n
Recall 1/m! = 1/T(m + 1) for non-negative integers m and I'(s)~! has zeros at negative
integers. Hence we set 1/m! := 0 for negative integer m and may write
nt sgn ()
0)!
(50.00-)756-0) (nf) ﬂ; (C+ 1) — Dl (£ +7(n) —n)!
1 ol
= OHldet | ———— = (nl)! :
(n6)!de <(€—|—j—i)!>an (nf) H)(E+z’)v
The last equality follows from
1 1 1 1
2 (e+1)! (l+n—=2)!  (l+n—1)!
1 1 1 1
=11 I (C+n—=3)1 (F+n—2)
1
det < ) = : : : :
(C+7 =D rn : : N :
—(n—2)1 (—(n_3)! 7 (2]
1 1 1 1
T—(n—1)! (=2 -1 7
n—1 n—1 n—1
[Te+9 (€+3) (+35) 1
j=1 j=2 j=n—1
n—2 n—2 n—2
[Te+» (£+3) (t+4) 1
n—1 1 7=0 Jj=1 j=n—2
. ' . . .
7=0 (E + ‘7) 1 1 1
IT e+ ] €+ [T+ 1
j=3—mn j=4—n Jj=1
0 0 0
[T e+ I @e+5) [Te+» 1
j=2—n j=3—n 7=0

and an induction on n for the last determinant which equals, after subtracting the ith

row with (i 4+ 1)th row,

n—2 n—2
e+ Jle+n
j=1 j=2
n—3 n—3
e+ Jle+n
j=0 j=1
(n—1)! s :
0 0
IT e+ I €+9
j=3—n j=4-n
0 0
IT e+ I e+
Jj=2—n j=3—n

e

<.

o

1 0
1 0
1 0

(44 1
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3. HECKE-MAASS CUSP FORMS

Let I := SL(n,Z), G := GL(n,R), K := O(n,R) and h" := G/(K - R*). We denote
by LT\ h™) the Hilbert space of square integrable functions on I'\ h™. Let R be the
Hecke ring with respect to I' and A where A is the semigroup of all integral matrices
in G whose determinants are positive. Hecke-Maass cusp forms are (nonzero) common
eigenfunctions of all T € R in L?(I"\ h™) (that satisfy some conditions), and they form an
orthonormal basis H* = {¢;} for L2, (D'\ b™), the subspace of cusp forms in L*(T"\ h™).
Each ¢; is associated with a Langlands parameter ug € ag = {z € C": )", z; = 0}. For
t>1, we let

(3.1) M= {p €I |lugla <t, pg € ia"}
where || - ||2 is the standard Euclidean norm, and ia* C ag is isomorphic to iR".
For N € N, the Hecke operator Ty in R is defined as

mo:---Mp—1

Ty := N~(n=1/2 > r - r
mom
mgm?_l---m,L,l:N 0T
mo
where the summation runs over mg, - - - , m,_1 € N satisfying mgm?_l «~mp—1 = N. For

a Hecke-Maass cusp form ¢, its (Hecke) eigenvalue under T, is the normalized Fourier
coefficient Ay(m,1,---,1) of ¢, i.e.

T = Ap(m,1,--- ,1)¢.
The Hecke eigenvalues are multiplicative; in fact, for (my---mp_1,m}---m,_;) =1,
Ay(ma,--- ,mn_l)A¢(m'1, cemb ) = A¢(m1m’1, C M1, q).
Moreover, for any k = (k1,- - ,kn—1) € Ng~! and prime p,
Ap(p*) == Ag(™, 0™, P 1) = Sk(ag.1(p), ap2(p), -+, 2o n(p))

where Si, is the (degenerate) Schur polynomial and ag(p) := (ag1(p), ap2(p), -+ s apn(P))
is the Satake parameter associated to ¢. The Satake parameter satisfies [[;_; agi(p) =1
and

(3.2) {ap1(P),  asn()} ={ag1(p) ™" ,apn(p)™'} (as multisets).
Recall k* = (kp—1,--- k1) if k= (k1, -+ ,kn—1). Then we have

(3.3) Ap(*) = Ag(pP, - ") = Ay (%),

and As(pF) € Rif k = k"

Recently Matz and Templier [14] established an automorphic Plancherel density the-
orem with error term for GL(n) governing the distribution of ag(p). For every prime p,
define the Plancherel measure du, on SU (n)ﬁ by

n
(3.4) dip=T[0=p) [[ (-p @) Tdugy,

i=1 1<i,j<n
when SU(n) is identified with Tp/&,, where Ty = {(e01,--- eif) : [, e = 1} is a
subset of (S1)™.
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3.1. Key propositions. The results below are developed in [13] and the key for Propo-
sition 3.2 is the work of Matz and Templier in [14].

Proposition 3.1. We have (i) du, = (1 + On(p~1))dusr,

(i) / Sk dpise = Speo and (iii) / Sediy =0 if k]| 0 mod n.
TO/G’VL TO/Gn

Proof. (i) follows easily from (3.4). (ii) is a special case of (2.6) while (iii) is shown in
Proposition 7.4 (1) of [13]. O

Proposition 3.2. Let k,,, k:;, Ngil for each prime p. Suppose both k,, and k;, =% 0 only

for ﬁm’tely many p’s. Then there is a constant L > 0 such that for any t > 1,

\J{t| > T4 A0) H/To/e Sty S, iy + Ot 1/21_[19”'“’]“c )

oeH: P
where |H;| = (1 + o(t~/?))A(t) < t% (and d = in(n+1)—1).

Proof. 1t follows from a theorem of Matz and Templier, c¢f. Theorem 1.3 in [14] and
Proposition 7.5 in [13]. 0

Corollary 3.3. Let k,, k:;, e N§~ L and up, vp € Ng for each prime p. Assume up, v, # 0

for finitely many primes. Then for some positive constant L,

|9’Ct‘ Z HA¢> kp UPAd) )

PeH; P
H/ Sk Sy diy +O<t—1/2H (Ch lelkp)up(Ck,pL||k;,)vp>
TO/Gn D
where 1 < Cg := S(1,---,1) < (1 + |k|)n —n

Proof. By the Littlewood-Richardson rule (2.7), we have

HA¢ vy Ay (pFe)ee = HSkp ag(p))"” Sy (ag(p))
- szkp:up de/ n(ae(p))

p
= Z 1., le XHA¢ )Ag(p")

&p:Mp:pprimes p

where [1€, | < upllky || and ||, | < v,||k|| for cach p.

Apply Proposition 3.2 to [F;|™' 3" 4, 1, Ap(p®)Ay(p™). A backward process yields
the desired main term. The cumulation of the error terms leads to a term

SR N | U R

€,:M,: pprimes P

—1/2 3 Luy ||k m Lo, || k!
< LT d o ””de;mpp vpllep |
p £ n

by [€,] < €]l < upllkyll and [n,| < v,k (2)ur result follows since ), dip:up <
Sk, (1,---,1)". Note 1 < Sp(1,---,1) < (1+[k[)" ™, VE (cf. [13, Lemma 7.1 (1)]). O
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3.2. Proof of Theorems 1.2 and 1.3. We may consider A4(1,---,1,p) in lieu by (3.3)
and firstly prove Theorem 1.3. As |e]| =1 if e = (0,,—2,1). By (1.3) and Corollary 3.3,
the left-side equals

/ Sg'dpy +o(1) ast— oo.
TO/Gn

If n f m, then by (2.7), S* is a linear combination of Sg where ||§|| = mlle]| = m
mod n and thus the integral will vanish by Proposition 3.1 (iii). Otherwise, we apply
Proposition 3.1 (i) and Lemma 2.1 to get the result.

Now we turn to Theorem 1.2. Let e = (0,_2,1). We express

<2A¢<pe>) > 2 'm"gl' > A Aol

p<zx 1<5<m r1, P ST
T4 +r =m dlbtlnct

By Corollary 3.3, the average of Ay(p7)"™ -+ - Ap(p§)™ over ¢ € H; is

H/ ng d,upi +O(t_1/26m$mL)
TO/GTL

The main term is zero unless n|r;, ¥V 1 < i < j. The O-term is < x~!, in light of
llggi — 00, and hence tends to 0 as  — oco. The case of n t m follows plainly, noting
nim if nlr;, V1 <i <j.

When s; := r;/n € N for all i, m = ), r; is divisible by n. Write m = nf. Then
¢ = Y7 | s, so the value of j is at most ¢, and all s, = 1 if j = ¢. Clearly, with
Proposition 3.1 (i), the multiple sum over primes may be written as

sy = ¥ ([ st

Spj<z i=1 To/Gn
dlstlnct

Om(m(z)7) if j <,
V4
(W(ﬂf) / Se d;m) + O (m(z)logyz)  if j =1
TO/GTL

The integral in the second case equals 1 because Io(n) = 1 by Lemma 2.1. The result
follows readily, since for m = n/,

m m) E(nsl,m,ns]')(x)
t|z< ””ZAd) )ZZ 2 (ns)l---(nsj)! 5l 7w(z)

deFH 1<j<l 51558521
31+...+Sj:2

up to the addition of a term O(z™1).

4. CENTRAL LIMIT BEHAVIOUR

Let {Xs}re(0,00) and {7 }1e(0,00) e two collections of finite sets such that X; € X
(resp. T; € ;) for i < j, and both X = |J, X; and T = |J, % are infinity. Given a family
of objects {as(p) : ¢ € T,p € X} and a family of independent complex random variables
{A, : p € X} over possibly different probability spaces.}? Suppose

#2For our main concern, the measurable space is S'" /&,,, the (complex) random variable A, is (induced
from) the function Sy on the measure space (S*" /Gy, du,).
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—>Oasa:%oo

=PI
a | !
)

Af,] — ¢ as T — 0o, for some constant ¢ € C,

,Z[
PEXy
) 2 B

(IV) E[|A,]"] < ¢p for all » > 0 and all p € X, for some constant ¢y > 1.

(III E[|A,|?] — v as @ — oo, for some constant v > 0,

pEXy

Theorem 4.1. Let ayg(p) and A, be defined as above. Suppose the above conditions
(I)-(IV) for {Ap} holds, and for any x > 0,

(4.1) il t| ST aep)as(p)” —— [ ElA7A,”]

t—o00
PET: pEXy PEXL

for any u,, v, € Ng (p € X). Define

(4.2) Zz(9) =
NP

Then there exists a function Ta(z) satisfying TA(m) — 00 as T — oo so that for t =
t(x) > Ta(x), we have the following.

(i) v2 —|s|? > 0: For any continuous bounded function h: C — R,

11
22" K

1 1 i
h(Z - /hze 2. dzNdz
MZ o 7 vae ) " 2

PET
where z = (z §)T lies in C%, z* = (E z) is the conjugate transpose of z and
K= <“ <> :
S w
(i) ¢ = vei19 for some ¥ € [0,2m) : For any bounded continuous h : R — R,

—179/2

Remark 3. (a) The function Ta(x) in Theorem 4.1 is determined in (4.11).

)e_mz/(%) dx.

(b) Identifying C with R?, we may write

1

)efﬁTc_12 dxdy

* . ].
32Ktz dz/\dE:

11 /h() ! / hz
LR Y 11 |
T +/det K 27 v/det C Jgr2 y

where x = (ﬂs y)T denotes vectors in R?, and

C\
C_l(v+§Re§ Smg¢ )

2 Smg¢ v— Reg

Theorem 4.1 (i) is equivalent to that for any open rectangle D := (a,b) + i(c,d) C C,

I]L\Iglo Probrrt ( x(¢) € D) 27r \/CW/ /

where t = t(z) > Ta(x).

,,x To- Id[]?dy
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(¢) Theorem 4.1 (ii) implies that for any open interval (a,b),

—i 1 1 b —.Z’2 v
xlggoProbrft (a < Re (e ¥22Z,(¢)) < b) = o o ). e~/ (2V) gy
where t = t(z) > Ta(x).
() 1f {as(p)} R, then for ¢ > Ta (a),
(29) gy

‘ t‘ Zh T—00 271'[

PET:
for any bounded continuous h: R — R. In this case Re (e /2 Z,(¢)) = Z.(¢).

Remark 4. Indeed, Conditions (I)-(IV) are sufficient to establish the central limit theo-
rem for the family {A, : p € X} of independent random variables. This can be seen from
the characteristic function in (4.18) with the continuity theorem. Moreover, the law of
iterated logarithm is valid under a condition slightly stronger than (I):

(I There exists 6 > 0 such that

\/|I>TZ [E[A,]| = O((log [X,|)~"

pEX,

where the implied O-constant is independent of x.
Under Conditions (I)’, (II)-(IV), both
%ezex Ap szexA
lim sup PEte = lim sup P
e—oo /20]Xz|logy | Xz @00 \/ZUDC | logy | Xy

This follows from the Berry-Esseen inequality, cf. [19, §7.6], and [16, Theorem| or the
corollary after [7, Theorem 1]. (See [2, §5] for the case that E[A,] =0 for all p.)

=1 almost surely.

Next we consider the central limit behaviour for the frequency. Let ¢ € C5°(C) be a
real-valued function. (The prototype is a smooth function enveloping the characteristic
function over a square.) Given the families {b4(p) : ¢ € T,p € X} (of some objects) and
{B, : p € X} (of independent random variables). We obtain, under some conditions, the
central limit theorem for {¢(bg(p))}.

Theorem 4.2. Let By, p € X, be independent random variables that satisfy Conditions
(I)-(IV) (as in Theorem 4.1). Moreover, for some real-valued smooth compactly supported
function ¢ on C,

(4.3)

Z By)? —v asz— oo,

PEXL

\/|x72| u}—>0 and |.')C\

pEX,

where € R and v > p?. Suppose {bs(p) : ¢ € T,p € X} satisfies that for any uy, v, € Ny

(peX),
|ZH5¢ p)"7bo(p)” —— [ EB;B,"]
PET peX,, PEX,

Define

(4,4) 2 <¢) — Zpexx Qo(b¢>(p)) - |:X:z|ﬂ

| Xz
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There exists a function Tg(x) satisfying Ta(x) — oo as x — oo such that for t > Tg(x),
1 2 2
h(Z hw)e % /207 q
’ Z T—00 271'7’] (U)e “
PET;

where n? = v — ,u2 and h : C — R is any bounded continuous function.
Remark 5. The smooth compactly supported function ¢ is advantageous to the ana-
lytic approach. For instance, in [6] and [17], the theory of Beurling-Selberg polynomials

are invoked to deal with the characteristic function (over an interval). Beurling-Selberg
polynomials are trigonometric polynomials which seems less tractable in the GL(n) case.

4.1. Preparation. We start with a lemma.

Lemma 4.3. Let {vp}pex be a bounded sequence in C, say, |v,| < YT for all p. Under
the assumption (I)-(IV) for A,, we have that for all sufficiently large x > x¢ and any
integer 1 < M, N < |X,|,

1 M/, N
7’x$|(M+N)/2 E Z vpA, Z vpA,

PEX, PEXy
M + N)M+N
< (9COT)M+N<(|X‘1)/2 + (M+N)(M+N)/2>

Proof. Since

. M! 1 a1 Qu A 01 Qy
<vaAp) = Z Z ma Z Sl S AT G,

pEXy 1<u<M o, ,oy>1 Py Pu€Xa
ay+-toay=M distinct
where the rightmost sum runs over (pi,--- ,py) € Xi of distinct entries (i.e. p; # p; for
every 1 <i # j <u), we deduce that
(4.5)
M
5| (X ) (vaAp) > Y CMN.ap) E[Si(a)S:(E)]
PEXy pEXy 1<u<M a€eNY, |a|=
1<v<N BENU \3‘ N
where
M!N! 1
(4.6) C(M,N,a,p) = : ,
a (H1<j<u aj: )(H1<j<v Bit)  ulo!
(4.7) E[S:(2)S2(8)]
= 2> vl uRE[AR - ARRAL- AT,

p1y s Pu€Xz g1, ,qv€Xy
dlstlnct dlstlnct

Now let 0 <i <M and 0 < j <N (and M, N < |X;|). The tuple (u,v,a,3,a,b) is
said to be (i, j)-admissible or simply admissible if the following are fulfilled:

e i <u<Mandj<v<N,

og:(al, )GN"andB (B1,---,Bv) € N” where |a| + || < M + N,
o =-- =1=p5 = = (3; and all other components o, 3 are at least 2,

° Q:(ai+1,"‘, ay) with 0 < a, < a, and b= (bj41,- -, by) with 0 < b, < .
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Introduce the notation

(4.8) Jdij(a, B,a,b)

=2

Pl Pu€Xz g1, ,qu€EXg
dlstlnct dlstlnct

u v -
E[Apl e ApiAtn o 'AQj ’ H A;:Agzim H AqﬁjibsAgi] .
r=i+1 s=j+1

Here, the empty product means 1 as usual. Clearly (after relabeling the running indices)
we have

B[S ()8, (B)] | < TM*Vdi;(a, 8,0,b)
for some i, j, a,b. Our goal is to show: for admissible (u,v,a, 3,a,b),
(4.9) Bij(a, B,a,b) < cg N |2 [T (O] | (M + N)) I/

for all x > xg, where xg is a large enough fixed number. Note that u,v represent the
number of components of o and 3.

When i =35 =0 (i.e. a, - ,aqy,B1, -, By > 2), we have

Joo(a, B,a,b) < li[z (1A, HZ A,

s=1qeX,
by Condition (IV), so (4.9) holds for i = j = 0. We may proceed with induction on (4, j).
Given J; j(a, 8, a,b) with i > 1. We shift the summation over p; in (4.8) to the innermost

|a|+\6|

55 § |x |u+v

and split into two pieces according as p; € {q1, - ,q,} or not. For p; is distinct from
P2, ,Du,q1," " ,Qu, the latter case is obviously
< Gicagla,B,a,0) D [EIA)] < 1%|Y%3i15(a”, B, a,b)
pEXy
for all © > x, by (I), where z( is some suitably large number and a~ = (a9, -+, ).

Hence by induction hypothesis, it is

< X, |1/2 M+N|x ks 1+v—(i—1)— (9|x |(M+N))(i—1+j)/2
1

= ARG IO + V)

the last fraction of which is < 1/3. For the former case (i.e. p;1 = q1, -+ or q),
Jij(a, B,a,b) is bounded by

IS

1<r<v p2, " pu€Xz q1,,qu€Xy
distinct distinct

E[Apz"'Api'AqrAql“'A

qj

i v

ar A Or—a Bs—bs A b
T Agas T A% "ag]
r=i+1 s=j+1

< jlicnjale, B+ej,a,b7) + (v —§)dic1(e, B+ e, a,b)

after relabeling, where o= = (ag, -, ), b* = (1,bj41, -+ ,by) and e, denotes the
rth standard coordinate vector whose rth component is 1 and 0 otherwise. Note that
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la™[+18 +e| = la| + 8] Tt is
< jc[l)\/[+N|x ‘u+v7i*j+1(9’x ’(M_i_N))(iJrj)/?fl
+(N_])CO +N|x |u+v i— j(g,x |(M+N))(z+])/2 1/2

o o ; N — i
_ M+N utv—i—j M N (i4+7)/2 J J
¢ [l (O] (M + N)) (9(M+N) T 3L+ V)2

where the two summands in the bracket are respectively < 1/3 for N < |X,].

The argument (of shifting the summation over p;) holds for j = 0. Altogether, we
infer inductively (4.9) for 0 < i < w, j = 0. Applying the same argument to ¢; and so
on, we obtain all the other cases.

By (4.7) and (4.9), we get
}E[Sx(g)sx(ﬁ)ﬂ < (3COT)M+N|xx|u+v—(i+j)/2(M + N)(i-f—j)/?

for some 0 < i < u, 0 < j < v satisfying i + 2(u — i) < M, j + 2(v —j) N (which
follow from |a| = M and |8 = N respectively). If u — £ < M/2 or v — 4 < N/2, then
the right-side is

< (3COT)M+N|xm‘(M+N71)/2(M+N)(quv)/Q,
or otherwise, it equals (3coX)M+N |, |(M+N)/2(Af 4 N)uwtv=(M+N)/2 " Putting these and
(4.6) into (4.5), the expression on the left-side of (4.5) has its modulus

< (SCOT)M+N|3C$|(M+N)/2<|xz|_1/2—|—(M+N)_(M+N)/2>

(M + N)utv M!N!
« ! 2

1<u<M U'U' €N, |a|=M (H1<]<u Qe )(H1<]<v BJ )

1<v<N BENY,|B|=N

_ _ M + N u+v
< (3COT)M+NDC$|(M+N)/2<‘xx‘ 1/2+(M+N) (M+N)/2> Z ( u'v‘) uM N
1<u<M U
1<v<N

M+N
MENTTE o N)<M+N>/2>,

|xx|1/2
The desired result follows. O

< (3€COT)M+N|xx|(M+N)/2<

4.2. Proof of Theorem 4.1. Firstly consider the case v? > |¢|2. By Lévy’s continuity
theorem (cf. [20, 2.3]), it suffices to show that the characteristic function

4.10 iRe (TZ:(0)) o= ulr[P—1Re (%)
( ) ’{m d;f € o €

pointwisely in 7 € C where ¢ > Ta(x) and the function T (x) is chosen such that for all
t > Ta(z),

(4.11) Z H ags(p upa¢ H E[A U;DA Up]+0ab(|x | (a+b)/2— 1)
‘ t’ PET; pEX pEX,

where u,, v, € Ny satisfy Z up = a, Z vp = b and the implied O-constant depends at
most on a, b.



16 Y.-K. LAU, M.H. NG & Y. WANG

Let 7 € C be fixed, and € > 0 be any arbitrarily small number. We express the
left-hand side of (4.10) into

(4.12) > 2 — My (r) + En(r)
|QH PET:

with the power series of exp(x) and binomial theorem, where

Fazb 73\ atb
4.13 M = — Z
(4.13) vo= Y T (2) 2
0<a+b<2N PET
and
!T\N 1
(4.14) B3] <3 i 2 12PN,

PET:

Write X = |X,|, then |u| = Zpex uy, for a tuple u € N¥. We have

(4.15) Zo0)" = 13- W > H — ] s
ueNy PpEXy pex
|lul=a
(Where [ ex, is a product of at most a terms). Thus by (4.11), for a + b < 2N,
1 ald! v
Y OPATEADNNNIIS [T =y
a+b)/2 1!
|ﬂ%, TR e Tl wlu! 4t
ueNX lv]=b
+On(|%:| ™)
b
(416) = W ( Z A ) <Z Ap) +ON(’x$’_1>
pEX, pEX

where the implied Opy-constant depends at most on N. Inserting (4.16) into (4.14) and
(4.13) respectively, we firstly obtain

O(Ir*™)
(2N)!- [ X |V

2N

En(7) = E + On (X el ™).

PIEN

PEXy

It has to be emphasized that the first implied O-constant is absolute (i.e. independent
of N). Secondly,

My(r) = ) 2“!;” <Qi|xx|>a+bE <ZAP>G(Z Ap>b + On(|%Xa|"el™).

0<a+b<2N PEX, pEXL

Hence we infer from (4.12) that

t|z eiMe(TZ:(¢) _— R exP(ﬁ ( ZA>)

PET PpEXy
2N 2N 7|
5[ A o (1)
pEXy

(2NV)! |Xe|

(4.17)

1
+ ——F
||V
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If M =N < |X;|, then by Lemma 4.3, the second summand on the right-hand side is

2N N
: (C’T|)2N<(2]\£)2!]\-7|)xz|1/2 * <(22]z\<r))! ) < () (12|72 + N )

by Stirling’s formula, for some absolute constants ¢, > 1.

Choose N = N(e,7) > 10¢p and z¢ = zo(e, 7, N) such that for all z > o,

()2 (1212 + NN + '0N<|fx 'O’ <

It remains to treat the first summand in (4.17), whose logarithm is expressed into

(4.18) log H)E[exp (m%e (7A, ))}

pEXy

by the independence of A,’s. Expanding E[---] (as co|r| < |X|"/®) into
1 = 2 3 i
B [(Re (74,))"] + B4, P10 (0

1+ m
(ia,)| 1) ).

E [Fe (7A,)] -

V1%l
- 1- 2‘91%‘15 [(e (74,))°] + 0<

we conclude with (i) that (4.18) equals

2|x P Z [3?6 TAp)) ]+o(1) = _é(§72+f7'2+21}’7'|2)+0(1)

.
| Xz

by (II) and (IH)7 where o(1) — 0 as x — oco. Consequently, the discrepancy between the
right-side of (4.17) (with ¢ > Ta(x)) and the function

o= L WlT2+Re (%)

is at most 2¢, for all > x;(e, 7), which yields (4.10).
Next we consider Case (ii) which is equivalent to v? = |¢|>. The result will follows
from
iARe ( Z — L2
I —> 3
|q;f‘ Z T—>r00 €
PET;

where A € R and Zy(¢) = ¢~0/2Z,(g). As MRe (Z:(6)) = Re (7Z:(6)) with 7 = Ae'?/2
we repeat the computation (4.12)-(4.17) and the subsequent estimates with this 7. The

Lua2

main term is e” 2 since, in this case,

E[(Re (TAp))?] = A (e *E[AZ] + e"E[AZ] + 2E[|A,|?]) = 4vA”.

4.3. Proof of Theorem 4.2. Let Y = |X,|® where § € (0,1) is any fixed (small)

11
number, and M = ((co +1)Y)* < |X, ] Choose Tg(z) such that for all ¢ > Tp(x),
(4.19) ST s be(p)” = ] EBy*B,"] + O(1%a| ™)
%] t| $ET; peX, PEX,

where up, v, € N satisfy > (up +v,) < M. The implied O-constant is uniform in M
and x.
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Now we set

(4.20) ag(p) = ¢(bs(p)) —p  and Ay = p(Bp) — p.
Plainly A,’s satisfy Conditions (I), (II) (which is now identical to (III)) and (IV) in
Theorem 4.1 in view of (4.3) and the boundedness of . Next we show that Equation
(4.11) holds for t > Tg(z). (As ag(p) is real, all v, may be taken as 0.)

Let u, € Ng, p € X, such that Zpexm u, = a. We may only consider sufficiently large
z so that YV := |3€z\‘5 >a+ 1. Now,

(4.21) LS T asr = =3 T (elbsto)) — w.
|r1;| PET pEXy ‘(m PET; pEXy

As ¢ € €, its Fourier transform* @ decays rapidly: @(7) <, |7|" for all |7| > 1 and
r > 1. Then

0(bs(p)) = oy (bp(p)) + Ous(|Xa| 1)
where

oy (bs(p) = (21)2 [ By (1) Tt0)
with ¢y = @ - xc,y and xc,y is the characteristic function over {7 € C: |7| < Y}.
Let P, = {p € X}, : up > 1}. Note that |P,| < a. We infer that
(4.22) T (es@) — ) = T] (v (bs(p) — )™ + Ouas (|| 7).
pEXy pEP,

In the following i, j and k will denote tuples of nonnegative integers ordered by p € P;.
Applying binomial expansion, we write

423) I (ev(bs(p)) — ) = Z Ci(u)jei%e @) T T & (e)

X i P =1
PEla 0<ip<up, ¥ pEPy P&

where the integral sign denotes a multiple integral of at most a folds,

up!(—p) v~
Ci(p) = H (27r)2z‘p( M') I

e ip!(up —ip)!

and
(4.24) we () = > Wpbe(p)  with  w, =Y 74

pEP, (=1
Use the expansion
) 1 /i\*t8 — 3 1 oM
iRe (wa () — — = o —
425 o T (3)" wetorm@’ + o gapylusto)™)

where the implied O-constant is at most 3. Inserting into (4.23), (4.22) and then (4.21)
and shifting the sum over ¢ to inside, we are led to evaluate

1 1 2M 1 a3

BHere we have defined (1) := [ ¢(2)e "¢ 751 dz A dz, cf. [11, Chapter VII].
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for 0 < a+ 8 < 2M. Recall Zpéxg;
give an upper estimate: by Holder’s inequality and (4.24),

up = a and i, < u,. For the former sum, we only

2M—1
wa (@)Y <Y !bqs(p)!QM( S |wp|2M/(2M—1))
PEPx pEP:
< CL4MY2M Z ‘b¢(p)‘2M7
pEPs

thus, by (4.19) and M > (oY + a)? (in view of the choice of M),

1

1 a

(0¥ )2 < 20|,

recalling |X,| > (a4 1)'/%. The latter sum is

L5 w0 w0 (@)

k
_ a‘IB' Z H w;]apwpp i Z b¢(p)]Pb¢(p)kp
Jplkp! ||

J: ijp:aa pegj]; ¢€‘Tt

kT, kp=5

by (4.19) and the facts > |wy| <Y 37 iy < aY for 3 i, < 3° u, = a. Consequently,
we get by (4.25) and (4.26),

’;| Z ei?Re (wz(4)) — E[ei?Re ZPETz TPBP] + Oa(|x$‘fa71)'
t
PET:

ip '
[ T T Iov) < 005"

pEPL L=1

it follows from (4.21) and (4.20) that

’%ZH%W@= > w%ﬁﬁ@mwﬂﬂﬁww>

T X i P l=1
PET pEXy ip<uup ¥ PEPa pEPs

+@erwlﬂuwp+mwﬁ.

PEXy
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The O-term is <, |X;|~%"!. Reverting the steps in (4.22)-(4.23), the main term is

> I e (e aymei“e“Bp))ip}

i cP
ip<up,VpEPy p&Ta

= E[ I (¢(B,) - M)"p} +0a(1%] 77
PEXs
=[] E[A] + Oa(1Xa|7*7Y),
PEXy
which implies readily (4.11). Hence we can apply Theorem 4.1 (ii), actually Remark 3
(c), to ay(p) and A, in (4.20) to conclude the result.

5. PROOFS OF THEOREM 1.1 AND 1.4

We shall make use of Theorems 4.1 and 4.2, and Remark 3 (b) and (c).

Let X, = {p < z : pprime} and % = H; in (3.1). For every prime p, the Plancherel
measure dj, may be regarded as a probability measure on the space SU (n)jj = To/6n.
Given k € N1, the degenerate Schur polynomial S, on the probability space (T /G, B, 1)
(where B is the o-algebra generated by Borel sets) induces a random variable A,. Then
{A, : p € X} is a collection of independent complex random variables. Moreover, by
Proposition 3.1 (i),

dpp = (14 On(p™))dpsr,
thus for k # 0,

E[A,] = / Skdup=(1+0(p1))/ Sk dusy < p*
TO/GTL T()/Gn
E[A)] = (1+0(p1))/ Spdusr < p ' itk #K
TO/Gn
AP = (1+00™Y) / S sy =1+ 0(p™")
TO/Gn
E[|Ap]"] < max|Sk(z)]" <cg (r>0)
z€Ty

for some constant ¢y > 0. Clearly Conditions (I)-(IV) are fulfilled with ¢ =0 and v = 1.
Set ag(p) = Sk(ags(p)) = A¢( k). The left-side of (4.1) is

t| Z HA¢ upA¢ )

p€eH p<x

and hence (4.11) holds with Tx () = exp(¥(z) log z) by Corollary 3.3, where ¥(x) is any
increasing function satisfying ¥(x) — oo as * — oo. The choice of Tx(z) assures that
the O-term in Corollary 3.3,

t—1/2CEp(up+vp)xLHk||Zp(uervp) <ab L~ (atb)/2-1
for t > Ta(x), >_,up = aand 3 v, =b. (Note that L and ||k| are fixed.)
Let B, be the random variable A, and by(p) = Ag(p¥). Define

u:=/ ©(Sk) dpst  and V:z/ (Sk)? dpst.
T()/Gn TO/Gn
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By Proposition 3.2 (i) again, we get E[p(B,)] = u(1 + O(p~!)) and E[p(B,)?] = v(1 +
O(p™1)). In this case, we need to fulfill (4.19) and the O-term in Corollary 3.3 is

< t72exp (M log(Cra 1)) < exp (— Mlogm(x))

where M = ((co + 1)m(2)°)*, if 6 = A/5 and t > exp(x>). The proof is complete after a
change of variable u/n — u.
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