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Abstract

The Langberg-Médard multiple unicast conjecture claims that for any strongly
reachable k-pair network, there exists a multi-flow with rate (1,1,...,1). In a previous
work, through combining and concatenating the so-called elementary flows, we have
constructed a multi-flow with rate at least (%,%,...,%) for any k. In this paper,
we examine an optimization problem arising from this construction framework. We
first show that our previous construction yields a sequence of asymptotically optimal
solutions to the aforementioned optimization problem. And furthermore, based on this
solution sequence, we propose a perturbation framework, which not only promises a
better solution for any k& mod 4 # 2 but also solves the optimization problem for the

cases k = 3,4,...,10, accordingly yielding multi-flows with the largest rate to date.

1 Introduction

We consider a directed k-pair network N' = (V, A, S, R), which consists of an underlying
digraph D = (V, A), k senders S = {s1, 8a,...,8:} C V and k receivers R = {ry,rq,...,rx} C
V. Let N denote the underlying undirected network of N, where the orientation in A is
ignored. Throughout this paper, we assume that each arc in N’ (and as a result, each edge in
N) is of unit capacity. The network coding rate R.(N) is a real vector (dy,ds, ..., d;) such
that d; is the transmission rate from s; to r; when using network coding along the orientation
of N, while the routing rate R.(N) is a real vector (di,ds, ...,d;) such that there exists a
feasible (s1, o, ..., Sk)-(r1,72, ..., 1) multi-flow (see definition in Section over \V.

One of the most fundamental problems in the theory of network coding is the multiple
unicast network coding conjecture [8], or simply the multiple unicast conjecture, which states
that for any N, the transmission rate achieved by any fractional network coding can be
achieved by routing as well. Despite enhanced understanding in certain special cases, the
conjecture has been doggedly resisting a series of attacks [I], 2, 3], 5, [6], [7, @), 11, T2] and turned
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out to be one of the most hardest problems in network coding theory (For a brief exposition
to this theory, see, e.g., [13]).

A weaker version of the conjecture, proposed by Langberg and Médard [7], focuses on a
strongly reachable k-pair network A/ and claims that (the “<” below should be interpreted
in the pairwise sense)

R.(N) < R,(N).

Here, a k-pair network A is said to be strongly reachable if there exists an s;-r; directed
path P ... for all feasible 4, j, and the paths P, ., Py, ., -, P, ,, are edge-disjoint for each
feasible j. Apparently, for a strongly reachable k-pair network A, R.(N) > (1,1,...,1).
So, if the multiple unicast conjecture is true, one will deduce that R,.(N) > (1,1,...,1).
Langberg and Médard [7] showed that R,(N) > (3,3,...,3), which was further improved
to R,(N) > (3,8,...,8) in [I] by way of combining and concatenating some so-called
elementary flows.

In this paper, we will examine a sequence of optimization problems {Ps, }, whose optimal
solutions will naturally give lower bounds on R,.(NV)). We first prove that our construction
in [1] yields {C;}, a sequence of asymptotically optimal solutions to {Ps, }. And furthermore,
based on {C;}, we propose a perturbation framework to obtain {C;*}, which promises a
better solution than C; for any £ mod 4 # 2 and further solves Ps, for k = 3,4,...,10,
and thereby yielding multi-flows with the largest rate to date (see Section . Here we
note that a prototypical version of the optimization problem Pg, was first proposed in [3].
The progress made in this work is due to a (rather) delicate study of structural and analytic
aspects of Ps, , which include symmetries, asymptotics, perturbation behaviors and so on.

The rest of paper is organized as follows. In Section[2] we give some basic notions and facts
in the theory of multi-flows, and we introduce the optimization problem Ps, and elaborate
its connections with the theory of multi-flows. In Section [3, we investigate the symmetries
of the optimization problem Ps, and give the limit of its optimal value as k tends to infinity.
We introduce the so-called strong homogeneous flow C;; in Section [ where we first show
that {C;} is a sequence of asymptotically optimal solution for {Ps, } and then prove that
it gives the exact optimal solution if and only if £ = 1,2,6,10. In Section [5, we propose a
unified framework to perturb C; to obtain a better solution C;* for any £k mod 4 # 2. In
Sections [6], we give C;* for k = 3,4,5,7,8,9 explicitly, and we further establish the optimality
of these C;* and their uniqueness for achieving optimality. Finally, the paper is concluded
in Section [7

2 Mathematical Preliminaries

2.1 Multi-Flow Basics

Let D = (V, A) be adirected graph with vertex set 1 and arc set A. For an arc a = (u,v) € A,
let tail(a), head(a) denote its tail u, head v, respectively. For any s,r € V, an s-r flow is a
function f: A — R satisfying the following flow conservation law: for any v ¢ {s,r},

excessy(v) =0, (1)



where

excessy(v) = Z fla) — Z f(a). (2)

a€A: head(a)=v a€A: tail(a)=v

It is easy to see that |excess;(s)| = |excessy(r)|, which is called the value (or rate) of f.
Note that the above definitions naturally give rise to a flow on the underlying undirected
graph of D, which can negative-valued. This is different from Schrijver [10], where a flow
must be a non-negative function.

There are two kinds of operations on the flows defined as above. Firstly, the set of all
s-r flows naturally forms a linear space over R; particularly, for any two s-r flows fi, fo and
scalars u,v € R, and the function f = uf; + vfs is again an s-r flow. Secondly, let f be an
s-t flow and g be a t-r flow such that

excessy(t) = —excess,(t).

Then by definition, f+g¢ is an s-r flow, which is called the concatenation of f and g. Adopting
the notational convention in defining the concatenation of paths in [10], the concatenation
of f and g will be denoted by fg.

An (s1,892,...,8k)-(r1,79, ..., ) multi-flow refers to a set of k flows F = {f; : i =
1,2,...,k}, where each f; is an s;-r; flow. We say F has rate (dy,ds,...,dy), where d; :=
lexcessy,(s;)|. For any given a € A, we define |F|(a) as

Fl(a) = Y |fia)l. (3)

1<i<k

The multi-flow F = {f; : ¢ = 1,2,...,k} is said to be feasible with respect to capacity
function c if |F|(a) < ¢(a) for all a € A. Note that when k = 1, the multi-flow is just a flow
f, and f is feasible if |f(a)| < ¢(a) for all a € A (Here recall that we have assumed c(a) = 1
in Section [1).

2.2 Elementary Flows
For a strongly reachable k-pair network N' = (V, A, S, R), let P = {P,,, }¥._, be a set of s;-r;

ij=1
directed paths, where the paths Py, ., P, ;- -, Py, »; are edge-disjoint for each feasible j.

For each P, ;. € P, define an s;-r; flow as follows:

- 1, a € Psi,'rjw
fiila) = { 0, otherwise.

Let F = {fi;|1 <i,j <k}, aset of elementary flows with respect to P, which will be the
“building blocks” for the multi-flow construction in this paper.
More specifically, let

¢ = ((e). (). (e))

be a k-tuple of k x k real matrices. And for ¢ = 1,2,... k, consider F = {fi, fo, -, fx},

where
k

Je= Z Cz(?fzj (4)

ij=1
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The following theorem says that if C satisfies certain conditions, then the constructed F in
(4) is also a multi-flow.

Theorem 2.1. F = {f1, fo, -, fx} be an (s1, 82, ..., 8k)-(r1,72, ..., 7) multi-flow with rate
(1,1,...,1) if and only if all (cz(?) satisfy

k
1) ZCE? =0, for alli # ¢,
j=1
k
2) ZCE? =0, for allj # ¢, (5)
i=1
koK
¢
3) ZZCE} =1.
=1 j=1

Proof. We only need to prove that f, is an s,-r, flow with rate 1 for any ¢. To see this,

Note that excessy,(s;) = Z?Zl cz(? and excessy,(r;) = Sob_, cl(é]) Condition 1) implies that

the conservation law is satisfied by all the senders except s;; Condition 2) implies that it is
satisfied by all the receivers except r,; Condition 3) implies that the value of f, is 1. n

2.3 The Optimization Problem Pgs,

The optimization problem Ps, to be introduced in this section is intimately connected with
our multi-low construction and will be the main subject of study in this paper.

Let
Sy = {C = <(c§lj)), (cg?j)), ey (cE’?)) || C satisfies 1' .

Clearly, &y is defined by a total of 2k — 1 linearly independent constraints and is an affine
subspace of R¥’ with dimension k(k — 1)2.

Throughout this paper, we will refer to a non-empty subset of [k] x [k] as a k-sample, where
[k] == {1,2,...,k}. For a given k-sample s and ¢ € [k], we define a function ¢{” : &, — R

as
4
g€y =D ey,
(4,5)€s

based on which, we define g, : &, — R as

k
g:(C) = 19”(C)]. (6)
=1
Furthermore, for a non-empty set S of k-samples, we define
5(C) = max{g,(C)}. (7

Now, we are ready to introduce the optimization problem Ps as follows:

minimize  gs(C)
subject to C € G.
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Note that gs is continuous and lower bounded, and thereby its optimal value is achievable,
i.e., there exists an optimal solution (optimal point) C € Sy such that

9s(C) = Cneligrigs(c)'

It is straightforward to verify that & is a convex set and gs(+) is a convex function over
S, which means Pg is a convex optimization problem. Unfortunately the presence of the
absolute value sign in (6)) and the possibly exponential number (in k) of s involved in the
maximization in (7)) render the optimization problem Pg intractable in general.

In this paper, we are only concerned with Pg, , where S, (defined below), is of particular
interest for the consideration of strongly reachable k-pair networks.

Definition 2.2. [Strongly Reachable Sample Set]
S o= {0, 1), -+ (i, )} S K] < K] h < j2 < <, 1 <1 <k} (8)

Put it differently, Sy is composed of all the k-samples, each of which consists of elements
whose 2nd-coordinates are distinct. Clearly, there are (k 4+ 1)¥ — 1 samples in Sy.

Example 2.3. It is easy to see that & = {{(1,1)}}. And S, is composed of 8 sam-

ples, {(1, D}, {(2, 1)}, {(1,2)}, {(2,2)}, {(1,1),(1,2)}, {(2,1),(1,2)}, {(1,1),(2,2)}, and

{(2,1),(2,2)}. And one can verify that Ss contains 63 samples and S, contains 624 samples.
Let Ogs, denote the optimal value of Ps,. The following theorem provide a key link

connecting Ps, and R, (N), where N is an arbitrary strongly reachable k-pair network.
Theorem 2.4. For any strongly reachable k-pair network N,

_ 1 1 1
> .
RT(N) N <O$k7 Osk7 ’ Osk)

Proof. Let C = <(E(1)), (E(z)), e (EE?)) be an optimal point for Pg,, that is to say, Os, =

4,3 4,7
9s,(C). And let F = {f1, fa,..., fu} be the (s1,8,...,8)-(r1,79,...,7%) multi-flow con-
: : . 1 A (1 =y _1 2 1 (Ak)
structed from F with coefficient matrices O—SkC = <O—Sk(c” ), O—Sk(ci’j Yyoees O—Sk(cm )) Clearly,
: 11 1
JF achieves rate <O_Sk’ O_Sk’ Cey O_Sk> .

To complete the proof, we only need to prove that F is feasible. Towards this goal,
for each arc a, let P(a) = {Psz-prmpsz-lmm e Psia(a)vrja(a)} C P be the set of all the paths
passing through a. By the definition of a strongly reachable k-pair network, we have

S(Q) = {(hajl)) (i27j2)7 ) (ia(a)vja(a))} € Sk

Hence, we have

[Fl(a) = [fi(a)| + - + | fi(a)]

o (Lo ) (*) ( 1w )’
= |Ys(a Cij +‘H+gsa 1,3
()<Osk( 7]) (a) Osk( ,J)
1 _
_ . (C
e ) (€)
<1
which implies that F is feasible and thus completes the proof. n
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3 Symmetries and Asymptotics of Pg,

Starting from this section, we will focus on solving the problem Ps, . Apparently, the problem
Ps, is trivial. And it has been implicitly shown in [3] that Ps, has optimal value 1, which is
achieved by the unique optimal point

()1 1)

However, the problem Ps,, & > 3, becomes prohibitively complex and cannot be dealt with
a case analysis as in [3]. Rather than a fixed Pg,, this section is devoted to the asymptotics
of {Ps,}; more precisely, we will establish limj_,., Os, = 9/8, which can be achieved by
a sequence of explicitly constructed solutions in Section [} As elaborated below, the key
observation in deriving this result is some symmetric properties possessed by the optimal
solutions of Ps, .

3.1 Symmetries of Pg,

In this section, we use Sym(k) to denote the symmetric group on [k]. Note that a permutation
in Sym(k) can be written by a product of disjoint cyclic permutations (cycles), e.g., 0 =

(15)(342) € Sym(5). For any o € Sym(k) and C = (<cg};), (c@),... (cgf;’)) € Gy, we define

o(C) :=C,

where C = <(él)), (5(2)), e (E{k))> with EEEJ) =7 @) , for all feasible 4, j, {. Apparently,

i,J i,J (2] o=1(i),071(j
o defines a one-to-one mapping from &, to &y.

Example 3.1. Let

5 2 2 00 0 -1 =1 2
9 9 9 9
€= % 9 oo (0ol g € 63,
9 %1 %1 000 9 9 9
and let o1 = (12) and oy = (123) € Sym(3). Then, we have
100 12 a1 o1 2
9, 9
a@=[[{000], gl % %1 132 % |
00 3 5 o 5 8 o
3 -2 -l 00 0
9 9
052(C) = g _71 _71 ) %1 g gl .1 0 00
9 9 9 35 9 9 0 01

Definition 3.2. [Fixed Point and Invariant Space| Let C € &;. C is called a fized point
if for all o € Sym(k), o(C) = C. The set of all the fixed points is called the invariant space

of &y, and will be denoted by &/

The following theorem shows that Gf‘r is in fact a 2-dimensional affine subspace of Gy.
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Theorem 3.3. Let C = (( (. (c(.z-)),...,(c(k-))) € 6. Then, C € &I if and only if C

G »J 2¥) 2y

takes the following form:

r a a a y a b b y b b a
a y b b a x a b y b a

C = a b y b, | b awy bf,....] b by a . (9)
a b b ...y b a b ... y a a a x

where v+ (k—1)a=1 and y+a+ (k—2)b = 0.

Proof. Clearly, if C takes the form in (9), then it is a fixed point. So we only need to prove
the reverse direction.
Let J denote the set of all the entries of C, i.e., J := {cl(‘? 01 <4,5,0 < k}. Consider

the group action of Sym(k) on J with o(c (Z)) ((’EE)E(J for any o € Sym(k) and any
cﬁﬂ € J. Clearly, under this group action, J is partitioned into the following orbits: 1)
Jo=Ad]i=j=0i2) B={d] 1 i=j#:3) J={cd) i=0#j}9)

J4 ={ fj) j=4L#3j};5) j5 = {cﬁ? 21 #£ g0 £ 4,5 # €} Tt follows from the assumption
that C is a fixed point that ¢; ) = cgczgf)i(j) for any feasible i,j,¢ and any o € Sym(k). In
other words, the elements in a same orbit must have a same value, and therefore we can
assume the existence of x, ¥, ay, as, b such that

(z, ifc J) e,
y, if c”) € Jq,

0 _ (6)
¢ =494 ai, if ¢ € Js,
ay, if cﬁﬂ € Ju,
L b, if ) e T

Note that from , we can deduce that for any ¢, S°* e 102? = ZZ 1Cz(z)a which implies

Dt cyj) =D it cl(.ﬁ,), or equivalently, (k — 1)a; = (k — 1)as. The proof of the theorem is
then complete after writing aq, as as a. O

For any o € Sym(k) and any k-sample s = {(i1, 1), ..., (i, jr)}, we define

o(s) == {(o(ir),0(j1)), -, (o (ir), o (r)) }-
It is easy to see that o defines a one-to-one mapping from 2% to 26K For a quick

example, let s = {(2,1),(1,2),(3,3)} C [3] x [3] and let o7 = (1,3), 02 = (2,3). Then,
o1(s) = {(2,3),(3,2), (1, 1)}, oa(s) = {(3,1),(1,3),(2,2)}.

Together with Theorem [3.3] the following theorem drastically reduces the dimension of
the parameter space for the purpose of solving Ps, .

Theorem 3.4. Ps, has an optimal point within 6£m.



Proof. Suppose that C € &, achieves the optimal value of Ps . By definition, for any
o € Sym(k) and any k-sample s, gs(C) = go(5)(c(C)) and hence o(C) is an optimal point of

Ps, . Let -
ZJGSym(k) J(C)
n!

It is easy to see that for any o € Sym(k), o(C) = C. Hence, C € &/™. On the other hand,
it follows from the convexity of gs, (-) that

zoGSym(k) 9, (0(é>>
n!

é:

gs;, (é) <

and hence C is an optimal point, which completes the proof. O

3.2 Asymptotics of Pgs,
For a k-sample s = {(i1,71), (42, 72), - - -, (ia(s)s Ja(s)) }, We define the following multi-set:

Ind, = {7;17j17 12, J25 - - - 7ia(s)?ja(s)}7

where a(s) denotes the size of s. And for any ¢ = 1,2,...,k, denote by mpne,(¢) the
multiplicity of ¢ in Ind, (if £ ¢ Inds, then mppq, (¢) = 0), and define

B(s) = {0 mina,(€) # O}

For a quick example, consider s = {(1,1),(2,2),(1,3),(3,4),(1,6)} C [6] x [6]. Then, Ind, =
{1,1,2,2,1,3,3,4,1,6}, mipa,(1) = 4, mna,(2) = mina,(3) = 2, mmq,(4) = mina,(6) = 1,
Mind,(5) = 0 and a(s) = B(s) = 5.

In this section, we characterize the asymptotics of {Oy} and thereby approximately
“solve” Psg, for large k. We first recall the following theorem from [3].

Theorem 3.5. Og, < % for k > 3.

By Theorem there exists an optimal point Cj, € 6%“ for Ps, . Moreover, by Theorem
, we can assume Cp = ((cglj)), (C,E?),,(CE’?)) takes the form as in @) with a,b,z,y
replaced by ayg, bi, Tk, Y, respectively, to emphasize its dependence on k, that is,

g, ifi=j =>4,

0 _ ) oy, ifi=j#L

“% T a, ifi=Ll5ACor j =100 (10)
by, if otherwise,

where xp + (kK — 1)y = 1 and yy, + (K — 2)bg + ax = 0.

Lemma 3.6. For xy, yi, ag, bi. defined in (@, we have

1) yp = 0(1%2))
2) zx = O(3);



3) ap = % + O(k%);
4) b, =727 + O(35)-

Proof. By definition, for s = {(1,1),(2,2),...,(¢,¢)} € S and the optimal point C; defined
in ((10), we have

9s(Cr) = Ly + (€ = Dyyi| + (k — )| Cyx|. (11)
Taking ¢ = k/2 in and applying Theorem we have
k?2
"l < 0,(C0) < O, = O(1)

which implies y, = O(4). Hence 1) holds.
Taking ¢ = k in and applying Theorem |3.5, we have

Elei + (k — Dyl < 05, = O(1).

Then, from 1) we deduce that yx = O(7%), which further implies zj, = O(3) by the above
equation. Hence 2) holds.
Noticing that (k — 1)ax = 1 — x; and by 2), we have aj, = ¢ + O(35). Hence 3) holds.
Noticing that (k — 2)b, = —a, — y and by 3) and 1), we have by = 3 + O(75). Hence

4) holds. O
Now, we are ready to give the main result of this section.
Theorem 3.7. 9
dm Os, =g

Proof. Let s = {(i1,1), (i2,2),...,(ir,£)} € Sk be such that {i1,s,...,5} = {1,2,..., ¢}
and i; # j for j = 1,2,...,£. It can be easily verified that Ind, = {1,1,2,2,...,¢,(}. Let
Cr be an optimal point of Pg, taking the form in (10). Then, by definition, we have

9s(Cr) = Z [Mnd, (1)ax + (€ — mpna, (7)) 0|

= Z |m1nd5(i)ak + (ﬁ - mlnds(z))bk| + Z |€bk|

i€lnds i¢Inds
= > Ragp+ (C—2)bl+ D [l
i€lnds i¢Inds

:€|26Lk + (f - Q)bk| + (k‘ - €)|€bk|
It then follows from Lemma that 2ay + (¢ — 2)b,. > 0 and by < 0, and hence,
gs(Ck) :€(2ak + (2[ — k- Q)bk)

“(3+o(@)-w+i+o(z)) w
:é(i&k — 20+ 0(1)).
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Now, setting £ = % + O(1) in Equation , we have

aie) = (B+ow) (S +om) - 2+o(

1

k

Hence, Os, > ¢5(C;) = §+O(3). On the other hand, by Lemma , we have that Og, < %,

which immediately implies that

. 9
am Os, = g-

4 The Strong Homogeneous Flow C;

We introduce in this section a sequence of the so-called strong homogeneous flows {C;:}. We
will show that it is asymptotically optimal for {Ps, }, yet it only yield the exact optimal
solution if and if only & = 1,2,6,10. We note that {C;} will also play important roles
in terms of obtaining some exact optimal solutions; more specifically, as will be shown in
Section [6], the optimal solution C;*, k = 3,4,5,7,8,9, are obtained using a perturbation from

the corresponding C;.

4.1 Asymptotic Optimality
Definition 4.1. [Strong Homogeneous Flow]| Let

* *(1 *(2 ES k;
Ci = (D), (D), (&%)

where 0 1 e
*(£) PR fi=y="t :
=S =g ifi=0FLorj =0l £

o, 1# {and j # (.

(13)

(14)

Here we note that C* can be alternatively obtained by combining and concatenating elemen-

tary flows as in (IV.1) of [I].

Example 4.2. By definition, we have C; = ((1)) and

3

s o
»&l)'_;bl»—‘
~_
VR

|
»M»—ukl)_‘
QOB [ =
~
v

5 2 2 -1 2 -1 g

e ({2 A (T i) (22
O U R R R B R R
9 9 9 9 9 9 9 9

Note that C; is the unique optimal point for Pg,.

The following observation in [I] will serve as a key lemma in this paper.

10
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Lemma 4.3 ([I]). Let C; be the strong homogeneous flow and Sy be the strongly reachable
sample set. Then, for all s € Sy,

gs(CZ) _ Bk&(‘S) _kZﬁ(S)a(S) ) (15)

We now define
Sk(a,b) = {s € Sk||la(s) = a, 5(s) = b}.

The following two lemmas follow from Lemma [4.3| via straightforward computations.
Lemma 4.4. For { =1,2,..., we have

1) If k =4, then g,(C;;) reaches the mazimum § when s € S(3(, 30);

2) If k =40+ 1, then g5(C}) reaches the maximum }gﬁziggﬁ when s € Sp(30+ 1,30+ 1);

3) Ifk (: 40 + 2, then) gs(Cy) reaches the mazimum ggziggig when s € Sg(3¢0+ 1,30+ 1) U
Sp(30+2,30+2);

4) If k =40+ 3, then g5(Cy) reaches the maximum % when s € Si(30 42,30 + 2).

Lemma 4.5. For / =1,2..., we have

1) If k = 4¢, then g5(Cf) reaches the second largest value % — k% when s € k(30 — 1,30 —
1) USk(30+1,30+1);

2) ]fg: gg Zéi)—i— 1, then gs(C;) reaches the second largest value ﬁgziggﬁ — k% when s €
k ) ;

3) If k = 40 + 2, then gs(C;) reaches the second largest value gﬁiigﬁg — ,;% when s €

4) Ifé{: (:3546;3?47 thge)n 9s(C}) reaches the second largest value %Zf—;ﬁfg — 5 when s €
k + 9, + :

Definition 4.6. [Asymptotically Optimal Solution] A sequence {Cy||C; € &} is said
to be asymptotically optimal for {Pg, } if

k—ro0 k—o0
The following theorem then immediately follows from Lemma [£.4}

Theorem 4.7. {C;} is asymptotically optimal for {Ps, }.
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4.2 Optimality of C; and Cj,

In this section, we prove that Cj is an optimal solution to Ps, if and only if &k = 1,2,6, 10.
We first state some needed notations and lemmas.
For any C € Gy, let S{(C) denote the set of all k-sample s € Sy, such that

(0 -
{ d0(©C) >0, if £ € Ind,, (16)

a9y <o, ift¢ Ind,.
We then have the following lemma.

Lemma 4.8. For any d < k, we have
Sik(d.d) C S(Cy).

Proof. Notice that for each s € Si(d,d), a(s) = d < k and hence gt (Cf) is the sum of at

most k& — 1 entries of (c (f)). By the definition of C}, we infer that if ¢ € Ind,, then there
exists at least one entry with value (k—1)/k* or (2k — 1) /k* and the sum of the other entries

are greater than or equal to —(k — 2)/k? and hence gt¥ (Cr) > 0; and if ¢ ¢ Inds, then
obviously ¢{(C;) = —d/k* < 0. O

An element in a k-sample s is said to be diagonal if its two coordinates are the same,
otherwise non-diagonal. Let ~y(s) denote the number of diagonal elements in s. For exam-
ple, let s = {(1,1),(3,3),(1,2)(1,4),(2,5)} be a 5-sample. Then, (1,1),(3,3) are diagonal
elements, whereas (1,2),(1,4), (2,5) are non-diagonal elements, and furthermore v(s) = 2.

Lemma 4.9. For any s € S(d,d) with d < k, there exists a neighborhood N(C,e) C &1
of Ci such that for all C € N(C},¢),

9:(C) = 95(C) = 7(s)(@ + (2d — k — 1)7) + (d — 7())((2a + (2d — k — 2)b)), (17)

0,7,y are defined by
T aa a gyab ...0b ybob a
ayb b aTa..a by b a
C—C = a by b, lbayg ... b . ... ]b0by a
b b ] b ab 0] @ a a T

Proof. Recall from Lemma that gg)(C,’;) > 0if ¢ € Ind, and g{" (Cr) < 0if ¢ ¢ Ind,.
Since each function ggé)(-) is continuous, there exists a sufficiently small £ such that for all
C e N(C:e) and all s € Si(d, d), ¢”(C) > 0if ¢ € Ind, and ¢{”(C) < 0if ¢ ¢ Ind,. For any

C € N(C;,¢), we have

g _gs Ck ng Z E) Ck:
=1

— (18)
= 3" (09©) - g9+ Y (69(c) - ¢ (C)).

lelnds ¢ Inds

N
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Noticing that «(s) = B(s) = d, it is easy to check that
> (62(C) = g(C)) = ()T + (d = 1)y(s)7 +2(d — y(s))a+ (d = 2)(d = 7(s))b (19)

and

3 (49(Ch) — 19(C)) = (d — k) (V(s)7 + (d — (s))D)- (20)

L¢Inds
Combining Equations and and plugging the results into (18]), we have
95(C) = 9s(Cp) = ¥(s)(T + (2d — k = 1)g) + (d — 7(s))(2a + (2d — k — 2)b),
which completes the proof. n

Lemma 4.10. For any fired d < k, there exists C € &1 such that g4(C) — g5(C;) < 0 for
all s € S(d, d).

Proof. Let N(Cf,¢) be the neighborhood of C; as in Lemma (4.9 E We will prove that there
ex1sts C € N(Cj,¢) such that g,(C) — g5(C;) < 0 for all s € Sy(d, d). Note that, by Lemma
| we only need to prove that there exist sufficiently small @, b, T, 7 satisfying the following
system.

+(@2d—k—1)y)+(d—i)(2a+ (2d -k —2)b) <0, i=0,1,...,d,

Since the first and the (d + 1)-th inequalities imply the second to the d-th inequalities, we
only need to prove there exist sufficiently small @, b, T, 7 satisfying the following system:

2a+ (2d — k — 2)b < 0,
T+ (2d—k—-1)y<0,

T+ (k—1)a=0, (21)
y+(k—=2)b+a=0,
or equivalently, B
2a+ (2d — k—2)b < 0,
og 4 4= kd li(kz 2% < 0. (22)

Since d < k, we have 33 Z % k and hence 2d — k — 2 # Ll), which implies that

there exist sufficiently small @ and b such that . holds. By the last two equations of ,
T,y can also be chosen sufficiently small, which implies there exists C € N(C;,¢) such that
9s(C) — gs(Cf) < 0 for all s € Sk(d,d), which completes the proof. O

In what follows, a k-sample s € Sy is said to be mazimizing at C if gs(C) = gs,(C), and
we will use §"**(C) denote the set of all maximizing k-samples at C. For a quick example,
by 1) of Lemma [4.4] when k = 4¢, any s € S,(3(,3() is a maximizing sample at Cj, i.e
S (Cr) = Sk(3¢,30). Now, we are ready to give the main result of this section.
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Theorem 4.11. Cj; is an optimal solution to Ps, if and only if k =1,2,6,10.

Proof. The case k = 1 is trivial and it is known [3] that C} is an optimal point for Pg,. So
we only need to prove C¢ and Cj, are respectively optimal points for Ps, and Ps,,, and C;, is
not an optimal point for Ps, when k # 1,2, 6, 10.

In the remainder of the proof, we consider the following cases:

Case 1: k> 1 and £ mod 4 # 2. In this case, by Lemma there exists a d such
that §"**(C;) = Sk(d,d). Then, by Lemma for some sufficiently small €, we can
choose C € N(Cf,¢e) such that for any maximizing s at C;, the following two conditions
hold: (1) gs(C) < ¢s(Cf); (2) s is also a maximizing sample at C (Here (2) is true because
|Sk| is finite, and the function g4(-) is continuous over & for each s). It then follows that
maxXses, {9s(C)} < maxses, {9s(C5)}, which means C;; is not an optimal point for Ps, .

Case 2: k = 40 4 2 for some integer ¢ > 3. In this case, C; is not an optimal point for
Ps,. To prove this, we first show that for some sufficiently small €, there exists C € N(Cf, ¢)
such that (C) gS(C*) <O0forall s € Sp(30+1,30+1) USk(3€—I— 2,30+ 2) with £ > 3. By
Lemma we only need to prove that there exist sufficiently small @, b, T, satisfying the
following system.

i(T+(230+1)—k—1)7+ (30+1—i)(2a+ (230 +1) —k—2)b) <0, i=0,1,...,30+1,
T+ 20B0+2) —k—-1y+B0+2—9)(2a+ (2(3(+2) —k—2)b) <0, i=0,1,...,30+2,
T+ (k—1)a=0,
7+ (k—2)b+a=0.

(23)
Applying a similar argument as in the proof of Lemma [4.10| and noticing that k = 4¢ + 2,
we simplify the above system to

23 +2(( — 1)b < 0,
2&+2£b<0,

— 4(20-1)7
2a + ——— b>0

2 + UEHDT > g,

a = =50,
b =9,
is a solution to . Choosing 6 > 0 small enough, we deduce that for some sufficiently
small € there exists C € N(Cj;, €) such that gs(C) — ¢g5(C;) < 0 for all s € S(3¢+ 1,30+ 1)U
Sk(30+ 2,30+ 2) with ¢ > 3. By the same reasoning as in Case 1, for some sufficiently small
e, we can choose C € N(Cf,¢e) such that for any s € §**(C;), the following two hold: (1)
9s(C) < g5(C{); (2) s is a maximizing sample of C. Hence maxges, {95(C)} < maxgses, {9s(Cf)},
which means C; is not an optimal point for Psg, .
Case 3: k =40+ 2 with £ =1, i.e., k = 6. In this case, consider Equation , which

can be rewritten as

(24)

One then verifies that for all 6 > 0,

(25)



Note that this system has no solution because by the last two inequalities, we have @+b > 0,
which contradicts the second inequality. Hence, within N(Cj,¢) (defined in Lemma [4.9),
there is no point C such that g,(C) — ¢5(C;) < 0 for all maximizing s at C§ (Note that by
Lemma [£.4] the set of all such s is S"**(Cs) = S(4,4) U Ss(5,5)). Hence, C is a local
optimal point for Pg,, and furthermore, by the convexity of gs,(-), C§ is a global optimal
point for Ps,.
Case 4: k =4+ 2 with £ = 2, i.e., k = 10. In this case, consider Equation (24)), which
can be rewritten as _
a+b<0,
a+2b <0,
a+2b>0,
7a + 200 > 0.

(26)

Note that this system has no solution because the third inequality contradicts the second
inequality. Hence, within N(Cj,¢) (defined in Lemma [4.9)), there is no point C such that
9s(C) — g5(Cf) < 0 for all maximizing s at Cj, (Note that by Lemma[4.4] the set of all such s
is STE(Cry) = S10(7,7) U S10(8,8)). Hence, Cf, is a local optimal point for Pg,,, and again
by the convexity of gs,, (), a global optimal point for Pg,,, ]

The following corollary says that the upper bound 2 (derived in [3]) on Os,, k > 3,
cannot be achieved.

Corollary 4.12. O, < % for all k > 3.

5 A Perturbation Framework

In this section, we propose a perturbation framework for the case k& mod 4 # 2 that not
only promises a better solution to Ps, than C; but also yields exact optimal solutions at
least for some small &k (see Section @ for exact solutions for the cases k = 3,4,5,7,8,9).

5.1 Valid Perturbation Direction

First of all, we define

L&) ={A=Cc-C|C,C' € &}
Note that any A = (AMW A® . A®) e (&]™) can be written as

T aa a gab ...0b ybob a
ayb b aTa..a by b a

A — a by b, lbay ... b | .. |bb7y a :
a b b ] b a b ] @ a a z

where Z(A) + (k—1)a(A) = 0 and §(A) +a(A) + (k —2)b(A) = 0. Here, to emphasize the
b

dependence, we have written Z,7,a, b as T(A), 7(A), a(A), b(A), respectively.
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Lemma 5.1. For any fized d < k, there exist A € L(Giix) and 9 > 0 such that for all
1,89 € Sk(d,d) and all 0 < £ < &g,

95, (Ci +eA) — g5, (Cp) = 95, (Cp +eA) — g5, (Cy) <O,
where eA = (AW AP AR,

Proof. To prove this lemma, we only need to slightly modify the proof of Lemma [4.10] More
precisely, we assume @ = ('2“—2 — k4 1)b, which implies 2@ + (2d — k —2)b =T+ (2d — k — 1)7,
which is an extra constraint added to (21]) ensuring (with the help of (17)) a uniform change
from ¢4(Cf) to gs(C; +€A) over all s € Si(d, d), i.e., for all sy, 55 € Sk(d, d),

Js: (CZ + EA) — Us; (CZ) = Us, (Click + SA) — Yss (Cl:)>

if € is small enough. Moreover, it can be readily verified that the new system is still solvable
with the extra constraint. Finally, properly choosing a solution and then @ (or equivalently,
i

b) as in the proof of Lemma [4.10| yields the desired A. [

Definition 5.2. [Valid Perturbation Direction]| For any & mod 4 # 2, let d be such that
the set of all maximizing k-samples at Cj; is Si(d, d) (see Lemmal[d.4). There is a unique valid
perturbation direction A} € L(SI™) such that 1) [a(A;)| = 1; 2) a(A}) = (’2“—(21 —k+1)b(AF);

3) 2a(AL) + (2d — k — 2)b(A%) < 0.

Remark 5.3. The ideas behind the above definition can be roughly explained as follows:
As in the proof of Lemma Conditions 2) and 3) will guarantee that the value of g,(C)
uniformly decreases (over all s € S(d, d)) when perturbing C from C; along the direction of
A%, and Condition 1) serves to “normalize” Aj to yield the uniqueness.

Remark 5.4. For any £ mod 4 = 2, there are two distinct dy,dy such that the set of all
maximizing k-samples at Cj; is Sp(di,d1) U Si(d, ds) (see Lemma [4.4)), and a perturbation
direction that is valid with respect to Si(dy, d;) may not be valid with respect to Si(ds, ds).
This is the key reason that our perturbation framework may not work for the case & mod 4 =
2, since it requires a uniform (over all s € §***(C;)) decrease of the maximum in the course
of perturbation.

Example 5.5. Let k& = 3 and d = 2. It then follows from Condition (2) of Definition [5.2] that

b(Aj) = 4a(Aj3). And by Condition (3), we infer that a(Aj) > 0. Moreover, by Condition
(1), we have a(A}) =1, b(A}) =4, T(A}) = —2 and y(A%) = —5, or equivalently,

-2 1 1 -5 1 4 -5 4 1
Al = 1 -5 4 |, 1 -2 1], 4 -5 1
1 4 =5 4 1 -5 1 1 =2
Similarly, set & = 4 and d = 3. Going through similar arguments as above, we have

a(A}) = —1, B(A}) =3, T(A}) = 3 and F(A]) = 5.
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5.2 Valid Perturbation Size

In this section, assuming k£ mod 4 # 2, we discuss the valid perturbation size for Aj. For
notational convenience, we will henceforth write

h(eA]) = g (Ci +ea}) = 67(Ch),  ho(eA]) = g5(Ci + e Af) — g,(Ch).

First of all, we need the following definition.

Definition 5.6. [Valid Perturbation Size| For a given k-sample s, ¢ > 0 is called gg)—

valid, £ =1,2,...,k, if
9 (Ci+eAp) - 9(C) = 0;

and ¢ is called g,-valid if for all 1 < ¢ < k, ¢ is gg)—valid; ¢ is called gs,-valid if for all s € S,

€ is gs-valid.

Remark 5.7. Since the function gg) is continuous, there always exists € > 0 such that it is

gg)-valid, and furthermore, there always exists € such that it is gs-valid and g, -valid.

We will also need the following two lemmas, whose proofs have been postponed to Ap-
pendices [A] and [B], respectively.

Lemma 5.8. € > 0 s gs,-valid if and only € < 3—16.

1

Lemma 5.9. ¢ > 0 s gs,-valid if and only € < 1.

5.3 Formula of hy(cAj)

In this section, assuming £ mod 4 # 2, we will deduce a formula to compute hs(c¢Aj) for
gs-valid perturbations.
We start with the following definition.

Definition 5.10. [Type of a Sample| Let 54544 and s,q4iq, denote the subsets of diagonal
and non-diagonal elements of s, respectively. We say

{ [ngd ((11))} ’ {ZZ: ((22))} e {Z[Zd ((]2)} } (27)

ndiag ndiag ndiag

is the type of s, which will be denoted by T'(s). And slightly abusing the notation, we may
also use to denote the set of all the samples of the type.

Example 5.11. For example, let s = {(1,1), (3,3), (1,2)(1,4),(2,5)} be a 5-sample. Then,
Sdmg = {(17 1>7 (37 3)}7 Sndiag = {(17 2)? (174>7 (27 5)}7 and T(S) = { [;}’ [g}’ [g}’ [(1)}’ [(1)} }

Note that if two k-samples s, so are in the same orbit of Sym/(k), namely, there exists
o € Sym(k) such that s; = o(s2), then T(s;) = T(s2), but the reverse direction does
not hold in general. For example, one can check that s; = {(1,1),(4,3),(3,4),(1,5)} and
sy ={(1,1),(1,3),(3,4),(4,5)} are not in the same orbit despite the fact they have the same
type.

We have the following lemma, which says that for any C € 6{2”, 9s(C) is determined by
T(s). Note that the same statement may not hold true for C ¢ &/
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Lemma 5.12. Let C € &, Then, for any k-samples sy, sy with T(s1) = T(s3), we have
9s1 (C) = sy (C>

Proof. Since T'(s1) = T'(s2), we can find a 0 € Sym(k) such that for all i =1,2... k,

{mmd(sl)dm ((Z:)} _ {mmdwdmg (é ((ii))))] :

Since C € &1 we have ¢(C) = ¢'2(C). Hence,

mlnd(sl) mInd(SQ)

ndiag ndiag

k k
95,(€) = Y199 ©@) =D 1955 (C)] = 9.,(C),
i=1 i=1

as desired. O

We also need the following definition, which can be used to give an alternative classifica-
tion of samples.

Definition 5.13. [Discriminant| For any k& with & mod 4 # 2, the discriminant of a
k-sample s is defined by

Di(s) = a(A}) + v(s)7(A}) + (as) = 7(s) — D(A}).

We next give an example for the above definition, for which we need to introduce more
notation as follows: Let

Sk(a,b,¢) == {s € S||a(s) = a, B(s) = b,v(s) = ¢},

and

Sk(a,b,c,d) == {s € S||la(s) = a, 5(s) = b,v(s) = ¢, d(s) = d},
where
6(s) == [{illmina, (i) = 1}].
For instance, one verifies that for

5= {(17 1)> (172)7 (27?))7 (374)7 (67 5)}7

we have Inds = {1,1,1,2,2,3,3,4,5,6}, and moreover, my,q.(4) = myna,(5) = Myna, (6) =1
and d(s) = 3, which imply that s € S4(5,6, 1, 3).

Example 5.14. For the first case in Example B.5 T(A}) = =2, g(Aj) = =5, a(A}) =1
and b(A%) = 4. Then, for any s € Ss,

Ds(s) =1 —57(s) + 4(a(s) —(s) — 1).
More specifically,
o if s € 55(3,3,0), then Ds3(s) = 9;

18



e if s € 55(3,3,1), then Ds(s) = 0;
o if s € 55(3,3,2), then Ds(s) = —9.

_ Similarly, for the second case in Example 5.5} Z(A}) = 3, 7(A}) = =5, a(A}) = —1 and
b(A}) = 3. Hence, for any s € Sy,

Dy(s) = =1 =57(s) + 3(a(s) = v(s) = 1).

More specifically,

o if s € 54(4,4,0), then Dy(s

(4,4,0) (

o if s €84(4,4,1), then Dy(s

o if s € 54(4,4,2), then Dy(s
(

) =38
)=0
)= =8
) = —16.

o if s € §4(4,4,3), then Dy(s

Definition 5.15. [Class] A sample s € Sy, is said to be in class II if s € Sk(k, k), 6(s) #0
and Dy (s) < 0. Otherwise, it is said to be in class I.

Example 5.16. Using the fact S;5(3,3,2) = S3(3,3,2,1) and recalling Example [5.14] we
have that s € S3 is in class II if and only s € S3(3, 3,2). Similarly, we have that s € S is in
class II if and only if s € S4(4,4,2) U S4(4,4,3) and 6(s) # 0. It is easy to verify that

2= (o] L] )L FOTL] G- L
UL o ) PO LB -

where §(s) = 0 if and only if s € {[a, [?J, [g}, [g} } This, together with the fact that
S4(4,4,3) = S4(4,4,3,1), implies that all the class II samples of S, are

o] Lol o [P ORI PORL] o )L s

The following lemma, which is the main result of this section, measures how much g,(-)
changes from C; under a valid perturbation along the direction of Aj.

Lemma 5.17. Let s € S, and € > 0 be g-valid. Then,
he(eAL) = Ay - T(eA}) + B, - G(eA}) + Cs - a(eA}) + Dy - b(eA}), (28)

where, if s is in class I, then

As = 7<S>7
Bs = 7(8)(25(8) — k- 1)7
O, = 2als) — ~(s)) 29)



and if s is in class 11, then

As = ’Y(S)a
By = /V(S)(k - 25(8) - 1)7
=2

30
F—s) — 8(s), 30)
D, = k* — (20(s) + v(s) + 2)k + 27(s5)d(s) + 27(s) + 23(s).
Proof. For any s € §j and any 1 < ¢ < k, by the definition of C}, it is easy to see that
. Mind, (¢ a(s

k k2’
which immediately implies that
. gg)(C;) =0if a(s) = k and my,q, (¢) = 1;
o ¢19(C:) < 0if mpng,(€) =0, ie., £ ¢ Ind,;
o g\ (C;) > 0 otherwise.

We first consider the samples in class I. By definition, there are the following three cases:
(1) s & Sk(k,k); (2) s € Sp(k, k) and 0(s) = 0; (3) s € S(k, k), 6(s) # 0 and D(s) > 0.
By the above discussions, for Cases (1) and (2), we have g0 (Cr) #0foral 1 </l <k
Then, by the definition of a valid perturbation, the following hold for the g,-valid e:
if g(9(C;) > 0, then ¢\ (C; + eAY) > 0; (32)
if g9(Cr) <0, then ¢\9(C; +cA}) <0.

For Case (3), since € is gs-valid, still holds. In this case, since §(s) # 0, there exists
some £ such that g\ (C) = 0; and for such an ¢, it can be verified that

g (C +eA}) = aleA}) +(s)7(eA]) + (als) = v(s) = D)b(eA}) = Di(s) > 0. (33)
Now, combining and , we deduce that

if ¢ € Indy, then ¢?(C;) > 0 and ¢{” (C; +cA}) > 0; =
if ¢ ¢ Ind,, then ¢'(C;) < 0 and ¢\ (C; + eA}) < 0.
Hence, for any sample s in class I, we have

k k
h(eA) =Y 9(Cr + A =D 1947 (Ch)l
=1 =1

= > (40Ci+eap) —g(C)) = Y (4d0(Ci+ea)) —g(C))  (35)

telnds L Inds
= Y wap = > h(Eay).
telnds ¢ Inds
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Note that

Y hOEA]) = 1s)T(eA]) + (B(s) — D)y(s)g(=A7)

+2(a(s) —v(s)a(eA}) + (a(s) = () (B(s) — 2)7(s)b(e A})

and

Y hO(eA]) = (k= B(s)) V()7 (A7) + (als) = 7(s))b(=AT)).

¢ Ind,

Substituting the above equalities into then yields the result for class 1.
Now, we consider the samples in class II. By definition, there exists some ¢ such that

g¥ (C;) = 0; and for such an ¢,
9 (C + eA}) = a(A}) +()T(AL) + (a(s) = v(s) = DB(A]) = Dy(s) < 0.

Hence, similarly as above, we have

ha(eA;) = 190(Cr+eap] = > 1RO (Ch)l
/=1 /=1 (36)
= > w9ea;p) = > hO(eA}) — 20(s)Dils).

lelnds £¢Inds

Noting that a(s) = f(s) = k for any class 1T sample s and substituting for the values of

> tcind, 3% (AL D rgina, hg)(aAZ) as in the proof for class I, the result for class II then
follows, which completes the proof. O

5.4 A perturbation framework

Note that by Theorem for any k£ # 1,2,6, 10, one can perturb C; to obtain a better
solution to Ps, , which however may not be optimal. In the following, we propose a framework
of perturbing C; to obtain C;* for any £ mod 4 # 2, which are optimal at least for the cases
k=3,4,5,7,9 (see Section @

The framework consists of the following three steps.

Step 1: Compute Aj. This step can be done by solving 1), 2) and 3) in Definition .

Step 2: Compute C;*. For this step, we first use Lemmas [4.4] and to obtain the
subsets of samples which achieves the maximum and the second largest values of {gs(C;)||s €
Si}. And we then use Lemma5.17]to compute hy(¢A}) for all s € ;. In the end, we increase
the value of € from 0 so that the maximum will decrease (uniformly over all s € §**(C}))
until it meets the increasing second largest value at € = ¢*, and then set C;* = C}, + " A},

Step 3: Compute S;*(C;*). We first check by Definition[5.6] the validity of £* obtained
in Step 2. It turns out that for each k, there might exist a small number of samples s for
which €* is not gs-valid. For such s, we can simply compute the value of gs(C;*) using the
definition of g, and then we compute, by using Lemma [£.3] and Lemma [5.17], the value of
9s(C;*) = gs(C) + hs(e*Ay) for all s where £* is gs-valid. Finally, with the values of all
gs(C;¥), we derive S (Cf*).
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6 Optimal Solutions for £ =3,4,5,7,8,9

In this section, through perturbing the corresponding C;, we obtain the optimal solutions
C;* to Ps, for k = 3,4,5,7,8,9, and we further establish the uniqueness of these optimal
solutions.

6.1 From C; to C;* for k =3,4,5,7,9

The perturbation from C; to C;* follows from the framework in Section with however
some possible simplifications and adaptations to varying degrees for different k.

B We first deal with the case k = 3 through the following steps.

Step 1: Compute Aj. This has already been done in Example

Step 2: Compute Cj*. For this step, we need to compute hs(e¢A}) for all s € S3. To
this end, we compute using Lemma [5.17]

he(eAL) = (=24, — 5B, + C, + 4D,)e.

By Example [5.16] s is in class IT if and only if s € 85(3,3,2,1) = 85(3,3,2). Then, by (30),
we have A; = 2, By = C5, = 0, Dy = 1 and hence hs(cAj) = 0 for s € S3(3,3,2). For any
sample s in class I, we use to compute the coefficients and then compute hs(eA%). The
computations as above yield Table [1} where the values of all g4(C;) and h,(eA%) are listed.

Table 1: The values of ¢5(C3) and hs(cA%)

Class of s class I
Subclass of s || S3(1,1,1) | S3(1,2,0) | S3(2,2) | S3(2,3,0)
9s(C3) g g % g
hs(eA3) 8¢ —2¢ —4e 12¢
Class of s class I class II
Subclass of s || S5(2,3,1) | 85(3,3,0) | 85(3,3,1) | S5(3,3,3) | S5(3,3,2)
95(C3) : 1
hs(eA) —6¢ 18 | 0 | 36| 0

By Table , 9s(C3) achieves the maximum % at S3(2, 2) (or, more precisely, at any sample
from S3(2,2)) and the second largest value 1 at S3(3,3). Now, we will perturb C;; along the
direction of Aj to obtain C;* so that, roughly speaking, the maximum will decrease until
it meets the increasing second largest value. To this end, we note that in the course of
perturbation, the second largest value increases fastest when s € S3(3,3,0), and we thereby

solve 1 4 18 = 1970 — 4¢e, which yields €* = 221X9 = ﬁlg and furthermore,
12 5 5 =3 5 =2 =3 =2 35
1 ¥ 3 3 ¥ 1% % 23 %
Cir =Cr+ Ay x — = 2 == = = = =2 = = 2
U R TR NN A AN A A N A A
22 22 22 2 22 2 2 22 22

By Lemma Aj X 1= is a valid perturbation.
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Step 3: Compute S7""*(C;*). From Table[l] it is easy to verify that {gs(C3*)||s € S}
achieves the maximum 3 at S3(2,2) U S5(3,3,0). In other words, S7**(C5*) = S5(2,2) U
S3(3,3,0).

B Now, we deal with the case k = 4 through the following steps.

Step 1: Compute Aj. This has already been done in Example

Step 2: Compute C;*. For this step, we need to compute hs(e¢A}) for all s € Sy. To
this end, we compute using Lemma [5.17],

hs(eA}) = (34, — 5By — Cs + 3D;)e.
By Example | s € S, is in class 1T if and only if

56{BHE}’H[?]}U{[?Hﬂvm[H Ul o B} [y osisss
[

For the class II samples, if s € {[3],[] [] []} {[ , [] []} we have v(s) =
6(s) = 2 and by B0) A, = 2, B, = =2, Cs = D, = d hence hy(sAl) = 16¢; if
se{[ﬂ,[g],[g],[g]’wehave'y(s)—2(5()—1adb s =B, =Cy, =D, =2 and
hence hs(eA}) = 0; if s € S4(4,4,3), we have v(s) = ( ) and by (B0) As = B, = 3,

Cs = 0 and Dy, = 2 and hence hy(¢A}) = 0. For the samples in class I, we use (29)) to
compute the coefficients and then obtain hs(¢Aj). The computations as above yield Table
2l where the values of all g5(C;) and hy(cA}) are listed.

Table 2: The values of g4(C;) and hs(eA}). Note that S4(2,3) = S4(2,3,0) US4(2,3,1).

Class of s class 1
Subclass of s | Sy(1,1,1) [ 84(1,2,0) | 84(2,2,0) | 84(2,2,1) | S4(2,2,2)
gS(CD g % 1
hs(eA%) 18¢ —8¢ —16c | 0 | 16e
Class of s class 1
Subclass of s | S4(2,3) | S4(2,4,0) | Su(3,3) [ Su(3,4,0) | S4(3,4,1) | 84(3,4,2)
9s(C}) 1 2 5 1
he(eA}) —4e 8 6 122 | —4e | —20e
Class of s class 1 class 11
Subclass of 5 || 8:(4,4,0) [ 8i(4,4,1) | {[g]. [o], [5, o1} | {[]. [0, 1. [51
98<CZ) 1
hy(cA}) 16 [ 0 | —16¢e \ 0
Class of s class 1 class 11
Subclass of s || Sa(4,4,4) | {[[, [[]. [\]. [T} [ {51 [0] [ [} | Sa(4.4.3)
95(Ci) 1
hs(eAY) —48¢ | 16¢ \ 0

Note that by Table , {9s(C;)|ls € Sk} achieves the maximum 3 at S4(3,3) and the
second largest value 1 at S4(2,2) U S4(4,4). Now, similarly as in the case £ = 3, we will
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perturb C; along the direction of A} to obtain Ci*.

To this end, we again note that in

the course of perturbation, the second largest value increases fastest when s € Sy(4,4,0) U

dl

*

3

3.0

22x8 — 176

and furthermore,

Cr =Cl + A x

i&éml =1 2 =1 =1 =t =1 2 =1 =1 =1
204 04 2 5 %2 % SR I | A
=[]l 2 23 3 [ 2 2 4 D[ 2 2 8 % (A 4
LA R R | SR R | SR I | 2 2
11 22 22 1 22 11 22 11 22 22 11 11 11 11

1

By Lemma A} X 1= is a valid perturbation.
Step 3: Compute S7"**(C;*). From Table [2] it is easy to verify that {g(C;*)

- seanesasis o ]} (L1

2
1

2
1

0
1

0
1

2
2

2

SPUT(Cr) = 8u(2,2,2)US4(3,3) US4(4,4,0)U { { )

1

0

, m, [1(1)}} U {B}, [g}, m, m }, and we thereby solve 1 4 16e = % — 6, which yields

-1 2
S,
S
45
11 11
HS€S4}

0
1

bl

M For the cases k = 5,7, 8,9, we only outline the major steps to derive C;;* without giving

all the computation details.
Step 1: Compute Aj.

o For k=5, T(A1) =4, a(A;) = —1, b(A}) = &, (A7) = -+

o For k=7, 7(A7) = 6,a(A7) = =1, b(A7) = 12, (A7) = =3}
o For k =8, T(A}) =7, a(A}) = —1, b(A}) = %7 U(AR) = —%-
o For k=9, 7(A)) =8, a(A}) = —1, b(A}) = 53, 7(A;) = 5.

Step 2: Compute C;*.

e For k =5, g,(C};) achieves the maximum 22 at Ss(4,4) and the second largest

27

value 55

at S5(3,3). By Definition all these samples are of class I. Then, an application of

Lemma yields that

eas) = {

_2g

S € 85(4, 4),
507(?)_668a ERS 85(37 3)7

based on which, we infer that the second largest value increases fastest (with speed

hs(eA%) = 52) when 7(s) = 3. Solving the equation 22 — Zle = 2Z[ 4 &g
£* = Tagz and obtain Ci* = CZ + g AL with

’Cir) =

o(Ci) = oF

C) =

y(C5") = Tos-

Note that, in the above, C;* is represented by form
written as z(C:*), a(C:*), b(CZ*), y(C:*) to emphasize their dependence on C:*.
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e For k =7, g5(C};) achieves the maximum 25 at S7(5,5) and the second largest value 2%
at S7(6, 6) By Definition all these samples are of class I. Then, an application of
Lemma yields that

A= TS 6),
hs(g 7) { Ma S € 87<6, 6>’

11

based on which we infer that the second largest value increases fastest (With speed

h (5A*) = 2&) when 7(s) = 0. Solving the equation 22 — 8¢ = 33 4 22¢ we have
£* = s and obtain CF* = C + s A% with
(C**) = 1%8’
a(C7") = 1087
HEH) = 1o
y(C7") = T

e For k = 8, g,(C}) achieves the maximum 2 at Sg(6,6) and the second largest value

35 at Ss(5,5) USs(7,7). By Definition [5.15] all these samples are of class I. Then, an
application of Lemma yields that

— e, s € Sg(6,6),
he(eAf) = { 20 5 € 8(5,5),

—324(s)+14
%8, s € 8(7,7),

based on which we infer that the second largest value increases fastest (with speed

he(eAf) = 2%) when s € Sg(5,5,5). Solving the equation 2 — 2e = 22 + 0 we

have £* = 2= and obtain C3* = C§ + 325 A% with
ZL‘(Cg*) = %7
a(cg*) = @7
b( §*> = @7
y(C5") = s

e For k =9, g,(C;) achieves the maximum 2 at So(7,7) and the second largest value

2 at Sy(5,5) USy(6,6). By Definition [5.15, all these samples are of class I. Then, an
application of Lemma yields that

S =

_ o s € So(7,7)
ho(eAf) =9 168 6).
(8 8) { Mg) S € 89(676)a

based on which, we infer that the second largest value increases fastest (with speed
h (5A*) = 83%) when s € Sy(6,6,6). Solving the equation § — £0e = 30 + Be we

3 ST
: *x __ % *
have e* = &> and obtain C§* = Cj + goe Af with

@7
a(cg*) = 8_%’
b(C5") = 54
y(Cs") = wr



Step 3: Compute S (C;*).

e For k = 5, it can be easily verified that ¢* = Wl% is gs,-valid. Hence, we compute
9s(CE*) = g5(CE) + hs(e*A}) for all s € S using Lemma [4.3] and Lemma [5.17] It turns
out gs,(C3) = 2 — 2 = 10 j5 achieved at S"**(C:*) = S5(3,3,3) US5(4,4).

25 2700

e For k =7, it can be easily verified that €* = —10§i49

<) bl b o o L o] YU ) W o) Lo o 1) 1)
L) ol o o] [ L) B PO ol o} o)) L)L)
b o] o) () ) W PO o o ) ) o]

Lemma 5.17 It turns out g57(C;‘*) = 2% — 8- = W is achieved at S (Cy*) =
So(4, 4,4y U S:(5,5) U S:(6,6,0).

is not ge-valid if and only if

—_

_ o= O = O
T 1
N O = O = O

S NN O N O N
SN O NN DN

11
108x49

< Lol ] o o o) Bl B BT O] o o)l ] ol

It turns out gs(C3*) < g% for all the samples s of the types as above. We compute

95(C3*) = g5(C%) + hs(e*A}) for all the other s € Sg using Lemma [4.3)and Lemma [5.17

It turns out gs,(C5*) = 2 — 22 = I is achieved at S"**(C3*) = Ss(5,5,5) USs(6,6).

e For k =8, it can be easily verified that ¢* = is not g,-valid if and only if

e For k=9, it can be easily verified that * = = is gs,-valid. We compute g,(C5*) =

9s(C3) + hs(e*A}) for all s € Sg using Lemma and Lemma It turns out
gs,(Cy*) = 8 — 0 — 2 g achieved at Sm‘”(C**) S9(6,6,6) U 89(7, 7).

81 824 %81 206

6.2 Optimality of C;* for £ = 3,4,5,7,8,9

In this section, we prove that C;* obtained in the last section are optimal solutions to Ps,
for k =3,4,5,7,8,9. We first introduce more notations and state some needed lemmas.
Recall that for any sample s € S,I(C), we have gé‘) (C) > 0 for any ¢ € Ind, and
gt? (C) <0 for any ¢ ¢ Ind,. Since any function g9 s € SI(C), is continuous, there exists a
neighborhood, denoted by N1(C,e) C &, of C such that for all C' € NT(C,¢), all s € S](C)
and all 1 < /¢ <k,
g(C") - gP(C) > 0.

In the following, we let C' € NT(C, ) and write
A:=C—-C=(ADA®D AW), (37)
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where each A = <5l(£])> is a k x k matrix such that for all £ =1,2,...,k,

k k
pSLIED S e
i=1 j=1
And moreover, we write
hs(A) = g5(C') = g5(C). (39)

We need the following three lemmas.

Lemma 6.1. Let k >3 and d > 2. If S(d,d,d) C S}(C), then

> &)= [Shia) Tt 5], 0

SESk(d,d,d)
where A= (371), B = (;73) — (31)-

Proof. Let
kok ok
¢
Do h(A)=3_% > Gy
s€Sk(d,d,d) (=1 i=1 j=1
We compute the coefficients hg? as follows: Firstly, note that for any s € Si(d,d,d) and
any (i,7) € [k] x [k] with i # j, we have (i,7) ¢ s, and hence hg? = 0. Secondly, for each
(1,1) € [k] x [k], there are (k_l) samples of Sy(d, d, d) containing (7,7) and hence hg? = (k_l)

d—1 d—1
for all 1 < ¢ < k. Thirdly, noticing that for any j # i, there are (]:z:;) samples containing
both (i,7) and (j,7), and there are (Sj) samples containing (7,7) but not (j,j), we have
h?) = (g:g) — (S:f), which completes the proof. O

Lemma 6.2. Let k > 3 and d > 3. If Sx(d,d,0) C SI(C), then

0 @] |4
Z h |: z 1521 Zz]z;é] 5]]] |:B/:| ) (41>
sESk d d 0
where A' = (d = 1) ((25) = (15) = 2(:22)), B/ = (d= 1DV ((55) - (53))-
Proof. Let
kok ok
D h(A)=3 3> hia

sESk(d d,0) (=1 i=1 j=1
We compute the coefﬁments h as follows: Firstly, note that for any s € Si(d, d,0), we have
(i,7) ¢ s, and hence h =0 for all 1 <4, ¢ < k. Secondly, for each i # j, there are (d —
1)@=1. (*2) samples of Sk(d d,0) containing (4, j) and hence h; l) = h = (d—1)1D. (572,
Thirdly, noticing that for any distinct 7, 7, ¢, there are (d — 1)@~ 1) ( d73) samples s such that
( € Ind, and (i, j) € s, and there are (d — 1)¢@=Y . (’:l:;’) samples s such that ¢ ¢ Inds and
(i,7) € s, we have h( = (d—1)¢-b. ((k_?’) — (k_3)). The desired result then follows by

d—3 d—2

applying . O
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Lemma 6.3. If S5(2,2,0) C SI(C), then

Z h 7, 151‘(,1') Zi,j:i;ﬁj 5;,3i| |: 1 :| . (42)

s€83(2,2,0)

, ) = (0 + 8,
2D+ (050 + 05%) — (855 + 08),
g?) (5§21+513)

1
hia,a2(A) =(85)
hi3,.2),2,3) (

CAs

AL

S S

W~ W N~

+ 4+ +

S S D

—_~ N =~
w

ERNCEN
Hence, by , we have

ORRINID 3B SRIEEED il
5€53(2,2,0) e? i,jii] distinct 77,0 (13)
-3 X a)
i=1 i,jii]
which complete the proof. m

The following lemma gives a sufficient condition for the local optimality of an arbitrary
C € G;.

Lemma 6.4. Let C € Sy. If there exists a subset Sp(C) C Si(C) (i-e., the mazimizing k-
samples at C) and a neighborhood N(C,e) C &, of C and a set of positive reals {ks||s € Sp(C)}
such that for all C" € N(C,¢),

> ke 95(C)) = 0. (44)

s€52(C)
Then, C is a local optimal point for Ps, .

Proof. Suppose, by way of contradiction, that C is not a local optimal point. Then, there
exists C' € N(C,¢) such that gs, (C') < gs,(C). Then, for all s € Sg(C),

9s(C") < 95.(C") < 95,(C) = g:(C).
Hence, Zsesg(c) ks - (gs(C") — gs(C)) < 0, which contradicts 1) O

From now on, we denote the vector {g] in by H(d, d,d), m [g,] by Hi(d, d,0)
/

where {g,} is obtained in and H3(2,2,0) = {_13} by 1} We are then ready to give

the main result of this section.

Theorem 6.5. C;* is an optimal point for Ps, for k =3,4,5,7,8,9.
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Proof. By the convexity of gs, (-), it suffices to prove that C;* is a local optimal point. To
this end, by Lemma we only need to find a nelghborhood of Ci*, a subset Sp(C;*) of
Si(C;*) and a set of positives reals satisfying (44 . In the followmg, we take NT(C;* ) as
the neighborhood of C}* for each k = 3,4,5,7,8,9.

e For the case k = 3, let S3(C5*) = S3(2,2,0) U S5(2,2,2) US5(3,3,0) C S3(C5*). It can
be verlﬁed that S° Ci¥) C ST (C3*). Then, by Lemmas and , we infer that

and hold with H3(2,2,0) = [_13}, Hs(2,2,2) = B} and H3(3,3,0) =

respectlvely Since H3(2,2,0) + 2H3(2,2,2) + H3(3,3,0) = 0, an application of

1 )
Lemma [6.4] yields that C§* is an optimal point for Ps,.
e For the case k = 4, let Sg(C;*) = S4(2,2,2) US4(3,3,0) US4(3,3,3) C S4(C5*), which

can be verified to be a subset of S[(C;*). Then, as in previous case, the desired
optimality of C;* then follows from Lemmas [6.1] and and the easily verifiable

fact that 2H4(2,2,2) + 3H4(3,3,0) + 2H4(3,3,3) = 0, where H4(2,2,2) = {_31},

H4(3,3,0) = hﬂ and H4(3,3,3) = m

o For the case k = 5, let S2(C2*) = Ss(3,3,3)USs (4, 4, 0)USs(4, 4,4) C S5(C2*) C SH(Ce™).
Then, the desired optimality of C;* then follows from Lemmas and and
the easily verifiable fact that H5(3,3,3) +2H5(4,4,0) + H5(4,4,4) = 0.

e For the case k = 7, let S2(C3*) = Sx(4,4,4)US;(5,5,0)US7(5,5,5) C S-(C2*) C SI(Cz*
Then, the desired optimality of C;* then follows from the fact that 3H,(4,4,4)
5H7(5,5,0) + 2H7(5,5,5) = 0.

+

e For the case k = 8, let S3(C3*) = Ss(5,5,5) U Ss(6,6,0) U Ss(6,6,6) C Ss(Ci*) C
SH(Cz*). Then, the desired optimality then follows from the fact that 12Hg(5,5,5) +
21Hs(6,6,0) + 5Hs(6,6,6) = 0.

e For the case k = 9, let S§(C3*) = S9(6,6,6) U So(7,7,0) U Se(7,7,7) C So(Cs*) C
SH(Cs*). Then, the desired optimality then follows from the fact that 15H4(6,6,6) +
28Hy(7,7,0) + 3Ho(7,7,7) = 0.

U

6.3 The Uniqueness of Optimal Solutions for £t =3,4,...,9

We are concerned with the uniqueness of the optimal solutions to Ps,. Note that the case
of k =1 is trivial, and it is known from the proof of Theorem 3 of [3] that C; is the unique
optimal point for Pg,. In this section, we will show that the optimal solutions to Ps, are
unique for k = 3,4, ...,9, which however ceases to hold true for k£ = 10.

We first need the following lemma, which strengthens Lemma [6.4]
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Lemma 6.6. Let C € Sy. If there exists a subset S;(C) C Sk(C) and a neighborhood

N(C,e) C & of C and a set of positive reals {ks|s € Sk(C)} such that (1) For all C' €
N(C,e), Zses,; ks - hs(A) =0; (2) If for all s € S;(C), hs(A) =0 then A =0, where, as

before, A = C' — C and hs(A) = gs(C') — gs(C). Then, C is the unique local optimal point
for Ps,.

Proof. Suppose, by way of contradiction, that there exists another optimal point C' € N(C, ¢)
such that C'—C = A # 0. By Condition (1), we know that for all s € S;(C), gs(C') = ¢5(C),
i.e., hs(A) = 0 (Since otherwise there exist sg, s1 € Sp(C) such that gs,(C') — gs,(C) > 0 and
gs, (C')—gs, (C) < 0, which contradicts the optimality of C). Hence, by Condition (2), we have
A = 0, which contradicts the assumption that A # 0 and thereby the result follows. O]

In the following, we set
S3(C57) == 85(2,2) US3(3,3,0) = S3(C37).
And it can be easily verified that S3(C:*) € SH(Cy*). The following lemma can be used to
establish the uniqueness of C5* for Psg,.

Lemma 6.7. There exist a set of positive reals {ks||s € S;(C5*)} such that for all C' €
NH(C5,e)

D> ke (94(C) = ga(C5)) = 0. (45)

SESE(CY)
Proof. From the proof of Theorem [6.5) m, we have that for all C"' € NT(C3*, ¢),
Yooh(A)+2 Y h(A)+ D h(A) =
s€83(2,2,0) $€83(2,2,2) $€83(3,3,0)

where, as before, A = C’' — C3*. Since

hia,a23(A) + hien,e1(A) =hia,e2y (A) + hien,a1(A),
hyn),0,3)3H(A) + hiz1),631HA) =h11),631(A) + hiz),033 (D),
hi@2),ea3(A) + hie),631(A) =hiee),63 (A) + hieo),ea(A),
we have
ho(A) = hs(A) + hs(A) (46)
5€85(2,2,1) $€85(2,2,0) $€835(2,2,2)

Hence, we have
= > by = > hy = ) h(A)+ ) h(A)=0.

SGSg 2,2,0) 8653 2,2,1) se33(2,2,2) 5€83(3,3,0)

The proof is then complete. [
In the following, we set
SI(CZ*) = 84(3, 3, 0) U 84(3, 3, 1) U 84(4, 4, O) Q 84(02*)

It can be easily verified that S} (C;*) C Si(C;*). The following lemma, whose proof has been
postponed to Appendix [C] can be used to establish the uniqueness of C;* for Ps,.
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Lemma 6.8. There exists a set of positive reals {ks||s € S;(Ci*)} such that for all C' €
NH(Ci*,e),

> ks —9s(C7)) = (47)
SGS* C**
We are now ready to give the main result of this section.

Theorem 6.9. C;* is the unique optimal point for Ps, for k=3,4,...,9.

Proof. B We first deal with the case k = 3. By Lemma [6.6] and then Lemma [6.7, we only
need to prove that the equation

ho(A) =0 for all s € Sy(C2) (48)

has the unique solution A = 0.
Suppose A = ((51(3)) (5(2)), (55})) is a solution of 1) We first prove that for all
1<i,7<3,

3
g =Y 00 =0. (49)
=1

By , we have 7y 1+ o+71 3 = 0 and then by hy(2,1),(1,2),1,3)} (A) = Mo, 1+71 24713 = 0,
we have 71 = m9 ;. Similarly, we have w1 = my1 = m3;. By , we have 71+ +731 =
0, and hence, 7 ; = 7o = w31 = 0. Further, in the same way, we have 79 = M9 = M35 =0
and finally we obtain (49)).

By h{a1),0,21(A) = 0 and , we have 5§3§ = 5%1?2 + 5% Hence, 0 = m 3 = 25%.
Similarly, we can have 5533) = 55332 = 0. Hence, by , we further have 5§3§ = 0. In a similar
fashion, we finally have '

59 =0, 1<i,j<3. (50)

2Y)

Letting (58 =a, (5512) b, (5§12) = ¢ and using Equatlons and (| , we have

0 a —a —a 0 a a —a 0
A = 0 b —b |, b 0 b |, b —=b O
0 ¢ —c —c 0 ¢ ¢c —c 0

By h{,1),223(A) =0, we have b —a = a — b, i.e., a = b. By hyu,1),333(A) = 0, we have
c—a=a—c,ie., a=c Hencea=0b=cand then by Equation (38), we havea = b =c =0,
which means A = 0. The proof is then complete.

B We now deal with the case k = 4. By Lemma and then Lemma we only need
to prove that the equation

hs(A) =0 for all s € S;(C;") (51)

has the unique solution A = 0.
Suppose A = ((521}) ((552) (5 ) ((5( )> is a solution of 1) We first prove that for all
Z’?j = 1727 3747

4
l
= Zaz(,j) —0. (52)
=1
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By , we have 1,1 + 71,2 + 71,3 + T4 = 0 and then by h{(271)7(1’2)’(1’3)7(174)}(A) = T2, +
T2+ T3+ T4 = 0, we have m; ; = mo . Similarly, we have w1 = ma1 = m31 = m41. By
(38), we have 71 + w1 + 731 + w41 = 0, and hence, w1 = a1 = w31 = w41 = 0. Further,
in the same way, we have 7y 3 = Ty 9 = 732 = m42 = 0 and finally, we obtain .

By hy1,1),1,2),1,33(A) = 0 and , we have 5&2 = 554 5(2) + 614 Hence, 0 = m4 =

25;2. Similarly, we can have 552 = 5;2 = 0. Hence, by (3 , we further have 5474 = 0.
Similarly, we have '
59 =0, 1<i,j<4. (53)

Z?J

Since h{ 1, 1 ),(1,2),(1, 3)}(A) h{ 2,1) (1 2),(1 3)}(A) = 0, we have 5%711) 5(2) +5 5 1) B 5511) +
(4)
1,1

(5521)+(5§31) 52 1, and furthermore, by (5 , —26
h{(3,1),(1,2),(1,3)}(A) = 0, we have

P
I

—25;11) Slmllarly, by h{(171)’(1?2),(173)}(

4 4
5 = ol = o1

Since h{ (1,1), (1 2),(1, 4)}(A) = h{ 2,1),(1,2),(1, 4)}(A) 0, we have 5 + 5 + 51 1 — (55?1) = 551
52 1+(521 (52 1, and furthermore, by , —2(55
h{ (4,1) ,(1,2),(1,4)}(A) = 0, we have

Since h{(171)’(173),(174)}(A) = h{(371)7(1’3)7(1,4)} ) = 0, we have 5 + 5(3) + 5 5§ =
5:(‘311) + 5§31) + 5:%1) - 55,721), Le., —2(581) = —2(5;&721) by 1’ Similarly, by h{(171)7(1’3),(1,4)}(A) =
hi1),0,3),01,0)1 (A) = 0, we have

5@ _ 5@ _ 52

1,1 3,1 4,1°

Now, note that 71 = 60 + 60 + 6% + 61 = 68} + 62 + 6 + 63 = 751, by (53) and
3

2) _ 5@ ’

the above discussions, we have 6571 = 0y. Similarly, by 7,1 = 731, we have 6&31) = 4y and

by 1 = 741, we have 5%1) = (5&41). Hence, by , we deduce that for 1 = 1,2, 3,4,
5 =

)

55)1 531 —5512,)1 =0.
Similarly, one can have that for i = 1,2,3,4, 7 = 2,3,4,
5 = ) = 38 =6 =

5]

Collecting all the results above, we conclude that A = 0, as desired.
B The uniqueness of the optimal solutions for k = 5,6, ..., 9 follows from a more complex
yet completely parallel argument as for k£ = 3,4, and therefore we omit the details. O]

Theorem 6.10. There are at least two optimal points for Ps,,.

Proof. 1t suffices to find an optimal point for Pg,, that is different from Cjj. To this end,

consider the system and replace “<” and “>" by “<” and “>" respectively. Then, we

have _
a+b<0,
a+2b<0,
a+2b>0,
7a + 200 > 0.

(54)
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Note that the above system has solution

b>0,
{ a+2b=0. (55)
Now choosing ¢ > 0 small enough and setting b = 9, we obtain an optimal point C = Cj;+ A
different from Cjj with a(A) = =24, b(A) =6, Y(A) = —69, T(A) = 1 + 180. O

6.4 Routing Rate

By Theorem the optimal solution C;*, k = 3,4, ..., 10, gives an explicit construction of
multi-flows for the corresponding k-pair strongly reachable network. More precisely, trans-

lating the results in this section, we have constructed multi-flows of rate (%—;, ey i—l%) for
k= 3,4, rate2 (1%,..2.,1%) for k = 5,6,7, rate.(%,...,%) for k = 8, rate (%,...,gﬁ) for
k =9, rate (2—2, e %) for k = 10, each of which further gives a lower bound on the corre-

sponding R,.(N). To the best of our knowledge, the aforementioned rates are the largest to
date.

7 Concluding Remarks

We attack the Langberg-Médard multiple unicast conjecture via an optimization approach.
For a closely related optimization problem Ps, with optimal value Ogs,, we analyze the
asymptotics of {Og, } and explicit solve Ps, for k = 1,2,...,10. More precisely, we prove that
limy,_,00 Os, = 9/8, and establish the first 10 terms of {Og, } as 1,1, 32, 12,42 10 10 15 23, 28
which respectively give the largest feasible routing rate to date for the corresponding strongly
reachable networks.

For any k # 1,2,6,10, there exists a perturbation promising to give better solutions
than C}, a sequence of asymptotically optimal solutions to Ps,, and moreover, a delicate
perturbation analysis in Sections [5| and [0] gives the exact optimal solutions for &£ < 10.
Nevertheless, it remains to be seen whether the perturbation approach can be used to solve
Ps, for all k. The major hurdle for the case of larger k is the drastically increasing complexity
needed for the analysis, which is already prohibitive for £ = 11. Here we remark that the
optimization problem appears to be “trickier” than previously thought. For a quick example,
one would be tempted to think that the sequence {Og, } should be monotonically increasingly.
This, however, is not true, since our results actually indicate that Og, > Ogs,,,.

Appendices
A  Proof of Lemma 5.8

By the definition of C}, it can be readily verified that for any 3-sample s and any 1 < ¢ < 3,

00(C3) = gmana () = 5a(s) (50)
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Note that for all s € S3, we have 1 < a(s) < 3 and 0 < my,qg,(¢) < 4 and hence
-2 —1 1 8
O S;,1<0<3YC{—=—0,>,....~1%.
{95(3)”‘96 3L = —}_ 979779a 797
We now deal with the following cases:
o 1f gY(C5) =

considering all the possible such samples and the corresponding ¢ (e.g., s =
and ¢ = 1), it is not hard to see that ¢ is gge)—valid if and only if

Y

2
((A3) +b(AK))e < 5.

=2, which implies mypq,(¢) = 0 and a(s) = 2 by Equation 1} then by
2,2)(3,3)}

Recalling from Example |5.5/that Z(A%) = —2, 57(A%) = —5, a(A%) = 1 and b(A3) = 4,

we deduce that for this case € > 0 is gg) -valid if and only if ¢ < %

o If ¢! (C3) = =+, which implies mp,q4,(¢) = 0 and a(s) = 1, then € is g49-valid if and

only if
{ y(Aj3)e <
b(A%)e <

©l=ol-

Similarly, we deduce that for this case € > 0 is gs )—Valid if and only if ¢ < 3—16

o If g (C*) = 0, then, by definition, any € > 0 is gg)—valid.

o 1f g{(C3) = &, which implies 17,4, (¢) = 1 and a(s) = 2, then ¢ is g\ -valid if and only

if
{ ~(@(A3) +7(A3)e <}
~(@(Ag) +b(Ag)e < &
(0

Straightforward computations yield that that, for this case, ¢ > 0 is g ’-valid if and

: 1
only if e < 5.

o If gs (C*) = %
if —a(Aj)e <32 ie.,anye>0is g9 valid.

which implies mnq,(¢) = 1 and a(s) = 1, then ¢ is 949-valid if and only

o If gV (C ) = 2, which implies my,q, (¢) = 2 and a(s) = 3, then ¢ is ¢49-valid if and only

if

—(2a(A) +7(A5)e < 3,
—(2a(A3) + B(AY)e < &,
(@A) + 25(A}) < 2,
—(F(A3) + 2B(AY)e < 2.
—(F(A3) + B(A3) + (A} < 5.

(0

It then follows that, for this case, ¢ > 0 is gs '-valid if and only if ¢ <

9 max{3 12}
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o [f gg) (C3) = %, where ¢ > 4, then, similarly as above, ¢ is gg)—valid if and only if € > 0
satisfies the following systems of inequalities:

d18 S é?

dQ‘E S é?

dre < g,
for some integer r. It is easy to see that d; < —(T(A}) + 2y(Aj)) = 12 for all feasible
j. So, for this case, we deduce that ¢ < % is gg)—valid.

Combining all the discussions as above, we conclude that € > 0 is gg,-valid if and only if

e < 316, which completes the proof.

B Proof of Lemma (5.9

Firstly, note that for any 4-sample s and any 1 < ¢ < 4,

00(C3) = e, (0~ =0(s), (57)

whence we have

3 —2 15
(¢ 1<(<4}C R
WOClse St esay {8 g

We now consider the following cases:

o If " (C;) = 72, which implies myyq,(¢) = 0 and «(s) = 3 (see Equation ), then
(0)

one can deduce that ¢ is gs ’-valid if and only if

3b(A)e < 5,
(25(A}) +b(A))e < 15,
(T(A}) +20(A}))e < 15

Noting from Example that T(Ajz) = 3, y(A}) = =5, a(A}) = -1 and b(A%) = 3,
we have that, for this case, € > 0 is gg )—Vahd if and only if 3b(A%)e < 2 16, ie.,e< 4—18
o If g(Z) (Cy) = 16, which implies m,q, (¢) = 0 and a(s) = 2, then ¢ is ggz)—valid if and
only if
2Q(A*)
y<Az>e +b(Ae < 5.

e< &
€<

Similarly as above, we deduce that, for this case, ¢ > 0 is gge)—valid if and only

x 1
2b(A})e < 2, e, e < &
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o If gi) C;) = 75, WhiCh implies my,q,(¢) = 0 and a(s) = 1, then ¢ is g49-valid if and

only if b(A})e < &, ie., e < &

5
o If gg) (C;) = 0, then by definition, any ¢ > 0 is gg)—valid.

which implies mnq,(¢) = 1 and «(s) = 3, then ¢ is g!9-valid if and

—(
—(
—(

We then deduce that, for this case, ¢ > 0 is gs
25(A}))e < 15, i £ < g

o If gV(C)) = &
only if

16°

(A7) +2y(A)))e
(A7) + 2b(A]))e

e <,

£ < g

(A3) +B(A]) + FAD)e < &
£)

@I @I @I

6
which implies mnq,(¢) = 1 and «(s) = 2, then ¢ is g49-valid if and
{ —(a(Aj) +y(A)e <

—(a(A3) +b(A})e < 5

We then infer than ¢ > 0 is g{”-valid if and only if —(@(Ay) +y(Ay))e < 2, ie,
e < ﬁ.

o If gV(Cp) = 2
only if

16”

1
16

o If gl (C4) =3, Wthh implies mpuq,(¢) = 1 and «a(s) = 1, then ¢ is g49-valid if and

only if —a(Aj)e < £, ie., any e > 0 is valid.

o If g(Z)(CZ) = 1—’6, where i = 4,5,...,16, then similarly as above, ¢ is gg)—valid if and

only if £ > 0 satisfies the following system of inequalities,

die < 16’
d2€ S 167

d€§16’

for some integer r. It is easy to see that d < (_(AZ‘;) + 37(A})) = 16 for all feasible
J. It then follows that, for this case, ¢ < 6—4 is g§ -valid.

Combining all the discussions above, we conclude that € > 0 is gg,-valid if and only if ¢ <
which completes the proof.

176’

C Proof of Lemma [6.8

For any C € NT(Cj*,¢), we write

a=c—ci=((62),(62). (6%). (54)) . h(a) =g.(0) — gulci).
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By Lemmas [6.1 and [6.2] we have

4
> oh(A)=-16>"01, > h —325”+Z(5“.
$€84(3,3,0) i=1 $€84(3,3,3) i#j

We then have the following cases:
» For the samples in S4(3,3,1), we write

D ha(8) =2 3 > ke, (58)

$€84(3,3,1) (=1 =1 j=1

where the coefficients k. i; can be determined as follows. First, we consider (i,i) € [4] x [4];

and for simplicity only, assume ¢ = 1. There are 12 samples from S4(3,3,1) containing (1, 1),
more precisely, those samples from

{{(1’ 1)’ (i72)v (]a 3)}||Z =1,3) = 172} U {{(17 1)7 (i’Q)’ (]7 4)}”2 =145 = 1a2}

u{{(, 1) (4,3), (U, )}Hi=1 4‘j=1 3}.
By (1 , it is easy to see that k 1 = 12 and k@l) = k 1 = k( 11 = 4. The other coefficients of
51(72-) can be obtained similarly as

o k) =12,1<i<4
) g ;£
o ki =4, i# .
We now consider (i,7) € [4] x

[4] for i # j; and for simplicity only, assume (i,7) = (2,1).
There are 8 samples of S§4(3,3,1) containing (2, 1), more precisely, those samples from

{{(27 1)’ (27 2)7 (i’ 3)}||Z =1, 2} U {{(27 1)7 (i’ 2>’ (37 3)}”Z =1, 3}

{21, (2,2), (i )} = 1.2} U{{(2, 1), (3, 2), (4, 4)} i = 1,4},
By , it is easy to see that kéll) = k§21) = 8 and kégl) = k§41) = 0. The other coeflicients of
51(7]-) can be obtained similarly as

o K=k =81<ij<4

° k%(? =0, if 4, 5, ¢ are distinct.
Finally, by , we have

> oh _—425H+4Z(5“.

$€84(3,3,1) i#j
» For the 81 samples in S4(4,4,0), as in the previous case, we write
4

4
Do h(A)=33 > Kiag. (59)

$€84(4,4,0) (=1 i=1 j=1
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Note that for (i,7) € [4] x [4], since there is no sample containing (,7), k@ = (0. We then

consider (i,7) € [4] x [4] for i # j; and for simplicity only, assume (i,7) = (2, 1). There are
27 samples of S4(4,4,0) containing (2, 1), more precisely, those samples from

{{(2,1),(0,2),(5,3), (€ )}li # 2,5 # 3, L # 41 < i, j, £ < 4}

It is easy to verify that kéll) = k’ézl) = kégl) = k:§41) = 27, and the other coefficients of 55? can
be obtained similarly. All in all, we have kl(? = 27, for i # j. Hence, we have

S hl ——27225“

$€84(4,4,0) i=1 j=1
Combining the above results, we have
1
g 2 M@+ Y ()42 3T h(A)+5 D hi(A)=0, (60)
8683 3,3,0) 8654 3,3,1) $€84(3,3,3) $€84(4,4,0)

which completes the proof.
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