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ABSTRACT. We study proper holomorphic maps between bounded symmetric
domains D and Q. In particular, when D and Q are of the same rank > 2
such that all irreducible factors of D are of rank > 2, we prove that any proper
holomorphic map from D to € is a totally geodesic holomorphic isometric
embedding with respect to certain canonical Kéhler metrics of D and Q2. We
also obtain some results regarding holomorphic maps F : D — € which map
minimal disks of D properly into rank-1 characteristic symmetric subspaces of
Q. On the other hand, we obtain new rigidity results regarding semi-product
proper holomorphic maps between D and €2 under a certain rank condition on
D and Q.

1. INTRODUCTION

In [Ts93], Tsai has proven that if F' is a proper holomorphic map from an ir-
reducible bounded symmetric domain D to a bounded symmetric domain 2 with
the assumption that rank(D) > rank(2) > 2, then rank(D) = rank(Q2) and F is
a totally geodesic holomorphic isometric embedding with respect to the Bergman
metrics up to a normalizing constant. In general, a proper holomorphic map f
between reducible bounded symmetric domains D; and D of equal rank > 2 can
be nonstandard (i.e., not totally geodesic) when the domain D; of f is reducible
and has a rank-1 irreducible factor. We will give an example of such a proper holo-
morphic map. This example will also allow us to formulate an appropriate rigidity
theorem (i.e., Theorem 1.2) for proper holomorphic maps between reducible boun-
ded symmetric domains. Let D and 2 be irreducible bounded symmetric domains
of rank > 2. In [Ngl5], Ng has proven that if a holomorphic map f : D —  maps
minimal disks of D properly into the rank-1 characteristic symmetric subspaces of
Q, then f is a totally geodesic holomorphic isometric embedding with respect to
the Bergman metrics up to a normalizing constant.

In the first part of this article, we will study proper holomorphic maps bet-
ween (reducible) bounded symmetric domains along the lines of Ng [Ng15]. For an
irreducible bounded symmetric domain U € C™, we let gy be the canonical Kéhler-
Einstein metric on U normalized so that minimal disks of U are of constant Gaussian
curvature —2, and we denote by wg,, the Kéhler form of (U, gr). Then, gy agrees
with the standard complex Euclidean metric of C™ at 0. For Kéahler manifolds
(M, ga) and (N, gn) with the corresponding Kéahler forms wg,, and wg, respecti-
vely, a holomorphic map F': (M, gpr) — (N, gn) is said to be isometric if and only
if F*wgy = wg,,. In addition, a holomorphic map F : (M, gn) — (N, gn) is said
to be an isometric map up to a normalizing constant if and only if F*w,, = Awg,,
for some positive real constant A\. Motivated by [Ngl5, Proposition 1.2], we will
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also study holomorphic maps F' : D — € between (reducible) bounded symmetric
domains D and 2 which map minimal disks of D properly into rank-1 characteristic
symmetric subspaces of €. In this direction, we have the following generalization
of [Ngl5, Proposition 1.2].

Theorem 1.1. Let F : D — Q) be a holomorphic map between bounded symmetric
domains D and Q such that F' maps the minimal disks of D properly into rank-1
characteristic symmetric subspaces of ). Suppose all irreducible factors of D are of
rank at least two. Write D = Dy x---x Dy, and Q = Qq x--- x§, where D; € C™,
1 <5<k, and Qy, 1 < j <1, are the irreducible factors of D and §) respectively
with rank(D;) > 2 for1 < j < k. Then, F is a totally geodesic isometric embedding
from (D1,9p,) x -+ X (Dk,gp,.) to (1, 90,) x -+ x (€4, 90,)-

In the consideration of proper holomorphic maps between bounded symmetric
domains, we will deduce the following result from Theorem 1.1.

Theorem 1.2. Let ' : D — Q be a proper holomorphic map between bounded
symmetric domains D and 2 such that rank(D) = rank(Q2). Suppose all irreducible
factors of D are of rank at least two. Write D = Dy X---X Dy and Q = Q1 x---x€Qy,
where Dj, 1 < j <k, and §;, 1 < j <, are the irreducible factors of D and
respectively with rank(D;) > 2 for 1 < j < k. Then, F is a totally geodesic
isometric embedding from (D1,9p,) X +++ X (Di,gp,) to (Q1,90,) X - x (8, 9q,)-

In [Seol8], Seo has introduced semi-product proper holomorphic maps between
(reducible) bounded symmetric domains. Then, Seo [Seol8] has proven that any
proper rational map between (reducible) bounded symmetric domains is a semi-
product proper holomorphic map. One of the main results in Seo [Seol8] is the
classification of all proper holomorphic maps between (reducible) bounded symme-
tric domains of the same dimension (see [Seol8, Theorem 1.2]). Motivated by the
work of Seo [Seol18], we will study semi-product proper holomorphic maps between
non-equidimensional (reducible) bounded symmetric domains. Under certain rank
conditions, we are able to get the complete description for such maps (see Theorem
4.5).

2. PRELIMINARIES

For a (reducible) bounded symmetric domain D = Dq X --- X Dy, where D;,
1 < j <k, are the irreducible factors of D, there is a Kahler metric g}, on D such
that (D, gp) = (D1, \9p, ) X -+ X (Dg, Aegp, ) for some positive real constants \;,
1 < j <k, namely,

k
/ *
9p = Z)\jﬁngja
j=1

where 7; : D — Dj is the canonical projection onto the j-th irreducible factor of
D, mj(Z,...,Z%) = ZI for (Z',...,Z*) € Dy x -+ x Dy = D, 1 < j < k. In what
follows, for any bounded symmetric domain D we call such a metric gj, on D a
canonical Kéhler metric and denote by rank(D) the rank of D. It is well-known
that a bounded symmetric domain D is of rank 1 if and only if D is biholomorphic
to a complex unit ball.

Denote by A* = {(z1,...,25) € C* : |25] <1, 1 < j < k} the k-disk in C* for
any integer k > 1. We let B"™ be the complex unit ball in the complex n-dimensional



PROPER HOLOMORPHIC MAPS 3

FEuclidean space C™ with respect to the standard complex Euclidean metric, i.e.,
n
B" := (21,...7Zn)€CnZZ‘Zj|2<1
j=1

For any complex manifold M, we denote by T1°(M) = T,(M) the holomorphic
tangent space to M at x € M.

Let D & G/K be a bounded symmetric domain in C" and let r := rank(D),
where G is the identity component of the automorphism group of D and K C G
is the isotropy subgroup of G at 0 € C". By the Polydisk Theorem (cf. [Mok89,
p. 88|, [Wo72]), there is a totally geodesic complex submanifold IT 2 A" of D such

that
D=|Jk-IL
keK

A vector v € T,,(D), z € D, is said to be a characteristic vector of D at x if v
is tangent to any direct factor of a totally geodesic r-disk of D (cf. [Ngl5, Section
2]). Write D = Dy x --- X Dy, where D;, 1 < j <k, are the irreducible factors
of D. Then, it follows from Wolf [Wo72] that any rank-1 characteristic symmetric
subspace of D is of the form {z1} x --- x {zj_1} x Bj x {zj11} x - x {ax}
for some j, 1 < j < k, where B; = B"™ is a rank-1 characteristic symmetric
subspace of D;, x, € D, is a point for each u # j, and m; is a positive integer
depending on D;. Here, we also know that (Bj, gp,|s;) is holomorphically isometric
to (B™3, ggm; ), which is of constant holomorphic sectional curvature —2. For the

notion of characteristic symmetric subspaces of bounded symmetric domains, we
refer the readers to Mok-Tsai [MT92].

3. PROPER HOLOMORPHIC MAPS BETWEEN BOUNDED SYMMETRIC DOMAINS OF
EQUAL RANK > 2

Motivated by the study in Tsai [Ts93] and Ng [Ngl5], we are concerning proper
holomorphic maps between (reducible) bounded symmetric domains of the same
rank > 2. In [Ts93], Tsai has proven that if F' : D — Q is a proper holomorphic
map between bounded symmetric domains D and €, then rank(D) < rank((2).
Thus, it is natural to ask the following question.

Question 3.1. Let F' : D — ) be a proper holomorphic map between bounded
symmetric domains D and Q. If rank(D) = rank(Q2) > 2, then is F' a totally
geodesic holomorphic isometric embedding with respect to some canonical Kéahler
metrics on D and 7

Remark 3.2. Tsai [Ts93, Main Theorem] has an affirmative answer to Question 3.1
under the assumption that D is irreducible.

However, we have a negative answer to Question 3.1 if D is reducible and some
irreducible factor of the domain D is a complex unit ball, namely, we have

Example 3.3. We also denote by M (p, ¢; C) the space of p-by-q complex matrices.
A type-I irreducible bounded symmetric domain is given by

I . . - —t
D, = {ZeM(p,q,(C).Iq—ZZ>0},

where p and ¢ are positive integers. We refer the readers to Mok [Mok89] for details
about bounded symmetric domains.
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For any integer n > 2, it is well-known that there is a positive integer ¢ and a
proper holomorphic map f : B® — B?~2 which is not a holomorphic isometry from
(B™, Aggn) to (B9=2, gge—2) for any real constant A > 0 (cf. D’Angelo [D88]). More
precisely, from D’Angelo [D88, p. 84] we may let ¢ = 2n + 1 and

FCzi,eoi2n) = (21, -y Zne1, 2120, 2220, - - + 5 Zn—1%2n, zi)

Writing f = (f1,..., fq—2), we define a map F : B™ x D;Q — Dé,q by

F(zh...,zn;w):(fl(zl’b“’z“ N fq—2<zlé-~-,zn> ‘?V)

for (z1,...,2,) €EB"and W € D;Q. Then, F' is a proper holomorphic map between
the bounded symmetric domains B™ x Dé,g and Dg,q of rank three such that F'is not
a holomorphic isometry with respect to any canonical Kahler metrics of B™ x D;Q
and Dj .

Remark 3.4.

(1) Tt is known from Chan-Xiao-Yuan [CXY17] and Mok [Mok12] that any
holomorphic isometry between bounded symmetric domains with respect
to the canonical K&hler metrics is a proper holomorphic map. In [Ch19],
we have shown that any holomorphic isometry between bounded symmetric
domains of the same rank with respect to the canonical Kéhler metrics is
totally geodesic. From Example 3.3, we know that this result from [Ch19]
cannot be generalized to the case of proper holomorphic maps unless we
impose additional assumptions on the bounded symmetric domains.

(2) Example 3.3 shows that Theorems 1.1 and 1.2 cannot be generalized to the
case where some irreducible factor of the domain D is of rank 1.

We first recall the following lemma obtained from Mok-Tsai [MT92] and Tsai
[Ts93], which is known by Ng [Ngl5, p.224].

Lemma 3.5 (cf. Mok-Tsai [MT92], Tsai [Ts93] and Ng [Ngl5]). Let F : D — Q be
a proper holomorphic map between bounded symmetric domains D and . Suppose
rank(D) = rank(Q) > 2. Then, F' maps rank-1 characteristic symmetric subspaces
of D properly into rank-1 characteristic symmetric subspaces of Q. In particular, F

maps minimal disks of D properly into rank-1 characteristic symmetric subspaces
of Q.

This yields the following obvious corollary.

Corollary 3.6. Let F': D — () be a proper holomorphic map between bounded
symmetric domains D and € such that rank(D) = rank(Q). If Q is of tube type,
then so is D.

Proof. Suppose rank(D) = rank(€2) = 1. Then, D (resp.(?) is biholomorphic to a
complex unit ball. Since (2 is of tube type, €2 is the complex unit disk and thus D
can only be the complex unit disk as well. In particular, D is of tube type.

Now, we suppose rank(D) = rank(2) > 2. Note that rank-1 characteristic sym-
metric subspaces of ) are precisely the minimal disks of €2 because €2 is of tube
type (cf. Mok-Tsai [MT92] and Wolf [Wo72]). By Lemma 3.5, F maps rank-1 cha-
racteristic symmetric subspaces of D properly into rank-1 characteristic symmetric
subspaces of €. Therefore, rank-1 characteristic symmetric subspaces of D could
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only be unit disks. Hence, all irreducible factors of D are of tube type and so is D
by Wolf [WoT2]. O

We observe that [Ngl5, Proposition 1.2] actually holds by [Ngl5, Proof of Pro-
position 1.2] even when the target bounded symmetric domain is reducible, namely,
we have

Proposition 3.7 (cf. Proposition 1.2 in Ng [Ngl5]). Let D and Q be bounded
symmetric domains of rank > 2 and let F' : D — Q be a holomorphic map. Suppose
D is irreducible and F maps the minimal disks of D properly into the rank-1
characteristic symmetric subspaces of Q2. Write 8 = Q; x --- x €, where ),
1 < j <, are the irreducible factors of 2. Then, F' is a totally geodesic isometric
embedding from (D, gp) to (Q1,90,) X -+ x (2, ga,)-

Remark 3.8. From the proof of Proposition 1.2 in Ng [Ngl5], we know that F is
a totally geodesic isometric embedding from (D, Agp) to (21, 9q,) X -+ X (4, 90,)
for some positive real constant A\. But then by the fact that F' maps minimal disks
of D properly into the rank-1 characteristic symmetric subspaces of Q and F is
totally geodesic, we can deduce that A = 1.

By making use of Proposition 3.7 and results in Ng [Ng15], we are ready to prove
Theorem 1.1, as follows.
Proof of Theorem 1.1. We write Z7 = (Z{,...,Z,%?) € D; € C"% for the Harish-

Chandra coordinates of D;, 1 < j < k. For W = (Wt ...,WF) € D, we let
tjw : Dj <= D be the natural embedding given by

Lw(Z) = (W, Wt ZI Wt k)

for Z7 € Dj, 1 < j < k. Then, each F oy : D; — § is a holomorphic map
which maps the minimal disks of D; properly into rank-1 characteristic symmetric
subspaces of €2, 1 < j < k. Since D; is an irreducible bounded symmetric domain
of rank > 2, it follows from Proposition 3.7 that F' o ¢;w is a totally geodesic
holomorphic isometric embedding from (Dj, gp,) to (21, 9a,) x -+ X (4, 99,), 1 <
§ < k. Let gf, be the canonical Kihler metric on © such that (Q, g5) = (1, g, ) ¥
“++ X (4, 9o, ). Therefore, for any W € D we have ¢y, (F*w,, ) = wgp, for 1 <j <
k.

Write h := F*g;, and w), = Frwg. For 1 < j <k letm; : D— Dy
be the canonical projection onto the j-th factor, i.e., Wj(Wl, o, WR) = W for
(W ..., WF) e D. Let Z = (Z',...,Z%) € D. Note that Tz (D) = Tz (D) ®
-+ ®Tyr(Dy). For any v € Tz(D), we write v =v1 +... 4+ vi, where v; € Tz; (D)
for 1 < j < k. Furthermore, for 1 < j < k and for any tangent vector v; € Ty, (D;)
we may write v; = Z:j:l vj,ueﬁf) in normal form (cf. Mok [Mok89, p.252]), where

rj := rank(D,) > 2 and {eg)}zjzl is the standard basis for the holomorphic tan-
gent space of a totally geodesic r;-disk of D; through the point Zi e D;. In this
situation, e&j), 1 < p < rj, are characteristic vectors of T;(D;), for 1 < j < k.
From [Ngl5, Proof of Lemma 3.1] we have

h(e(l) e,(,j)) =0

j2 7
for distinct 7,5, 1 < i,7 < k, and for any p,v, 1 < p < r;, 1 <v <. In
general, letting o, € Tzu(D,,) C Tz(D) be characteristic vectors, 1 < p < k, we
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have h(a;,@;) = 0 for distinet 4,4, 1 < 4,5 < k. This implies that for tangent
vectors v, € Tzu(D,) C Tz(D), 1 < pp < k, we have h(v;,7;) = 0 for distinct 1, 7,
1 <4,7 < k. In particular, we have

k =
wn=vV=1>_. N n(2)dz} ndZi

j=11<puv<n;
on D. Recall that for W € D we have ¢ ywp = wy,, for 1 <4 < k. Thus, for

1 <j <k, each hl(fg)(Z), 1 < p,v < nj, only depends on Z7, i.e., hl(fg)(Z) = h,(fg)(ZJ)
In addition, for 1 < j < k we have

V1D n(Zdzg ndZE = ww,,
1<p,v<n;
by miwg,, = 7 (L wwn) = (4j,w o mj)*wp. Then, we have wy, = Z§:1 TjWop,
and thus F*g, = h = Z j=1Tj9p,. Hence, F'is a (proper) holomorphic isometric

embedding from (D, Z] L T19D;) to (2, gq). Since the irreducible factors of D are
of rank > 2, it follows from the arguments of [Mok12, Proof of Theorem 1.3.2] that
the second fundamental form of (F'(D), g,|r(py) in (€2, g;,) vanishes identically and
thus F is totally geodesic, as desired. O

As a consequence, we have a simple proof of Theorem 1.2 in the following.
(Noting that Theorem 1.2 actually provides an affirmative answer to Question 3.1
under the assumption that all irreducible factors of the domain D are of rank > 2.)

Proof of Theorem 1.2. By Lemma 3.5, F' maps minimal disks of D properly into
rank-1 characteristic symmetric subspaces of 2. Then, the result follows from
Theorem 1.1. (Il

Now, we study holomorphic maps f : D — € which map minimal disks of D
properly into rank-1 characteristic symmetric subspaces of €2, where D and ) are
bounded symmetric domains such that  is reducible. The case where the reducible
bounded symmetric domain €2 has an irreducible factor of rank > 2 can be quite
complicated in general if some irreducible factors of the domain D are complex unit
balls (See Example 3.3). Therefore, we will focus on the simplest case where the
target € is a product of complex unit balls. We first recall a result of Ng [Ng15].

Lemma 3.9 (cf. Proposition 2.3 in [Ngl5]). Let F': A x U — B"™ be a holomorphic
map such that Flaxqoy : A = A x {0} — B* is a proper map, where U € C™ is
a bounded domain containing 0. Then, for any (z,w) € A x U we have F'(z,w) =
F(z,0).

On the other hand, by Mok [Mok16] and Yuan-Zhang [YZ12], we observe the non-
existence of holomorphic isometries between certain bounded symmetric domains
with respect to the canonical Kahler metrics, as follows.

Proposition 3.10. Let Q € CV be a bounded symmetric domain such that 2 has
an irreducible factor of rank > 2, i.e., = Q1 x- - -x§,, and there exists j, 1 < j < n,
such that rank(£; ) > 2, where Q“ 1 < i < n, are the irreducible factors of 2. Equip
a Kéhler metric gg, on € so that (€, g5,) = (21, A190,) X -+ - X (Qp, Anga,, ) for some
positive real constants A\j, 1 < j < n. Then, there does not exist a holomorphic
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isometry from (Q, g,) to (B, 1 ggny ) X=X (BY™ | 1, g ), where g, 1 <1< m,
are positive real constants.

Proof. Assume the contrary that there exists a holomorphic isometry f from (£2, gg,)
to (BN, pigpn,) x -+ x (BN™ pgmnn ), where py, 1 < I < m, are positive
real constants. Then, by restricting to the irreducible factor €2; of €2, we have a
holomorphic isometry f from (Qj,90,) to BV, phggny) x -+ x (BN, ul g ),
where 1 = ’;—; for 1 <1 < m. Write Q; for an irreducible factor of 2 such
that rank(€;) > 2. Then, it follows from [Mok16] that there exists a nonstandard
(i.e., not totally geodesic) holomorphic isometry F from (B, ggx) to (£2;, ga,) for
some integer k > 2. This gives a holomorphic isometry f o F from (B*, ggr) to
(BN wiggny) x - x (BN u! ggn,.). By the rigidity theorem of Yuan-Zhang
[YZ12], f o F is totally geodesic. This contradicts with the fact that F' is not
totally geodesic. Hence, there does not exist such a holomorphic isometry f, as
desired. O

Now, by making use of the technique in Ng [Ngl5], we have the following struc-
ture theorem for holomorphic maps from a bounded symmetric domain D to a
product £ of complex unit balls which map minimal disks of D properly into rank-
1 characteristic symmetric subspaces of ().

Theorem 3.11. Let D = D1 x---x Dy, be a bounded symmetric domain of rank > 2
and Q :=B™ x --- x B™ be a product of complex unit balls, where D;, 1 <1i <k,
are irreducible bounded symmetric domains. Let f : D — Q be a holomorphic
map which maps minimal disks of D properly into rank-1 characteristic symmetric
subspaces of Q. Write f = (f1,...,f1), where f; : D — B™, 1 < j < I, are
holomorphic maps. Then, we have k <1 and up to a permutation of the irreducible
factors of 1, we have

f(Zl,__.’Z@:{(ﬁ(zw,...,fk<Zk>,fk+1<Z>,...,fl<Z>> ifk <1,

(fl(Zl)vvfk(Zk)) ka:l,

for Z = (Z4,.. .7Z’€) € Dy X -+ x Dy =D. Moreover, D; = B™ 1is a complex unit
ball for somen; > 1,1 <1<k, ie., D is also a product of complex unit balls.

Proof. We may assume without loss of generality that f(0) = 0. For each ¢, 1 <
i < k, we choose a minimal disk A®) := {(2,0,...,0) € D; : |2| < 1} C D;. Write
M;:=D;x---xDi_1 x A x Dy x--x Dy CD for1<i< k. Restricting f
to the minimal disk A(® := {(0,...,0)} x A® x {(0,...,0)} € M; C D, we have
F(A®D) C B; ¢ Q for some rank-1 characteristic symmetric subspace B; of € which
contains 0. Note that such a rank-1 characteristic symmetric subspace B; is exactly
{(0,...,0)} x B x {(0,...,0)} for some j;, 1 < j; < I. Thus, f;(A®) = {0}
for j # ji, and fj,[A) : AW 5 B, =~ B™i is a proper holomorphic map. We
write Z = (Z',...,Z%) € Dy x --- x D}, = D and Z° € D; is the Harish-Chandra
coordinates of D;, 1 < ¢ < k. By [Ngl5, Proposition 2.3] (i.e., Lemma 3.9), we have

Film, (ZY 207 2,0,...,0; 27 Z8) = £5.00,(0, ..., 05 2,0,...,0;0,...,0)

and thus f;,(Z%,...,Z%) = f;,(0; Z%;0) by the definition of M;. In other words,
/4, is independent of the variables Z# for all u # 1, i.e., f;,(Z) = f;,(Z"). It then
follows that for distinct i1,i2, 1 < iy,i2 < k, we have j;, # j;, and thus k < 1. We
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may assume that j; =i for 1 < i <k after a permutation of the irreducible factors
of Q. Then, from the above results we have

. oy (f1(21)7,,,,fk(Zk),ka(Z),...,fl(Z)) if k<1,
f(Z 7""Z )_{(f1(21)7>fk(zk)) ifk=1.

Assume the contrary that D has an irreducible D; which is of rank > 2, i.e.,
rank(D;) > 2. Then, by restricting to {0} x D; x {0} C D, we have a holomor-
phic map F from D; to 2 = B™! x --- x B"™ which maps minimal disks of D
properly into rank-1 characteristic symmetric subspaces of 2. By Proposition 3.7,
F:Dj; — Qis a totally geodesic holomorphic isometric embedding with respect to
certain canonical Kahler metrics on D; and €2, which contradicts with the result of
Proposition 3.10. Hence, all irreducible factors of D; are of rank 1, i.e., D; = B™
for some positive integer n;, 1 <1 < k, as desired. [l

In general, for a holomorphic map f : D — € between bounded symmetric
domains D and 2 of the same rank > 2 which maps minimal disks of D properly
into rank-1 characteristic symmetric subspaces of €2, we do not have the analogous
structure theorem as in Theorem 3.11 if 2 is not a product of complex unit balls.
Actually, we have the following trivial example.

Example 3.12. Let p;,q;, 1 < j < 4, be positive integers such that p; < g; for

; .l 1 I 1 i T
1< J= 4. Let f . DP1,Q1 x DP27<12 X DPSJZS x DP4,Q4 - DP1+IJ27QI+Q2 X D:U3+P47Q3+Q4
be the holomorphic map defined by

[(Z) = (f1(2), f2(2))
for Z=(2,72,23,24 € DL xD. xD. xDl with

P1,q1 P2,q2 P3,q93 P4,94
Zl 0 Z3 0
na =5 2l wa=5 2

It is clear that f is a proper holomorphic map between bounded symmetric domains
of the same rank Z?:l p; > 4 but none of the fi, fo depends only on one of the
VAN /A8
4. SEMI-PRODUCT PROPER HOLOMORPHIC MAPS BETWEEN BOUNDED
SYMMETRIC DOMAINS

Motivated by the recent work of Seo [Seol8], we will study semi-product proper
holomorphic maps between (reducible) bounded symmetric domains in this section.
Let f: Dy x---xDj — Q1 x---x8; be a proper holomorphic map, where D;, 1 < <
k,and §2;, 1 < j <[, are irreducible bounded symmetric domains. Write Z7 (or WY)
for the Harish-Chandra coordinates of D; for 1 < j < k. In [Seo18], Seo introduced
the notion of semi-product proper holomorphic maps between (reducible) bounded
symmetric domains, as follows.

Definition 4.1 (cf. Seo [Seo18]). The map f is said to be a semi-product proper
holomorphic map if for any ¢ € {1,...,k}, there exists j € {1,...,l} such that
the map f; jw : D; — §; defined by

figw (ZY) = f;Wh o w8 Wit Wk
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is a proper holomorphic map for W = (W?!,..., WL Wl W*) in some
dense open subset of Dy X -+ x D; X --- X Dg. Here, D; means that D; is omitted.
On the other hand, we say that the map f is a product map if £ = [ and

F(Z. 28 = (fu(27 W), fe(270)

for some permutation o € ¥, so that each holomorphic map f; only depends on
the holomorphic coordinates of Dy ;) for 1 < j < k.

A map F from a bounded domain D € C" to a bounded domain Q € CV
is said to be rational if all component functions of F' are rational functions in
2= (21,...,2) €D €Cie, F = (F,...,Fy) and Fj(2) = 555, 1 <j < N,
for some complex polynomials P;, Q; € C[z]. Then, Seo [Seol8] has shown that any
rational proper holomorphic map between (reducible) bounded symmetric domains

is a semi-product proper holomorphic map, namely, we have

Proposition 4.2 (cf. Proposition 3.5 in Seo [Seol8]). Let f : Dy x -+ X Dy, —
2 x -+ xQ; be a proper holomorphic map, where D;, 1 <4 <k, and Q;,1 < j </,
are irreducible bounded symmetric domains. If f is rational, then f is a semi-
product proper holomorphic map.

Motivated by the example of a proper holomorphic map from D;Q to D:Il3 con-
structed by Tsai [Ts93, p.124], we give an example of a semi-product proper ho-
lomorphic map between certain reducible bounded symmetric domains which is
neither a product map nor totally geodesic.

Example 4.3. Let f: D;Q X Dé,z — D;Ii3 X D§73 be a holomorphic map given by

1 2 z! 0 z? 0
1z, 27 = ([ 0 h1<Z2>gl(Zl>} ’ [ 0 h2<Zl>gQ<Z2>D

for (Z',2°) € D;Q X D;Z, where h; and g; are holomorphic functions on D§’2 such
that for any W € Dj , we have |h;(W)| <1 and |g;(W)| <1, j = 1,2. Then, it is
clear that f is a semi-product proper holomorphic map but not a product map. In
addition, we can choose the holomorphic functions h; and g;, j = 1,2, such that
f is not totally geodesic. This also shows the existence of a semi-product proper
holomorphic map between bounded symmetric domains which is not a rational
map.

We can actually obtain lots of holomorphic maps from Dj, to A := {w € C :
lw| < 1}. Write W = (wij)lgi’j§2 and let p(W) be a polynomial in (w1, wi2, wor,
waz). Let M := SUPyy e T |[p(W)|. Then, we have M < 400 by the boundedness of

D} 5. Moreover, by the maximum modulus principle we actually have [p(W)] < M
for any W € Dig because p is a non-constant holomorphic function on the bounded
domain D},. We define h(W) := 5;p(W). Then, for any W € D}, we have
Ih(W)| = 37lp(W)| < 1. Thus, h : D}, — C is a holomorphic function such that
for any W € D} , we have |h(W)| < 1. In general, we may replace the polynomial
p(W) by any non-constant bounded holomorphic function on Dj , in the above.

In analogy to Lemma 3.9, Seo [Seol8] obtained the following result.

Lemma 4.4 (cf. Corollary 2.3 in [Seol8]). Let D and Q be irreducible bounded
symmetric domains such that rank(D) > rank(Q2). We also let F': DxU — € be a
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holomorphic map such that F|pywy : D = D x {w} — Q is a proper holomorphic
map for each w € U, where U € C™ is a connected bounded domain. Then, f does
not depend on w € U.

For any (reducible) bounded symmetric domain U, we write
Ry = {rank(U’) : U’ is an irreducible factor of U}

and we define 7,y (U) := min Ry and rpax(U) := max Ry. We remark here that
there are reducible bounded symmetric domains D and  such that rp,(D) >
Tmax(Q2) and rank(D) < rank(Q). For example, for D = D} , x D} and Q =
Di, x D, x Dj ., where p1,ps,qi,q2,qs > 3 are integers, we have rmin(D) =
3 = rmax(2) but rank(D) = 6 < 9 = rank(9).

From Example 4.3, there is a semi-product proper holomorphic map f: D —
which is nonstandard and not a product map even if ryi, (D) = rmax(©2)—1 and that
D and 2 have the same number of irreducible factors. Therefore, for a semi-product
proper holomorphic map f : D — Q between bounded symmetric domains D and
Q, by imposing a certain rank condition on D and €, namely, ruyin(D) > rmax(2),
we have

Theorem 4.5. Let D = Dy X --- X Dy and Q = Qq X - - - x Q; be bounded symmetric
domains, where D;, 1 <i <k, and ), 1 < j <, are irreducible bounded symmetric
domains. Let f = (f1,...,fi): D — Q be a semi-product proper holomorphic map.
If rmin(D) = min{rank(D;) : 1 <14 < k} > max{rank(Q;) : 1 < j <1} = ryax (),
then k <1 and we have the following.
(1) Suppose k =1. Then, we have
(a) rank(D) = rank(Q), rmin(D) = rmax(2) =: r and rank(D;) = rank(€2,)
=vrforalli, j,1<i<k 1<j<I
(b) f is a product map, i.e.,

f(Zl7"'7Zk) = (fl(ZU(l))v'"7fk(ZJ(k)))

for some permutation o € Xy, where Z7 € D; for j=1,...,k.
If in addition that rmax(2) > 2, then f : D — Q is a totally geodesic
holomorphic isometric embedding with respect to certain canonical Kdhler
metrics on D and Q.
(2) Suppose k < l. Then, up to a permutation of the irreducible factors Q;,
1 <5<, of Q, we have

[Zt 28 = (12, (2, e (2), - fi(2))

for Z = (Z',...,Z%) € Dy x --- x Dy = D, and for each i, 1 < i < k,
we have rank(D;) = ryin (D) = Tmax() = rank(2;) and f; : D; — Q; is a
proper holomorphic map. If in addition that rmax(Q) > 2, then for 1 <i <
k, fi: D; = §Q; is a totally geodesic holomorphic isometric embedding with
respect to the Bergman metrics up to a normalizing constant.

Proof. Our method here is inspired by the proof of Proposition 3.4 in Seo [Seol8].
Since f is a semi-product map, for 1 < i; < iy < k, there are jy,jo € {1,...,1}
such that f; ; .o @ Di, — €1, defined by

fiijw(u)(Zi“) = fi. (wg“)7 .. 7w£5)_1, Zi“,wﬁfi_l, . 7w,i“))
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is a proper holomorphic map for w*) = (w%“), . ,wgf)_l,wgffll, e w,g“)) € D; x

S X l/); X -+ X Dg, u=1,2. Here, l/); means that the factor D;, is omitted. If
J1 = J2, then

fjl(wla' sy Wiy —1, 5 Wi 1y -0y Win—15 75 Wig 41, - - - awk) : Dil X Diz - le

is a proper holomorphic map, a plain contradiction because rank(D;, x D;,) >
rank(D;, ) > rank(£2;,) by the assumption (cf. [Ts93]). Thus, we have ji # jo. In
particular, for any ¢ € {1,...,k}, there exists n, € {1,...,k} such that f; », w :
D; — Q,, is a proper holomorphic map for w € D; x --- X a X --+ X Dy and
n; # n, whenever ¢ # u. Then, we have k£ < 1.

Now, we may assume that n; =i for i = 1,..., k after permuting the irreducible
factors of Q. Note that rank(D;) > rmnin(D) > rmax () > rank(Q;) for 1 <i < k.
Applying Corollary 2.3 in Seo [Seo18] (i.e., Lemma 4.4) to f; ; ., for each i, we obtain
that f; depends only on Z° € D; and f; : D; — Q; is a proper holomorphic map
for1 <i<k.

Case (1) Suppose k = 1. Then, f is a product map. Moreover, we have
(4.1) rank(D) > krmin(D) > krmax(Q) = Irmax(Q) > rank(Q),

i.e., rank(D) > rank(Q). From Tsai [Ts93, p.129], we have rank(D) = rank((Q2).
Thus, each inequality in Eq. (4.1) is actually an equality. In particular, we have

rank(Di) = Tmin (D) = Tmax(ﬂ) = rank(Qj)

foralli, j,1<i<k, 1<j<I.

If in addition that rm..(Q) > 2, then we have rank(D;) > rmin(D) > Tmax () >
rank(£);) > 2 for 1 < 4 < k. By Tsai [Ts93, Main Theorem], f; : D; — Q; is
a totally geodesic holomorphic isometric embedding with respect to the Bergman
metrics up to a normalizing constant for 1 < i < k. Hence, f : D — Q is a totally
geodesic holomorphic isometric embedding with respect to certain canonical Kahler
metrics on D and €. (Noting that the result also follows directly from Theorem
1.2 in this situation.)

Case (2) Suppose k < [. From the above, we have

F(Zt 25 = (121, (2, e (2), - fi(2))

after permuting the irreducible factors Q;, 1 < j < k, of Q. The rest follows from
the arguments in Case (1).
(Il

Remark 4.6.

(1) By Proposition 3.5 in Seo [Seol8] and Theorem 4.5, we know that any
rational proper holomorphic map f from Dy X -+ X Dy to Q1 X -+ X Qy, is
a product map whenever rank(D;) = rank(Q;) = for all 4,5, 1 < 4,5 <k
and r is independent of ¢ and j.

(2) Define a holomorphic map f : D§' x DI — DY . x Dj

f(z', 2% = ([z" 0],[2® 0].,hZ' Z?%),

x A by

where q1,q2 > 3 are integers, and h : D} x DI! — C is a holomorphic
function such that |[h(Z1, Z2)| < 1 on DI x DI, (Noting that rpym, (D! x

DIl =3 = rmaX(Daq1 X D}M2 x A) because q1,q2 > 3.) Then, we may
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choose a function h so that f: D' x D' — D} .~ x DY = x Ais a semi-
product proper holomorphic map which is not totally geodesic. That means
in Case (2) of Theorem 4.5, it is possible that such a semi-product proper
holomorphic map is not totally geodesic.

By Proposition 3.5 in [Seol8] (i.e., Proposition 4.2), the statement of The-
orem 4.5 still holds true if we assume that f is rational instead of f is
semi-product. In other words, Theorem 4.5 gives a complete description
of all rational proper holomorphic maps f : D — Q between (reducible)

bounded symmetric domains when 7, (D) > rmax(9).
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