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Abstract

We propose a multiscale multilevel Monte Carlo (MsMLMC) method to solve multiscale
elliptic PDEs with random coefficients in the multi-query setting. Our method consists of
offline and online stages. In the offline stage, we construct a small number of reduced basis
functions within each coarse grid block, which can then be used to approximate the multi-
scale finite element basis functions. In the online stage, we can obtain the multiscale finite
element basis very efficiently on a coarse grid by using the pre-computed multiscale basis.
The MsMLMC method can be applied to multiscale RPDE starting with a relatively coarse
grid, without requiring the coarsest grid to resolve the smallest-scale of the solution. We have
performed complexity analysis and shown that the MsMLMC offers considerable savings in
solving multiscale elliptic PDEs with random coefficients. Moreover, we provide convergence
analysis of the proposed method. Numerical results are presented to demonstrate the accuracy
and efficiency of the proposed method for several multiscale stochastic problems without scale
separation.

AMS subject classification: 35J15, 65C05, 65N12, 656N30, 65Y20.

Keywords: Random partial differential equations (RPDEs); uncertainty quantification
(UQ); multiscale finite element method (MsFEM); multilevel Monte Carlo (MLMC);
reduced basis; convergence analysis.

1. Introduction

Many physical and engineering applications involving uncertainty quantification (UQ) can
be described by stochastic partial differential equations (SPDEs, i.e., PDEs driven by Brow-
nian motion) or partial differential equations with random coefficients (RPDEs). In recent
years, there has been an increased interest in the simulation of systems with uncertainties, and
several numerical methods have been developed in the literature to solve SPDEs and RPDEs;
see e.g. [15, 25, 38, 2, 27, 21, 35, 37, 28, 31, 33, 14]. These methods can be effective when
the dimension of stochastic input variables is low. However, their performance deteriorates
dramatically when the dimension of stochastic input variables is high because of the curse of
dimensionality.
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There are some attempts in developing sparsity or data-driven basis to attack these chal-
lenging problems. Most of them take advantage of the fact that even though the stochastic
input has high dimension, the solution actually lives in a relatively low dimensional space.
Therefore, one can develop certain sparsity or data-driven basis functions to solve the SPDEs
and RPDE:s efficiently. In [8, 9, 7, 40, 39, 20], Hou et al. explored the Karhunen-Loeve expan-
sion of the stochastic solution, and constructed problem-dependent stochastic basis functions
to solve these SPDEs and RPDEs. In [11, 26], the compressive sensing technique is employed
to identify a sparse representation of the solution in the stochastic direction. In [5, 6], Schwab
et al. studied the sparse tensor discretization of elliptic RPDEs.

In this paper, we consider another challenge in UQ), i.e., solving multiscale elliptic PDEs
with random coefficients. Due to the large range of scales in these solutions, it requires
tremendous computational resources to resolve the small scales of the solution. We propose a
multiscale multilevel Monte Carlo method (MsMLMC) to significantly reduce the computa-
tional cost in solving multiscale elliptic PDEs with random coefficients. We use the following
elliptic equation with multiscale random coefficient as an example to illustrate the main idea
of our approach:
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f(z), x€Dwe, (1)
u(z,w) =0, x€dD, (2)

where D € R? is a bounded spatial domain, 2 is a sample space, and f(z) € L?(D). The
multiscale information is described by the multiscale coefficient a®(x, w). The precise definition
of the a®(z,w) will be given in Section 3.1.

Our MsMLMC method consists of two steps. In the first step, we apply the non-intrusive
method (Monte Carlo or stochastic collocation method) to discretize the random coefficient
space and obtain a set of multiscale finite element basis realizations. The multiscale finite
element basis method has the advantage of requiring less memory consumption which is es-
sential for multiscale problems. Then, we extract a set of multiscale reduced basis functions
from these realizations using the proper orthogonal decomposition (POD) method. In the
second step of our method, we apply the MLMC to solve multiscale RPDE with the multi-
scale reduced basis functions. We can regard the first step as an offline computation. Once
we obtain the multiscale reduced basis functions, we can apply the MLMC to the multiscale
RPDEs with different force functions in the online step, which is very efficient. We also study
the complexity of the proposed method. We find that the MsMLMC can offer considerable
saving over the original MLMC. The level of saving is problem dependent. The saving is more
significant when we work on high space dimension and when the ratio between the largest and
the smallest scales is large; see Fig.12.

The rest of the paper is organized as follows. In Section 2, we give a brief introduction of
the MLMC method, and present a theorem that estimates the cost of the algorithm under cer-
tain problem-dependent assumptions. In Sections 3, we present our derivations of MsMLMC
method. Some numerical implementation issues are also discussed. In Section 4, we prove
that the asymptotic variance reduction requirement is satisfied in the MsMLMC under cer-
tain mild assumptions. In Section 5, we present several numerical results to demonstrate the



accuracy and effectiveness of our method. We also study the computational complexity of the
MsMLMC. Finally, some concluding remarks are given in Section 6.

2. Multilevel Monte Carlo method

The MLMC was first introduced by Giles to solve SDEs arising from mathematical finance
[16], which was inspired by multigrid iterative solution methods. This work is related to
the earlier work of Heinrich for solving finite-dimensional parametric integration and integral
equations [18]. Later on, the MLMC method was extended to solve elliptic PDEs with random
coefficients; see e.g. [3, 10, 1, 12]. To make this paper self-contained, we give a brief review
of the basic ideas and the main result of the MLMC method.

In many applications, the quantity of interest is the expected value of a functional of
the solution u®(z,w) of RPDE (1), which can be the mean or a high-order moment. Let
v € L*(Q, H'(D)) denote this functional. In general, the expected value of v*(x,w) can be
obtained by the standard Monte Carlo (MC) method. The standard MC estimator for the
mean, E[v®(z,w)], is given as follows:

N
1 £
Y}, = N;%(%%% (3)

where w; is the i-th sample, h is the mesh size, v}, is a numerical approximation of v*(z, w),
and N is the total number of MC samples. We define the mean square error (MSE) of Y as

e(Yy) = ||V — E[v°(z, w)]| ‘iQ(QyHl(D)). Simple calculations show that e(Y}) satisfies
2
e(Y,) =E ‘ Yi(z,w) — E[v°(z,w)]
HY(D)
? 1
= H]E[vz(x,w)] — E[v*(z,w)] + —=Var |||v;(z,w) ] : (4)
mpy) N (D)

The first term in Eq.(4) gives the error introduced by the numerical discretization in physical
space, while the second term represents the sampling errors, which decays inversely propor-
tional to the number of samples. In this paper, we choose the mesh size h fine enough so
that the error from space discretization is negligible. Thus, the convergence rate of the root
mean square error (RMSE) of the MC method is merely O(\/—lﬁ), which means that many such
realizations are required to obtain accurate results. For the multiscale RPDE (1), it is very
time-consuming to obtain each realization. As a result, it is very expensive to solve (1) by
using the MC method.

The MC method can be accelerated by different variation reduction techniques, such as the
importance sampling method and the quasi Monte Carlo method. The MLMC method [16]
is a novel variance reduction technique for the standard MC method. It exploits the linearity
of expectation by expressing the quantity of interest on the finest spatial grid in terms of the
same quantity on a relatively coarse grid and a set of correction terms.



First, the domain D is partitioned into a number of nested mesh grids, i.e., Dy C ... C
D; 1 C Dj... C Dy. Here the mesh size of the I-th level is iy = he27, 1 = 0,1,..., L, and
ho and h;, = hy2~" are the coarsest and finest level mesh size, respectively. The main idea of
MLMC method can be described easily. Linearity of the expectation operator implies that

L

E[vi (z,w)] = E[v§(z,w)] + ) E[vf(z,w) — v, (2, 0)], (5)

=1

where v} (x,w) denotes the numerical approximation of the functional of the solution u®(z,w)
obtained on the mesh grids D;.

The key point is to avoid estimating E[v; (z,w)] on the finest level, but instead to estimate
the expectation on the coarsest level, plus a sum of corrections adding the difference in ex-
pectation between simulations on consecutive levels. The multilevel idea is to independently
estimate each of these expectations such that the overall variance is minimized for a fixed
computational cost. We rewrite the estimate of the expected value of v°(z,w) as

1=0
where
1
Vi= > Wiwel) —ei@w)], 1=1, L
l =1
1 %
}/E) == FO ZUO(J:7WZ( ))

Here L+1 is the number of levels used in the MLMC, and N, is the number of MC simulations
at the [-th level. Y[ is the coarsest level estimate, while Y, (I = 1,...,L) measures the
fluctuations of [-th and (I — 1)-th level. It is important to note that we have used the same
random sample wlw to estimate both v; and v;_; in the quantity Y;.

Simple calculations show that the e(Y') satisfies the following equation:

L 2
(V) =E ||| 3 Vilr,w) - Bl (z, )] ]
k=0 H(D)
2
_ ] E[vf (2, )] — E[v*(z, w)
HY(D)
+2lev “(2,0) — vy (7, 0) + L var ||z, w) (7)
N, ar |||vj(z,w) —vj_{(T,w 1 No ar | ||vg(z,w 1 .
I=1 HY(D) HY(D)

The first term in Eq.(7) gives the error introduced by the numerical discretization at the finest
level L, while the second and third terms represent the sampling errors and decay inversely
proportional to the number of samples. Recall that Ay is the finest mesh used in solving the
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multiscale RPDE (1). Again, we assume the mesh size h;, fine enough so that the error from
space discretization is negligible.
The computational cost of the MLMC estimator is

L
C == ZNlCla (8)
=0

where Cj represents the cost of a single sample of vf(x,w) — vf_;(z,w). Let us treat the MC
sample number N; as continuous variables. Then the variance of the MLMC estimator is
minimized for a fixed computational cost by choosing the sample number N; be proportional
to \/Var(v; —v;_,)/C;, and the constant of proportionality is chosen to achieve a certain
MSE error; see [16].

We claim that to achieve an MSE of O(4?), the MLMC method is cheaper than the MC
method. This analysis is made more precise in the following theorem. Its proof can be found
in Appendix A.

Theorem 2.1. Let Y be the MLMC estimator of the mean function E[v¢(x,w)] and hy = ho2™
be the mesh size of l-th level, with | = 0,1,..., L. Let v2; = 0. We assume the following
estimate:

1. [Var (v§)de = ¢;;

2. [Var (v; —vf_,) dz = o) ;
3. the computational complexity of the I-th level MC' simulation is csh; .

Then the MLMC estimator Y has the 6> MSE with a computational cost Co

507 = &5hpCy, if B>
Com ced ?|Inhp|* =&hp|Inhy|’Ci, if B=r;
c0-2h; 7 = anie, if 0<B<7.

Here c¢;’s are constants that do not depend on h, €, and o, and Cy is the cost of the MC method
achieving the same 6> MSE at level hy,, which is,

Cl = Cg]\/vhz’y = 6163h275_2.

The reduction in the computational cost associated with the MLMC method over the MC
method is due to the fact that most of the uncertainty can be captured on the coarse grids and
so the number of realizations needed on the finest grid is greatly reduced. However, we have
the observation that [ Var (vf —vf_,) da = Cthﬁ is achieved only if h;_; < ¢€; see Figure 5.
In other words, for multiscale problems the MLMC method becomes effective if the coarsest
level mesh size hg is smaller than . Therefore, it could still be quite expensive to solve RPDE
(1) using the MLMC method, when the multiscale parameter ¢ is small. To alleviate the
difficulty of requiring hy < €, we propose a MsMLMC method to effectively solve RPDEs with
multiscale features.

Finally, we remark that the idea of MLMC can be combined with other well developed
methods, such as the stochastic collocation method, to further reduced the computational
cost in solving RPDEs. We refer the reader to the papers [17, 34] for details.
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3. Multiscale multilevel Monte Carlo method

3.1. Multiscale finite element basis functions

We consider the following multiscale elliptic PDE with a random coefficient:

-V - (a°(z,w)Vu'(z,w)) = f(z), x€ D,we, 9)
u*(r,w) =0, =x€dD, (10)

where D = [0, 1] x [0, 1] is a bounded spatial domain, € is a sample space, and f(z) € L*(D).
To simplify our notations, we assume a®(z,w) is a scalar function. The same approach can be
applied for general cases where a®(z,w) is a multiscale coefficient matrix. Besides, we assume
a(x,w) satisfies uniform ellipticity almost surely, i.e. there exist amin, Gmax > 0, such that

P(w € Q:a*(z,w) € [amin, Gmax), VT € D) = 1. (11)

Under the assumption (11), we can easily verify that

A2 o
||“E(37>W)||H3(D) < CD¥, a.s., (12)

Qmin

where Cp is the constant given by the Poincaré inequality. Moreover, we have

. ) Ly < O D) g > 1, (13)

In the MsMLMC method, we partition the domain D into a number of nested mesh grids,
ie,DyC...CDj_y CDj...C Dy. However, the coarsest mesh size hy does not necessarily
well resolve the multiscale feature of the Eq.(9). In fact, we choose hy > . This is achieved
with the help of the upscaling through the multiscale finite element method (MsFEM) [22].

Specifically, we assume that the j-th level grid D; is partitioned into a finite set of compact
triangles or quadrilaterals {Df, 1 < k < K}. The union of all triangles or quadrilaterals covers
the closure of D, and the intersection of different triangles or quadrilaterals is either empty, a
common node, or a common edge.

Within each block Df, 1 < k < K, we solve the following cell problems to obtain the
multiscale finite element basis ¢*(x, w),

~V - (a°(z,w) Ve (z,w) =0, z¢ Df, w e Q, (14)
N (z,w) = p*(x), =€ 8Df, I=1,..,d, (15)

where d is the number of nodes on Df, and p*(z) is the Dirichlet boundary condition defined
on the boundary of D;?. In practice, one can choose p*(z) to be the standard bilinear or linear
basis functions.

Let ¢"(x,w) € H'(D}) be the solution of Eq.(14) satisfying the boundary condition in
Eq.(15). It can be decomposed as

0" (2, w) = 65 (z,w) + p*(2). (16)



The unknown homogeneous part ¢&!(z, w) € H} (D;C ) is the solution of the following variational

formulation
af(f(x,w),v;w) = ff(v;w), Yo € H&(Df), (17)
where
af(w,v;w) = / a®(z,w)Vw - Vodz, (18)
Dk
ff(u;w) = —/ af(z,w)Vp*(z) - Vude. (19)
Dk

When the boundary conditions of the basis functions are linear, we can obtain the following
convergence results.

Proposition 3.1. Assume a®(v,w) = a(Z,w) and satisfy assumption (11). Let u®(w,w) be the
solution of (9) and uj,, (z,w) be the numerical approximation obtained from the space spanned
by the multiscale basis with linear boundary conditions; see Eqns.(14)-(15). Then, we have

3
e =i,y < Oy + )llfll2p) + C [ as. we, (20)

J

where hj > ¢ is the mesh size of the j-th level mesh grids and C' does not depend on h; and
€. Moreover, we have

€ € €
1w =, llraq oy < Clhy +e)llfllzmy +C4 5=, Va1 (21)

J

The convergence of a multiscale finite element method for deterministic multiscale elliptic
problems was proved in [23]. The proposition 3.1 can be easily proved since for each realization
of a®(z,w), the problem (9)-(10) is a deterministic problem.

One can use oversampling technique [22, 13] to improve the convergence result in proposi-
tion 3.1, i.e. replacing the error term C’\/hzj by C’hij. The main idea is to solve Eqns.(14)-(15)

in a larger domain and use only the interior information to construct the basis, which can
significantly reduce the effect of the boundary layer on the basis functions.

Specifically, let ¢/* be solution of the following problem in a larger domain Sf D Df (with
dist(9Sy, DY) > ¢), 1 <k < K,

V- (o (z,w) VY (z,w) =0, z¢€ SJ’?, w e, (22)
P (2,w) = pM(x), w€ 85]]7”, l=1,...4d, (23)

where d is the number of nodes on S¥ and p*(z) is a linear basis function defined on the
boundary of Sf. Then, we form the actual MsFEM basis ¢*!(x,w) by linear combination of

P (z,w), ie.,

P (z,w) = Zcilwkl(:ﬂ,w)]l)?, i=1,...d. (24)



The coefficients c;’s are determined by condition ¢*(x;,w) = &;, where x;,1 = 1,...,d are
the nodes of domain D;-“. The over-sampling technique results in a non-conforming MsFEM
method. We refer the interested reader to [13] for the convergence analysis of the oversampling
MsFEM. Later on, a Petrov-Galerkin MsFEM formulation with nonconforming multiscale
trial functions and linear test functions was proposed in [24], which further improves the
convergence result in proposition 3.1.

3.2. Construction of multiscale reduced basis functions

We can solve Eq.(14) (or its corresponding weak form Eq.(17)) by partitioning the coarse
block D}“ into a fine grid with mesh size h, where h < €. Let Ny denote the degree of
freedom (DOF) of the fine grid inside Df. If we solve Eqns. (14)-(15) for each sample w
using the standard FEM, the computational cost will be prohibitively expensive. To reduce
the computational cost in computing the mulsticale basis function ¢* (z,w), we will construct
a small number of multiscale reduced basis {¢*¢(z)}™, within each block D;-“ of each level
using the proper orthogonal decomposition (POD) method [32, 4, 36].

First, we use MC method or stochastic collocation method to compute () solution samples
{p*(x, wq)}le of the multiscale FEM basis functions within each Df . Given () snapshots of
solution samples, we subtract p*(z) and obtain a linear space Vipqp, denoted as

Vinap :{gblgl(x,wl), gbgl(x, Wa),y eeey gbgl(x, wgo)}- (25)

Then, we apply POD method to build a set of multiscale reduced basis {¢*(z), ..., (¥™(z)}
with m < min(Q, Ng4os) that optimally approximates the input solution snapshots. Given any
integer m, the POD basis functions minimize the following error

Q m
1 s s 2
g 20 ) = D2 (081 (oa) () (O (26)
q=1 s=1

subject to the constraints that (Ckl’sl(-), Ckl’SQ(-))X = 05,50, 1 < 81,80 < m, where 04,5, = 1 if
s1 = 8y, otherwise d,,5, = 0, where X = H'(D).

Using the method of snapshot proposed by Sirovich [32], we know that the optimization
problem (26) can be reduced to an eigenvalue problem

Kv = \v, (27)

where K € R?*? is the correlation matrix with (i, j)-element K;; = %( B wi), O, wj)) o
and is symmetric and semi-positive definite. We sort the eigenvalues in a decreasing order as
A1 > A2 > ... > Ag > 0 and the corresponding eigenvectors are denoted by v, s =1,...,Q. It

can be shown that the POD basis functions are constructed by

kl,s _ 1 < kl
¢ () - \/_)\—s ;(US)Q 0 ('7wq>7 1<s< Q> <28)

where (vg), is the g-th component of the eigenvector v,. The basis functions {¢**(-)}™,

minimizes the error (26). This result as well as the error formula were proved in [19].
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Proposition 3.2 (Sec. 3.3.2, [19]). Let Ay > Ao > ... > \g > 0 denote the positive eigenvalues
of K in (27). Then {¢**(-)}™, constructed accordmg to (28) is the set of POD basis functions,
and we have the following error formula:

L [[o81Cwa) = 0 (961, w0) ¢ 0) SO [ _ Efn A
S ok wa)| |5 YA

where X = HY(D) and the number m is determined according to the ratio p =

In practice, we shall make use of the decay property of eigenvalues in A\, and choose the
first m dominant eigenvalues such that the ratio p is small enough to achieve an expected
accuracy, for instance p = 1%. To compute the multiscale reduced basis requires a certain
amount of computational cost in the offline stage. However the multiscale reduced basis can
be repeatedly used in the online stage for different realizations of the coefficient a°(z,w) and
deterministic forcing function f(x), which gives considerable savings if we need to solve the
Eq.(9) with many different forcing functions. We will demonstrate this through numerical
examples in Section 5.

With the multiscale reduced basis {¢*"(x)}™,, we can approximate ¢* (z,w) by

o (z,w) = p"(2) + Byei(w) ¢ (). (30)

Then, we substitute (30) into Eqns. (14)-(15) and use Galerkin method to obtain {c¢;}*,. The
multiscale reduced basis {¢*(x)}7, will be efficient since m < Ng,p. Finally, we use {¢*}
to assemble the stiffness matrix of the Eq.(9) for each sample w, just as we did in MsFEM.

3.8. The affine parameterization to speedup

We discuss the offline-online computational procedure [29, 30] that allows us to efficiently
compute {¢;}; in Eq.(30). We assume that a°(z,w) in Eq.(14) satisfies the affine parameter
dependence property. With this assumption, we can pre-compute the main part of the stiffness
matrix in the offline stage. This leads to considerable saving in assembling the stiffness matrix
for each w in the online stage. Specifically, we assume a°(x,w) can be expressed as follows

= 3 g (w)ai(a), (31)

where {&,(w)}2, are R ii.d. random variables that are L% intergrable and aZ(z) € L*°(D)
depends only on z. Then the bilinear forms and linear functionals defined in Eqns.(18) and
(19) can be written as

(w,v;w) 257" (32)

Zﬁr Ve (w,v), (33)



where
as(w,v) = /Dk ai(z)Vw - Vudz, (34)
i) = = [ a0 9ia) - Vods (35)

One can see that a%(w,v) and f¢(v) are independent of the random sample w. Thus, they can
be pre-computed and saved in the offline stage.

We now describe the computational procedure for constructing the multiscale finite element
basis. Recall that in Eq.(16), we assume that ¢&'(z,w) € span{¢*"(z)}™,, where {c;}™, are
expansion coefficients which can be determined by using the Galerkin method. Substituting
the ansatz (30) into Eq.(17) and choosing the test function v = (*i(z),i = 1,...,m, we get
the linear equation system for c* as

A (W) (w) = F¥(w), (36)

where A (w) is an m xm symmetric positive definite matrix with entries A’;g(w) = a°(¢MP, CHe; W),
1 < p,q < m, and F¥(w) is the load vector with entries Fgl(w) = fe(CMw), 1 < g < m.
Since m < Nj, (DOF of reduced basis is far less than that of the linear FEM basis), Eq. (36)
can be solved very efficiently.

Next, we apply the affine decomposition (32) and (33) and obtain

Alcl Z gr Akl (37)

Fkl Z 67‘ Fkl (38)

where A}’ and F}' are given by A} (w) = aS(¢"?, ("), 1 < p,q < m, and F} (w) = f£(¢*9),
1 < g < m, respectively. We can efficiently assemble the stiffness matrix Akl( ) and load
vector F*(w) for each sample w, since A* and F¥ have been pre-computed and saved in the

offline stage.

3.4. Online computation

The online computation of our MsMLMC is essentially the application of the standard
MLMC method. Since the multiscale finite element basis obtained from Eq.(14) have contains
the multiscale information of the Eq.(9), the coarsest level mesh size hg does not necessarily
well resolve the smallest-scale of the Eq.(9). Thus, we choose hg > ¢.

On the level j, we use the precomputed multiscale reduced basis {¢*4}™, to compute the
multiscale finite basis within each block Df ,1 <k < K, and use these multiscale finite basis
elements to obtain the multiscale solution for each sample w.

We briefly discuss how to assemble the global stiffness matrix and the right hand side for
the weak form of Eq. (9). On each block D¥,1 < k < K, we solve Eqns. (14) and (15) using
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the multiscale reduced basis to obtain the MsFEM basis, and form the local stiffness matrix
S* (an 3 x 3 or 4 x 4 matrix for triangular or quadrilateral element, respectively) and vector
b* (an 3 x 1 or 4 x 1 vector accordingly). In this paper, we choose the quadrilateral element.
Then S* and b* have entries

St (w) = /chf(ww b (0, w) + pH(2) - V(e (0, w) + pH())dz, 1<4,j <4, (39)

iw) = | fla) (g (z,0) +p(2))dz, 1<j<4. (40)

Dk

Substituting the ansatzs (30) and (31) into (39), (40), we get

R
Sh(w) = D& (@) (w)TARMIH (W) + 2¢M (w)TBEY + CRY), 1< <4, (41)
r=1
Pi(w) =c¥(w)'D* +EY, 1<j<4, (42)
where

Ak,ij _/ ai(x)VC’“”VC’““dm, B,lf;fj—/ ai(x)vg’“iv”-Vpkj(x)dx,
Dk

r,mn
Dk

Ch = [ @) Vi(a) Vi), DY = [ fla)chinde
Dk Dk
EY = [ f(2)p" (x)da. (43)
Dk

Recall that in (41) and (42), the quantities A, B, C, D, and E do not depend on the sample
w and can be pre-computed and saved in the offline stage. In the online computing, for each
sample w, we can solve Eq. (36) to obtain c¢*(w) and assemble the local stiffness matrix S*
and vector b* by using (41) and (42). Therefore, we can efficiently solve an algebraic system
and obtain the multiscale solution of Eq.(9).

In practice, we can also choose the Petrov-Galerkin MsFEM formulation with noncon-
forming multiscale trial functions (obtained by the over-sampling technique) and linear test
functions. Through numerical experiments, we find that this does reduce the numerical error
significantly. In the Petrov-Galerkin MsFEM framework, we can still pre-compute and save
all the data that do not depend on the sample w, and can be used to form the stiffness matrix

and load vector in the online stage. This can be done by using the similar idea as we did in
(39)-(43). Thus, we omit details here.

3.5. The MsMLMC algorithm

In this subsection, we give the algorithm of the MsMLMC to solve the multiscale stochas-
tic equation in a multiquery setting. Our method consists of the offline and online stages.
They are summarized in Algorithm 1 and 2, respectively. The implementation of the Petrov-
Galerkin MsFEM with over-sampling technique can be developed similarly.

One important issue of the Algorithm 2 is how to decide the sample numbers at different
levels. In [16], Giles proposed an effective way to estimate the variance and cost on each level,
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and used this to determine the optimal number of samples on each level. In the MsMLMC, the
online computational cost consists of several parts, such as the solving local cell problem to
decide multiscale basis functions, assembling the global stiffness matrix, and solving a linear
equation to obtain the global multiscale solution. Thus, we cannot directly apply the strategy
used in [10] to estimate the cost per sample. We propose an idea based on the variance decay
property and run-time execution time to obtain a sub-optimal number of samples on each
level.

We first use @9 Monte Carlo samples to compute the expectation on the coarsest grid.
Meanwhile, we estimate the computational cost of per sample, denoted by ty, on the coarsest
grid level. Roughly speaking, the computational cost of per sample on j-th level can be esti-
mated as 47t. In addition, we generate certain number of Monte Carlo samples to estimate
the empirical variance of the variance decay. Based on the run-time information about em-
pirical variance and cost per sample, we decide how many Monte Carlo samples, denoted by
Q;, are used in computing the expectation of the difference of solutions between levels j and
j—14j=1,. L.

Algorithm 1 The offline stage of MsMLMC
1: Partition the domain D into a number of nested mesh grid blocks, i.e., Dy C ... C D,y C

D;... C Dy. The mesh size of j-th level is h; = ho2~7 and hg is the coarsest level mesh
size.

2: for j =0— L do

3: for k=1— K, do

4: On each element E*, we do only once:

5: Solve Eqns.(14) and (15) with MC or SC method to obtain samples {¢* (z, wq)}qul,
I=1,..,4

6: Apply POD to compute the reduced basis {¢*(z)}™ .

7: Compute and save all the relevant quantities A, B, C, D, and E from Eq.(43).

8: end for

9: end for

4. Some analyses

One essential requirement in the MLMC method is the asymptotic variance reduction
between two consecutive coarse grid levels. We will prove that this requirement is satisfied
in the MsMLMC method. Specifically, let @5(x,w) and @5_,(z,w) denote numerical solutions
of the MsSMLMC method obtained at the j-th level and (5 — 1)-th level, respectively. We
will prove that f Var (vj — vj-fl) dr = Cth , where v5 is a numerical approximation of the
functional of the solution @5(7,w) (the definition for v5_; is the same) and h; is the mesh size
of the grids of the j-th level. Recall that @5(z,w) is the numerical solution obtained in the
space span{ g™ (z,w)} (see (30)) at the j-th level. We first estimate the error between u®(z,w)

and ﬂj(x, w). Before that, we need two assumptions.
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Algorithm 2 The online stage of MsMLMC

17:
18:
19:
20:
21:
22:

23:
24:
25:
26:
27:
28:

1
2
3
4
o:
6
7
8
9

For each query f(z) in Eq.(9), we calculate expected values of a functional of u®(z,w).

. Calculate the coarsest level solution, uf(x,w) with Qg samples {wg}quol.
:forg=1— Qqdo

for k=1— K, do
Assemble A*(w(’) and F* (wy) from (37) and (38), and solve (36) to obtain ¢ (wY).
Assemble S*(w))) and b*(w)) from (41) and (42).
Form and solve the global linear equation system to obtain u§(x, wg).

end for

: end for
10:
11:
12:
13:
14:
15:
16:

Calculate the solution differences on consecutive levels.
for j)=1— L do
Generate (); samples {wg}qul used for both levels.
forg=1—Q; do
Compute on level j
for k=1— K, do
Assemble A*(w?) and F*(w?) from (37) and (38), and solve (36) to obtain
M (w?).
Assemble S*(w) and b*(w?) from (41) and (42).
Form and solve the global linear equation system to obtain u5(z, wg).
end for
Compute on level j — 1
fork=1— K, do
Assemble A*(w) and F*(w?) from (37) and (38), and solve (36) to obtain

Assemble S*(w]) and b¥(w?) from (41) and (42).
Form and solve the global linear equation system to obtain uj_l(a:, wg).
end for
end for
end for
Adopt the MLMC formulation (6) to calculate expected values of a functional of u®(z,w).
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Assumption 4.1. Suppose a*(x,w) has following property: Yo, > 0, there exists a Q5, and a
choice of snapshots {a®(z,w,)} such that

: € £
E 1§r111§1£251 ||a*(z,w) — a*(z, w,

)HLOO(D) S(Sl) (44)
Remark 4.1. Under the affine parameterization assumption (31), we can easily verify assump-
tion 4.1 and even give a way to choose snapshots {a°(z,w,)} if we know the probability density
functions of all random variables &, (w), r =1, ..., R.

Assumption 4.2. For any d; > 0, we can choose m large enough such that the m-term
approzimation ¢*' satisfies

166! (2, wq) — 06" (@, wq)l [ (pr) < 02, V1< q<Q (45)

The Asm.4.2 can be verified according to the approximating property of the reduced basis
stated in Prop.3.2.

For each w € 2, the MsFEM basis function ¢* (z,w) = p*(z)+¢§ (z,w) is obtained by solv-
ing BEqns.(14)-(15), where p*(z) is the boundary condition. Let ¢ (z,w) = p*(z) + ¢k (x, w)
denote the approximated MSFEM basis functions, where ¢k (z,w) = S, ¢i(w)C*i(z). We
now estimate the error between ¢* (z,w) and ¢* (z,w).

Theorem 4.3. Under assumptions 4.1 and 4.2 and the assumption for the coefficient a®(x,w)
(11), for any 6 > 0, we can choose coefficient samples {a®(x,w,) }1<4<q and the number of the
mulsticale reduced basis m such that

£ [HEILXH¢M($’W) B ngl(x’w)Hiﬂ(D;?)] < C8s, for p=1,2, (46)

where C'is a generic constant depending on Gmin, Gmax and the size of the coarse sub-domain,
and 63 = 51h;1 + 0o with 61 and &y being defined in Asm.4.1 and Asm.4.2.

Proof. Let ojl(,w) = ¢M(z,) — p(z), Bfi(z,w) = P (w,w) — pH(z), where pH(x) is the
boundary condition defined in (15). We have the estimate,

qukl(mvw) - ngl(l‘7w)”H1(D?) = Hgblgl(wi) - ~Igl<x>w)HH1(Df)
§’|¢§l<$aw) - lgl(xawq)Hm(D?) + H¢Iod(37>wq) - ngl(x>wq)|‘H1(D§) + Hélgl(%wﬂ - ~’(§Z($’(“‘j)’|H1(Df)
Z:]1 +[2 +I3 <47)

We estimate the term I first. Let V(D}“) be a piecewise linear finite element space over Df ,
where the grid size is much smaller than . Let Vo(D¥) = {f|opr = 0|f € V(D¥)}. Then

6/ (z,w) € Vo(D%) is the solution to the equation

a* (¢, v;w) = —a*(p*, v;w), Yo € (DY), (48)
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where the bilinear form a°(-,;w) is defined in (18) and ¢f' (z,w;) € Vo(D¥) is the solution to

the equation

kl,U;Wq>7 Yo € VE)(D;C)

a ( Igl?U wq) _as(p
We choose ¢f!(z,w,) as the test function in (48) and (49) and obtain

ki kL 2
GminH% (2, w) o (T, Wy HHI(D’?)’

S/m a*(,0) (Vo (,0) = Vol (z,,)) - (Vo (,0) = Vol (2, 0,)) do,
:/m (0 (@, 0q) — 0" (,0)) V(65" (2, 00) + 9 (2)) - V(8! (,0) — 65 (2, ,)) dt,

SHCLE(J',UJ(]) - as(:c,w)HLoo(D;c)}‘(ﬁkl(x,wq)HHl(D?)‘|¢’gl(:v,w) — %o (CC wq HHl(D;@)

Dividing the term ||¢'(z, w) — ¢ (z, w,)] ‘Hl(D’?) on both sides of (50), we get

[681(2,0) — 681 2,00)| sy < Ol (r0) = 0,0 | e 1167 )] L oy

Additionally, we choose ¢k'(z,w,) as the test function in (49) and obtain

2 €
amin“¢]gl($7wq)|‘H1(D?) S /Dka (ZL’,(U)VQSSZ(ZE,WQ) v¢0 ($ wq)d:x

J

T /Dk o (,w) Vp* () - Voy (2, wg)du < CH% T, Wy ‘|H1(D§~“)Hpkl(~’3)‘|H1(D§)'

Therefore, we have

C
, Hpkl(I)HHl(D;?)'

Jenges wo)ll (o) <

(49)

(50)

(51)

(52)

Since p* is a linear function in the MsFEM, we know that |[p* ()] g1 pry < h;', where C' is
J

a constant related to the domain. Therefore,

C

Qmin

H¢kl(337wq)HHl(D§) < Hﬂslgl($>wq)||H1(D§) + Hpkl(ﬂf)HHl(Df) <( + 1)hj_1

Substituting (53) into (51), we obtain the estimate for the term I,

I3 13 C —
|‘¢lgl(x,w) — gl(x’wq)HHl(Df) < CHa (z,w,) — a®(z w)HLOO(D;?)(a_, + 1)h; L
For the term I3 in Eq.(47), we can similarly get that

~ C
H(blgl(:c,w) kl(:c Wy HHl(Dk) < CHa T, wy) — a(z,w |‘L°°(Dk)<_ +1)h; 1.

J
Amin

15
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The term I in Eq.(47) can be controlled according to the POD method in 4.2. Combin-
ing the estimates for terms Iy, I, and I3, we can choose the number of coefficient samples
{a®(z,wy) 1<g<@ In Asm.4.1 and number of the multiscale reduced basis in Asm.4.2, such that

Hébkl(xaw) _ q;kl(x,w)HHl(D?) < 2C’Ha€<x,wq) — as(wi)HLoo(Df)(ﬁ + l)h]fl + 0y < 03.
(56)

Since this estimate (56) holds almost surely for each realization w € 2, we integrate over the
random space and prove the theorem.

]

Theorem 4.4. For each w, let u‘,ij (z,w) be the solution obtained by using the MsFEM basis
on coarse mesh with size hj, and ﬂij (x,w) be the solution obtained by using the multiscale
reduced basis. We have the estimate for the error between uj, (z,w) and uj, (z,w)

IE[Huij(:c,w)—aij(:c,w)H%l(D) <6, as, we, p=12 (57)

where C' is a generic constant, d3 = 51hj_1 + 09, and the parameters 01 and 9o are defined in

Asm.4.1 and Asm.4.2.

Proof. For each w, we have uj, (z,w) = SO up(w)o®(z) and uj, (v, w) = SO g (w) e (),
where ¢*(z) denotes the MSFEM basis associated with the coarse grids on level j, ¢*(x)
denotes the multiscale reduced basis associated with the coarse grids on level j, and K is the
degree of freedom of the coarse grids.

Let B = (b;) and B = (b;;) denote the stiffness matrices associated with the MsFEM and
our method, where the entries in the matrices are defined as

bij = /VW(as,w)aa(;B,w) V¢ (z,w)dz, (58)
bi; = /Vggi(x,w)as(x,w) VY (@, w)d. (59)
We estimate the difference between the entries b;; and Z;ij by
|bij — bi;| = ‘ /ngi(a;,w)as(:c,w) -V (z,w)dr — /V(ﬁi(:c,w)as(x,w) . V(ﬁj(x,w)dx‘,
< )/wiaf-vgbfdx—/v&af-wfdx‘ + ‘ /v&af-vwd:};—/v&af-véfdx‘,
< HGEHLW(D)(||¢jHH1(D)HV¢i =V l2) + 101l [V — v<Z~5].||L2(D))- (60)

Notice that a*(z,w) is bounded almost surely, [|¢/ (z,w)|| g1 (p) < Chj_l, and ||¢'(z, W)||a1(py <
Chj_l, where C' depends on a,,;,. Using the same argument in Theorem 4.3, we can prove that

E |Ib; = byl] < C01h72 + dh}Y), (61)
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where C' depends on ay,;,. When the mesh size of the coarse grid h; is given, one can choose
&, and &, so that |by; — byj| is small.

Let B, = E, (61,05, H) denote the error between B and B, i e. B B+E,. Let f = (f;) and
f = (f;) denote the right-hand side vectors with f; = [ ¢"(x) f(x)dx and fi = Ik o'(x) f(x)dx

respectively. Using a similar argument as (60) and the Pomcare mequahty7 we get
B |Ifi =[] < Clouh;* + ), (62)

where C' depends on an,. Let e; = e;(dy,d2, H) denote the error between f and f, ie.,
f: f+ €.

Recall that uj, (z,w) = S ug(w)dF(z) and u, (v, w) = S g(w)dF(z). Let u =
(ur,...,ug)T and @ = (y, ..., ax)7. They satisfy Bu = f and Ba = f, respectively. After

simple calculations, we get u — @ = B™'(E,@1 — e;) and the estimate
= il < 1Bl (1l 21 ][z + lleyl ).

(VEIE /Il + VEllesl). (63)

<

min
where C' depends on K, hj, amin and f(z). In addition, we have used the fact that ||a]|, is
bounded since there is an isomorphism between u and ;,_ (z,w).

Let ® = (¢'(z), ..., qbK(x))T and @ = (¢'(2), ..., ngK(x))T We have the estimate
[, (@, w) = @5, (2, ) |1 (p) = || @70 — @7 |1 (),

SH‘PTU — (iTUHHl(D) =+ ||(i)Tll — (i)TleHl(D),

<[Jull> max ||¢"(z) — ¢"(2)||m ) + Z\W“H (ol =12 (64)

1<k<K
Integrating over the random space, we got that
E [|lu (2, w) = @ (2, 0) [ )| < O (65)

where C' a generic constant depending on K, @min, @max, and f(z). Thus we complete the
proof. O]

According to Theorem 4.4, we can choose d; and J; (that are controlled by the number of
coefficient samples and the number of the POD basis) so that

B llu;, (z.w) = @, (@, @)l )| < OB, p=1.2. (66)

Corollary 4.5. Suppose e < h; <1 and e < ch§+" for some ¢ > 0 and n > 0. We can get
the error between the exact solution u®(x,w) and multiscale reduced basis solution uj,, (x,w) as

E [||us _ ahuglw)} <CR, p=1,2 (67)
for some constant C.
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Proof. According to (20) and (66) and the fact that when ¢ < ch?“’ for some ¢ > 0 and > 0,
Ve/h;j = o(h;), we can easily get the result. O

Finally, we can prove the required property that the asymptotic variance reduction between
two consecutive coarse grid levels.

Theorem 4.6. The difference between w;, (z,w) and @j,_ (z,w) can be bounded by

B ||l (2, @) — @, _, (z,@)]|] < Ch. (68)

The proof is a simply application of the triangle inequality and Corollary 4.5. The asymp-
totic variance reduction between two consecutive coarse grid levels can be obtained immedi-

ately since Var (&ij(x,w) - &Zj_l(x,w)> <E [||11§L]_(:v,w) - ﬂ;j_l(x,w)HQ].

5. Numerical examples

In this section we will present various numerical results to demonstrate the accuracy and
efficiency of our proposed MsMLMC method.

5.1. An example with an oscillatory coefficient

We consider the following multiscale elliptic PDE with random coefficient on D = [0, 1] x
0, 1]:

=V - (& (z,y,w)Vu'(x,y)) = f(x,y,0), (z,y) € D,w € Q, (69)
u(z,y,w) =0, (z,y) € dD. (70)

The multiscale and random coefficient is given by
&1 (w) §2(w)

2+ Psin(2m(x — y)/€1) + 4 4 P(sin(2rz/ey) + sin(2mwy/es))

§3(w)
10(2 + Psin(27(x — 0.5)/€3))(2 + Psin(2m(y — 0.5) /€e3))’

a(z,y,w) =0.1+

+ (71)
where P = 1.9, ¢ = %, € = % and €3 = 5%, and {&;}2_, are independent uniform random
variables in [0, 1].

In our computations, we use the FEM to discretize the spatial dimension. We choose
a 512 x 512 fine mesh grid to well resolve the spatial dimension of the stochastic solution
uf(z,y,w). Due to the high computational cost, we use the Monte Carlo method with 10?
samples to calculate the reference solution.

To implement the MsMLMC, the coarsest mesh grid is chosen as 4 x 4, i.e., hg = %1, and
hj = %, j =1,..., L is the jth level grid size with the coarsening factor 2. The expectation
solution on the coarsest grid is obtained by 10* Monte Carlo samples, and the expectation of
the difference of solutions between levels j and j — 1, 7 = 1, ..., 3 are obtained by the run-time
information. In this example, they are computed by Monte Carlo method with 4029, 1705,
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and 861 samples, respectively. When we construct the reduced basis in the offline stage, we
use 500 Monte Carlo samples. Because the error in the solution can be corrected in subsequent
level, the reduced basis in the current level does not necessarily need to be accurate enough.

The coarsest mesh grid of MLMC is chosen as 52x52, i.e., hy = 5%, and h; = %, j=1,..,L
is the jth level grid size with the coarsening factor 2. The Monte Carlo samples on different
levels are chosen in the same way as the MsMLMC. In addition, we implement the MLMC
with the coarsest mesh grid chosen as 4 x 4, i.e., hg = }l, and h; = %, 7 =1,..., L is the jth
level grid size with the coarsening factor 2.

Multiquery results in the online stage. We randomly generate 20 force functions of the
form f(z,y) € {sin(k;rz + &;) cos(lymy + ;) }2°,, where k; and [; are uniformly distributed
over the interval [0, 2], while ¢; and ¢; are uniformly distributed over the interval [0,1]. In
Fig.1 and Fig.2, we show the relative errors of the mean and the STD of the solution in L?
norm and H! norm, respectively. The MsMLMC method gives very accurate results. The
MLMC method that uses very coarse mesh grids generates a relatively large error. We show
only the error in L? norm, since the accuracy in the H' norm is quite large. If we set the
coarsest mesh grids to well resolve the multiscale feature, the MLMC method improves the

accuracy, but the computational cost will increase dramatically.

0.1 0.18

—— MsMLMC —— MsMLMC
0.09¢ o MLMC h, >>¢f| 0.16} & MLMC h >> el
0.08f —s—MLMCh <& j 014} —s—MLMCh <e |]
0.07+ B
0.12}
0.06
0.1+

0.05f

Mean Error
STD Error

0.081
0.041

0.06
0.03f

002l ] 0.04f
001 o o e e o 0.02f |
[ A A A G A A A G A A A G- Y
o Y Y Y Y Y Y Y Y 0 DA A A Y Y Y 7 Y
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
query number query number

Figure 1: The mean and STD error in L? norm.

In Fig.3, we show the mean and STD of the exact and MsMLMC solutions corresponding
to f(x,y) = sin(1.757x + 0.6) cos(0.75my 4+ 0.5). It can be seen that the mean and STD of
the MsMLMC solution match those of the exact solution very well. We also show the contour
plot of the mean of the solution in Fig.8. One can see the heterogeneous structures of the
multiscale solution. Thanks to the multiscale of our MsMLMC, we can obtain the multiscale
feature of the solution on a relative coarse mesh grid, i.e., we can apply the MLMC method
without assuming the coarsest grid should resolve the multiscale features.

Variance decay results in the online stage. Fig.h shows the variance decay result for the
solution corresponding to f(z,y) = sin(1.75mz + 0.6) cos(0.75my + 0.5) by using different
methods. The blue line with cross denotes the solution obtained on single level, which indicates
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Figure 2: The mean and STD error in H' norm.

that variance does not decay. The red line with circle denotes the f Var(u; —u,—1)dx obtained
by MsMLMC. The slope of the line is approximately equal to 3.74, indicating that f Var(u —
w_1)dz ~ Ch3™. If we implement the MLMC with the coarsest mesh grid kg > ¢, as shown
in the green line with square, the variance does not decay. When we choose the coarsest mesh
grid hy < e (in this case hy = %), as shown in the black line with triangle, the variance
decays. However, the computational cost increases dramatically. The slope of the line is
approximately equal to 4.35, indicating that [ Var(u, — w1 )dz ~ Ch*%.

5.2. An example with a high-dimensional random and multiscale coefficient

We consider the RPDE (69) with a high-dimensional random input and multiscale features
on D =0,1] x [0,1]. The coefficient is given by

2 + P;sin(2mz /¢;)
2+ Q, cos(2my/€;)’

@ (z,y,w) = Z &i(w) (72)

where {¢;} are independent uniform random variables in [0, 1], P;, @; € (1.8,1.9) are ran-
1 1

domly generated, and (€1, ..., €15) = (n—l, ey n_ls)’ where the integer 3 < n; < 31 are randomly
generated.

The stochastic collocation method are computationally prohibitive due to the curse of
dimensionality. We implement our method in the Monte Carlo method setting. We use
the standard FEM to discretize the spatial dimension. We choose a 384 x 384 fine mesh
grid to well resolve the spatial dimension of the stochastic solution u®(z,y,w). Due to the
high computational cost, we use the Monte Carlo method with 10% samples to calculate the
“reference” solution.

To implement the MsMLMC, the coarsest mesh grid of MsMLMC is chosen as 4 x 4, i.e.,
ho = }l, and h; = %, j = 1,...,3. Similarly, the coarsest mesh grid of MLMC is chosen as
48 x 48, i.e., hg = 4,
obtained by 10* Monte Carlo samples, and the difference of the expectation solutions between

and h; = %, 7 =1,...,3. The coarsest grid expectation solution is
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Figure 3: Profiles of the mean and STD solution.

jand j—1, 57 =1,...,3 grids are obtained by the run-time information. In this example, they
are chosen as 4428, 1960, and 968 respectively.

Multiquery results in the online stage. We randomly generate 20 force functions of the
form f(x,y) € {sin(k;wrx + ¢;) cos(limy + ¢;)}2°,, where k; and [; are uniformly distributed
over the interval [0, 2], while ¢; and ¢; are uniformly distributed over the interval [0,1]. In
Fig.6, we show the relative errors of the mean and the STD of the solution in L? norm. The
MsMLMC method gives accurate results. The MLMC method that uses very coarse mesh grids
generates very poor results (not shown here). If we set the coarsest mesh grids to well resolve
the multiscale feature, the MLMC method improves the accuracy in the mean solution, but the
computational cost for the MC method will increase dramatically. In Fig.7, we show the mean
of the exact and MsMLMC solutions corresponding to f(z,y) = sin(2rx+0.25) cos(2my+0.50).
It can be seen that the mean of the MsMLMC solution match the exact solution very well. We
also show the contour plot of the mean of the solution in Fig.8. One can see the heterogeneous
structures of the multiscale solution.

Comparison of the computational costs of MsMLMC and MLMC. We follow the same
strategy in comparing the computational costs of MC, MLMC and MsMLMC in the multiquery
setting. It takes 451.30 and 504.84 seconds for the MC and MLMC method respectively in
the offline preparation stage. For the MC method, it will take 33942.57 seconds to solve
Eq.(69) with one specific forcing term f(x,y). Thus in a multiquery problem, if we need
to solve Eq.(69) with n different forcing term f(z,y), the total computational cost will be
t1 = 451.30 + 33942.57n. In the online stage of the MLMC, it takes 3514.94 seconds to
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Figure 5: Variance decay of MsMLMC solutions.

compute each query, thus, the total computational cost will be ¢, = 504.84 + 3514.94n. In
our MsMLMC method, the offline computation costs 5719.13 seconds, which includes the
computational time of solving cell problem, constructing the reduced basis, and computing
the fixed data structure for the global stiffness matrix. In the online stage of the MsMLMC,
it takes 693.91 seconds to compute each query, thus, the total computational cost will be
t3 = 4036.21 + 693.91n. We achieve 5.1X speedup in the MsMLMC over MLMC in the online
stage. We plot the total computational time in Fig.9. One can see that the MsMLMC offers
considerable computational savings over the MLMC if we need to solve the original RPDE
with more than two different forcing functions. In addition, we can see that MLMC is superior
to the MC method. Higher speedup ratio can be achieved for Eq.(69) with smaller multiscale
parameters.
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Figure 6: The mean and STD error in L? norm.
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Figure 7: Profiles of the mean solution.

5.8. An example to investigate the computational complexity

Choosing the reduced basis number m and coarsest levels of the MsMLMC and MLMC to
obtain an accurate solution is problem dependent. In this subsection, we test a model problem
to understand this issue. In addition, we numerically study the computational complexity of
the MsMLMC method.

We consider the Eq.(9) on D = [0, 1] x [0, 1] with the coefficient given by

( )= 0146 )2+1.8sin(2Lf) 2 + 1.8sin(%¥) 6l )2—}—1.8008(2“;‘)

a®(z,y,w) = 0.1+ & (w - w 2+ E(w S

Y S5 sin(Z%) 724+ 18cos(22) T 0N 2 4 18 sin(2Y)
(73)

where €1, €5, and €3 are multiscale parameters, and {;}?_; are independent uniform random
variables in [0, 1].

In our computations, we use 2000 Monte Carlo samples to discretize the random space.
We use the standard finite element method to discretize the spatial space. The fine mesh
grid is chosen as 512 x 512 to well resolve the spatial dimension of the stochastic solution
uf(z,y,w).
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Figure 9: The computation time comparison.

Assume the MsMLMC has four levels, with the mesh size given by h. = i, %, 1—16, and 3%
Then the degrees of freedom (DOF) of the cell problem (14) on each level are approximately
given by N = 16384, 4096, 1024, and 256, respectively. In Fig.10, we plot the computational
time of the linear equation solver on each level, and we find that the computational complexity
of solving the linear equation with N unknowns is approximately given by O(N'3). Then in
Fig.11, we plot the POD eigenvalues in decreasing order as a function of their index, for

different choices of the mesh size. We use the decaying property of eigenvalues to select

9m+1
01

10~%. We choose m = 6 in our numerical test.

parameter m, i.e., to select m such that is smaller than some predefined threshold, say,

We choose four different kinds of multiscale parameters in (73), i.e.,

1 1 1 1 1 1 1 1 1 1 1 1
{(617 €2, €3>|(§7 E? ﬁ)? (57 ﬁa 3_1)7 (ga E? H)u (ga ﬁy 5_1>}
The coarsest mesh of MsMLMC is chosen as h, = i, while the coarsest mesh of MLMC is

Nic, with N, = [%] + 1. We calculate the computational time of obtaining

(74)

chosen as h, =
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one sample solution on the coarsest mesh by the MsMLMC and MLMC, respectively. In
Fig.12, we plot the speedup ratio of MsMLMC over MLMC for the four kinds of multiscale
parameters defined in (74). In addition, we use these data to interpolate a model for the
speedup ratio as a function of the smallest-scale parameter. One can see that small multiscale
parameter results in a significant speedup in the MsMLMC over the MLMC, which reveals
the power of the multiscale reduced basis. As we see in the plot of Fig.13, the asymptotic
variance reduction between two consecutive levels starts when h, = * in our MsMLMC, since

4
the multiscale finite element basis functions already capture the multiscale information of the

RPDE solution.

—— numerical data
interpolated data

log(t)

- . . . . . . . . .
75 8 85 9 95 10
log(N)

Figure 10: Computational cost of the linear equation solver in the offline stage of MsMLMC. The slope of the
interpolated line is v = 1.3.
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Figure 11: The POD eigenvalues in decreasing order.
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6. Conclusion remarks

In this paper, we developed a novel multiscale multilevel Monte Carlo method (MsMLMC)
to solve multiscale elliptic PDEs with random coefficients in a multiquery setting. These model
problems arise from various applications, such as the heterogeneous porous media flow problem
in the water aquifer and oil reservoirs simulation. Our method consists of offline and online
stages. In the offline stage, we construct a small number of reduced basis elements within each
coarse grid block, which can be used to approximate the multiscale finite element basis. In
the online stage, for each new realization of the random coefficient, we can efficiently obtain
the corresponding multiscale finite element basis with the help of these reduced basis and
solve the multiscale RPDEs on coarse mesh grid. By applying the MLMC method, we can
solve the RPDEs efficiently without requiring the coarsest mesh size to be smaller than the
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smallest-scale parameter in the coefficient.

We presented numerical examples to demonstrate the accuracy and efficiency of the pro-
posed method. These numerical examples indicate the following advantages of the proposed
MsMLMC: (1) By combining the upscaling technique with the MLMC, the MsMLMC provides
an effective alternative to solve multiscale RPDEs with desirable accuracy on a coarse grid;
(2) The construction of the reduced basis is independent of the forcing functions, thus the
MsMLMC can be used for the same multiscale RPDEs with a large number of deterministic
forcing functions; (3) Comparing to the other existing numerical solvers, such as the MC and
MLMC method, the MsMLMC offers considerable computational savings in solving multiscale
RPDEs in a multiquery setting.
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Appendix A. Computational cost analysis of MLMC

Proof. Without loss of generality, we choose |D| = 1. For single level MC (SLMC) method,
we have the averaged-mean-square error

e(Y)= %cl = 0% (A.1)

Hence the number of SLMC simulations is N = &. Then the computational cost is
C1 = Cgth’y = clcghzm_?.

In practice, the number of simulations N is chosen as integer, which should be the smallest
integer greater or equal to N. So without confusion, we treat N as a continuous quantity
throughout the proof. The same applies to the implementation of N in MLMC.

Now we turn to MLMC and minimize the cost

™~

-1

CQ = CgNLhZ’Y + Cg(N],H_l + Nk)h,];’y
subjected to the §2-MSE restriction

L
1
e(Y)=cy Z Ehf + —c; = 6% (A.2)



For simply notation, we denote

B
= A.
vi-{ et bl (A3)
and computational cost
~ cshy,” +esh 'y, k #0;
= A4
Ve { eshg”, k= 0. (A-4)
Then the §>-MSE (A.2) become
SN
> —Vi=0d (A.5)
Ny,
k=0

and the total computational cost of MLMC is
L ~
=> NV
k=0

By the method of Lagrange multiplier, we can minimize the cost above for a fixed (A.5) and

conclude that Ny is proportional to 4/ Vi / f/k, ie, Ny =dy/Vi/ f/k, where the constant

L

d=0") ViV (A.6)

k=0
Hence the computational cost Cy is

L

(T
2(Zh:2wx/m+\/@h )

£
=l
o

e (fjh,g Vel T + van ). (A7)

=1

Then the ratio of the computational complexity of MLMC to that of SLMC is

RY G B _a\2
:C_L(thz \/m+\/c_1h02>. (A.8)
L =1
Now we separate the discussion. When (§ = =, we have
v 2
C:_ "L (Ll + am E ) (A.9)
Cl &)

)2 ~L 2
:(L e(l+m™) )hz+m—z) (A.10)

C1
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Then the optimal level number L, treated as a continuous quantity, is

L=-

ln{2 c2(1+m=) h} }’

vIlnm c vIlnm

and the minimized ratio (A.8) becomes

Co  o(l+m™) ec;y? I’ m
C, 72¢1 In® m 4ea(1+m=7)
=CGsh}|Inhp|* + O(R}|Inhy)),

2
h’g{ln —'ylnhL}

with
- 02(1 + m_”’)

ciIn®m

When S # ~, the ratio becomes:
Ca

i (Cohiﬂ B Cohi/QmL(ﬁf'y)/Z + mffyL/Q)2.

Ci
The optimal choices of L and the computational cost are
2 —yh,?
L= In ( ),
Blnm — \eo(B—7)

C = Cl{COh’i/Q _ - f ; (CO(’YV— 5))7/5}12/2}2’

2
= e Ve - ey}

where

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

In the case of 5 > =, the second term of right hand side (A.14) is dominant for hy < 1

and the cost of MLMC is

CQ = 65th1(1 — w/ gh%ﬁ_w/2)2 == 01C3555_2 + 0(5—2]125—’7)/2).
5

In the case of 8 < =, the first term of right hand side (A.14) is dominant for ¢ < 1 and

the cost of MLMC is

Cy = &hCi(1 — /%hg—@ﬂ)? = 163676 2h ")+ 0672 0T,
7
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