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ABSTRACT. In this paper, we establish a large sieve inequality of Elliott-Montgomery-
Vaughan type for Maass forms on GL(n,R) and explore three applications.

1. INTRODUCTION

Elliott [2], [1], and Montgomery and Vaughan [11] independently developed some sort
of large sieve inequalities to study Linnik’s problem, which may yield a more general
result than the classical Vinogradov’s result, cf. [9]. This device, known as the large
sieve inequalities of Elliott-Montgomery-Vaughan (E-M-V) type, was generalized to the
setting of primitive holomorphic cusp forms on GL(2,R) and applied to obtain some
statistical results on Hecke eigenvalues of primitive holomorphic cusp forms in [8]. Later,
Wang [15] generalized the results to the case of Maass forms on GL(2,R).

It is natural to ask for a generalization of large sieve inequalities of E-M-V type to
Maass forms on GL(n,R) (n > 3). There are two main difficulties: the first one is that for
n > 3 the Hecke relations for GL(n,R) is much more complicated than that of GL(2,R),
and the trace formula for GL(n,R) with n > 3 is not as simple as the trace formula
(say Kuznetsov’s and Petersson’s trace formulas) on GL(2,R). Recently, Xiao and Xu
[16], using Kuznetsov’s trace formula and Hecke’s relations, made a breakthrough and
obtained a large sieve inequality of E-M-V type to Maass forms on GL(3,R). Moreover,
they also applied their large sieve inequality to get a statistical result of sign changes on
the Hecke eigenvalues for GL(3,R).

In this paper, we generalize the large sieve inequalities of E-M-V type to Maass forms
on GL(n,R) for all n > 3 which is of the same strength as the case of automorphic forms
on GL(2,R) (see [8, 15]). Our main tool is the automorphic Plancherel density theorem -
a recent great progress due to Matz and Templier [10]. We remark the use of properties of
(degenerated) Schur’s polynomials instead of Hecke’s relations to avoid the complicated
calculations as in [16]. More precisely the (degenerated) Schur polynomial is employed to
evaluate the main term when applying the truncated trace formula [6, Corollary 3.3] since
the main term in [6, Corollary 3.3] is expressed in the form of orbital integral involving
the (degenerated) Schur polynomial by the work of Matz and Templier [10]. Moreover,
we apply our large sieve inequality - Theorem 1.1 on the GL(n,R) analogue of Linnik’s
problem, the sign change problems, and the Montgomery-Vaughan conjecture.
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Let H? = {¢;} be an orthogonal basis consisting of Hecke-Maass cusp forms for

~

SL(n,R). Each ¢; is associated with a Langlands parameter p; € af/W where af. =
{z€C":%, 2z =0} and W is the Weyl group of GL(n,R). For t > 1, we let

(L1) 3= ¢y € 3 uslla < ¢, py € ia”)

where || - ||2 is the standard Euclidean norm, and ia* C af is isomorphic to iR" 1. It is
known that |3 < t¢ with d = n(n +1)/2.

Let Ag(mi,ma,...,my—1) be the Fourier coefficient of ¢ € ;. In this paper, we
normalize each ¢ € H; such that

It is well-known that

A¢(m1, ma, ... ,mn_l) = A¢(mn_1, Mp—2,..., ml).
Moreover, for any xk = (K1, ,kp—1) € Ng_l and any prime p,
(1.2) Ap(p™) = Ap(p™,p™, -+, p" ")

= Se(ap1(p), ag2(p), -, apn(p))

where S is the (degenerate) Schur polynomial (see Section 2 for definition and refer
to [3] or [7] for a detailed exposition) and ag(p) := (g 1(p), ap2(p), -, apn(p)) is (a
representative of) the Satake parameter associated to ¢ at p. Every Satake parameter
ag(p) satisfies T ; agi(p) =1 and

Oz¢)71(p) +o Tt Oz¢,n(p) = A¢(p, L...,1).

Put k" = (kp-1, -+ ,K1) if K = (K1, -+, Kp—1). Then we have

A¢(pﬁb) = A¢)(p/‘9n—1’ e 7p1€1) = A¢(pﬁ)7
and Ay (p*) € Rif K = k",
Notation: For & = (k1,...,5n_1) € NI7L we denote ||x|| := 3""}(n — j)r; and

=1
—1
K| = 32720 Ky

Theorem 1.1. Let 0 # k = (K1,...,kn-1) € NJ 1. Let j > 1 be any integer and {bp},
be a sequence of complex numbers indexed by prime numbers such that |by| < B for some
constant B > 0 and for all primes p. Then

2j

1 Ay(p™, ..., pin-1)
mz Z bp o\D p

6e3, | P<p<Q p

2j N j . i/3
15 [ BCLQEIxI (BCx)%j\’ 407 log P\ 7/
1/2 K K =Rl
(13) <t < log P +<PlogP> 1+< P >

holds uniformly for

B>0, j>1,  2<P<Q<2P,

where L is a positive constant, 1 < Cy, := 10(1+|x|)™ ™™ and the implied constant depends
on k only.
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Let ¢ > 2 be an integer and y be a non principal Dirichlet character modulo q. Then
the evaluation of the least integer n, among all positive integers n for which x(n) # 0,1 is
referred as Linnik’s problem. One generalization formulated to Maass forms on GL(n,R)
is the evaluation of the smallest integer n for which

Ap (n,1,...,1) # Ay, (n,1,...,1),

where ¢1 # ¢2. We denote this smallest integer by nm;2. The first application uses
Theorem 1.1 to investigate an analogue of Linnik’s problem.

Suppose P is a set of prime numbers of positive density in the sense,

1 A
1.4 - > Vz2>
(1.4) Z p  logz (V2 2 2),
z2<p<2z
pe?P

with some fixed constants A > 0 and zg > 0.

Theorem 1.2. Let 0 # k = (k1,...,kn—1) € NO' and assume the set P (of primes)
satisfies (1.4). Let A = {\(p)}, be a fivzed compler sequence indexed by prime numbers.
For any § > 0, there is a positive constant C' = C(9, k, P) such that the number of ¢ € H;
verifying

Ap(p™,....p" )= Xp) for peP, and dlogt <p<20logt

is bounded by
< tde—C’log t/logyt

where log,. is the r-fold iterated logarithm. The implied constant depends at most on

o, k,P.
Remark 1.1. Refer to [8] and [15] for the case of GL(2,R).

Corollary 1.1. Let ¢g € H; be fixzed and P be stated as in Theorem 1.2. Let £ € N
and § > 0 be any number. Then there is a positive constant C' = C(9,¢,P) such that the
number of ¢ € Iy verifying

Ad)(pf,l,...,l):A(bo(pe,l,...,l) for pe®P, and dlogt <p<2logt

is bounded by

<509 tdefclog t/logs t

By the corollary, we see that for any fixed ¢1, the number of ¢9 € H; for which
nio K logt

does not hold is
< ’g_ftle—c’log t/logs t

The second application concerns the sign changes of Maass forms on GL(n,R). In
case of GL(2,R), there are fruitful results (for example, see [5], [12], [13]). In case of
GL(3,R), Steiger [14] proved that there is a positive proportion of Hecke-Maass forms
¢ with positive real part of Ag(p,1) for a fixed prime p and Xiao and Xu [16] gave a
statistical result on the signs of Ay(p™', p"?) + Ay(p™?,p™). Applying Theorem 1.1, we
obtain the following result.
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Theorem 1.3. Let 0 # k = (k1,...,kn—1) € Ng~ 1. Let {ep} ep be a sequence of real
numbers with €, € {£1} where the set of primes P satisfies (1.4). For any 6 > 0, there
is a positive constant C' = C(6, k, P) such that the number of ¢ € H, verifying

ep(Ag(P™, ... p™ ) + Ag(p™ ..., p™)) > 0
forpe P and §logt < p < 2jlogt is bounded by
< ZtdefClog t/logy t
The implied constant depends at most on 6, k, P.

Remark 1.2. Refer to [8] and [15] for the case of GL(2,R) and [16] for GL(3,R).

The size of L(1, f) for L-functions over a family of f has attracted much interest. For
¢ € Hy, its associated L-function is defined as

L(S7 d)) = Z A(Z)(ma 17 Ty 1)m—s’
m>1

for Res > (n+1)/2, and factors into the Euler product

L(s,¢) = [T T = aws)p™)"

p =1
where g ;(p), 1 < i < n, are the Satake parameters. It is well-known that L(s, ¢) can
be analytically continued to the whole complex plane.

Recently, Lau and Wang [7] proved that for all ¢ € H;, we have
{1+ 0(1)}(2B; log, )™ < |L(1,¢)| < {1+ o(1)}(2B; log, )"

under the Generalized Ramanujan Conjecture and the Generalized Riemann Hypothesis.
Here B;f are the positive constants in [7, Lemma 5.3] and

At =n and A, =

{ n if n is even,
n

ncos(m/n) if nis odd.
On the other hand, Lau and Wang [7] also proved that there exist ¢ € H; such that
IL(1,67)] < {1+ 0()}(B; loga )™, |L(1,67)| > {1+ o(1)}(B; logy ).

The proportion of such exceptional ¢& in H; is at least exp ( — (logt)/(log, t)3+0(1)).
In fact, alongside the Montgomery-Vaughan conjecture (cf. Conjecture 1 in [4]), the
proportion of ¢* in Hr satisfying |L(1,¢%)|T! > (BF log, T)A’% is predicted to be >
exp(—C'logt/logyt) and < exp(—clogt/logyt) respectively for some constants C' > ¢ >
0.

Theorem 1.1 gives an upper bound towards the Montgomery-Vaughan conjecture.

Define )
Fr(s)= — 1
t ( ) ‘j{t| qg;
t
(L8> (B )40
and

PpEH
IL(1,6)|< (B )40
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Theorem 1.4. For any ¢ > 0, there are two positive constants ¢ = c(g) and ty = to(e)
such that

logt
F*(logyt + 7 Sexp(—cr—i—l )
P logat 4 ) (i >Gogzt)00g3t)ﬂog4t)

fort >ty andloge <r < (9 —¢)logyt.
Remark 1.3. Refer to [8] and [15] for the case of GL(2,R).

2. PRELIMINARIES

The Fourier coefficients Ay (p™) can be expressed in terms of the (degenerate) Schur
polynomials and Satake parameters as in (1.2). The degenerate Schur polynomial is

defined as
det (:c ;:1i(ﬁl+1))
J

()

for kK = (K1, ,kn—1) € Ng_l. Matz and Templier established an automorphic equidis-
tribution of the family {A4,(p") : ¢ € H'} — the vertical Sato-Tate law for Hecke-Maass
forms. Now we explain a consequence of the equidistribution result.

1<ij<n

(2.1) Si(x1, 20, yp) i=

1<i,j<n

Let &,, be the symmetric group and
Ty = {(eie1 e ... ew") e (sHr: i(O1+02+-+0n) _ 1}.

We define two measures dugt and dp, on Ty/6, whose integration formulas (over
[0,27]"~1) are given by

1 1 . )
dpst = — —— H et — €% |2 dp, - - - dh,_,
| —1
n! (2m)" \<i<i<n
and
1 n 1 _p—i €i9i _ p—leiej -2 1
dlu,p = E H 1 — p—l . H eiei — ejﬁj . (277_)”71 d01 N den—l.
T i=2 1<i<j<n

Define S (1,---,1) by taking z; — 1. By [7, Lemma 7.1 (2)], we have for any X > 1
and x € NJ~1,

Ti|SA, V1

A consequence of Matz and Templier’s work on the vertical Sato-Tate is the following,
cf. [6, Corollary 3.3].

Lemma 2.1. Let k = (K1, ,kn—1) € Ng_l, He and Ag(p®) = Ap(p™,--- ,p" 1) be
defined as above, cf. (1.1), (1.2) and (2.1). Then for any ¢,m € N,

1 (]
] S II Ase™,...pm ) Ag, . pt) T
¢ HEH, pUP||L,pVP |m

= Sk Syrd +O<t_1/2 Ll up+vp>
H /T()/Gn Ky H (C p )

pUP ||€,p¥P ||m pUP||€,p?P ||m

where L is a positive constant, 1 < ¢, == (1 + |[)"" ™.
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The product of two Schur polynomials S, and S, may be evaluated with the Littlewood-
Richardson rule:

(2.3) SiSw = Sw+ Sw =D d,,Se

KK/
3

where diﬁ,’s are nonnegative integers and the summation runs over £ € Ng_l satisfying
€]l < 1T+ 1]l and €]l = 1]l + ]| mod . (Recall [la] == ¥,(n — i)w;.) Moreover
{Sx} form an orthonormal set under the inner product induced by the measure dugr,

(2.4) (S, Sp) = /[ | 1SN(Q)SK/(Q)duST:5,i:,€/.
0,277~

As well, by [7, Proposition 7.4 (1)] we have

n—1
/ Sedpp = [[(1=p™) - > dp,-p7 Wl
TO/Gn

i=1 nENg_l

where the sum over 7 is supported on |n| > ||x||/n and with (2.2) and (2.4),
nzfn
0<dl, = [ SulsyPdusr < (1 ).
TO/Gn

Consequently, for ||x|| # 0 we have

50
TO/Gn
n—1
<) O TTa-p ) _max (T X0)
i=1 Simi=[0 M 1<i<n—1e>n;
<(1+ |/€|)(”2_”) max p~ Il
=4
2 < (1 (n?-n), —1
(2:5) < (1+1x]) p

where [z] denotes the smallest integer greater than or equal to z. (Note |n| < ||n||.)

By Cauchy-Schwarz’s inequality and (2.2), we have

ST (@)% = (SkSws SiSi)

I€]|<n|k]
< Sl 1S (1,00, 1)(Sk, Su)/2(Swr, S )2
(2.6) < (A + [RDA+ W)™ = cnc.

We need an arithmetic function and a result in [8].

Lemma 2.2, Let2< P<@Q <2P,j>1andn > 1. Define

a](n):aj(n7P7Q): |{(p177pj) plp]:n7 P<p177p] SQ}|
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For any d >0, 3", aj(n)d*™ /n < (3d/log P)I; moreover,

d®mn) 3dj \i/?
2

. - < L
zn:aﬂ(n ) n2 = 52|3<P10gP>

SomT < (R ()"

L o < (ugp) "1 ()

m  (m,n)=1

where Q(n) counts the number of (not necessarily distinct) prime divisors, dg; = 1 if 2|j

or 0 otherwise, Zb and Zﬁ run over squarefree and squarefull integers respectively.

3. PROOF OF THEOREM 1.1

Let a;(-) be defined as in Lemma 2.2. Squaring out, we have

25
Ag(p™, ... pfn1)
> b
P<p=Q p
A ’ A ’
K1 Kn—1 _ LA Kn—1
_ Z bp (Z)(p yeros P ) Z bp ¢(p ) » D )
P<p=Q p P<p<Q p
be K1 Kn—1\U
= Z CL](K)? H A¢(p ) , P )
Pi<t<Qi e
X > aj(m)@ [T 4. o)
: _ m
Pi<m<QJ q°|lm
bebrm,
= (¢
X aDam)=
Pi<tm<QJI

<] A pt ) A (e, )
P2 [[£p° m

Averaging over ¢ € H,, it follows from Lemma 2.1 that

1
(3.1) 5 Z H

peHe pUP[|€,p°P |m
_ H / SgpSTi’Jd,LLp 10 <t_1/2 (CHQL||H||)2J‘> _
pUrllepte m ” 70/
Thus the left side of (1.3) can be expressed as follows:
2j

Y prqb(p“l,---,p“"‘l) _M4E

SeH, | P<p=Q p

1
(3.2) ]
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The error term FE is

. b m
<2 (e QNN ag(Day(m) =
Pi<tm<Qi
. 3B 2j
. +—1/2 " L||x||\27
(3.3) < (c Q ) log P
by Lemma 2.2.
Next we evaluate the main term
b@a Up Up
(3.4) M = Z a;(0)aj(m)—— / Sk Sk dpip.
Pi<tm<Qi p?[[E,p" [ 7 T0/En

Write ¢ = (1 and m = mym’ such that £1m; is squarefree, ¢'m’ is squarefull and

(6ymy,0'm') = 1.1 (Note £1m; = 1 when ¢m is squarefull.) Set h = fym; and r = ¢'m’
We split the product over prime divisors of ¢m in (3.4) into a product of two pieces over
prime divisors of £ym, and ¢'m’ respectively:

H o= H / “pSUpd'up H / upS:dep.
per||6,p%P [ PP [6,pVp ||y ¥ T0/Sn pue ¢! pve | ¥ T0/ Sn

Inside the second product, we invoke the trivial bound (2.2) and for the first product,
(as ¢1m; is squarefree) we have u, + v, = 1 and thus apply (2.5). This leads to

U v
/ S S dpy)|
pp [Epe m 10/

< (L s [T (s

pUP ||€1,p"P|Im1
< (1+ |k)P0=mpt

and

}bflf’bmlm’

2j(n*—n . .
M A+RDHE ST el

Pi<i10 mlm/<Qj

< (1+ [l B%EZ }j,ﬂ S ahl)amm)

PI<tye! ,mim/<QJ
Lymy=h,!m/=r

(1 + |f€| 2] n2—n BQJZ Zu a2] hT

: (965 40jlog P\?/3
< (1 [w])H ) g2 (Ploép> {1 + <‘7;g>

where the implied constant is independent of j.

IThe decomposition is unique. Assume ¢ = {1 = l¢” and m = mim’ = mam” are two such
decomposition. Every positive integer decomposes uniquely into a product of a squarefree integer and a
squarefull integer. From ({1m1)(¢'m’) = (bam2)(€"'m’"), we get (*): £ym1 = Lamga and £'m’ = £"m"”. As
£1my is squarefree, we have (¢1,m1) = 1; with (¢1m1,£€'m’) = 1, we infer (¢1,m) = 1. So ({1, m2) = 1,
and (¢2,m1) = 1 by symmetry. By (x), {1 = £ and m1 = ma.
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4. PROOF OF THEOREM 1.2
Let §logt < P < (logt)'? and write Pp := PN (P,2P]. Define
E(t;P)={¢ € H;: Ag(p"™,...,p" ') = A(p) for p € PN (P,2P]}.

As the Ramanujan Conjecture is open, we consider the exceptional set over each prime

E(t,p) = {¢> € H; : log 121%}%|04¢,i(p)| > 1}

whose size is under control. Indeed, analogously to Sarnak’s bound for the GL(2) Maass

forms, we have |E(t,p)| < t¢=°/198P where ¢y > 0 is a constant, cf. [7, Theorem 7.3].
Hence

pEPP

for some constant ¢’. Set

E*(t;P)=E(tP)\ | &(tp).

pEPp
It remains to prove that
E(t; P) <snp 4d,—Clogt/log, t
for all t > Ty, where Ty = Tp(9, k, P) is a sufficiently large number. We may assume
(4.1) @) < (1 s

for all P < p < 2P; otherwise the set E(t; P) is empty by (2.2). Suppose j € N is chosen
such that

P
4.2 | < .
(42) )= 40log P
We apply Theorem 1.1 with
A if P
(43) bp — (p) pe .Pa
0 otherwise.

Since A(p)Ap(p™,...,p"=1) = |Ap(p™, ..., p1)% for ¢ € E*(t; P), it follows that

(4.4) >

PEE*(1;P)

2j

3 [Ap (P, )P

p

pEPp

< Z ‘ Z prqs(P”%--.,p“"*l) 2

$EH; P<p<2P p

N A\ 2
<< td <(BIC,L@)2]>j —|—td_1/2 (BICHQL >

Plog P log P

where By = ellfll(1 + |k[)"*~™ and Q = 2P, in view of (4.1).



10 Y.-K. LAU, M. H. NG, E. ROYER AND Y. WANG

The size of |A4(p™,...,p"~1)|? is about 1 on average. To see it, we firstly deduce
from (1.2) and (2.3) that

[Ag (", p )P = A (™ P A (P ™)

(4.5) =1+ Z A5, Ag(p%, ... pint)
H§H<"\N|
where k' = (kp—1,...,K1). (Then ||| = n|s| — ||&]|.)

Secondly, we exploit the oscillation among A¢(p§1, ...,p*=1) by Theorem 1.1 (again).
For & = (&1,...,&n—1) with 1 < ||€|| < n|k| = |nk|, we define
A/
>
~ log P }

where A" := A/(2¢c,c) < AJ2. Taking b, = 1 if p € Pp or 0 otherwise, we get from
Theorem 1.1 with C¢ < (), that

Z A¢(p£1,--~7p£n_l)

Eﬁ(t;P)z{qseﬂ{t: ;

P<p<2P
peEP

d Ch Jjlog P 7 d—1/2 CTWQLHg” K
For ¢ € E*(t; P)\ U E%(t; P), the inner sum (over p) in (4.4) is, by (4.5),
H‘EHE;&S\K\
AP, ... p* ) A
4. > - - &, >
I S o e
P<p<2P P<p<2P
pe?P \|§\|<n| \ pe?P

Here we have applied that ¢, A” < A/2 and

(48) Z dn,‘# Z /{HL S CrCrt

<nl|k
Hsngnm €lI<n|x|

by (2.6).
Applying the lower bound (4.7) to the left-hand side of (4.4), we thus infer

<210Agp>2j ‘E*(t; P\ | Et P)‘

£40
€l <nlx|

N 2j
o (B1C)%\’ Ry B1C,QLIxI
Plog P log P

and, together with (4.6),

. .
25 J Ll|x|]
(49)  |[E*(P) <t <<Blcm) jlog P ) 12 <W>

A,2P A/

Recall §logt < P < (logt)!%. Take

) logt
’ { log Pw
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with

o SA" 1 >

A* = ( :
min {150 (2B1Cyn )2 SL|]

Thus (4.2) is valid and the term inside the first bracket of (4.9) is bounded by 1/4. Let
To be large enough so that 1 < j < d(logt)/(logy t) and the second term in the right-side
of (4.9) is less than t¢~1/6 whenever ¢ > Ty. Then we conclude that

‘12*(t;}3)‘<§:tde—(nogt/log2t

for some constant C' > 0 depending on 6, k and P. The proof of Theorem 1.2 is complete.

5. PROOF OF THEOREM 1.3

The method of proof is the same as Theorem 1.2, starting with the set
F(t;P) ={¢ € H; : ep(Ap(@™,...,p" 1) + Ag(p",...,p")) >0 for pe Pp}.

The task is to evaluate

F*(t; P) = F(; P)\ | &(t.p).
pEPp

Using the positivity of 5p(A¢(p“1, co ) 4 Ag(pint, 7p"“)) for ¢ € F*(t; P), we
have

[Ap(p™ - P ) + AP ™)

< 2el(1 4 [K[)" ey (Ap (P, o pP1) 4 AP, ™).

by (2.2), and the analogue of (4.5) follows from (2.3) and (2.4):
[Ap(p™, - P ) + APt ™)
=2A4(p"™, ..., p" ) Ag(P"™ . ™)
+ Ap(p™, .. p )R 4 Ag(pint, L p™)?
=21+ 0ppm) + D (dS, + 25 + o) As (™. P )
Hﬂééaml

where 0 . if K = k' or 0 otherwise, and k* = (kp—1,...,k1).

6. PROOF OF THEOREM 1.4

Let ¢ € (0,10719] be fixed. We need a short Euler product approximation for a bulk
of L(1,¢)’s.

Proposition 6.1. There are a constant ¢ > 0 and a subset El(z) of H; such that

oo (ML)

p<lzi=1

uniformly for elogt < z < (logt)'® and all Maass forms ¢ € H; \ E'(z), where the
implied constant in the O-term is absolute and

P =0 (e (¢ oot ) )
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Proof. We follow the same approach as in the proof of [8, Proposition 8.1]. A crucial
difference is without the Ramanujan bound now, and thus we exclude the forms outside
the set

K = Ki(n) := {(b € I : log max [ag,;(p)| < 1/(logs ?)(logy 7). Vp < (log t)””}
where 1 > 0 is any number. The size of the exceptional set, i.e. H; = F;\Ky, is small:

_ nlogt
6.1 H <t exp (—c )
(61) ! (logy t)(logs t)(log, t)

for some constant ¢ > 0, by [7, Theorem 7.3] (see also [7, (6.1)]). We work on K; with
the argument in [8] to complete the proof. O

Now we prove Theorem 1.4. For ¢ € 3\ E'(z), we have

IL(1,¢)] < {1 +0 <1o;2t> } 1 <1 - ;19’)_”

p<z

1 /
< ot a'n
< {1 +0 (loth) } (e7log 2)
< {e’Y ((67(11/0/) log Z)o/ + Cy(log, t)a’l) } 7

where Cj is an absolute constant and o’ = exp(1/(logst)(log, t)). Taking

z = 66_7(1_1/0/)(10%2 t+r—Co(log, t)a/_l)l/a,

_ (14+0((log 1) ~*)(logy t-+r—Co(logy 1)’ 1)
9

the proof is complete for F;". The case of Fy is treated in the same fashion.
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