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Abstract. Very recently, the Fridman function of a complex manifold X has

been identified as a dual of the squeezing function of X. In this paper, we prove

that the Fridman function for certain hyperbolic complex manifold X is bounded

above by the injectivity radius function of X. This result also suggests us to

use the Fridman function to extend the definition of uniform thickness to higher-

dimensional hyperbolic complex manifolds. We also establish an expression for the

Fridman function (with respect to the Kobayashi metric) when X = D�Γ and Γ

is a torsion-free discrete subgroup of isometries on the standard open unit disk

D. Hence, explicit formulae of the Fridman functions for the annulus Ar and the

punctured disk D∗ are derived. These are the first explicit non-constant Fridman

functions. Finally, we explore the boundary behaviour of the Fridman functions

(with respect to the Kobayashi metric) and the squeezing functions for regular

type hyperbolic Riemann surfaces and planar domains respectively.

1. Introduction

Let Bn(a; r) be an n-th dimensional Euclidean open ball in Cn with center a and

radius r. When a = 0 and r = 1, we denote Bn(0; 1) by Bn and B1 by D. Let X

be an n-dimensional complex manifold. For any z1, z2 ∈ X, let cX(z1, z2) be the

Carathéodory pseudo-distance between z1 and z2 and kX(z1, z2) be the Kobayashi

pseudo-distance between z1 and z2. For d = k or c, a complex manifold X is said to

be d-hyperbolic if the pseudo-distance dX is indeed a distance on X. For any z ∈ X
and any r > 0, denote Bk

X(z; r) the open Kobayashi ball in X centred at z with

radius r.

Let X be an n-dimensional k-hyperbolic complex manifold. In 1983, Fridman [17]

introduced the Fridman invariant hX(z,Bn), which is defined as

hX(z,Bn) = inf{1/qX,f (z,Bn) : f ∈ U(Bn, X)}
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where

qX,f (z,Bn) = sup{r : Bk
X(z; r) ⊂ f(Bn)}

and U(Bn, X) denotes the family of all injective holomorphic functions from Bn to

X. Notice that in 1979, Fridman [16] also introduced similar biholomorphic invariant

when Bn is replaced by the unit polydisk and Bk
X(z; r) is replaced by the corresponding

Carathéodory ball. The Fridman invariant is interesting because it gives some

geometric information about the manifold. For instance, Fridman [17] showed that if

a connected k-hyperbolic complex manifold X has the property that hX(z,Bn) = 0

for some z ∈ X, then hX(z,Bn) = 0 for all z ∈ X and X is biholomorphic to Bn.

Also in [17], he showed that if a bounded strictly pseudoconvex domain X has C3

boundary, then lim
z→∂X

hX(z,Bn) = 0. See [16,17] for more applications and properties

of hX(z,Bn) as well as its Carathéodory analog.

In 2019, Mahajan and Verma [31] identified the Fridman invariant hX(z,Bn) as a

dual to the squeezing function SX(z), which can be reformulated as

SX(z) = sup
{

tanh
r

2
: Bk

Bn(f(z); r) ⊂ f(X), f ∈ U(X,Bn)
}

(see the Appendix for the more common definition of SX(z) first introduced in [9] and

how to obtain the above reformulation). To see the duality between the squeezing

function and the Fridman invariant, Nikolov and Verma [36], and independently,

Deng and Zhang [12] considered a modification Hk
X(z) of hX(z,Bn), which is defined

to be

Hk
X(z) := sup

{
tanh

r

2
: Bk

X(z; r) ⊂ f(Bn), f ∈ U(Bn, X)
}
.

We will call Hk
X(z) the Fridman function of X (with respect to the Kobayashi metric).

Similarly, its Carathéodory analog Hc
X(z) can be defined as

Hc
X(z) = sup

{
tanh

r

2
: Bc

X(z; r) ⊂ f(Bn), f ∈ U(Bn, X)
}
.

Here, Bc
Ω(z; r) denotes the open Carathéodory ball in X centred at z with radius r.

In [36], Nikolov and Verma showed that

SX(z) ≤ Hc
X(z) ≤ Hk

X(z) (1)

for any domain X ⊂ Cn.

Let X be a d-hyperbolic complex manifold. Let ιkX(z) be the injectivity radius

function at a point z ∈ X with respect to the Kobayashi metric, which is defined to

be,

ιkX(z) = sup
{

tanh
r

2
: Bk

X(z; r) is simply connected
}
.
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Similarly, its Carathéodory analog ιcX(z) is given by

ιcX(z) = sup
{

tanh
r

2
: Bc

X(z; r) is simply connected
}
.

For d = k or c, the injectivity radius ιdX of X with respect to dX is defined by

ιdX = inf
z∈X

ιdX(z).

For more information about injectivity radius, see for example [23,27,42].

The following theorem relates the Fridman function Hd
X(z) of X and the injectivity

radius function ιdX(z).

Theorem 1.1. Let X be an n-dimensional d-hyperbolic complex manifold. Then the

following three statements are true;

(1) if n = 1, d = k or c, then Hd
X(z) ≥ ιdX(z) for all z ∈ X;

(2) if n ≥ 1 and X = D�Γ, where D ⊂ Cn is a k-hyperbolic domain with the

property that all open Kobayashi balls Bk
D(z; r) of D are simply connected and

Γ is a torsion-free discrete group of isometries of (D, kD), then Hk
X(z) ≤ ιkX(z)

for all z ∈ X;

(3) when n = 1, Hk
X(z) = ιkX(z) for all z ∈ X.

Remark 1.2. For d = k or c, it is known that if D ⊂ Cn is a convex domain,

then kD = cD and any d-ball Bd
D(z; r) of D is convex and hence simply connected

(see Corollary 4.8.3 and Theorem 4.8.13 of [29] for bounded D and Lemma 3.1 and

Proposition 3.2 of [5] for the unbounded case). Also notice that by the Hermann

Convexity Theorem (page 286 of [43]), any bounded symmetric domain is convex.

When n = 1, a Riemann surface X is said to be uniformly thick if its injectivity

radius function ιkX(z) has a positive lower bound. For example, all bounded simply

connected domains in C are uniformly thick whereas punctured domains in C are

not. For more information about uniform thickness, see for example [18, 27]. We

now extend the definition of uniform thickness to higher dimension d-hyperbolic

complex manifolds as follows. For d = k or c, we define a d-hyperbolic complex

manifold of dimension n to be d-uniformly thick if its Fridman function Hd
X(z) has

a positive lower bound. Note that when n = 1 and d = k, this definition coincides

with the conventional one by part 3 of Theorem 1.1. On the other hand, in [9], Deng,

Guan and Zhang defined a bounded domain X ⊂ Cn to be holomorphic homogeneous

regular [30] or with uniform squeezing property [44] if its squeezing function SX(z)

has a positive lower bound.

Because of inequality (1), we also have the following corollary.
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Corollary 1.3. If a domain X ⊂ Cn has the uniformly squeezing property (i.e.,

SX(z) > c > 0 for some constant c and all z ∈ X), then it is both c-uniformly thick

and k-uniformly thick. (See Theorem 2 of Yeung [44] for a more general result when

X is not a subset of Cn.)

In our recent paper [33], we showed that

SAr(z) = max

{
|z|, |z|

r

}
where Ar = {z : 0 < r < |z| < 1} and this gives the precise form of SX(z) for all

bounded non-degenerate doubly-connected domain X ⊂ C up to biholomorphism.

Different proofs of this result based on the methods of harmonic measures and

quadratic differentials are given by Gumenyuk and Roth [22] and Solynin [41]

respectively. Note that when r → 0, we have SD∗(z) = |z| where D∗ = D \ {0}. For

any bounded homogeneous domain in Cn, both its Fridman function and squeezing

function are constant (see [17] and [9] for some examples of these constant functions).

So far no non-constant Fridman function has been explicitly constructed. In this

paper, we will construct for the first time several explicit non-constant Fridman

functions. Indeed we will obtain the explicit expressions of Hd
Ar

and Hd
D∗ by applying

Theorem 1.4 and 1.6 below.

Theorem 1.4. For d = k or c, let D ⊂ Cn be a convex domain which contains no

complex affine lines and Γ be a torsion-free discrete group of isometries of (D, dD).

Let X = D�Γ and π be the quotient map. For any z ∈ X, let w ∈ D be any point

such that π(w) = z. Then we have

Hd
X(z) ≤ min

γ∈Γ\{Id}
tanh

dD(w, γ(w))

4
(2)

Remark 1.5. If we assume that D ⊂ Cn is a complete k-hyperbolic domain, then

the inequality in Theorem 1.4 still holds for d = k. This is because the topology

induced by the Kobayashi distance kD is the same as the Euclidean topology of D (cf.

Theorem 3.2.1 of [29]). Hence, (D, kD) is a complete locally compact metric space.

One can then follow the proof of Theorem 1.4 to obtain the inequality.

Suppose that n = 1 and d = k. Let D = {w ∈ C : |w| < 1} be the standard open

unit disk in C and let H = {w ∈ C : Im(w) > 0} be the upper half plane. Note that

both D and H are convex and contain no complex affine lines. Then the following

theorem states that the equality in Theorem 1.4 always holds when D = D or H.
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Theorem 1.6. Let D = D or H. Let Γ be a torsion-free discrete group of isometries

of (D, ρD). Let X = D�Γ and π be its quotient map. For any z ∈ X, let w be any

point in D such that π(w) = z. Then we have

Hk
X(z) = min

γ∈Γ\{Id}
tanh

ρD(w, γ(w))

4

Here, for D = D or H, ρD denotes the Poincaré metric on D and it is well-known

that ρD = kD = cD when D ⊂ D is simply connected. In particular, Theorem 1.6

allows us to obtain an explicit formula for Hk
Ar

(z) and Hk
D∗(z) in Theorem 3.1 and

Theorem 3.8 respectively. We also obtain an explicit formulae for Hc
Ar

(z) and Hc
D∗(z)

in Theorem 3.6 and Theorem 3.12 respectively. From these four theorems, we notice

that for d = k or c, if p ∈ ∂Ar or ∂D, then

lim
z→p

Hd
Ar(z) = lim

z→p
Hd
D∗(z) = 1

and if p = 0, then lim
z→p

Hd
D∗(z) = 0. These suggest us to study the boundary behaviour

of certain Riemann surfaces.

A Riemann surface X is said to be of regular type if

(1) all connected component of the boundary ∂X is either a Jordan curve or an

isolated point, and;

(2) all connected component of ∂X are separated, i.e., for all connected component

σ of ∂X, there exists an open neighbourhood Uσ of σ such that Uσ ∩ ∂X = σ.

For example, Ar and D \ {p1, . . . , pn} are of regular type. Let X be a hyperbolic

regular type Riemann surface. By the Uniformization Theorem, we can assume that

X = D \ Γ where Γ is a torsion-free Fuchsian group (see for example Corollary 1.1.49

of [1]). Hence Theorem 1.6 also allows us to explore the boundary behaviour of

Hk
X(z) when n = 1 and X is a Riemann surface of regular type. This is stated as

the following theorem.

Theorem 1.7. Let X be a hyperbolic Riemann surface of regular type and p ∈ ∂X
be a boundary point. Let σ ⊂ ∂X be the boundary component p belongs to.

(1) If σ has only one point, then we have

lim
z→p

Hk
X(z) = 0.

Hence, lim
z→p

SX(z) = lim
z→p

Hc
X(z) = 0 when X is a hyperbolic planar domain.

(2) If σ has more than one point, then we have

lim
z→p

Hk
X(z) = 1.
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Note that the boundary behaviour of SX has been studied intensively, see for

example, [7, 9, 10, 13, 14, 26, 28, 34, 35, 38, 45, 46] and the survey [11]. Notice that

in these papers, the boundaries of the domains are assumed to satisfy certain

smoothness conditions while there is no smoothness assumption on the boundaries

of X in Theorem 1.7.

In views of Theorem 1.1, it is natural to ask the following questions.

Question 1. For which c-hyperbolic complex manifold X can we have Hc
X(z) ≤ ιcX(z)

for all z ∈ X ?

Question 2. Let d = c or k. For which d-hyperbolic complex manifold X the equality

Hd
X(z) ≡ ιdX(z)

holds? In particular, do we have Hc
X(z) ≡ ιcX(z) when n = 1?

On the other hand, our studies on the boundary behaviour of Hk
X(z) in Theorem

1.7 suggests the following question.

Question 3. Under the assumptions of Theorem 1.7 (case 2), do we have

lim
z→p

Hc
X(z) = 1 (or even lim

z→p
SX(z) = 1 for planarX) ?

The rest of the paper goes as follows. We will prove the Theorems 1.1, 1.4 and 1.6

in Section 2. Then in Section 3, we will give explicit formulae for Hk
Ar

,Hc
Ar

and also

Hk
D∗ ,Hc

D∗ (Theorems 3.1,3.6, 3.8 and 3.12). As applications to these explicit formulae,

we will calculate the injectivity radius of Ar and D∗ and address some problems on
SX(z)

Hd
X(z)

studied by Rong and Yang [38] in Theorems 3.15 and 3.16. Finally, we will

also study the boundary behaviour of Hk
X(z) for k-hyperbolic Riemann surface X of

regular type in Section 4 (see Theorem 1.7).

Throughout the paper, we adopt the following notations.

• O(X, Y ) is the family of all holomorphic functions from X ⊂ Cn to Y ⊂ Cn.

• U(X, Y ) is the family of all injective holomorphic functions from X ⊂ Cn to

Y ⊂ Cn.

• D is the standard open unit disk in C and ρD is the Poincaré metric on D
with density function 2

1−|z|2 . Note that for any z ∈ D, we have ρD(0, z) =

2 tanh−1 |z|.
• H is the upper-half plane in C and ρH is the Poincaré metric on H with

density function 1
Im(w)

.
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• For any two points z1, z2 of a complex manifold X, the Carathéodory pseudo-

distance cX(z1, z2) is defined to be

cX(z1, z2) := sup{ρD(f(z1), f(z2)) : f ∈ O(X,D)}.

• For any two points z1, z2 of a complex manifold X, the Kobayashi pseudo-

distance kX(z1, z2) is defined to be

kX(z1, z2) = inf

{
n∑
i=1

ρD(ai, bi) : n ≥ 1, fi ∈ O(D, X)

}
with p0, . . . , pn ∈ X, a1, . . . , an, b1, . . . , bn ∈ D, f1(a1) = p0 = z1, fi(bi) =

fi+1(ai+1) for i = 1, . . . , n − 1 and fn(bn) = pn = z2. As a remark, the

Kobayashi pseudo-distance can be equivalently defined to be the largest

pseudo-distance bounded above by the Lempert function LX , which is

LX(z1, z2) = inf{ρD(w1, w2) : f ∈ O(D, X), f(w1) = z1, f(w2) = z2}.

• Denote Bk
X(z; r) (respectively, Bc

X(z; r)) the open Kobayashi ball (respectively,

Carathéodory ball) in X centered at z with radius r > 0, that is,

Bd
X(z; r) = {w ∈ X : dX(z, w) < r}

and d can be either k or c. Notice that Bk
Bn(0; r) = Bn(0; 2 tanh−1 r).

2. Proofs of the main results

We first prove Theorem 1.1.

Proof of Theorem 1.1. For part 1, we first consider the case n = 1 and d = k.

Then X is a k-hyperbolic Riemann surface. For any open ball Bk
X(z; r) of X, the

inclusion map φ : Bk
X(z; r) → X is holomorphic and hence distance-decreasing.

Thus, Bk
X(z; r) is k-hyperbolic. Suppose that Bk

X(z; r) is simply connected. Then

as Bk
X(z; r) is k-hyperbolic, Bk

X(z; r) is biholomorphic to D by the Uniformization

Theorem (see Theorem 4.6.1. of [27]). Therefore, there exists a biholomorphic map

f : D → Bk
X(z; r) such that Bk

X(z; r) = f(D) and hence Hk
X(z) ≥ ιkX(z). We now

consider the case when n = 1 and d = c. Note that for any z1, z2 ∈ X, we have

cX(z1, z2) ≤ kX(z1, z2).

Therefore, being a c-hyperbolic Riemann surface, X is k-hyperbolic. It follows from

the arguments for the previous case that if Bc
X(z; r) is simply connected, then there

exists a biholomorphic map f : D→ Bc
X(z; r) such that Bc

X(z; r) = f(D) and hence

Hc
X(z) ≥ ιcX(z). This proves part 1.



8 TUEN WAI NG, CHIU CHAK TANG, AND JONATHAN TSAI

For part 2, consider the case when n ≥ 1, d = k and X = D�Γ, where D ⊂ Cn is

a k-hyperbolic domain with all the open balls Bk
X(z; r) of X are simply connected

and Γ is a torsion-free discrete group of isometries of D. Let π be the quotient map

of X = D�Γ. That Hk
X(z) ≤ ιkX(z) for all z ∈ D will follow if Bk

X(z; r) is simply

connected whenever there exists an injective holomorphic function f : Bn → X such

that Bk
X(z; r) ⊂ f(Bn). We first show that Bk

X(z; r) = π(Bk
D(w; r)) whenever w ∈ D

and π(w) = z.

From the contraction property of Kobayashi metric, we have

kX(π(w1), π(w2)) ≤ kD(w1, w2)

for any w1, w2 ∈ D. Hence, for any r > 0 and ζ ∈ Bk
D(w; r), we have

kX(z, π(ζ)) ≤ kD(w, ζ) < r

and thus

π(Bk
D(w; r)) ⊂ Bk

X(z; r).

It is known that for any z1, z2 ∈ X and w1, w2 ∈ D with π(w1) = z1 and π(w2) = z2,

kX(z1, z2) = inf
w2∈D

kD(w1, w2)

(see for example, Theorem 3.2.8 of [29]). Then it follows that for any ε > 0,

Bk
X(z; r) ⊂ π(Bk

D(w; r + ε)).

Hence, we have Bk
X(z; r) = π(Bk

D(w; r)).

If π is injective on Bk
D(w; r), then Bk

X(z; r) = π(Bk
D(w; r)) will be simply connected

as we have assumed that any open ball Bk
D(w; r) is simply connected.

If π is not injective on Bk
D(w; r), then there exist distinct w1, w2 ∈ Bk

D(w; r) such

that π(w1) = π(w2). Let γ be a curve in Bk
D(w; r) joining w1 to w2. Then π(γ) is a

closed curve in f(Bn) as π(Bk
D(w; r)) = Bk

X(z; r) ⊂ f(Bn).

Since Bn is simply connected and f is injective and holomorphic, we have f(Bn) is

simply connected in X. Therefore, π(γ) is homotopic to a point in f(Bn). If we lift

this homotopy to a homotopy in D through the covering map π, we can deduce that

w1 = w2 which is a contradiction.

For part 3, note that X is a k-hyperbolic Riemann surface. By part 1, we have

Hk
X(z) ≥ ιkX(z). By the Uniformization Theorem, X is biholomorphic to D�Γ where

Γ is a torsion-free discrete group of isometries of (D, kD) (cf. for example Corollary

1.1.49 of [1]). Since the Fridman functions and the injectivity radius functions are

biholomorphic invariant, by part 2 we have Hk
X(z) ≤ ιkX(z). The result follows.

�
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Proof of Theorem 1.4. We first show that the expression

min
γ∈Γ\{Id}

tanh
dD(w, γ(w))

4

is independent of the choice of w. To see this, consider another point w′ ∈ D such

that π(w′) = z. Then we have w′ = σ(w) for some σ ∈ Γ. Because Γ is a group of

isometries of dD, we have

dD(w′, γ(w′)) = dD
(
σ−1(w′), σ−1(γ(w′))

)
= dD (w, γ̃(w))

for some γ̃ = σ−1 ◦ γ ◦ σ. Note that γ ∈ Γ \ {Id} if and only if γ̃ ∈ Γ \ {Id}. It

follows that

min
γ∈Γ\{Id}

tanh
dD(w, γ(w))

4
= min

γ∈Γ\{Id}
tanh

dD(w′, γ(w′))

4

for any w,w′ ∈ D such that π(w) = π(w′).

Now we will establish some useful facts about the metric geometry of (D, dD).

Because D ⊂ Cn is convex and contains no complex affine lines, we know that for

d = k or c, D is d-hyperbolic and (D, dD) is a complete metric space in the sense

that all closed balls of (D, dD) are compact (see [3] when D is bounded and Theorem

1.1 and Lemma 3.1 of [5] when D is unbounded). In addition, kD = cD (cf. Theorem

4.8.13 of [29] for bounded D and Lemma 3.1 of [5] for the unbounded case). Hence, by

Theorem 3.2.1 of [29], kD = cD induces the Euclidean topology of D which is locally

compact. Therefore, the metric space (D, dD) is complete and locally compact and

we can apply the Hopf-Rinow Theorem for length space (see for example, Proposition

3.7 of [6]) to conclude that this metric space is a geodesic space which means any

two points in D are connected by a geodesic in (D, dD). Finally, by Corollary 4.8.3

of [29] and Proposition 3.2 of [5], any k-ball (and hence c-ball) of D is convex and

hence path connected. Actually in general, for any complex manifold, any two points

in a k-ball can be joined by a rectifiable curve (cf. Corollary 3.1.17 of [29]). Notice

that c-balls can be disconnected (see [25] or Chapter 2 of [24]).

Because kD = cD and Hc
X ≤ Hk

X , we only need to show that (2) holds for d = k.

Note that as a quotient of a k-hyperbolic complex manifold under a torsion-free

discrete group of isometries, X is also k-hyperbolic (cf. Theorem 3.2.8 of [29]). From

the proof of part 2 of Theorem 1.1, we also have Bk
X(z; r) = π(Bk

D(w; r)).

As Γ is a torsion-free discrete group, the minimum of the set

{kD(w, γ(w)) : γ ∈ Γ \ {Id}}
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is attained and is greater than 0 (see Theorem 5.3.4. of [37]). So if

r > min
γ∈Γ\{Id}

kD(w, γ(w))

2
> 0,

then there exists some γ̃ ∈ Γ \ {Id}, such that

r >
kD(w, γ̃(w))

2
> 0.

Consequently, on the geodesic arc from w to γ̃(w), there exists some u such that

u ∈ Bk
D(w; r) ∩Bk

D(γ̃(w); r). Recall that an element γ in Γ is said to be elliptic if γ

fixes an interior point of D. Because Γ is discrete, any elliptic element γ in Γ has

finite order (see the remark after Theorem 5.4.1 in [37]). But since Γ is torsion free,

we have Γ contains no elliptic elements and hence γ has no fixed points in the interior

for any γ ∈ Γ \ {Id}. In particular, we have u 6= γ̃−1(u).

As γ̃−1 is an isometry of (D, kD), we have

kD(γ̃−1(u), w) = kD(u, γ̃(w)) < r.

This implies that γ̃−1(u) ∈ Bk
D(w; r). Recall that any open ball Bk

D(w; r) is path

connected. Let L1 be a simple path in Bk
D(w; r) joining u to w and L2 be a simple

path in Bk
D(w; r) from w to γ̃−1(u). Define l1 = π(L1) and l2 = π(L2). Since

L1, L2 ⊂ Bk
D(w; r), we have l1, l2 ⊂ Bk

X(z; r) = π(Bk
D(w; r)). Moreover, l1 and l2

have the same end points, namely, z1 = π(w) and z2 = π(u) = π(γ̃−1(u)).

Assume to the contrary that Hk
X(z) > min

γ∈Γ\{Id}
tanh kD(w,γ(w))

4
. Let r > 0 such that

Hk
X(z) > tanh

r

2
> min

γ∈Γ\{Id}

kD(w, γ̃(w))

4
.

Then Bk
X(z; r) ⊂ f(Bn) for some f ∈ U(Bn, X). Because Γ is a torsion-free discrete

group of isometries of (D, kD), π is a regular covering map of X (see for example

Theorem 81.5 in [32]). Since L1 and L2 have the same starting point w but different

end points u and γ̃−1(u), L1 and L2 are not homotopic in D. By Theorem 54.3 in

[32], l1 and l2 are not homotopic in X. It follows that l1 and l2 are not homotopic in

f(Bn), which is a contradiction as f(Bn) is simply-connected. Consequently,

Hc
X(z) ≤ Hk

X(z) ≤ min
γ∈Γ\{Id}

tanh
kD(w, γ(w))

4
= min

γ∈Γ\{Id}
tanh

cD(w, γ(w))

4

and we complete the proof.

�

Proof of Theorem 1.6. In this setting, we have kD = ρD, kX = ρX and

ρX(z, t) = min{ρD(w, s) : π(s) = t}



FRIDMAN FUNCTION, INJECTIVITY RADIUS FUNCTION AND SQUEEZING FUNCTION 11

(cf. Chapter 7 of [27]). This implies that implies that π(Bk
D(w; r)) = Bk

X(z; r) (see

also the proof of part 2 of Theorem 1.1). By Theorem 1.1, Hk
X(z) = ιkX(z) when

n = 1. Thus it suffices to prove that for any

r ≤ min
γ∈Γ\{Id}

ρD(w, γ(w))

2
,

Bk
X(z; r) is simply-connected in X. Assume to the contrary that it is not simply-

connected. Then there exists paths L, L′, both start at z and end at some point

t ∈ Bk
X(z; r), but not homotopic in Bk

X(z; r). By the path lifting property, L lifts

up to a path L̃ ⊂ Bk
D(w; r) starting at w and ending at some point s ∈ Bk

D(w; r)

whereas L′ lifts up to a path L̃′ ⊂ Bk
D(w; r) starting at w and ending at some point

s′ ∈ Bk
D(w; r). Note that s′ 6= s because Bk

D(w; r) is simply connected by Remark

1.2. Since π(s) = π(s′) = t, there exists some γ̃ ∈ Γ \ {Id} such that s′ = γ̃(s). But

then we have

ρD(w, γ̃(w)) ≤ ρD(w, γ̃(s)) + ρD(γ̃(s), γ̃(w))

= ρD(w, γ̃(s)) + ρD(w, s)

< 2r

≤ min
γ∈Γ\{Id}

ρD(w, γ(w)),

which is a contradiction. Hence Bk
X(z; r) = π(Bk

D(w; r)) is simply-connected for any

r ≤ min
γ∈Γ\{Id}

ρD(w,γ(w))
2

and thus

Hk
X(z) = min

γ∈Γ\{Id}
tanh

ρD(w, γ(w))

4
.

�

3. Some explicit Fridman functions

In this section, we will make use of Theorem 1.6 to do some computations.

3.1. Example 1: Fridman functions for an annulus. Let Ar = {z ∈ C : r <

|z| < 1}. In our previous paper [33], we have proven that the explicit form of SAr(z)

is given by

SAr(z) = max

{
|z|, r
|z|

}
.

As an analog, we will give the explicit expression of Hd
Ar

(z) for both d = k and c.
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Theorem 3.1. Fix r ∈ (0, 1). For any z ∈ Ar, we have

Hk
Ar(z) =

√
(1− λ2)2 + 4λ2 sin2 θ(z)− 2λ sin θ(z)

1− λ2

where λ = exp
(
π2

ln r

)
and θ(z) = π ln |z|

ln r
.

Proof. Define λ = exp
(
π2

ln r

)
and γ : H → H such that γ(w) = λ2w for any w ∈ H.

Let Γ = 〈γ〉 be the group generated by γ. Then, Γ is a torsion-free discrete group of

isometries of H. Let π : H→ H�Γ be the quotient map.

Define a function Φ : H → Ar such that Φ(w) = exp
(
i
(− ln r

π

)
lnw

)
for any

w ∈ H, where we choose the branch of logarithm so that Im(ln(w)) ∈ (0, 2π).

Then Φ(γ(w)) = Φ(w) for any w ∈ H and for any γ ∈ Γ. Hence Φ descends to a

biholomorphic map φ : H�Γ→ Ar and we have the following commutative diagram

H

H�Γ Ar

Φ
π

φ

Because the Fridman function is a biholomorphic invariant, we have

Hk
Ar(z) = Hk

H�Γ(ζ)

where ζ is the point in H�Γ such that φ(ζ) = z. Theorem 1.6 states that

Hk
H�Γ(ζ) = min

n∈Z\{0}
tanh

ρH(w, γn(w))

4
,

for some w ∈ H such that π(w) = ζ. Then the commutative diagram implies that

Hk
Ar(z) = min

n∈Z\{0}
tanh

ρH(w, γn(w))

4
,

for some w ∈ H such that Φ(w) = z. Note that for any w1, w2 ∈ H, we have

ρH(w1, w2) = 2 sinh−1 |w1 − w2|
2
√

Im (w1) Im (w2)
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(see for example Theorem 7.2.1 of [4].) Write w = ρeiθ for some ρ > 0 and θ ∈ R.

Since γ(w) = λ2w with λ ∈ (0, 1), we get

ρH(w, γn(w)) = 2 sinh−1 |w − λ2nw|
2
√

Im (w) Im (λ2nw)

= 2 sinh−1 (1− λ2n) ρ

2
√
ρ2λ2n sin θ

= 2 sinh−1

(
λ−n − λn

2 sin θ

)
.

Since tanh and sinh−1 are increasing functions on R and the value of λ−n − λn

increases as n increases, the minimum of tanh ρH(w,γn(w))
4

is attained when n = 1.

Thus, we have

Hk
Ar(z) = tanh

ρH(w, λ2w)

4

for some w ∈ H such that Φ(w) = z. Since Φ(w) = z, we have

w = exp

(
iπ ln z

ln r

)
for some branches of ln. Then direct calculation yields

ρH(w, γ(w)) = 2 sinh−1 1− λ2

2λ sin θ(z)

where λ = exp
(
π2

ln r

)
as defined above and θ(z) = π ln |z|

ln r
. Since

tanh
x

2
=

√
1 + sinh2 x− 1

sinhx

for any x ∈ R, the result follows by direct substitution.

�

By the expression given in Theorem 3.1, elementary calculus shows that minimum

of Hk
Ar

(z) is attained when θ = π
2
, i.e., when |z| =

√
r. We have the following

corollary.

Corollary 3.2.

ιAr =
1− λ
1 + λ

where λ = exp
(
π2

ln r

)
.

Remark 3.3. This can also be obtained by a special case of Theorem 2.3 of Sugawa

[42].
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In view of inequality (1), we would also like to determine the explicit form of

Hc
Ar

(z). We first recall that

cAr(z1, z2) := sup{ρD(f(z1), f(z2)) : f ∈ O(Ar,D)}.

By Grunsky [20, 21] and Ahlfors [2], the maximizing function f is a ramified double

cover of D, unique up to postcompositing a rotation. Then Simha [40] gives an

explicit formula for this maximizing function and hence the Carathéodory metric of

the annulus in the complex plane. For points z1, z2 ∈ Ar with z1 > 0 and z2 < 0, he

showed in [40] that

tanh
1

2
cAr(z1, z2) = Fz1(z2)

where

Fz1(z2) =

(
−r
z2

)(
1− z2

z1

)(
1− z1z2

r

)
Q(z1, z2, r) (3)

and

Q(z1, z2, r)

=
∞∏
n=1

(1− z−1
1 z2r

2n)(1− z1z
−1
2 r2n)(1− z1z2r

2n−1)(1− z−1
1 z−1

2 r2n+1)

(1− z−1
1 z2r2n−1)(1− z1z

−1
2 r2n−1)(1− z1z2r2n−2)(1− z−1

1 z−1
2 r2n)

is a ramified double cover of D with zeros z1 and r
z1

.

Remark 3.4. Let ω(z, y) be the Schottky-klein prime function on annulus Ar, which

can be expressed as

ω(z, ζ) = (z − ζ)
∞∏
n=1

(r2nz − ζ)(r2nζ − z)

((r2nz − z)(r2nζ − ζ)
.

Then we can write

Fz1(z2) =
1

rz1

(
ω (z1, z2)ω

(
z1, rz

−1
2

)
ω
(
z1, z

−1
2

)
ω (z1, z2r−1)

)
. (4)

For more information about the Schottky-klein prime function, see for example [8].

The following lemma is a consequence of the formulae for cAr .

Lemma 3.5. Fix any r ∈ (0, 1). For any r < z1 < 1 and −1 < z2 < −r, we have

the following.

(1) cAr(z1, z2) = cAr
(
z1, rz

−1
2

)
.

(2) Suppose that z1 fixed and take cAr(z1, z2) as a function of z2 as z2 varies in

(−1,−r). Then the minimum value of cAr(z1, z2) is attained when z2 = −
√
r

(independent to z1).
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Proof. Replacing z2 by rz−1
2 in equation (3), a direct calculation yields part 1 of the

lemma.

We now prove part 2 of the lemma. Suppose to the contrary that the minimum is

attained at some point ζ 6= −
√
r. By part 1 of this lemma, we may assume without

loss of generality that ζ ∈ (−
√
r,−r). Note that cAr(z1, z2) tends to infinity when z2

approaches −r. Since the Carathéodory distance is continuous, by the intermediate

value theorem there exists some point y ∈ (ζ,−r) such that cAr(z1, y) = cAr(z1,−
√
r).

Then part 1 of this lemma implies that y,
√
r and r

y
are three distinct points in Ar

such that

fz1(y) = fz1(−
√
r) = fz1

(
r

y

)
This contradicts with the fact that fz1 is a double cover of D. Thus the minimum value

of c(z1, z2), as a function of z2 ∈ (−1,−r) with z1 fixed, is attained for z2 = −
√
r.

�

Now we are ready to give the precise formula for Hc
Ar

(z) for any r ∈ (0, 1).

Theorem 3.6. For any z ∈ Ar, we have

Hc
Ar(z) =

√
r

(
1 +

√
r

|z|

)(
1 +
|z|√
r

)( ∞∏
n=1

(1 + |z|r2n−1/2)(|z|+ r2n+1/2)

(1 + |z|r2n−3/2)(|z|+ r2n−1/2)

)2

.

Remark 3.7. Using equation (4), we can write

Hc
Ar(z) =

1

r|z|

(
ω
(
|z|,−r1/2

)
ω (|z|,−r−1/2)

)2

. (5)

Proof. Pre-composing rotation if necessary, we can assume z > 0. Let

ρ∗ = inf
ζ∈(−1,r)

cAr(z, ζ).

By Lemma 3.5, this is attained when ζ = −
√
r. Hence,

ρ∗ = cAr(z,−
√
r).

Then for any ρ > 0 such that ρ < ρ∗, we have Bc
Ar

(z; ρ) ⊂ Ar \ (−1,−r). Since

Ar \ (−1,−r) is simply connected, by the Riemann mapping theorem, there exists a

biholomorphic map f : D→ Ar \ (−1,−r). Hence, by definition,

Hc
Ar(z) ≥ tanh

1

2
ρ∗

It suffices to show that Hc
Ar

(z) ≤ tanh
1

2
ρ∗, or equivalently, for any ρ > ρ∗,

Bc
Ar

(z; ρ) 6⊂ f(D) for any f ∈ U(D, Ar). Suppose to the contrary that there exists

ρ > ρ∗ such that Bc
Ar

(z; ρ) ⊂ f(D) for some f ∈ U(D, Ar). By construction of ρ∗,
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Figure 1. Plots of Hk
A0.01

(solid), Hc
A0.01

(dash) and SA0.01 (dot).

there exists ζ ∈ (−1,−r) such that ζ ∈ Bc
Ar

(z; ρ). By [15], Bc
Ar

(z; ρ) is connected.

Thus, Bc
Ar

(z; ρ) ⊂ C is path-connected. Hence, there exists a path γ1 in Bc
Ar

(z; ρ)

connecting z and ζ. By reflection symmetry of Ar, and hence Bc
Ar

(z; ρ), we can

assume γ1 lies on the closed upper half-plane. Its reflection γ2 along the real axis, is

a path in Bc
Ar

(z; ρ), lying on the closed lower half-plane, connecting z and ζ. Then γ1

and γ2 together induce a closed curve γ in Bc
Ar

(z; ρ). But then γ is a closed curve in

f(D). Note that γ is not null-homotopic in Ar. This is a contradiction because f(D)

is simply-connected. Consequently, we must have Hc
Ar

(z) ≤ tanh
1

2
ρ∗. Substituting

ζ = −
√
r into equation (3), the result follows.

�

If we take r = 0.01 in Theorem 3.1 and Theorem 3.6, we know that inequalities in

(1) may be strict (see Figure 1).

3.2. Example 2: Fridman functions for the punctured disk. Denote D∗ =

{z ∈ C : 0 < |z| < 1} the punctured unit disk in C. Similar to Section 3.1, we have

the following theorems.
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Theorem 3.8. For any z ∈ D∗, we have

Hk
D∗(z) =

log |z|+
√

(log |z|)2 + π2

π
.

Proof. Define γ : H → H by γ(w) = w + 2π for any w ∈ H. Let Γ = 〈γ〉 be the

group generated by γ. Then, Γ is a torsion-free discrete group of isometries of H.

Let π : H → H�Γ be the quotient map. Define a function Φ : H → D∗ such that

Φ(w) = eiw for any w ∈ H. Then Φ(γ(w)) = Φ(w) for any w ∈ H and for any γ ∈ Γ.

Hence, Φ descends to a biholomorphic map φ : H�Γ→ D∗ and we have the following

commutative diagram

H

H�Γ D∗

Φ
π

φ

Because the Fridman function is a biholomorphic invariant, we have

Hk
D∗(z) = Hk

H�Γ(ζ)

where ζ is the point in H�Γ such that φ(ζ) = z. Theorem 1.6 states that

Hk
H�Γ(ζ) = min

n∈Z\{0}
tanh

ρH(w, γn(w))

4
,

for some w ∈ H such that π(w) = ζ. Then the commutative diagram implies that

Hk
D∗(z) = min

n∈Z\{0}
tanh

ρH(w, γn(w))

4
,

for some w such that w = Φ(z). Note that for any w1, w2 ∈ H with Im(w1) = Im(w2),

we have

ρH(w1, w2) = 2 sinh−1 |Re(w1)− Re(w2)|
2Im(w1)

.

(see Theorem 7.2.1 of [4]). Write w = x + iy for some x ∈ R and y > 0. Since

γ(w) = w + 2π we get

ρH(w, γn(w)) = 2 sinh−1 nπ

y
.
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Because tanh and sinh−1 are increasing functions on R, the minimum of tanh ρH(w,γn(w))
4

is attained when n = 1. Thus, we have

Hk
D∗(z) = tanh

ρH(w,w + 2π)

4

for some w ∈ H such that Φ(w) = z. Since Φ(w) = z, we have w = −i ln z for some

branches of ln. As

tanh
x

2
=

√
1 + sinh2 x− 1

sinhx
for any x ∈ R, the result follows by direction substitution.

�

Corollary 3.9.

ιD∗ = 0

Remark 3.10. This can also be obtained by a special case of Theorem 2.3 of [42]

Proof. Elementary calculus shows that Hk
D∗(z) is strictly increasing when |z| increases.

Hence ιD∗ = lim
|z|→0

Hk
D∗(z) = 0.

�

Remark 3.11. The formula we obtained for Hk
D∗(z) verifies Lemma 2.2 of [31].

Theorem 3.12. For any z ∈ D∗, we have

Hc
D∗(z) = |z|.

Proof. For any f ∈ O(D∗,D), by the removable singularity theorem it extends to

a function f̃ ∈ O(D,D) whereas any f̃ ∈ O(D,D) naturally defines a function

f ∈ O(D∗,D). Thus we have

cD∗(z1, z2) = cD(z1, z2).

It also follows from the Schwarz Lemma that the cD(z1, z2) = ρD(z1, z2). Then for

any z ∈ D∗, we have Bc
D∗(z; 2 tanh−1 |z|) is the largest possible Carathéodory ball

centered at z lying inside D∗. Assume without loss of generality that z > 0. Observe

that z′ /∈ Bc
D∗(z; 2 tanh−1 |z|) for any −1 < z′ < 0. Consequently, we can conclude

that Bc
D∗(z; 2 tanh−1 |z|) is simply connected and hence the result follows.

�

Remark 3.13. Since

|z| ≤
log |z|+

√
(log |z|)2 + 1

π
for any 0 < |z| < 1 (see the proof for Theorem 3.16), Theorem 3.8 and Theorem

3.12 verify Inequality (1) when X = D∗.
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Remark 3.14. Since

SD∗(z) = |z|
for any 0 < |z| < 1, we have SD∗(z) = Hc

D∗(z). In fact, the same argument in

Theorem 3.12 shows that, for X = D \ {p1, . . . , pn}, we have

Hc
X(z) = min

i=1,...,n

{∣∣∣∣ z − pi1− zpi

∣∣∣∣}
and hence Hc

X(z) = SX(z) for X = D \ {p1, . . . , pn}.

3.3. On the comparison of the Fridman function and squeezing function.

Let X be a bounded domain in Cn. In [38], Rong and Yang introduced the quotient

invariant md
X(z) = SX(z)

Hd
X(z)

for all z ∈ X. Since SX and Hd
X are biholomorphic invariant,

md
X is also a biholomorphic invariant. From (1), we know that md

X(z) ≤ 1 for all

z ∈ X and Rong and Yang asked for which X and z0 ∈ X one can have md
X(z0) = 1.

Apply Theorem 3.6 and its remark and the fact that SAr(z) = max
{
|z|, |z|

r

}
, we

have the following theorem which generalizes corollary 6 of [38].

Theorem 3.15. For d = k or c and for any z ∈ Ar, we have

md
Ar(z) < 1

and when z → p for any p ∈ ∂Ar, we have

lim
z→p

md
Ar(z) = 1.

Proof. For x ∈ (r, 1), define

f(x) :=
1

rx

(
ω
(
x,−r1/2

)
ω (x,−r−1/2)

)2

− r

x

Then we have

f(x) =
1

x

( ω
(
x,−r1/2

)
√
rω (x,−r−1/2)

)2

− r


=

1

x

(
ω
(
x,−r1/2

)
√
rω (x,−r−1/2)

−
√
r

)(
ω
(
x,−r1/2

)
√
rω (x,−r−1/2)

+
√
r

)
.

Clearly 1
x
> 0. Consider

g(z) :=
ω
(
z,−r1/2

)
√
rω (z,−r−1/2)

for z ∈ Ar. Then g(z) is the conformal map from Ar onto a circularly slit disk D \L,

where L is a proper subarc of a circle of radius
√
r centred at 0, with g(−

√
r) = 0

and g(∂D) = ∂D (see Section 5.6 of [8]). Furthermore, from the infinite product
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expression (3.4) of ω(z,
√
r), one can deduce that g(z) = g(z). In particular, it follows

that g(x) ∈ (−1,
√
r) for any x ∈ (−1,−r) and g(x) ∈ (

√
r, 1) for any x ∈ (r, 1).

Thus g(x)−
√
r > 0 and g(x) +

√
r > 0 for any x ∈ (r, 1). Therefore, f(x) > 0 and

hence by Remark 3.7,

Hc
Ar(z) >

r

|z|
for any z ∈ Ar. Since Hc

Ar
(z) = Hc

Ar

(
r
z

)
, we also have

Hc
Ar(z) > |z|

for any z ∈ Ar. It follows that

Hc
Ar(z) > SAr(z)

and hence

mc
Ar(z) < 1

for any z ∈ Ar. By inequality (1), we also have

mk
Ar(z) < 1

for any z ∈ Ar. That

lim
z→p

md
Ar(z) = 1

for any p ∈ ∂Ar is clear since

lim
z→p

Hd
Ar(z) = 1 = lim

z→p
SAr(z)

for d = k or c.

�

Theorem 3.8 and 3.12 and together with the fact that SD∗(z) = |z| allow us to

obtain the following theorem which generalizes Theorem 6 in [38].

Theorem 3.16. For any z ∈ D∗, we have

mk
D∗(z) < 1 and mc

D∗(z) = 1.

When z → p for any p ∈ ∂D, we have

lim
z→p

md
D∗(z) = 1

for d = k or c and when z → 0, we have

lim
z→0

mc
D∗(z) = 1 and lim

z→0
mk
D∗(z) = 0
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Proof. By Theorem 3.8, we have

Hk
D∗(z) =

log |z|+
√

(log |z|)2 + π2

π
.

Consider the function

f(t) = πe−t − t+
√
t2 + π2

for t ∈ [0,∞). Since

f ′(t) = −πe−t − 1 +
t√

t2 + π2
,

we have f ′(t) < 0 for all t ∈ (0,∞) and hence f(t) is decreasing for all t ∈ (0,∞).

Since

lim
t→∞

f(t) = lim
t→∞

(
πe−t +

π2

t+
√
t2 + π2

)
= 0,

we have f(t) > 0 for all t ∈ [0,∞). Putting t = − log |z|, we have

Hk
D∗(z) > Hc

D∗(z) = SD∗(z)

and hence

mk
D∗(z) < 1 and mc

D∗(z) = 1.

Also, for any p ∈ ∂D, we have

lim
z→p

md
D∗(z) = 1

for d = k or c because

lim
z→p

Hd
D∗(z) = 1 = lim

z→p
SD∗(z),

That lim
z→0

mc
D∗(z) = 1 is straightforward. Finally, using de L’hôspital rule, we have

lim
z→0

mk
D∗(z) = lim

z→0

π|z|
log |z|+

√
(log |z|)2 + π2

= lim
t→∞

πe−t

−t+
√
t2 + π2

= lim
t→∞

πe−t(t+
√
t2 + π2)

(t2 + π2)− t2

= lim
t→∞

t+
√
t2 + π2

πet

= lim
t→∞

1 + t√
t2+π2

πet

= 0.

The result follows.

�
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4. Boundary behavior of the Fridman function

We will prove Theorem 1.7 in this section.

Proof. Since X is a hyperbolic Riemann surface, by the Uniformization Theorem, X

is biholomorphic to D�Γ where Γ is a torsion-free discrete group of isometries of D (cf.

Corollary 1.1.49 of [1]). Because the Fridman function is a biholomorphic invariant,

we can assume without loss of generality that X = D�Γ and hence Theorem 1.6

applies. Let π : D → X be the quotient map.

We first work on part 1 of the Theorem 1.7. Since X is of regular type and σ

has only one point p, then by Theorem 1.1.56 of [1], there exists a point q ∈ ∂D,

which is a fixed point of some parabolic element γ̃ in Γ, such that π(q) = p. Also

by Theorem 1.1.56 of [1], for any sequence {zn} in X converges to p, there exists a

sequence {wn} in D with π(wn) = zn for all n such that the sequence {wn} converges

to q non-tangentially (see for example p.428 of [19] for definition of non-tangential

limit). By Theorem 1.6, we have

Hk
X(z) = min

γ∈Γ\{Id}
tanh

ρD(w, γ(w))

4
.

Using the following hyperbolic trigonometry identities,

tanh
x

2
=

sinhx

coshx+ 1
and cosh2 x− sinh2 x = 1,

we have

Hk
X(z) = min

γ∈Γ\{Id}
Qγ(w)

where

Qγ(w) =
sinh 1

2
ρD(w, γ(w))

1 +
√

1 + sinh2 1
2
ρD(w, γ(w))

.

Denote

P (w, q) =
1− |w|2

|w − q|2

the Poisson kernel on D. If γ ∈ Γ \ {Id} is parabolic, Theorem 7.35.1 in [4] states

that

sinh
1

2
ρD(w, γ(w)) =

cγ|w − tγ|2

1− |w|2

where cγ is a constant depending on γ and tγ ∈ ∂D is the fixed point of γ. In

particular, for the parabolic element γ̃ ∈ Γ which fixes q, we have

sinh
1

2
ρD(w, γ̃(w)) =

cγ̃|w − q|2

1− |w|2
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When w → q non-tangentially, |w−q|
1−|w| is bounded by definition (see p.428 of [19]) and

hence

sinh
1

2
ρD(w, γ̃(w)) ≤ kγ̃|w − q|

for some constant kγ̃ . Therefore, when w → q non-tangentially, sinh 1
2
ρD(w, γ̃(w))→

0 and thus Qγ̃(w)→ 0. It follows that

lim
z→p

Hk
X(z) = 0.

Finally, as SX and Hc
X are non-negative, by inequality (1), we have

lim
z→p

SX(z) = lim
z→p

Hc
X(z) = 0.

This proves part 1.

We now prove part 2. Since X is of regular type and σ has more than one point,

then by Theorem 1.1.57 of [1], there exists an open arc Σ ⊂ ∂D such that π extends

continuously to Σ with π(Σ) = σ and Γ is properly discontinuous at every point

of Σ. Then we can find a point q ∈ Σ such that π(q) = p. For any sequence {zn}
in X convergent to p, we can find a sequence {wn} in D convergent to q such that

π(wn) = zn for all n. So

lim
z→p

Hk
X(z) = lim

w→q
min

γ∈Γ\{Id}
Qγ(w).

Let γ be an element in Γ \ {Id}. Since Γ is torsion-free, γ is of infinite order. Also, γ

is not elliptic or otherwise Γ is not discontinuous by Proposition 5.1.3 of [27]. Hence,

γ is either hyperbolic or parabolic.

If γ is hyperbolic, then by Theorem 7.35.1 in [4] we have

sinh
1

2
ρD(w, γ(w)) = cosh ρD(w,Aγ) sinhTγ

where Aγ is the axis of γ and Tγ is half of the translation length (which is a constant

depending on γ). Let aγ ∈ Aγ ⊂ D be a point such that ρD(w,Aγ) = ρD(w, aγ).

Notice that |aγ| 6= 1. Then we have

cosh ρD(w, aγ) = 1 +
2|w − aγ|2

(1− |w|2)(1− |aγ|2)

= 1 +
kw,γ

1− |w|

where kw,γ = 2|w−aγ |2
(1+|w|)(1−|aγ |2)

> c for some positive constant c when w is sufficiently

close to ∂D as aγ /∈ ∂D. When w → q, we have cosh ρD(w, aγ) → ∞ and hence
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sinh 1
2
ρD(w, γ(w))→∞. Hence,

lim
w→q

Qγ(w) = lim
w→q

sinh 1
2
ρD(w, γ(w))

1 +
√

1 + sinh2 1
2
ρD(w, γ(w))

= lim
w→q

1(
sinh 1

2
ρD(w, γ(w))

)−1
+
√(

sinh 1
2
ρD(w, γ(w))

)−2
+ 1

= 1.

If γ is parabolic, Theorem 7.35.1 in [4] states that

sinh
1

2
ρD(w, γ(w)) =

cγ|w − tγ|2

1− |w|2

where cγ is a constant depending on γ and tγ ∈ ∂D is the fixed point of γ. Since l

contains more than one point, we have q is not a parabolic fixed point, i.e, tγ 6= q

(see for example Proposition 1.1.58 of Abate [1]). Then sinh
1

2
ρ(w, γ(w)) → ∞ as

w → q. Hence,

lim
w→q

Qγ(w) = lim
w→q

sinh 1
2
ρD(w, γ(w))

1 +
√

1 + sinh2 1
2
ρD(w, γ(w))

= lim
w→q

1(
sinh 1

2
ρD(w, γ(w))

)−1
+
√(

sinh 1
2
ρD(w, γ(w))

)−2
+ 1

= 1.

In any cases, lim
w→q

Qγ(w) = 1. Therefore,

lim
z→p

Hk
X(z) = 1.

This proves part 2.

�

5. Appendix : alternative definition for the squeezing function

Let X ⊂ Cn be a bounded domain. In 2012, Deng, Guan and Zhang [9] defined

the squeezing function SX(z) to be

SX(z) := sup
{a
b

: Bn(0; a) ⊂ f(Ω) ⊂ Bn(0; b), f ∈ U(X,Cn), f(z) = 0
}

for each z ∈ X. The following lemma gives a reformulation of SX(z).

Lemma 5.1. Define

ŜX(z) = sup
{

tanh
r

2
: Bk

Bn(f(z); r) ⊂ f(X), f ∈ U(X,Bn)
}
.
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Then SX(z) = ŜX(z).

Proof. Fix any f ∈ U(X,Cn) such that f(z) = 0. There exists constant a, b such

that Bn(0; a) ⊂ f(Ω) ⊂ Bn(0; b). Define g(z) := f(z)
b

. Notice that g ∈ U(X,Bn) and

g(z) = 0. It follows that

SX(z) = sup
{a
b

: Bn
(

0;
a

b

)
⊂ f(X) ⊂ Bn, f ∈ U(X,Cn), f(z) = 0

}
= sup {a : Bn(0; a) ⊂ g(X), g ∈ U(X,Bn), g(z) = 0} .

Note that for any r such that 0 < r < 1, we have Bn
(
0; tanh r

2

)
= Bk

Bn(0; r). It

follows that

SX(z) = sup
{

tanh
r

2
: Bk

Bn(0; r) ⊂ g(X), g ∈ U(X,Bn), g(z) = 0
}
.

Now for any F ∈ U(X,Bn), there exists an automorphism φ : Bn → Bn of Bn such

that φ(F (z)) = 0 (see, for instance, Theorem 2.2.2. of [39]). Applying the contraction

property of Kobayashi metric to φ as well as φ−1, we have φ is an isometry. It follows

that

φ
(
Bk
Bn(F (z); r)

)
= Bk

Bn(0; r).

Defining g = φ ◦ F , we have SX(z) = ŜX(z).

�

Remark 5.2. One can replace Bk
Bn(F (z); r) by Bc

Bn(F (z); r), the reformulation still

works.
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58 (1992), no. 6, 595–598.

[26] S. Joo and K.-T. Kim, On boundary points at which the squeezing function tends to one, J.

Geom. Anal. 28 (2018), no. 3, 2456–2465. MR3833800

[27] L. Keen and N. Lakic, Hyperbolic Geometry from a Local Viewpoint, Vol. 68, Cambridge

University Press, Cambridge, 2007. MR2354879

[28] K.-T. Kim and L. Zhang, On the uniform squeezing property of bounded convex domains in

Cn, Pacific J. Math. 282 (2016), no. 2, 341–358. MR3478940

[29] S. Kobayashi, Hyperbolic complex spaces, Grundlehren der Mathematischen Wissenschaften

[Fundamental Principles of Mathematical Sciences], vol. 318, Springer-Verlag, Berlin, 1998.

MR1635983



FRIDMAN FUNCTION, INJECTIVITY RADIUS FUNCTION AND SQUEEZING FUNCTION 27

[30] K. Liu, X. Sun, and S.-T. Yau, Canonical metrics on the moduli space of Riemann surfaces. I,

J. Differential Geom. 68 (2004), no. 3, 571–637. MR2144543

[31] P. Mahajan and K. Verma, A comparison of two biholomorphic invariants, Int. J. Math. 30

(2019), no. 01, 1950012.

[32] J. R. Munkres, Topology, Prentice Hall, Inc., 2000. MR3728284

[33] T. W. Ng, C. C. Tang, and Jonathan Tsai, The squeezing function on doubly-connected domains

via the Loewner differential equation, Math. Ann. (2020). https://doi.org/10.1007/s00208-020-

02046-w.

[34] N. Nikolov, Behavior of the squeezing function near h-extendible boundary points, Proc. Amer.

Math. Soc. 146 (2018), no. 8, 3455–3457. MR3803670

[35] N. Nikolov and M. Trybu la, Estimates for the squeezing function near strictly pseudoconvex

boundary points with applications, J. Geom. Anal. (2020), 1–7.

[36] N. Nikolov and K. Verma, On the squeezing function and Fridman invariants, J. Geom. Anal.

30 (2019), 1218–1225.

[37] J. G. Ratcliffe, Foundations of Hyperbolic Manifolds, Third, Graduate Texts in Mathematics,

vol. 149, Springer International Publishing, 2019.

[38] F. Rong and S. Yang, On the comparison of the fridman invariant and the squeezing function,

Complex Var. Elliptic Equ. (2020), 1–6. https://doi.org/10.1080/17476933.2020.1851210.

[39] W. Rudin, Function theory in the unit ball of Cn, Vol. 241, Springer-Verlag, New York-Berlin,

1980. MR601594

[40] R. R. Simha, The Carathéodory metric of the annulus, Proc. Amer. Math. Soc. 50 (1975),

162–166. MR379831

[41] A.Yu. Solynin, A note on the squeezing function, ArXiv Preprint arXiv:2101.03361 (2021).

[42] T. Sugawa, Various domain constants related to uniform perfectness, Complex Variables Theory

Appl. 36 (1998), no. 4, 311–345. MR1670075

[43] J. A. Wolf, Fine structure of Hermitian symmetric spaces, Symmetric spaces (short courses,

Washington Univ., St. Louis, MO., 1969–1970), 1972, pp. 271–357.

[44] S.-K. Yeung, Geometry of domains with the uniform squeezing property, Adv. Math. 221

(2009), no. 2, 547–569.

[45] A. Zimmer, A gap theorem for the complex geometry of convex domains, Trans. Amer. Math.

Soc. 370 (2018), no. 10, 7489–7509. MR3841856

[46] , Characterizing strong pseudoconvexity, obstructions to biholomorphisms, and Lyapunov

exponents, Math. Ann. 374 (2019), no. 3-4, 1811–1844.

The University of Hong Kong, Pokfulam, Hong kong SAR, PRC

Email address: ntw@maths.hku.hk

The University of Hong Kong, Pokfulam, Hong kong SAR, PRC

Email address: chiuchakTang@gmail.com

The University of Hong Kong, Pokfulam, Hong kong SAR, PRC

Email address: jonathan.tsai@cantab.net

https://doi.org/10.1007/s00208-020-02046-w
https://doi.org/10.1007/s00208-020-02046-w
https://doi.org/10.1080/17476933.2020.1851210

	1. Introduction
	2. Proofs of the main results
	3. Some explicit Fridman functions
	3.1. Example 1: Fridman functions for an annulus
	3.2. Example 2: Fridman functions for the punctured disk
	3.3. On the comparison of the Fridman function and squeezing function

	4. Boundary behavior of the Fridman function
	5. Appendix : alternative definition for the squeezing function 
	References

