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Abstract

In this paper, we analyze the convergence of the operator-compressed multiscale finite element
method (OC MsFEM) for Schrédinger equations with multiscale potentials in the semiclassical
regime. The multiscale basis functions are constructed by solving a constrained energy mini-
mization. Under a mild assumption on the mesh size H, we prove the exponential decay of the
multiscale basis functions so that localized multiscale basis functions can be constructed. The
localized basis functions would achieve the same accuracy as the global ones if the oversampling
size m = O(log(1/H)). Based on the properties of Clément-type interpolation, we prove the
first-order convergence in the energy norm and second-order convergence in the L? norm for
the Galerkin approximation in the multiscale finite element space. Furthermore, super conver-
gence rates of second order in the energy norm and third order in the L? norm can be obtained
if the solution possesses sufficiently high regularity. Finally, we present numerical results to
demonstrate the accuracy of the OC MsFEM.
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1. Introduction

In solid state physics, an important model to describe the motion of an electron in the
medium with microstructures is the Schrodinger equation with a multiscale potential in the
semiclassical regime

1
QU = —552Au5’5 +Vx)u?, x = (x1,...,24) ERY, tER, 1)

u? t=0 = Ug (X)> X € Rda

where 0 < € < 1 is an effective Planck constant describing the microscopic/macroscopic scale
ratio, d is the spatial dimension, V?(x) € R is a multiscale potential depending on another
small parameter 0 < § < 1, and ug(x) is the initial data.

A widely studied model is the electron motion in a perfect crystal with an external field,
where V°(x) = V(x) = Vi (%) + Va(x) with V;(¥) as an oscillatory periodic potential and V(x)
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as an external field. This model can be efficiently solved by a number of numerical schemes that
make use of the periodic structure of the potential, e.g. the Bloch decomposition-based time-
splitting pseudospectral method [19, 20, 42], the Gaussian beam method [24, 25, 38, 43|, and
the frozen Gaussian approximation method [8]. With the recent development in nanotechnol-
ogy, increasing interest has been shown in quantum heterostructures with tailored functionali-
ties, such as heterojunctions, including the ferromagnet/metal/ferromagnet structure for giant
megnetoresistance [44], the silicon-based heterojunction for solar cells [27], and quantum meta-
materials [39]. For the electron motion in these heterostructures, however, the potential V°(x)
cannot be formulated in the above-mentioned form since a basic feature of these devices is the
combination of dissimilar crystalline structures, which leads to a heterogeneous interaction of
the electron with ionic cores in different lattice structures. Consequently, available methods
based on asymptotic analysis [31, 32] cannot be applied to these heterogeneous models since
these methods require an additive form of different scales in the potential term in order to con-
struct the prescribed approximate solutions. Moreover, for a general multiscale potential V°(x),
traditional methods like the finite element method [9] and finite difference method [29, 30] are
prohibitively costly due to the strong mesh size restrictions induced by the multiscale struc-
ture in the potential, while the time-splitting spectral method [1] would suffer from reduced
convergence order and great approximation errors if the potential possesses discontinuities.

In order to efficiently compute (1.1) with the multiscale potential V°(x) in a general form,
an operator-compressed multiscale finite element method (OC MsFEM) for the Schrodinger
equation was proposed in [4]. The OC MsFEM for the Schrédinger equation is motivated by
several works relevant to the compression of the elliptic operator with heterogeneous and highly
varying coefficients, e.g. the multigrid method for multiscale problems from the perspective of
a decision theory discussed in [33, 34], the sparse operator compression of high-order elliptic
operators with rough coefficients studied in [18] and the modified variational multiscale method
using correctors introduced in [28]. And we remark here that many efficient methods have also
been developed for the multiscale PDEs in the past few decades. See for example [5, 10, 11,
15, 17, 22, 23, 26, 35] and the references therein.

In the OC MsFEM for the Schrodinger equation, the multiscale basis functions are construct-
ed via a constrained energy minimization associated with the hamiltonian H = —%EQA +VO(x).
The fully discrete scheme can be given with a finite difference scheme in temporal discretiza-
tion, e.g. the backward Euler or Crank-Nicolson scheme. Through the energy minimization,
the local microstructures induced by the hamiltonian H are incorporated in the basis func-
tions so that the multiscale features of the solution are well captured by the basis functions.
Moreover, the energy minimization can be solved numerically without any assumptions on the
multiscale potential V° and thus the OC MsFEM for the Schrodinger equation can be applied
for a multiscale potential V° in a general form. In [4], the OC MsFEM is shown to be accurate
for various types of multiscale potentials. So far, however, there have been no rigorous results
on the approximation error of the OC MsFEM for the Schrédinger equation.

In this paper, we focus on the convergence analysis of the OC MsFEM for Schrodinger
equations with multiscale potentials in the semiclassical regime. The property of exponential
decay is proved for the multiscale basis functions constructed through the constrained energy
minimization, provided that the mesh size H = O(g). Thus the localized multiscale basis



functions can be constructed via a modified constrained energy minimization. The localized
basis functions are shown to admit the same accuracy as the global ones if the oversampling size
m = O(log(1/H)). By using the properties of Clément-type interpolation [2, 7, 40], convergence
rates of first order in the energy norm and second order in L? norm are proved for the Galerkin
approximation in the multiscale finite element space. Furthermore, super convergence rates of
second order in the energy norm and third order in L? norm can be achieved if the solution
possesses sufficiently high regularity. Combining the analysis on the regularity of the solution,
we also derive the dependence of the error bounds on the small parameters £ and §. We find
that using the same mesh size the OC MsFEM gives more accurate results than the FEM
for the Schrodinger equation with multiscale potentials due to its super convergence behavior
and weaker dependence on the small parameters €,d. Finally, we present numerical results to
confirm our theoretical findings.

The rest of the paper is organized as follows. In Section 2, the problem setting and some
preliminaries on the regularity of the solution and the Clément-type interpolation will be intro-
duced. The exponential decay of the global basis functions will be proved and the approximation
property of the projection in both global and localized multiscale space will be discussed in Sec-
tion 3. The convergence rates of the OC MsFEM for the Schrodinger equation will be given in
Section 4. And a few numerical examples will be shown in Section 5 to support our analysis.
Finally, some conclusions will be drawn in Section 6.

2. Problem setting and some preliminaries

In this section, the problem setting of the Schrodinger equation with a multiscale potential
is formulated. Then the regularity of the solution is discussed. And some results on the
Clément-type interpolation are introduced.

All functions are complex-valued and the conjugate of a function v is denoted by v. Standard
notations on Sobolev space are used. The spatial derivative is denoted by DJ, where DIw =
99" -+ - 074w with the multi-index o = (01,...,04) € N* and |o| = 01 + - - + 4. The spatial
L? inner product is denoted by (-,-) with (v,w) = [, vw, the spatial L? norm is denoted by
|| - || with |Jw]|]?* = (w,w), || - || is the spatial L norm with ||w||sx = esssupycq |w(x)| and
the spatial H* norm is denoted by || - ||+ with ||w|[%, = [|w|]* + > o<iol<k [1DZw]]*. And we
define Hp(Q2) = {w € H'(Q)|w is periodic on 92}, where Q is a bounded domain. To simplify
notations, we denote by C' a generic positive constant which may be different at each occurrence
but is independent of the small parameters €, §, the oversampling size m, the spatial mesh size
H and the time step size At.

2.1. Model setting

For numerical purposes, (1.1) is restricted on a bounded domain Q = [0, 27]¢ with prescribed
periodic boundary conditions. The following problem is considered:
1
QU = _Engue,a +Vix)u?, xeQ0<t<T,

u®®, DZu®? are periodic on 99, |o|=1,0 <t < T, (2.1)

U0 = up(x),x € Q.



We assume that ug(x) is smooth and independent of the small parameters €,. And for the
multiscale potential V%, we assume that Vi, < V(%) < Vinax, ¥x € Q, where 0 < Viyin < Vinax
and |DIV?| < < vx € Q. We additionally assume that DZu®° are periodic on 0 for

slel>

lo| =2,3and 0 <t <T.

Remark 2.1. If @5 is the solution of (2.1) with the potential V¢, where —V, < V% <V} for
some Vo > 0, we may set us® = e~ 2V0t/5e%  Then u® is the solution of (2.1) with the potential
VO =V%+42V, and Vo <V < 3V4.

In what follows, for brevity of notations, the superscripts ¢, will be dropped for ©*° and
V? unless necessary. We introduce the bilinear form associated with the Schrodinger operator
H=—32A+V as

1
a(v,w) = 562(VU, Vw) + (Vo,w). (2.2)
The following energy norm is introduced:

1
2

[w]le = a(w, w)? = <%HVw||2 + (Vw,w)) . (2.3)

Then, the energy norm || - ||, is equivalent to the H' norm || - ||z and it is easy to prove the
following lemma.

Lemma 2.1. For any v,w € H'(Q),
|a(v, w)| < [[v][e][w]]e. (2.4)
If the stationary problem with H as the differential operator

{’Hu:f, x €,

. (2.5)
u, D u are periodic on 09, |o| = 1,

is considered, where periodic boundary conditions are prescribed and f € L*(2), the associated
variational problem would be to find v € H5(2) such that

a(u,v) = (f,v), Vv e Hp(Q). (2.6)

By the Lax-Milgram theorem, the variational problem (2.6) admits a unique solution u € H}()

with a stability estimate
lulle < Csle, V)IIFI]- (2.7)

2.2. Regularity of the solutions of Schrodinger equations with multiscale potentials

We first study the temporal regularity of the solution u of the Schrédinger equation (2.1).

Lemma 2.2. If OFu(t) € L?(Q) for any t € [0,T], where k = 1,2, 3,4, then it holds true for
any 0 <t < T that
(jgk—Q

k
[[0Fu(t)|] < min{€2k—2’52k—2}'

(2.8)



Proof. For u,, taking the time derivative of (2.1), multiplying it with 4, integrating it w.r.t.
x over ) and taking the imaginary part, we have 4||w|[* = 0, which implies |Ju(t)|| =

||us(0)]], V¢ € [0, T]. For [Ju;(0)||, we have ieu(0) = —5 Aug + Vg, which indicates

€ 1 C
[lue(0)]] < Sl Auol| + Z[[Vuol| < — (2.9)
€ €
Applying similar procedures to wuy, tusyy and gy, we can obtain the results (2.8). O

Then, we turn to the spatial regularity of w.

Lemma 2.3. If DZu(t) € L*(Q) for any t € [0,T] and |o| = k, where k = 1,2, then it holds
true for any 0 < ¢t < T that

- C
1DZu®)l] < Zg (2.10)
Proof. For |o| = 1, it is sufficient to prove (2.10) for u,,. We have ||u(t)|| = |Juo|| for any

t € [0, T], which is the conservation of mass. Taking the spatial partial derivative of (2.1) w.r.t.
x1, multiplying it with ,,, integrating it w.r.t. x over {2 and taking the imaginary part, we
have

1d

5§£||ule2 = Im(V,, u, uy, ). (2.11)
Then 1d d 1 |
§%||ux1\|2 = Huwl||@|lucc1|| < gl(Vxluyuzlﬂ < 5||U||||ux1||, (2.12)

and hence 4||u,, || < L||ul|. Therefore, we have

T C
[ty (N < 1102y uol| + S lluoll < =5, vt € [0,T], (2.13)

which implies (2.10) for |o| = 1. Then, applying the same procedure to any DZu with |o| = 2,
we obtain the result. O

Furthermore, we have

Lemma 2.4. If 9Fu(t) € HY(Q) for any ¢ € [0,T], where k = 1,2,3, then it holds true for any
0<t<T that

) Cgka
Voju(t)|| < : 2.14
[Voru)l] < ed min{e2k—2 §2k-21 (2.14)
Proof. By combining the proofs of Lemmas 2.2 and 2.3, we can obtain the result. O

2.3. Clément-type interpolation

Let Ty = {T.}Ye, be some quasi-uniform and shape-regular simplicial finite element mesh
6, 13, 14] of © with mesh size H, where N, is the number of elements. Then for K being the
union of some elements in 7Tz, the neighbourhood of K can be defined as

NE)= |J @ (2.15)

GeTy,GNK#D



And for m € N, N""(K) = N(N™(K)), where N°(K) = K, and m is referred to as the
oversampling size. If we define
(x) = dist(x, N™(K))
T = st (x, N™(K)) + dist(x, Q\N" 1 (K))

(2.16)

for some m € N, the shape regularity of Ty implies that H||Vn||. < 7, where ~ is independent
of ¢, 6, m and H. The shape regularity and quasi-uniformness also imply that there exists a
constant Cy independent of e, §, m and H [36, 37] such that

max card{G € Tu|G C N(T)} < Car (2.17)

The first-order conforming finite element space of Ty is given by
Oy ={¢p € Hp(Q)|VT € Ty, ¢|r is a polynomial of total degree < 1}. (2.18)

Let Nz be the set of vertices of Ty with repeated vertices due to the periodic boundary
conditions removed and Ny = [Ng|. Then ®y = span{¢;,j = 1,..., Ny}, where ¢; € Oy, j =
1,..., Ny is the nodal basis satisfying ¢;(xx) = 0k, Vxi € Ng. The Clément-type interpolation
operator Iy [2, 7, 40] is defined by

Ng
Iyv =Y o;(v)e;, Vo€ HYQ), (2.19)
j=1
where a;(v) = giﬁ Then, the local approximation and stability properties of the interpola-

tion operator Iy [3] guarantee that there exists a constant Cp, only dependent on the shape
regularity such that

H_1||U—IHU||T+||V(U—]HU)||TSC]HHVUHN(T), VTETH, (220)

where (v,w)g = [, vw and ||[v||% = (v,v)x denote the spatial L* inner product and spatial
L? norm restricted on K C  respectively. Set W = ker(Iy). Then HL(Q)) = &y & W and
(v,w) =0, Vv € &y, w € W. Finally, we have the following lemma.

Lemma 2.5. For v € W, f € L*(Q), there holds
(f,0) < CHI[f[[|[Vv]]. (2.21)

Moreover, if f € H'(Q), then
(f,v) < CH*||[V [ Voll. (2.22)

Proof. Since v € W, then Iyv = 0. By (2.17) and (2.20),
(f;0) = (fv = Luv) < |[|fll[lv = Lol < CH[[f[[[Vo]] (2.23)
Note that (I f,v) = 0. Hence if we further have f € H'(Q), then

(f,v) = (f = Inf,v — Igv) < CH?||Vf|[[|Vo]]. (2.24)



Moreover, there exists a local right inverse of Iy [16], denoted by ]I;l’loc : ®y — Hp(Q),
satisfying

In(I;""vg) = v, (2.25)
IV I on|] < 7 [ Voull, (2.26)
supp(I; ") = | J{T € Tu|T N supp(v) # 0}, (2.27)

where vy € @y and C]  only depends on the shape regularity.

3. OC multiscale finite element basis functions for the Schrodinger operator

In this section, the constructions of global and localized multiscale finite element spaces will
be introduced. The stationary problem (2.5) will be considered. And the projection errors of
the solution u of (2.5) in both the global and localized multiscale finite element spaces will be
deduced. Throughout this paper, a resolution assumption is made.

Assumption 3.1. The mesh size H satisfies H/e < (201H v/ Cot Vinax (1 + C[H0017)>_1.
Under Assumption 3.1, we have a property for the kernel W.
Lemma 3.1. Under Assumption 3.1, for any v € W
el[Vol| <lvfle < Cel[Vvl]. (3.1)

Proof. For any v € W, it is easy to see that ¢||Vv|| < ||v||e. On the other hand, by Lemma 2.5,

2

g2 H
l|v||? < §||VU||2 + Vinax (v,0) < C <1 + —

>62||W|I2 < C||Vul. (3:2)

which completes the proof. O

3.1. Global multiscale finite element basis functions

For j = 1,..., Ny, the operator-compressed multiscale basis function 1; is constructed as
the solution of the constrained optimization problem
min — a(i, 1),
VeHp) (3.3)

s.t. (w,gﬁk): ik I{J:l,,NH

Define Uy = span{¢;,j = 1,..., Ny} as the global multiscale finite element space. And we
have the following lemma.

Lemma 3.2. H,(Q) =¥y & W and for any vy € ¥y and w € W,

a(vg,w) = 0. (3.4)



Proof. For any nontrivial w € W and n € R, v +-nw satisfies the constraint in the optimization
problem (3.3), j =1,..., Ng. Then

9(n) = a(¥; +nw, ¥; + nw) = n*a(w,w) + 2nRe a(y;, w) + a(V;, ;). (3.5)

Since g(n) achieves the minimum at n = 0, then ¢’(n)|,—0 = 0. And hence Re a(¢;,w) = 0. Set
n =1n and §(n) = g(77). A similar argument for §(n) yields that Im a(t;, w) = 0. And hence
a(wj,w) = O, ] = 1, R 7NH7 i.e.,

a(vg,w) =0, Yog € Vy,weW. (3.6)
For any v € Hj(Q), define v* = kal(v, ¢)k. Then v* € Uy and
(v—v",¢;,)=0, j=1,...,Ny. (3.7)
Then v — v* € W and hence Hp(Q) = Uy & W. O
To solve the stationary problem (2.5) in ¥y, the Galerkin method seeks uy € Wy such that
a(ug,vy) = (f,vy), Yoy € Vy. (3.8)
Then Lemma 3.2 indicates the following lemma.

Lemma 3.3. Assume that u is the solution of (2.5) and wug is the solution of the Galerkin
approximation (3.8) in ¥y. Then u —uy € W.

Proof. By Lemma 3.2, u — uy € W since a(u — ug,wy) = 0,YVwy € V. O
We are now in the position to prove the error estimates for ug.

Theorem 3.1. Let u be the solution of (2.5) and uy be the solution of (3.8). If f € L*(Q),
then

H
lJu —umlle < C?Hf”? (3.9)
H2
Ju —ugl| < C€—2||f||- (3.10)
Moreover, if f € H*(2), then
H2
Ju—uglle < C?||Vf||, (3.11)
H3
u—uall < OV 1), (3.12)

Proof. We first consider the case where f € L?*(f2). For the error in the energy norm, since
u—ug € W, then by Lemma 2.5,

llu —ug|? = alu —ug,u —ug) = alu,u — ug)

H
= (f,u—um) < CH|fIIIV(u = un)ll < C—|Ifllllu — uslle- (3.13)



For the L? error, the Aubin-Nitsche technique is applied. Let w € HA(2) be the solution of
a(w,v) = (u —ug,v),Yv € Hp(Q) (3.14)
and wy € ¥y be the Galerkin approximation of w in ¥y satisfying
a(wy,vy) = (u—uy,vy), Yoy € Vg. (3.15)
Then

Il —ugl)? = a(w,u — ug) = alw — wg, v — ug)
H2
< [lw —wallellu = unlle < O |l flll[w — uznl] (3.16)

where in the last equality we have used the estimate (3.9). Moreover, if f € H'(2), we have
by Lemma 2.5 that

[l —ug|lz = (f,u—un) < CH|IV AV (u = ug)]|. (3.17)
By repeating the above procedure, we obtain the results (3.11) and (3.12). O

3.2. Localized multiscale finite element basis functions

One advantage of using these operator-compressed multiscale basis functions is that these
basis functions have the property of exponential decay, which motivates us to use the localized
basis functions constructed by a modified constrained energy minimization in practical com-
putations. In this subsection, we will prove the exponential decay of the operator-compressed
multiscale basis functions. Then, we will introduce the construction of localized basis functions
and prove the projection error in the multiscale finite element space spanned by these localized
basis functions.

3.2.1. Ezxponential decay of basis functions
Let S; = supp(¢;). We have the following theorem indicating the exponential decay of basis
functions ;.

Theorem 3.2. Under Assumption 3.1, there exists 0 < # < 1 independent of ¢,d, m, H such
that for all j =1,..., Ng and m € N,

IVillanwmsy) < 6™Vl (3.18)
Proof. In this proof, we fix the index j and omit j for ¢; and S; for brevity of notations.
Assume m > 7. Define the cutoff function
dist(x, N™~4(9))
dist(x, N™=4(S9)) + dist(x, Q\N™=3(S))
Thenn=0in N™4(S), n=1in Q\N™3(S) and 0 < 5 < 1in N™3(S)\N""4(S). Moreover,
H||Vn||lee < v and R :=supp(Vn) = N™3(S)\N™*(S). Then

IVl [aywm(s) < (VE,nVY) = (V) V() = (Vi ¥ V)

< [(Vb, V(b — I (I (o)) | + [(Vab, VI (T ()| + [(Veb, V)|
= M, + My + M, (3.20)

n= (3.19)



where My = |(V, V(g — L™ (L (p))|, My = |(Veb, VI (I (1)), and My =
|(V4),1Vn)|. For My, note that w = n — I;""°°(I(n)) € W, which implies a(i), w) = 0
and that supp(w) C Q\N""9(S), supp(I(mp)) = N™>(S)\N™(S), supp(nyy — Iu(m)) C
O\N™2(S), supp(Iu () — I (L () € N™"H(S)\N™8(S). Hence

M, < 2‘22%“%@0)! = anx!(?ﬁ — Iy, — I () + Ty () — Iy (T ()|
< 2‘?;“ (!(10 — Iy, — Iu(n))| + |(¥ — Int, In () — IEI’IOC(IH(W)))D
< 2VmaXC?HCollj—;||V¢HQ\NmG(S)HV(?W)HQ\N*"G(S)
+ 2V G5 C COIIZ_; VY| nmspwm=-7)| [V ()| [ vm (sy\vm=7(5) - (3.21)

Also note that R Nsupp(/y) = 0 and hence
10Vnllr = [I(¢ = Ia¥)Villr < Cry Cal[|[Vn|loo| [Vl Inr) < Cry Cat IVl Inry- (3.22)
Thus under Assumption 3.1, we arrive at
1
My < SlIVYlaywms) + CIIVEI sy wm-rcs): (3.23)
Using a similar argument, we have

My < ClIVY|[vm-1spam-s )| [V (00) || wm-1spvm-s(s) < ClI VY| Jm(spam-7(s); (3.24)

Mz < ClIVY|[am(spym-7(s)- (3.25)
And hence
1
§|’V¢H?2\Nm(5) < UV Rm(spam-1(s)» (3.26)
where (' is independent of ,0, m and H. And this leads to
2 C'1 2
V][ nm sy < it V[ nm=7(): (3.27)
which implies
2 Ci %) 2
V][ nm sy < Ciil [[V[]7. (3.28)
H

3.2.2. Localized basis functions
Motivated by the exponential decay of the multiscale basis functions, we can construct the
localized basis function w;oc’m by solving the modified constrained optimization problem

min - a(y, ),
YEHR(Q)
st (U, 08) =06k, k=1,...,Nu, (3.29)

Y(x) =0, forxe Q\N"(S))

10



for j =1,..., Ny and m € N. Let W(N™(S;)) = {w € W|w = 0in Q\N™(S;)}. Following
the proof of Lemma 3.2, we have

Lemma 3.4. It holds true that for j =1,..., Ny

a(P" w) =0, Yw e W(N™(S;)). (3.30)

J

Define ¥y ,,, = span{zﬁ;‘)e’m, j=1,...,Ng} as the localized multiscale finite element space.
Before we study the projection error in Wy ,,,, a lemma on the bound of ||V,]|| is needed.

Lemma 3.5. Under Assumption 3.1, it holds true that for j =1,..., Ny
V| < CH 3 (3.31)
Proof. Define the operator P as for any v € Hp(Q2), Pv € W and
a(Pv,w) = a(v,w), Yw e W. (3.32)

By Lax-Milgram theorem, P is well defined and [[Pvl[c < [|v]le. Let @ZJ] = P¢; — ¢;. Then
% € Uy since P@D] =0,j5=1,...,Ny. And {%} * spans Uy since 1/13 s are linearly
independent. Therefore

Nu
=Y "o (Poi — 1) (3.33)
k=1
Note that (1;,¢¢) = d;,. Then S0 ol (dr, ¢) = —d;0. So if we let o) = (af’,....a¥)),
then Mal) = —e;, where e; is a column vector with the j-th entry as 1 and other entries as 0

and M is the mass matrix with entries M;; = (¢;, ¢r).
From the results in [13, 14], [(M~'); | < CH~?. Hence under Assumption 3.1, we have

[V, < Za IV (Poy, — ¢p)|| < CNyH™ % < CH™ 2% (3.34)

O
We also need two lemmas on the difference between 1; and @Z);-OC’m.
Lemma 3.6. Under Assumption 3.1, for j =1,..., Ny
1V (= =™ < CH=8™. (3.35)

Proof. Let m > 6 and ¥; = 1; — Iz " (Igt;) and 7™ = %™ — [,M(Igp2™). Then

by — PO = ahy — P9 since Iy = g™ = ¢;/(1,¢;). In addition, ¥; € W and
DP9 € W(N™(S;)). Then Yw € W(N™(S;)),

EIV (e = 7™M < aldy — 97" 4y = 97™) = a(dy — 7" by — w)
< g = 7 el — wlle < CIV (4 — &7 ™IV (@5 —w)ll, (3.36)

11



where we have used the fact that a(y;, w — @oc " = a(v,b;oc’m,w - @ZJ}OC’m) = 0 and hence
(¢] 77[)1-00 m7w . ¢;oc,m) _ CL(@D]' . ¢locm . 77/110(: m) _
Define the cutoft function
dist(x, Q\N™2(S;))
dist(x, N™=3(S;)) + dist(x, Q\N™2(S;))’

n= (3.37)

Then n = 1 in N™3(S;), n = 0 in Q\N™2(S;) and 0 < n < 1 in N™2(S;)\N"3(S;).
Furthermore, H||V7||s <7 and supp(Vn) = N™72(S;)\N™3(S;).
Take w = n0); — 1" (I (;)) € W(N™(S,)). Then

IV (5 = ™) = IV (@ = B2 < ClIV (W = w)l? < Ce™ld — w2
- 1 -
<c(IIV (- md)IP+ —||<1 — )

IO sy pvnscsy + 25117051 Bems s
ik 2 2 2 ik 2
<C{1+ =t H|[ V|5 vajHQ\Nm*WSj) + Cg_Qva]'HQ\Nm*G(Sj)
< ClIVlIgywm-o(s,)s (3.38)
which completes the proof with Theorem 3.2 and Lemma 3.5. O

Lemma 3.7. Let v € H5(Q) and v; = S0 (v, ¢ )0k, v = Son2 (v, ¢ )0°™. Then under
Assumption 3.1, we have

o1 — vl|e < CeH298™|v]].. (3.39)
Proof. Note that v; — v9 € W. Then

Ny

[[or = valle < Cel|V (01 = wa)|| < Ce Y [(v, )V (g — 057
k=1
< CeH 398™(|v],1) < CeH 248™||0]|.. (3.40)
O
Similarly, the Galerkin approximation of (2.5) in Uy, is to seek ug, € Uy, such that
a(Utm: Vim) = (f,vmm)s  Vorm € Yim. (3.41)

In order to obtain the projection error estimate for the localized multiscale finite element
space Wy ., we need the following assumption on the oversampling size m.

Assumption 3.2. The oversamping size m satisfies

. Calog(1/H) +log(e?Ci(e, V)
- [ log(8)] ’

(3.42)
where Cy = 3d/2 + 2.
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Then we have an error estimate for v — wg .

Theorem 3.3. Assume that Assumptions 3.1 and 3.2 hold and let u the solution of (2.5) and
wpr.m be the solution of (3.41). If f € L*(Q), then

H
= wlle < 2 50 (3.43)

H2
=l < CE 11 (3.44)

Moreover, If f € H'(Q), then

H2
[[w = wpmlle SO?HfHHl? (3.45)

HS
lu = wrmll < €1 fllm- (3.46)

Proof. We first consider the case where f € L*(Q). Let g = S0 (4, ¢p)th"™. Then it is
easy to verify that

= wrmlle < [[u— tpmlle. (3.47)
Set upy = Zgjl(u, ¢r) k. Then since v — g m € W, a(upg,u — tg,,) = 0 and

|Ju — ﬂHmHi = a(u — Ugm, u — Ugm) = a(t,u — Ugm) + alug — Um, & — Um)
= (fyu—Ugm) + alug — Upm, v — Upm)
< CH|IFIIV (u = ) [| + |lurr = Grmlle]f = G m|e

H i s _
< C—lIfllllu = dgmlle + CeH 25 [ullllw = Gl

H . _3 m .
< C—llfllllu = tmlle + CeH 2905 (e, V) B™ | f1[1te = g m]e- (3.48)

Hence if m satisfies Assumption 3.2, then
H
e = urmlle < C[If] (3.49)

A similar Aubin-Nitsche technique to the proof of Theorem 3.1 can be applied to obtain (3.44).
Moreover, if f € H*(2), we have by Lemma 2.5 that

u— g ml]? = (f, 0 — Gpm) + @ty — Qg m, & — G m)
H? _ _3 m _
< C—IIV/llllw = @ mlle + CeH™"Cu(e, VIS fIllle = Grmlle. - (3.50)

Hence if m satisfies Assumption 3.2, we can obtain

H2
e = wrmlle < C—|Ifllm- (3.51)

Analogously, we obtain (3.46) using the Aubin-Nitsche technique. O

Remark 3.1. To obtain (3.43) and (3.44), it is sufficient to assume that m satisfies (3.42) with
Cy = 3d/2+ 1. We impose a stronger assumption on m in order to avoid lengthy illustration
of Theorem 3.3.
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4. Convergence of the OC MsFEM for Schrodinger equations with multiscale po-
tentials

In this section, we will study the error estimate of the Galerkin approximation obtained
by the OC MsFEM for the Schrodinger equation (2.1). Throughout this section, we will not
distinguish between the global multiscale finite element space ¥y and the localized multiscale
finite element space ¥y, with H satisfying Assumption 3.1 and m satisfying Assumption 3.2.
Both of the spaces will be denoted by Uy.

4.1. Projection error

Let u(t) be the solution of the Schrodinger equation (2.1) and @(t) be the projection of wu(t)
in Wy such that VO <t < T, u(t) € ¥y and

a(u(t) —a(t),w) =0, Ywe ¥y. (4.1)
Then, we have the following lemmas on the projection errors.
Lemma 4.1. If u(t) € L*(Q) for any ¢ € [0,7T], then it holds true for any 0 < ¢ < T that

[lu(t) —a®)lle < Cg, and, [[u(t) —a@)|| < C]:—;- (4.2)

Moreover, if u(t) € H'(Q) for any ¢ € [0, 7], then it holds true for any 0 < ¢ < T that

H? R H3
S and,[lu(t) - @)l < O

Proof. We first consider the case where u;(t) € L*(Q),Vt € [0,T]. By (2.1), Theorems 3.1, 3.3
and Lemma 2.2, we have that for any 0 <¢ < T,

u(t) —a(t)|le < C (4.3)

lutt) — o)l < O Hu(o)ll < CHllu )] < (1.4
lutt) — a(o)l] < O | Hu) < O o) < O (4.5

Moreover, if u;(t) € H'(Q) for any ¢ € [0,T], by (2.1), Theorems 3.1, 3.3 and Lemmas 2.2, 2.4,
forany 0 <t <T,

. HZ , H2

lu(t) = a(®)lle < C—[Hu®)l|m < CH|uw(t)l[m < C 55, (4.6)
A H? H? H?

lu(t) —a®)ll = O [IHu®)llm < C—[lu®)llm < C 5. (4.7)

]

Lemma 4.2. If 9f™u(t) € L*(Q) for any ¢ € [0,T] and k = 1,2, then it holds true for any
0 <t<T that

CH?

CH I<
= ek min{e?k, 62k}

<
le < el=F min{e2*, §2+}’

[10Fu(t) — Oy a(t) [10Fu(t) — oFa(t) (4.8)
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Moreover, if Of ™ u(t) € HY(Q) for any ¢ € [0,7] and k = 1,2, then it holds true for any
0 <t < T that

H? H?
||OFu(t) — oFa(t ¢ t) — oFa(t ¢

k
Ol < Frgmmpe gy 1000 — 90l < G oy (49)

The proof of Lemma 4.2 is similar to that of Lemma 4.1. It can be easily seen that higher
regularity of the solution u will lead to super-convergence of the projection errors in ¥y w.r.t.
H.

We can also study the error of the finite element method in solving the Schrodinger equation
(2.1). Let @ be the projection of u in the standard linear finite element space ®g such that
VO<t<T, ue Py and

a(u(t) —a(t),w) =0, Yw e dy. (4.10)

Then
[u(t) —a(t)|le < wiEInglu(t) — w|le. (4.11)

Let x(t) be the interpolation of u(t) in ®p such that x = >, \. u(t,xy)dx, Where ¢;(x) =
d; k- A well known result for the errors of the interpolation [2, 6, 41] is that

[Ix(t) = u(®)]] < CH|[u(t)||g2, and , ||V (x(t) — u(t)|| < CH||u(t)]|n2 (4.12)
and hence
u(t) = a(t)|[e < [Ix(t) —u®)|le < CeHy/1+ %HU(t)Hm (4.13)

By Lemma 2.3 and under Assumption 3.1, we know that for any 0 <t < T,
H
[lu(t) —a®)lle < C—5- (4.14)

Using the Aubin-Nitsche technique with H? regularity of elliptic equations [12, 14], we obtain
that for any 0 <t < T,

H2
2252
In comparison with Lemma 4.1, we find that the error analysis of FEM depends on higher spatial
regularity of the solution u. In the presence of the multiscale potential V%, the spatial derivatives
of u become more oscillatory than the time derivatives of u. Therefore, using the same mesh
size the OC MsFEM gives more accurate results than FEM in solving Schrédinger equation
with multiscale potentials due to its super convergence behavior and weaker dependence on the
small parameters € and 4.

lu(t) —a(t)]] < CH*|Jul|ln= < C 5 (4.15)

4.2. Semi-discrete approximations

Let uy (t) be the Galerkin approximation in W for the solution u of the Schrédinger equation
(2.1) such that ug(t) € ¥y for any 0 < ¢ <7 and

ie(upe,w) = alug,w), Ywe Wy, 0<t<T,
up (0) = a(0),

where uy; = Oyuy. Then for the initial value ugy(0), we have the following estimate.

(4.16)
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Lemma 4.3. Assume that u(0) € L?(Q). Then

) - 0] < S (1.17)
Moreover, if uy(0) € H'(Q), then
s 20| < = C (1.18)
Proof. For any w € Wy,
(s 0), w) = a(ug(0), w) = a(a0), ) = afup,w) = iz(u(0),w).  (419)
Taking w — w1, (0) — d(0), we have (s 4(0) — ws(0), w4 (0) — (0)) = 0. Hence
s (0) — OV < 1 (0) — (0) s 0) — i O)]. (4.20)

If uy(0) € L2(Q), ||us(0) — a:(0)]| < C’H?2||utt(0)|| < __CH? _ Moreover, if uy(0) € H'(Q),

emin{e?,§2}"
[|ue(0) — 0, (0)]] < C’H?3||utt(0)||H1 < S And the proof is completed. O

€26 min{e?,62}"

Let ug — u =60+ p, where = uy — u and p = & — u. Then
ie(0r, w) + ie(pr, w) = a(f,w) + a(p,w) = a(f,w), Yw e Vy. (4.21)

Take w = 6 and we have
ie(0:,0) +ic(pr,0) = a(0,6). (4.22)
We first estimate the L? error ||ug(T) — u(T)]|.

Theorem 4.1. Assume that u is the solution of (2.1) and uy is the solution of (4.16). If
wg(t), uy(t) € L*(Q) for any t € [0, 7], then

CH?
— < —/———. .
() (D) < O (1.23
Moreover, if u;(t), uy(t) € H'(Q) for any ¢ € [0,T], then
CH?
ur (T) —u(T)]| < (4.24)

~ 20 min{e?, 52}

Proof. we first consider the case where u(t), uy(t) € L*(Q2),Vt € [0,T]. Note that ||uy — ul| <
101 + |[pl] and |[p(T)]| < CEE|juy(T)|| < CEF, 6(0) = 0. Take the imaginary part of (4.22)
and we have Re(6;, ) = —Re(py, 0), which implies

1d
2 dt
And hence for any 0 <t < T, we obtain

d
1611 = 11611=11611 < lldl[1161]. (4.25)

H? CH?

%H@(UH < [l < C—lua(®)ll < Smin{e?, 07 (4.26)
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The above estimate (4.26) implies that ||6(T")|| < Emlc—m Therefore, we can get that

n{e2,62}"
CH?
T)—ul)|| < ——————. 4.2
lua() = D) < 0 (1.27)
Moreover, if u;(t), uy(t) € H'(Q) for any ¢ € [0, T], then
H? H?
(D] < C—Ilul D)l < C 5 (4.28)
£ €
and for any 0 <t < T,
H? CH?
)| <C— t < . 4.2
Ol < C o < o (4.20)
And we can obtain (4.24) using similar arguments. O

Similarly, we can estimate the error in the energy norm.

Theorem 4.2. Assume that u is the solution of (2.1) and uy is the solution of (4.16). If
ut(t),utt(t),uttt(t) c L2(Q) for any te [O, T], then

H H?
_ < T .
()~ u(ll < € (L4 ) (430
Moreover, if u;(t), g (t), ug(t) € HY(Q) for any t € [0, T], then
H? H?
_ < i T — -
() ~u(r)l < € (55 + it ) (431

Proof. First consider the case where u;(t), uy(t), ug(t) € L?(Q),Vt € [0,T]. We have ||lug —
ulle < 10]]e + |1plle and [|p(T)|]e < CH|uy(T)]| < C’%,@(O) = 0. Then, by (4.22), we have

10112 = a(8,0) < ((0:,0)| + |(pe, O)I) < ellOII([16e]] + [le]])- (4.32)

For [|4]|, we have from Theorem 4.1 that ||0(T)|] < —S2> . For ||p]|, we have ||p(T)|| <

emin{e2,§2}"

C’H?2||utt(T)|| < % For ||6;||, similarly to the derivation of (4.22), we can derive that

ie(@tt, Qt) + i5(Ptt7 Qt) = (I(Qt7 Qt) (433)
By taking the imaginary part, we will obtain

d H? CH?
— < <(C— < — . .
IO < o0l < Ol < oy, W€ (0,7) (434)

Hence by Lemma 4.3,

CH? CH?

™ < < .
1001 < 10O+ gy < e gy

(4.35)
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Combining all the above inequalities, we obtain

H H?

||UH<T) - u<T)||e < C (? + m) . (436)

Moreover, if u;(t), ug(t), ug(t) € HY() for any t € [0, T], we have

CH3 H2
< < 2 < O— .
1< smmgz gy M@l < CH (D)l < C 55 (4.37)

116:(0)

CH? H?3 CH?
o(T)|| < Ny <CdC— T < 4.
10D < gy DI < O Dl € i (439
and for any 0 <t < T,
H? CH?
o ()] < C?Huttt(t)HHl < —65min{54.54}’ (4.39)
The statment in (4.31) can be obtained by using similar arguments. O

4.8. Fully discrete approximations

In this subsection, we discuss the backward Euler scheme and the Crank-Nicolson scheme in
temporal discretization. Combining the spatial discretization using the OC MsFEM, we obtain
the fully discrete Galerkin approximation for the Schrédinger equation (2.1). And we focus
on the error estimates of the numerical solutions obtained by such fully discrete schemes. In

what follows, we introduce some notations. For some N € N and N > 0, let At = % and
t,=nAt,n=0,1,..., N.
4.8.1. Backward Euler scheme
Using the backward Euler scheme, we approximate u(t,) by U™ € ¥y such that
ie(OU™, w) = a(U™,w), Yw € Vgy,n=1,...,N,
(@U", w) = o(U" ) . "

U =1a(0),

where QU™ = Un_A—TH. Let U™ —u(t,) = 0"+ p", where 0" = U™ —u(t,) and p" = u(t,) —u(t,).
Then 6" satisfies that §° = 0 and

(00", w) + ie(0u(t,) — u(tn), w) = a(6",w) + a(p”, w) = a(0",w), Yw e Vy,n=1,...,N,

- (4.41)
where Ju(t,) = %. Taking w = 6", we have
ie(00™,0™) + i (2}, 0") +ie(2y,0") = a(6™,0"), n=1,...,N, (4.42)

where 27" = 0u(t,) — Ou(t,) and 2§ = Ju(t,) — u(t,) with du(t,) = %.
For the L? error, we have the following theorem.
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Theorem 4.3. Assume that UV is the solution of (4.40) and wu is the solution of (2.1). If
wg(t), uy(t) € L*(Q) for any t € [0, 7], then

At H?
N _ < :
07 —u@ll < C (min{eQ, 62} * £ min{e?, 52}) (443)
Moreover, if u;(t), uy(t) € H'(Q) for any ¢ € [0,T], then
At H?
N _ < :
U™ —w(T)|| < C (min{€2752} + 525min{52,52}) (4.44)

Proof. We first consider the case where wu(t), un(t) € L*(Q),Vt € [0,T]. We have [|U" —
u(ta)l] < 11671 + |]p"]] and [|p"|| < O uy(T)|| < CZ. For 67, taking the imaginary part of
(4.42), we have

(0™,0™) = (0", 0™) — At((27,6") + (25,67)). (4.45)
Hence, we obtain ||6™[|* < [|6™|[[16" ]| + At]160™|(||z]] + ||25]]), which implies
N
1671 < [16°11 + At Y (12211 + 1l=511) Atz 271+ (125 1] (4.46)
n=1
On one hand, we know that forn=1,2,..., N,
n A5 2 1 n ~
211 = 19a(tn) — Ou(tn)]] < E/ [l (s) — wi(s)]|ds
tn—1
C’ H? CH?
ds < —————. 4.47
<o / ()l < oy (4.47)
This gives us that At 320 |[27]] < %. On the other hand, we have forn =1,2,..., N,
I o CAt
1511 < g [ e =t (el < [ fnelolids < oS
This gives us that At SN []22]] < #ﬁfag}. Therefore, we obtain
At H?
V|| < C 4.49
16711 = (min{82,52} N 5min{€2,52}) (4.49)
and hence
At H?
UY —u(T)||<C 4.50
l WDl = (min{ét??é?} + 5min{52,52}) ( )
Moreover, if u;(t), uy(t) € H(Q) for any ¢ € [0,T], then we have
H? H?
1pM]] < C—llwa(D)l|r < C 5 (4.51)
and forn=1,2,..., N,
C H? CH?
ds < : 4.52
et < S [ ol < O (152)
Finally, we can prove (4.44) using similar arguments. O
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We can also obtain the error estimate in the energy norm as stated in the following theorem.

Theorem 4.4. Assume that UV is the solution of (4.40) and wu is the solution of (2.1). If
wi(t), ug(t), uy (t) € L*(Q) for any ¢ € [0,T], then

H H? eAt
N _ <o
U™ —u(T)|le < C ( R NI min{€3’53}) (4.53)
Moreover, if u;(t), ug(t), ug(t) € HY() for any t € [0, T], then
H? H? eAt
N _ < — .
0" —u@ll. < € (525 N ed min{e3, 3} * min{53,53}> (4:54)

Proof. First consider the case where u;(t), u(t), u(t) € L*(Q2),Vt € [0,T]. We have [|U" —
ultn)lle < 1107[le +11p"|le and |[p¥||e < CH[Juy(T)|| < CZ. By (4.42), we have

10712 = a(6",6™) < =(1(06", 0™)] + (=1, 0™)| + [(25, 0™)]) < elle”[1(1106"]| + ll=71] + [[2211)-

(4.55)
From the proof of Theorem 4.3,
At H? CH? CAt
H9NH< : 2 2 + : 2 2 H l|’—-—227 HZ2H—ﬁ
min{e2, 2}  emin{e?, 4%} e min{e?, 0%} min{e?, 62}’

For ||00"]|, in a similar way to derive (4.42), we can derive that
ie(0(0™ — 0"1),00™) +is (2} — 271, 00™) +ig(2h — 257, 00™) = a(6™ — 6", 00™).  (4.56)
Taking the imaginary part of this equation and we can obtain

10607 |I* = (90", 00™) < (96", 00™)| + |(=' — 277, 00")| + |(25 — 25", 00")]

< 106™1(1106" ] + |27 — 227 + 1125 — 257 ]). (4.57)
And hence
B B N
106N (] < [106M|| + > (Il — 277" + 1125 — 257 Y)). (4.58)
n=2

For ||06!||, from the proof of Theorem 4.3, we have

106" = 116 Ol < \|9 I <zl + 1zl < € LA (4.59)
At “ = emin{e?,62}  min{e?,6%2} )
For ||z — 277 Y||, n =2,3,..., N, we have
l27 — 217 | = t||p(tn) = 2p(tn-1) + ptn2)ll
1 tn tn—1
S A7 (/ (tn—s)llpﬁ(s>|yds+/ (S—tn_2)||ptt(s)||ds)
tn—1 tn—2
AtH? CAtH?
<C - Olgtz?é“”u“t( )| < m (4.60)
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and hence 32N ||z — 2071 < %. For the terms ||z5 — 23 '||, n = 2,3,..., N, we have
25 — 237 = H(U(tn) = 2u(tn-1) + u(tn-2)) = At(u(tn) — w(tn-1))]l
1 tn—1 )
s ([ = Pl + [ =t s
2 t th—1 tn—2
+2At/ (1 — )l ue(5) 1)
CeAt?

S CAt2 Oriltag% Huttt( ) (461)

= min{e?, 64}

and hence ZZLQ |28 — 257 Y| < %. Combining all the above inequalities, we obtain that

H H? eAt

N _ )|, < - 4.62
o= —u@ll. < € £ * min{e3, 63} N min{e3, 43} (462)

Moreover, if u;(t), ug (), uge(t) € H(Q) for any t € [0, 7], then we have

H2
[1pM]le < CH[[us(T)] [ < C 5 (4.63)
and forn =2,3,..., N,

AtH? CAtH?

et = 21711 < O s (Bl < (4.64)

And from the proof of Theorem 4.3, we already know that ||§V]| < C (mm {AEE a7 T2 5m1i1552 52}>

and forn =1,2,... N, ||z} < %. Hence we can prove (4.54) using similar arguments.
O
4.8.2. Crank-Nicolson scheme
Using the Crank-Nicolson scheme, we approximate u(t,) by U™ € Wy such that
B Un Unfl
ie(U™,w) = a <—,w> , YweV¥yn=1...,N,
2 (4.65)

U° = a(0).

We still let U™ — u(t,) = 6" + p", where 6" = U™ — u(t,) and p" = u(t,) — u(t,). Then 6"
satisfies that 8° = 0 and

Qn + en—l

ie(00", w) + ie(2], w) + ie(2y, w) = a ( 5

,w), VweVYg,n=1,...,N, (4.66)

where 2 = Ji(t,) — Ou(t,) and 2% = du(t,) — w

For the L? error of UV, we have the following theorem.
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Theorem 4.5. Assume that UV is the solution of (4.65) and wu is the solution of (2.1). If
wi(t), ug(t), ugye (t) € L*(Q) for any ¢ € [0,T], then

At? H?
N _ < c 4.
o7 —u@ll = € (min{54, 64} * e min{e?, 62}> (4.67)
Moreover, If u;(t), uy(t) € H(Q) for any ¢t € [0, 7], then
At? H?
N < c . 4.
07 —u@li=C (min{e4, 94} * €26 min{e2, 52}) (4.68)

Proof. First consider the case where ut(t) ug(t), uge(t) € L*(Q),Vt € [0,T]. We have ||[U" —
u(ty)]| < 1107 + || and |[pN]] < 052 , 0% = 0. Setting w = 6" + 6" ! in (4.66) and taking
the imaginary part of it, we have Re(90", 0™ 4+ 6"~1) = —Re(2} + 27,0" + 6"~1), which implies

1 n n— n n— n n
el 112 = 10" 1% < (10" + 1" D=1+ 11=51D (4.69)
and hence
N
1OV < [16°]] + At ) (=71 + 1]251). (4.70)
n=1

By the proof of Theorem 4.3, we have At S ||27] < %. For ||z}||, n = 1,2,..., N,
we have

HZ?H*ZNH?( u(tn) = u(tn-)) = At(u(tn) + w(tn))ll

1 tn tn—l
< E(/tnl (tn = 8)*[[uw(s)||ds + /tnl T (s = tn1)[Jua(s)|ds

N

1
n-3

tn t
+ At/ (tn — $)||ueee(s)||ds + At/ (s — tn_1)||uttt(s)|]ds>
t 1 tn

—1

nT2
CeAt?
2
< CAt Ofél%XTHUttt( )| < min{e?, 01}’ (4.71)
and hence At z% _CeAi? Combining all the above inequalities, we obtain
1 3 mm{s 04}
At? H?
N _w(T)|| < c 4.72
07 —u@ll<C min{et, 61} T e min{e?, 0%} (4.72)

Moreover, if uy(t),uy(t) € H 1(9) for any ¢ € [0,77], then from the proof of Theorem 4.3, we
already know that ||pV|| < Cg and At |20 < EQ(SC—HJ. Using similar arguments,

min{e?,62}
we can prove the estimate in (4.68). O

For the error in the energy norm, we have the following theorem.
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Theorem 4.6. Assume that UV is the solution of (4.65) and wu is the solution of (2.1). If
ut(t),utt(t),uttt(t), utttt(t) S L2(Q) for any t e [O,T], then

H H? 2 At?
0" —u@lle < © ( € * min{e3, 3} min{55,55}) (4.73)
Moreover, if u;(t), g (t), u(t) € H'(Q) for any ¢ € [0, 7], then
H? H? g2 At?
N _ <C|(=>= : :
o™ —u@ll. < € (525 N ed min{e3, 3} * min{55,65}> (4.74)

Proof. First consider the case where w;(t), uy(t), e (t), uwe(t) € L*(Q),Vt € [0,7]. We have
U™ — u(ta)]le < 116"]]e + [|p"]]e, where |[pN|le < CZ. Setting w = " — 6" in (4.66) and
taking the real part of it, we have

107112 < 110" HIE + 2el(2 + 25, 0™ — 0" )] < (10" HI2 + 2216™ — 0" [ (201 + 251D (4.75)

For ||6™ — 6"71||, we can derive by (4.66) that

B B en _ 971—2
ie(00™ — 00" w) (2] — 2 w) +ie(zy — 28 w) = a (T,w> , Ywe Vg,

(4.76)

Setting w = 90" 4+ 99"~ = % in the last equality and taking the imaginary part of it, we
have

1106717 — (106" < (11067 [| + 106" ) (1|27 — 27| + [125 — 257 ']]) (4.77)
and hence
167 — 0" < (10" — 0°1 + AL ([l — 27| + (125 — 247D, (4.78)
j=2

For ||0* — 6°||, we have by the proof of Theorem 4.5 that

eAt? N AtH?
min{e*, §*} = emin{e?, 62} )’

167 = 6°l = 116*]] < At(l]z ] + [lz3l]) < C( (4.79)

and in the proof of Theorem 4.4 we know that At Z?:z HZ{ - Z{—lu < mﬁ?;f;}. For the term
At Z?:z |23 — 257"|, we have that

1
2At

1 t tj—1
< 12At¢ (2 \/tj_l(tj - S)gHutttt(s)HdS + 2/15]._2 (5 — tj*?)gHutttt(S)HdS

|2 — 271 = 12(u(t;) — 2u(tj—1) + ultj—2)) — At(u(ty) — u(tj—2))l|

t; ti—1
+ 3At/ (t; — 3)2||utttt(s)||d8 + SAt/ (s — tj_2)2||utttt(s)||ds>
tj—1

J tj—2

2At3
< CAF max |lua(D)]] < C c (4.80)

0<t< min{eb, 06}
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Therefore

N

AtH? e2At3
N |2 < 012 n . 4.81
1671 < NP1 + Ce (s g ) I+ 5D ()

By the proof of Theorem 4.5, we have AtY N |27

CeAt? :
min{ed 517 Therefore, we obtain

gy and At |25 <

< e

(4.82)

H H? 2A2
IWN—MﬂmSC( : )

B * min{e3, 63} * min{e?, 6%}
Moreover, if u;(t), uy(t), uy(t) € H(Q) for any t € [0, T], then from the proof of Theorem 4.4,
we know that

H? At3 AtH?
N < o L_ g0 < c 4.83
o=l < O 24’ 16" =¢l=C (min{€4,(54} 525min{52,(52}) (483)
o CAtH? CH?
A e | \ n 4.84
t;’lzl <1 H_afsmin{e‘l,é‘*}’ tZHZlH_€25m1n{€2 52} ( )
Hence we can obtain (4.74) using similar arguments. O

Remark 4.1. For the estimates in Theorems 4.3, 4.4, 4.5 and 4.6, the constants C' depend
polynomially and at most quadratically on the final time 7.

All the analyses in Sections 2, 3 and 4 can be performed with slight modifications for the
Schrodinger equation (2.1) with zero boundary condition. The convergence results are the same
as those in Section 4.

5. Numerical experiments

In this section, we present numerical results to justify our analysis, where the potential is
smooth in one example and possesses discontinuities in the other. We consider (2.1) in one
dimension with domain © = [0, 2], finial time 7" = 0.5 and initial data

10 1/4
uo(x):(?> ¢ o= (5.1)

And we shall compare the relative errors between the numerical solution v, and the reference
solution e in L? norm and H' norm with

||wnum - wrefH ||q/)num - wrefHHl

err
Nt~ ret] | 1

Recall that the H' norm is equivalent to the energy norm.

CITr2 —

(5.2)
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5.1. Smooth potentials

Consider the smooth potential

V = cos (%) + 2. (5.3)
We choose (i) ¢ = 1,0 = + and (ii) ¢ = 55,8 = 5;. The reference solution is computed

by the time-splitting spectral method [1] with At = %,H = 515. As for the numerical so-
lution, Crank-Nicolson is adopted for temporal discretization with At = 2% and for spatial
discretization, the standard linear FEM and the localized OC MsFEM are used. The mesh size
H = 35, 36, 587 1037 a5g for case (i) and H = g, 155, 103+ 356+ 353 for case (ii). The oversampling
size for the localized OC MsFEM is chosen as m = 3[log,(27)]. The results are shown in Tables

1, 2 and Figures 1, 2.

Table 1: Errors for potential (5.3) with e =1/8,6 = 1/10

H 5 % 18 10 256
err;2 of FEM 8.9746E-02 4.1331E-02 2.3531E-02 1.0562E-02 5.9291E-03
convergence order 1.91 1.96 1.84 2.25
erryez of localized OC MsFEM  2.7727E-04 4.2500E-05 1.2564E-05 2.4172E-06 8.3025E-07
convergence order 4.63 4.24 3.78 4.16
errg1 of FEM 2.7996E-01 1.5785E-01 1.0777E-01 6.5908E-02 4.7552E-02
convergence order 1.41 1.33 1.13 1.27
erry1 of localized OC MsFEM  4.6115E-03 1.2306E-03 5.0256E-04 1.4598E-04 6.0666E-05
convergence order 3.26 3.11 2.83 3.42
Table 2: Errors for potential (5.3) with e =1/32,0 =1/24
H % 128 107 556 381
errr2 of FEM 9.6768E-01  7.3988E-01 4.0070E-01 2.3916E-01 1.0963E-01
convergence order 0.93 1.41 2.01 1.79
errz2 of localized OC MsFEM  9.2324E-02  1.5400E-02 1.0472E-03 2.0084E-04 3.4424FE-05
convergence order 6.23 6.16 6.43 4.04
erry1 of FEM 1.7538E+00 1.4517E+00 8.2473E-01 5.3417E-01 2.6809E-01
convergence order 0.66 1.30 1.69 1.58
erryt of localized OC MsFEM  2.7853E-01  6.4586E-02 1.0395E-02 3.8315E-03 1.0388E-03
convergence order 5.08 4.19 3.88 2.99
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Figure 1: Errors for potential (5.3) with e = 1/8,0 = 1/10
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Figure 2: Errors for potential (5.3) with e =1/32,6 = 1/24

For the standard linear FEM, first-order convergence in the energy norm and second-order
convergence in the L? norm are observed. While for the localized OC MsFEM, super conver-
gence is observed and the convergence rates are even higher than the estimates (4.68), (4.74)
proposed in Theorems 4.5 and 4.6. This super-convergence behavior is due to the smoothness
of the potential (5.3) that results in a solution with high regularity. Sharper error estimates for
solutions with sufficiently high regularity will be studied in our future work.

5.2. Discontinuous Potentials

Consider the potential

8

cos (a) , x€|0,m7],
cos (—) . x € (m,2x].
02

We choose (i) ¢ = %, 01 = %, 09 = % and (ii) e = 3%, 01 = %, 09 = % In both cases, the potential

(5.4) is discontinuous at x = 7 and has different lattice structures on [0, 7] and (m,27]. The

V=llz—7n?+2+ (5.4)

8
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reference solution is computed by the Crank-Nicolson global OC MsFEM with At = 2%, H =

T
1024

The numerical solutions are computed by the time-splitting spectral method (TSSP),

Crank-Nicolson standard linear FEM and Crank-Nicolson localized OC MsFEM with At = 2%

N S S S S o i =
and H = for case (i), H = 967 1287 1927 256 384

647 967 1287 1927 256

™

for case (ii). The oversampling

size for the localized OC MsFEM is chosen as m = 3[log,(27)]. The results are shown in Tables

3, 4 and Figures 3, 4.

Table 3: Errors for potential (5.4) with e = 1/8,9; = 1/5,0, = 1/10

H 5 % 128 1% 256
errz2 of TSSP 3.2300E-01 2.0757E-01 1.5783E-01 1.1911E-01 7.7628E-02
convergence order 1.09 0.95 0.65 1.67
errr2 of FEM 9.9626E-02 5.7224E-02 3.8492E-02 2.2103E-02 1.4957E-02
convergence order 1.37 1.38 1.27 1.52
errz of localized OC MsFEM  8.8678E-03 4.0528E-03 2.3565E-03 1.1604E-03 6.4039E-04
convergence order 1.93 1.88 1.62 2.31
erry1 of TSSP 5.1257E-01  3.1662E-01 2.5999E-01 2.4780E-01 1.3052E-01
convergence order 1.19 0.68 0.11 2.50
errg1 of FEM 3.7388E-01 2.6184E-01 2.0516E-01 1.4690E-01 1.1789E-01
convergence order 0.88 0.85 0.77 0.86
erry: of localized OC MsFEM  7.3066E-02 5.4768E-02 4.1242E-02 2.8283E-02 1.9120E-02
convergence order 0.71 0.99 0.86 1.52
Table 4: Errors for potential (5.4) with ¢ =1/32,6; = 1/40,6 = 1/25
H % 18 107 256 381
erry2 of TSSP 7.2386E-01  6.9766E-01 5.9891E-01 4.4621E-01 4.5438E-01
convergence order 0.13 0.35 1.15 -0.04
err;2 of FEM 1.0405E+00 7.6181E-01 3.9576E-01 2.4296E-01 1.2263E-01
convergence order 1.08 1.50 1.90 1.57
errye of localized OC MsFEM  1.1020E-01  4.6191E-02 1.4599E-02 7.0645E-03 2.7841E-03
convergence order 3.02 2.64 2.83 2.13
errg1 of TSSP 7.7187E-01  7.4138E-01 6.5957E-01 4.6178E-01 6.2428E-01
convergence order 0.14 0.27 1.39 -0.69
erry1 of FEM 1.4094E4-00 1.0687E+00 5.9197E-01 3.8997E-01 2.3699E-01
convergence order 0.96 1.35 1.62 1.14
erry1 of localized OC MsFEM  2.0905E-01  1.1702E-01  5.6644E-02 3.5799E-02 2.4102E-02
convergence order 2.02 1.66 1.79 0.91
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Figure 3: Errors for potential (5.4) with e = 1/8,0; = 1/5,05 = 1/10
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Figure 4: Errors for potential (5.4) with e = 1/32,60; = 1/40,05 = 1/25

The time-splitting spectral method suffers from reduced convergence order and low accuracy
due to the discontinuous potential (5.4). However, convergence rates of first order in the energy
norm and second order in the L? norm are still observed for the FEM and OC MsFEM although
the discontinuous potential (5.4) results in a solution with lower regularity. Moreover, the OC
MsFEM vyields much higher accuracy than the FEM, which is consistent with the analysis in
Section 4.1.

Both examples confirm our theoretical findings and indicate that the OC MsFEM is accurate
and robust for the Schrodinger equation with general multiscale potentials.

6. Conclusion

In this paper, we provide a rigorous convergence analysis for the OC MsFEM in solving
Schrodinger equations with multiscale potentials in the semiclassical regime. We prove the
exponential decay of the multiscale basis functions and propose the way of constructing the
localized multiscale basis functions. Besides, we show that the localized basis functions can
achieve the same accuracy as the global ones by choosing the oversampling size m appropriately
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according to the mesh size H as m = O(log(1/H)). Based on the properties of Clément-type
interpolation, we prove that the OC MsFEM can achieve first-order convergence in energy norm
and second-order convergence in L? norm. Furthermore, if the solution possesses sufficiently
high regularity, super convergence rates of second order in energy norm and third order in L?
norm can be obtained. We find that using the same mesh size the OC MsFEM gives more
accurate results than the FEM in solving Schrodinger equations with multiscale potentials due
to its super convergence behavior and weaker denendence on the small parameters ¢ and 9.
Numerical results confirm our analysis. For a smooth potential, super convergence rates are
observed for the OC MsFEM. While for a discontinuous potential, the OC MsFEM retains
first-order and second-order convergence in the energy norm and L? norm respectively and still
yields high accuracy. Therefore, the OC MsFEM is accurate and robust for the Schrodinger
equation with various types of multiscale potentials.

In the future, we will study the convergence analysis of the OC MsFEM for solving eigenvalue
problems for the Schrédinger operators and nonlinear Schrodinger equations. In addition, we
will apply the OC MsFEM to solve wave equations with multiscale features, such as the Klein-
Gordon equation [21].
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