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ABSTRACT. In this paper, we will establish the inequivalence of closed
balls and the closure of open balls under the Carathéodory metric in
some planar domains of finite connectivity greater than 2, and hence
resolve a problem posed by Jarnicki, Pflug and Vigué in 1992. We also
establish a corresponding result for some pseudoconvex domains in C™
for n > 2.

This result will follow from an explicit characterization (up to bi-
holomorphisms) of proper holomorphic maps from a non-degenerate
finitely-connected planar domain, €2, onto the standard unit disk D
which answers a question posed by Schmieder in 2005. Similar to Bell
and Kaleem’s characterization of proper holomorphic maps in terms of
Grunsky maps (2008), our characterization of proper holomorphic maps
from Q onto D is an analogous result to Fatou’s famous result that
proper holomorphic maps of the unit disk onto itself are finite Blashcke
products.

Our approach uses a harmonic measure condition of Wang and Yin
(2017) on the existence of a proper holomorphic map with prescribed
zeros. We will see that certain functions 7(-, p) play an analogous role to
the Mobius transformations that fix D in finite Blaschke products. These
functions 7(-, p) map Q conformally onto the unit disk with circular arcs
(centered at 0) removed and map p to 0 and can be given in terms of
the Schottky-Klein prime function. We also extend a result of Grunsky
(1941) and hence introduce a parameter space for proper holomorphic
maps from Q onto D.

1. INTRODUCTION

For a domain © C C and any z,zp € €, following [22], one can de-
fine the Carathéodory pseudodistance between z and zy to be cq(z,z9) =
tanh ™" (cf,(2, 20)), where

co(z,20) = sup{|f(2)| : f € H(Q), f(20) = 0}
is the Mdbius pseudodistance and H(Q2) denotes the set of holomorphic
maps of  into the unit disc . The pseudodistance co was introduced
by Carathéodory [6] in 1927. It is known that cq (as well as cf,) is a dis-
tance if ) is biholomorphic to a bounded domain in C and in this case,
the topology induced by cq and cg, are the same as that of the Euclidean
topology of Q (see Chapter 2 of [22]). In general, there is a significant differ-
ence between the topological and geometrical structure of the space (€2, cq)
(see [23]) and even basic properties of its open balls are still unknown. Let
Beg(a;r) = {2 € Q : cq(z,a) < 1} and B, (a;r) = {2z € Q : cq(z,a) < 7}
denote the open ball and closed ball with the center at a and radius r > 0
1
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in the Carathéodory metric respectively. It is known that cq is continuous
and hence B, (a;7) C Begy(a;r) (the closure is taken in the sense of the
Euclidean topology of ). It is then natural to ask if the closure of each
open ball is the closed ball of the same centre and radius. This problem
was first posed by Jarnicki, Pflug and Vigué [24] in 1992 and then repeated
in Jarnicki and Pflug’s book [22] (see p.42 in the first edition and p. 66 in
the second edition). As we will see later, it is also related to the problem
of whether the Carathéodory balls for planar domains are connected or not.
We will solve these two problems by proving the following result.

Theorem 1.1. For any g > 2, there exists a domain Q C C of connectivity
g+ 1 such that for some 0 < rg <1y and zg € §2, we have

i) Beg(z0;71) 1s disconnected and relatively compact in Q;
’ii) BCQ (Z(); 7’2) g BcQ (Z(); 7’2).

Notice that when Q C C is simply connected, all the Carathéodory
balls are connected as in this case, the Carathéodory metric is the same
as the Poincaré metric. The case where € is doubly-connected was re-
solved by Schmieder [29] and Frerick and Schmieder [14] and in this case, all
Carathéodory balls are connected. Therefore, with Theorem the prob-
lem posed by Jarnicki, Pflug and Vigué [24] is completely resolved.

Theorem also allows us to construct domains in C" (n > 2) which
satisfy (i) and (ii) in the statement of the theorem. For any domain G' C
C"'anda,z € G, € D, we have the product formula cgxp((a,0), (z,\)) =
max{cg(a, z),cp(0, A) } for the Carathéodory pseudodistance of the product
domain G xD. This implies that B, ((a,0);7) = Be,(a;r) x Be, (0;7) and
hence by Theorem we have the following

Corollary 1.2. Let n > 2 and Q be the domain in Theorem [1.1. Then
M = QxD" ! is a bounded pseudoconver domain in C" such that for some
0<re<ry and zg € M, we have

i) Be,,(z0;71) is disconnected and relatively compact in M ;
ii) BCM(*ZO;T?) - BCM(zO?TZ)-

The above bounded domain € x D"~ ! is pseudoconvex but not strongly
pseudoconvex in C™. This is because any open subset of the complex plane
is a domain of holomorphy and a product of two domains of holomorphy is
again a domain of holomorphy. Moreover, a domain in C" is pseudoconvex
if and only if it is a domain of holomorphy. Finally, it is not difficult to
show that © x D"~! is not strongly pseudoconvex (cf. the arguments used
for the poly-disks in Example 76 of [30]). So the bounded domains Q x D"~*
in Corollary are new examples of complex manifolds which satisfy con-
ditions (i) and (ii) above because so far the only known examples are the
bounded strongly pseudoconvex domain in C" (n > 2) and the non-planar
hyperbolic Riemann surface constructed by Jarnicki, Pflug and Vigué in [24]
(see also Chapter 2 of [22]).
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Returning to the case when  C C, Grunsky showed (in [I7, 19]) that the
supremum in the definition of ¢)(z, 29) is attained by a proper holomorphic
mapping of 2 onto D whose degree is equal to the connectivity of 2. Recall
that, a function f : X — Y from a topological space X to a topological
space Y is said to be proper if f~1(K) is compact for any compact set
K CcY. Theorem will follow from an explicit characterization of proper
holomorphic maps mapping a non-degenerate finitely-connected domain {2
onto D which we establish in Theorems and of this paper. This
characterization also answers Question 1 posed by Schmieder in [29].

Let D = {z € C : |z| < 1} be the open unit disk in C. In 1923, Fatou
[13] proved that f : D — D is a proper holomorphic map from D onto D if
and only if f is a finite Blaschke product, i.e., f takes the form

where 0 € [0,27) and pp, € D for all k =1,...,n.

Let A, = {# € C : r < |z] < 1} be an annulus in C and let C, =
{z € C: |z] = r}. In 2017, Wang and Yin [31] proved that there exists a
proper holomorphic map f : A, — D if and only if the zeros of f, p1,...,pn
satisfy |pipe---pn| = ¢ where d = deg( fl|, ). Furthermore, the proper
holomorphic map is given by

0 n _ 00 Y N U
f(z):%dH iy (z = prr™)(z = per ™)

1—prz (1 —prr2iz)(1 —prr—2z)

k=1 j=1

for some 6 € [0, 27)

From now on, let g > 1 and Q be a non-degenerate (g + 1)—connected
domain in C. Let 7o, ...,7, be the boundaries of the connected components
of the complement of 2 in the extended complex plane. The assumption
that €2 is non-degenerate means that each boundary component o, ...,y
is not a point.

For each [ =0,...,g, let u; :  — R denote the harmonic function on €2
satisfying ul|7m = 0, where 0y, is the Kronecker delta. In other words,
uy(z) is the harmonic measure of v; with respect to z in Q. In [31], Wang
and Yin proved that a proper holomorphic map f : Q@ — D of degree n
with zeros pi,...,p, exists if and only if for some ng,n1,...,ny € N with
n=ng+- -+ ng,

Zuj(pk):nj forallj=1,...,9 (1)
k=1

and the degree of f restricted to ~; is n; for [ =0,...,g. Moreover, the map
f is unique up to rotation. Note also that in 2019, Bogatyrev [4] proved
a necessary and sufficient condition for proper homomorphic maps from a
genus g Riemann surface with & > 0 boundary components onto the closed
unit disk D. He also gave a representation for such proper holomorphic maps
in terms of the third-kind abelian differentials.
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In this paper, we will make use of Wang and Yin’s condition to give
an explicit description of P(2), the set of all proper holomorphic maps of
Q onto D when Q is a circular domain, i.e, 2 is D excluding g mutually
disjoint closed disks inside D). Notice that there is no loss of generality to
assume that (2 is a circular domain because by Koebe’s generalised Riemann
mapping theorem [25, 26], any non-degenerate finitely connected domain in
C is biholomorphic to a circular domain. So from now on, 7y is the unit circle
and 71,...,7y are disjoint circles inside . In addition, a circularly slit disk
is the unit disk with circular arcs (centered at 0) removed. It is a classical
result that there exists a conformal map from {2 onto a circularly slit disk
which preserves the unit circle and maps p € Q to 0 (see e.g. Chapter 15 in
[7]). Moreover, this map is unique up to rotation. The following result gives
an explicit description of P(2),

Theorem 1.3. Suppose that p1,...,pn are points in 2 satisfying the condi-

tion for positive integers ni,...,ng. Then up to a multiplication factor
e any proper holomorphic map f € P(Q) which has zeros py,...,p, and
satisfies deg(f|,yj) =n; for j=1,...,g9 can be written uniquely as

f(z) =exp | —2mi anvj(z) H n(z, pr)-
k=1

=1

Here v; denotes the integral of the first kind for j = 1,...,g and n(-,p) is
the conformal map from Q onto a circularly slit disk which maps p to zero
and preserving the unit circle.

We will also give the following alternate formula for a proper holomorphic
map along with an alternate condition on the zeros of the proper holomor-
phic map that guarantees existence of the proper holomorphic map with
those zeros.

Theorem 1.4. Suppose P = {p;,:1=0,...,gandk=0,...,ny —1} C Q
s a set of n points in Q) that satisfy the condition . Then the unique proper
holomorphic maps whose zeros are pi i, forl =0,...,g andk =0,...,n;—1
and with f(1) =1 can be written as

g n—1

f@) =K@ I mz o)
1=0 k=0
where K (P) is a constant that does not depend on z; no(-, p) maps  confor-
mally onto a circularly slit disk such that 0D is mapped to 0D and ny(p,p) =
0; and forj =1,...,g, nj(-,p) maps Q conformally onto a circularly slit disk
such that v is mapped to 0D and n;(p,p) = 0.
Moreover, condition on the zeros can be rewritten as:

A proper holomorphic map with zeros p1, ..., p, exists if and only if we can
reindex the zeros as {pj :1=0,...,gandk =0,...,n; — 1} such that

g n—1

H H pu,i(p1k) does not depend on i, (2)
1=0 k=0
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where pyi(prr) denotes the radius of the image of ~; under m(-,pi k).

Note that for I = 0,...,¢ and p € ©, the functions n;(-,p) have constant
modulus on each boundary component. So if a function F' is a product
of functions of the form 7;(-,p) (for some [ = 0,...,g and p € ), then
F will also have constant modulus R; on each boundary component ; for
[ =0,...,9. The condition means that if Ry = --- = R, (i.e. F has
constant modulus on 91), then after scaling, F' is a proper holomorphic
map.

Theorems and show that the conformal maps 7(-,p) and 7;(-,p)
play an analogous role to the Blaschke factors
=P
1—-pz

m(z,p) =

in a finite Blaschke product. In [10], Crowdy and Marshall give an expression
for the function 7(-,p) and 7;(-,p) in terms of the Schottky-Klein prime
function, w(z, (), of the domain Q (note that n = np). In particular,

w(z,p)
plw(z,p71)
The Schottky-Klein prime function is constructed using the Schottky group

O, a discrete group of Mobius transformations that is associated to the
domain 2. We will see later that for certain Schottky groups, we can write

_ 11 ™0(2),p)
n(z,p) = 9161) W (3)

Let v = (ng,n1,...,ny) € N9T1. We will call v, the boundary degree of
a proper holomorphic map f € P(Q) if deg(f|w) =mn;forl=0,...,g9. Let
P, () denote the family of proper holomorphic maps of boundary degree
v and P,(Q) denote the family of proper holomorphic maps of degree n.
In the special case where v = (1,...,1), it is clear that P,(Q) = Py41(£2).
Note that the Riemann-Hurwitz formula implies that g + 1 is the minimum
possible degree of a proper holomorphic map of €2 onto D.

The requirement that the zeros satisfy means that we cannot easily
construct a proper holomorphic map by prescribing points in 2 that are
its zeros. A theorem of Grunsky [I8] states that we can uniquely specify a
proper holomorphic map in Py1(£2) by prescribing one point in €2 to be its
zero and one point on each of the g+ 1 boundaries of €2 to be the preimages
of 1 (see Section 6.5 in [16]). For completeness, we state this theorem here,
following Schmieder’s formulation [29].

n(z,p) =

Theorem 1.5 (Grunsky [18]). Suppose that p € Q and w; € ~; for each

1 =0,...,9. There exists a unique proper holomorphic map f € Pg41(£2)
such that f(p) =0 and f(w;) =1 for each 1 =0,...,g.

We will prove the following theorem which extends this result to P, (2)
for any boundary degree v. We remark that this also provides a new proof
of the above theorem.
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Theorem 1.6. Suppose that p € Q and wyy, € 7 for each | = 0,...,g,
k=0,...,n;— 1. Then there exists a proper holomorphic map f € P,()
such that
(i) f(p) =0;
(ii) f(wyr) =1 for eachl=0,...,9g and k=0,...,n; — 1.
If n =g+ 1, such f is unique. If n > g+ 1, then for each 1l =0,...,g such
that ng > 1 and k =1,...,ny — 1, let N be a given positive number. Then
there exists a unique proper holomorphic map f € P,(Q) such that (i) and
(ii) above are satisfied as well as the condition (i) that for each such l and
k,
!/
gl o "
| f/ (wr )|

Notice that for any proper map f : @ — D, f maps each ; onto the
standard unit circle S = 0D. By the Schwarz’s reflection principle, we can
extend f such that the extension is analytic in a neighborhood of each
and hence f'(wy ;) and f'(wop) exist in Theorem and we have f(z) =
L4 f'(wig)(z —wig) + -+ - near wyy, and f(z) = 14 f'(wo0)(z —wo,0) + -
near wo,o. If we let Hy, , be the open half plane whose boundary is tangent
to v, at wy and it excludes v; when [ > 1 and includes vy when [ = 0 and
k = 0, then since f maps some neighborhoods of w; ; and wpp in € into the
same neighborhood of 1 in D, it follows that arg f/(w; ) and arg f'(wo ) are
uniquely determined by w;; and wpp respectively. Theorem shows, on
the other hand, that the restrictions on |f/(w; )| and |f'(wo,0)| given by
will determine f uniquely.

If we identify each ~; with the standard unit circle S, then Theorem [1.6
implies that for n = g + 1, we can define a surjective n to 1 map G :
Q x S" — Pp(Q) which sends (p,wop,...,wq0) to the unique proper map
f: Q — D satisfying (i) and (ii). While for n > ¢g 4+ 1, we let Ry be the
positive real axis. If v = (ng,n1,...,n4) € N9+1 is a given boundary degree
where n = Y7 n, then we can define a surjective (n - ng!- - - ngy!)-to-1 map

G:QxS" xR = P,(Q) which sends
(p’ U}O’O, R awg,ngfla )\0,15 R 7)\0,710717 e 7)\g,17 R 7)\g,ngfl)
to the unique proper map f : Q — D satisfying conditions (i), (ii) and (iii)

in Theorem We will further show that this map is continuous. This is
the following corollary.

Corollary 1.7. Let Q2 be a circular domain of connectivity g + 1. Let n >
g+ 1 and v = (ng,ny,...,ng) € N9 such that n = Y7_ n;. We endow
P, (Q) with the topology of local uniform convergence. Then there exists
a continuous (n - ng!---ng!)-to-1 map from Q x S™ x Ri_g_l onto P, (£2).
If p € Q and P, () is the subset of P,(Q) which contains those proper
holomorphic maps with a zero at p, then there is a continuous (ng!---ng!)-

to-1 map from S™ x Ri_g_l onto Py, (Q2).

We remark that in [2], Bell and Kaleem provide a different character-
ization of proper holomorphic maps of degree n > ¢ 4+ 1 in terms of the
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preimages of 1 using Grunsky maps.

This paper will be organized as follows. In Section 2 we will give a
brief introduction to the Schottky-Klein prime function and give some of its
properties that we will need in the following sections. In Section [3] we will
prove Theorems [I.3] and In Section [4], we will use the previous results
to establish Theorem and Corollary In Section [B, we will prove
Theorem Finally, in the last section, we will indicate how to associate a
finite Blaschke product to a proper map in P(2) when € is certain circular
domain.

2. THE SCHOTTKY-KLEIN PRIME FUNCTION

Let € be a (g + 1)—connected non-degenerate circular domain and let

7o be the unit circle and ~1,...,7, be the interior boundary circles. We
suppose that +; has center ¢; and of radius r; for each [ =0, ..., g. For each
[=0,...,g, define
i
pz) =q+=——
Z—dq

the reflection with respect to v, and for j = 1,..., g, define

2
’I“jZ

1-gjz

0;(2) = ¢j(po(z)) = ¢; +

As the composition of two reflections, 6; are Mobius transformations. The
group O freely generated by 01,...,0, is called the Schottky group of .
The domain Q* = QU vy U ¢p(f2) is a fundamental region associated with
O called the Schottky double. Then Q*/© is a compact Riemann surface
of genus g. Let o; be any line joining a point z € ; with its identified
point 0]._1(z) € wal(vj). The 2g curves 7v1,...,%g,01,...,04 form a basis of
the fundamental group of Q*/O. Then there exist g holomorphic functions
v1,...,v, satisfying the functional properties

/ dvj = (57;]' (5)
i

/ d’Uj = Tij (6)

for some purely imaginary constants 7;; and the Kronecker delta d;;. These
functions vy, ..., vy are called the integrals of the first kind of €.
We have the following properties:

and

T =Tjifori,j=1,...,¢g
and
Tij = v;(0i(2)) — v;(2) (7)
for any z € Q% for any i = 1,...,g, for any j =1,...,¢g. See [I] and [12].
Also, it is demonstrated in [I1] that

vi(Eh) = v;(2) (8)
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and
Im (v1(2)) Ti1 cc Tig ui(z)
2i : =1 : "~ : (9)
Im (v4(2)) Tgl ' Tgg ug(2)
where, for j = 1,...,¢, u; denotes the harmonic measure of ; (relative to

For every z,y € Q, the Schottky-Klein prime function w(z,y) is defined
to be the unique function (of z) such that
(1) w(z,y) is analytic everywhere in 2;
(2) w(z,y) has a single zero at each of the point {f#(y) : 6 € O} (and is
non-zero elsewhere);

==y (2 —y)
(4)

=1, and,

w(0(2), y) = exp (2mi (vj(y) — v;(2)) — wiTj;) 4| %w(z, y).  (10)

The existence of such w(z,y) is established in [21I]. It would be useful to
express w(z,y) in the following infinite product form (see Chapter XII of

[1):
o (2= 0(y)(y — 0(2))
w(z,y) = (2 —y) 9161, (z—0(2)(y —0(y)

Here ©’ is a maximal subset of © that excludes the identity element such that
6= ¢ ©" whenever § € ©'. Note that the uniform convergence of this infinite
product is still unknown for a general multiply connected planar domain (see
open problem 1 of [§] and section 1 of [27]) and it is connected to the absolute
convergence of the Poincaré theta series of the Schottky group (see [1]). It
is known that for any circle decomposable Schottky group (see Section 4
of [3] for its definition), its associated Poincaré theta series is absolutely
convergent and hence the associated Schottky-Klein prime function w(z,y)
has the infinite product expression in . Examples of circle decomposable
Schottky group are those Schottky groups with an invariant circle and in
particular when all the centers ¢; are on the real axis (see page 54 of [3]). For
the domain we are going to construct in the proof of Theorem we will
simply assume the centers of the boundaries of 2 are on the real axis even
though the proof also works in the case when the radii r; are sufficiently less
than the distances between the centers |¢; — ¢;| when i # j (see page 55-58
of [5]).

Note that w(z,y) is independent of the choice of ©'. In particular, the
Schottky group © is the disjoint union of @', (0’')~! = {#~!: 0 € ©'} and
the set containing the identity.

We will also need the following symmetry properties of w (see [12]):

w(zvy) = _@w(g_l’g_l)' (12)

(11)

From , we have
W(Z,y) = —w(y,z). (13)
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For more details about the Schottky-Klein prime function and its construc-
tion, see [1], [9] and [21].

Define (2.p)

w(z,p
n(z,p) = T =1~ (14)

plw(z,p7")
and for any z,p € Q and each [ =0,1,--- , g, define
pi(p)  w(zp)

zZ,p) = . 15
(%) p w(z wi(p) (%)

In [10], it is proved that n(-,p) = no(-,p) is a conformal map from €2 to a
circularly slit disk with zero p mapping 0D to 0D; and 7;(-, p) is a conformal
map from € to a circularly slit disk with zero p sending 7; to OD. Note that
such conformal maps are unique up to rotation. When we want to make
the dependence on the domain €2 clear, we use the notation nq for 1 and
na,; for n;. For j =1,...,g, we consider a Mobius transformation p; with
pi(v;) = 0D and p;(2) C D. Then p;(2) is also a non-degenerate circular
domain and by the uniqueness of the conformal map onto a circular slit disk,

00,5 () = Nt @) (15 ()5 125 (+) (16)
for some constant A\; where |\;| = 1.

From the statements of Theorem and we can see that 7 and 7; act
as the building blocks of proper holomorphic maps in P(2). As mentioned
in the introduction, this is analogous to the role of
=P
1—7pz

m(z,p) =

in finite Blaschke products (which are precisely the proper holomorphic maps
in P(D)). We will now prove (3) which makes the link between the functions
m and 7 explicit when the infinite product form in holds.

Proposition 2.1. Suppose that holds, then
m(0(z),p
n(z,p) = H M

L))
Proof. Fix p € Q C D. Note that for any Mobius transformation p,
u(z) = nlp)

p—— ' (z)i ().

In particular, for any 6 € O,

z=0pp) | O [ 0'z)—p
c—op )\ oG (Fe): a7)
Then from and , we have
_ w(zp)
"D = )
_ ( 1 > < Z—p ) 1 (z=0(p)(p—0(2)(z—0(z)p' =0 "))

) =57 AL G0 )~ 0(2)(=— 6())(p— 0(p)
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1\ (z-p (2= 0)(p—0()P" — ("))
< > (1 - pZ) 91;), (z =0 )P —0(z))(p—0(p))

p
Using , the infinite product can be written as

/ =1 _ (=1
11 (p Hi;]j)l)m(9‘1(z),p)> (p(pp_;(g ))m(e(z),p))

0co’

and hence

n(zp) = (1m<z,p>> TT Aom(0(2), pym(0~ (=), )

p 0coe’

for some constants Ay (depending on p but not z).
Now note that n(1,p) = 1 and hence

where for the last equality, we have used the fact that
m(6(z),p) m(0~(2),p)

I o =4 1 g
iee MO(1),p) s MOTH(1),p)

both converge. This establishes the formula. O

3. ProviING THEOREMS [1.3] aAnD [T_4].

As mentioned previously in the introduction, Wang and Yin proved in
[31] that there exists a proper holomorphic map f : Q — D from Q onto D
of degree n with zeros py, ..., p, if and only if the condition is satisfied.
The following lemma rewrites the condition in terms of the integrals of
the first kind vy, ..., v,.

Lemma 3.1. Condition s equivalent to
n n
QiZIm (vj(pr)) = ZTjknk forallj=1,...,9. (18)
k=1 k=1

Proof. Follows directly from @ O
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For z € Q and pyg,...,pn, € Q satisfying condition , we consider the
function given in Theorem

f(z) =exp —QTFZZTLJUJ Hn 2, Dk)- (19)

j=1

The following lemmas give some properties of f which we will require to
prove Theorem [1.3]

Lemma 3.2. For any z € 09, |f(z)| = 1.

Proof. Suppose z € 70. Then we have z = z~! and by @, Im (vj(2)) =0
forall j =1,...,9 and hence

9 g
exp [ —2mi Z njv;j(z) | exp | —2mi Z njvj(z) | =1.
j=1 j=1

Also, it follows from that

wlz,p)w(z,p —Zp
7](271))77(27])) = (77_)1( )7_1 =—F 3 = 1
plPw(z,p Hw(z,pt)  —Z0 Pl
Using we deduce that, for z € v, f(2)f(z) =1 and so |f(z)| = 1. Now,
suppose that z € ~; for some i = 1,...,g. Then we have z = 6;(z!). It

follows that

w(z, pr)w(z, pr)
i1 |pklPw(z, ﬁ;l) (2,04 ")
0;(z™1), pr)w(z, pi)
kHl!pk\%( 0:(z71), b w(z 1y, )

=exp (27ri Z (Uz'(pk) — Uz(pkl))) H wwﬁpkzi
k=1

k=1 |pk|20.)(2_1,pk 1)W(Z,pk 1)

(by (D)
g
=exp (277227’1371]- (by (3), and (12))
7=1
and
g g
exp [ —2mi Z njv;j(z) | exp | —2mi Z njv;j(z)
j=1 g=1
g g
=exp 27ri2njvj(0i(2_1)) exp —QWianvj(z)
j=1 j=1
g
=exp | 27 Z nj(vj(z) — 75) — 2mi Z njv;(z (by and ({8))
j=1
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g
=exp —QWiE Tij M
j=1

Hence, f(z)f(z) =1 for z € ; for each i = 1,...,¢. Thus we have shown
that |f(z)] = 1 for all z € 99. O

Lemma 3.3. For eachl=0,--- g, we have
deg( f],,) = m.

Proof. For each k = 1,...,n, recall that n(-, pg) is a conformal map from §2
to a circularly slit disk sending 7o to O and +; to a proper subarc Lj;, of a
circle centred at 0 for each j = 1,...,¢g. Notice that for if one travels along
7; once, the image of v; under (-, py) will move along Lj;, and then —L .
For each k = 1,...,n, considering n = n(-,px) as a change of variable, we

have
1

1 d
3 / dlogn(z,pk):—2 / Sy
T o T ij*ij 7]

forall j=1,...,9 and

1 / 1 dn
5= [ dlogn(z,pr) = 5— / —=1
270 )y, 21 Jop M

Using the argument principle, we have

dea(fl,)) = 5 | dlogf(2)

Vi
1 (< -
=5 (Z 2mwin,; / dv; — / dlog n(z,pk)>
i=1 3 k=177

foreach j=1,...,¢9 and
1
deg( fl,,) = 27”./mdlogf(Z)

271 2
T JoQ = T j
g
=n— E nj
j=1

We now prove Theorem
Proof of Theorem[I.3 By construction, it is clear that

f_l(o) = {p17 s ,pn}-
Lemma and the maximum modulus principle imply that |f(z)| < 1 for
all z € Q. This implies that f is a finite map and hence is proper (see, for
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example, Section 9.3 of [28]). The condition of the degree of each boundary
is implied by Lemma |3.3

As in [31], we obtain uniqueness as follows: Suppose that fi is a proper
holomorphic maps in P(€2) with zeros p1,...,p,. Then using the Schwarz

reflection principle, we obtain holomorphic maps f1, f from the associated
compact Riemann surface 2*/© onto the Riemann sphere with zeros at

p1,...,pn and poles at p1— L, ..., Pn . Then f—i has no zeros and poles and

hence is constant. This constant is equal to e for some real 6 because
|f| =1 on 0Q and |fi| — 1 as z — 09 (since fi is proper). This implies
that f; = e f. O

To prove Theorem we will first need the following lemma which, in
addition to , gives a link between 7; and 7.

Lemma 3.4. For n; as defined in the statement of Theorem we have

k(p)n; (2, p) = exp(—2miv;(2))n(z, p)
for some constant k(p) not depending on z.

Proof. Since 0; = ¢; o g, we have

pl=0;"0pp).
Hence
w(z,p)
lplw(z,p7t)
w(z,p)
plw(z, 05" 0 0;(p))

1 w(z,p)
g oy @)

The result then follows from ([15). O

exp(—2miv;(2))n(z, p) = exp(—2miv;(2))

= exp(—2miv;(2))

Proof of Theorem|[I.4. The expression for the proper holomorphic map f
follows directly from Lemma [3.4] and Theorem It remains to show that
if {pr:1=0,...,9andk =0,...,n, — 1} satisfy condition then there
exists a proper holomorphic map with these points as zeros.

Suppose that is satisfied and let

g n—1

fz) =R][ I m(zpix)

=0 k=0

where

R =

g n;—1
H H pl,i(pl,k)]_ll

=0 k=0
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which does not depend on ¢. Then for [ = 0,...,9 and any w € -,
]m(w,pz,k)\ = pl,i(pl,k) which implies that
g m—1
RIT II m(w.pis)
1=0 k=0
So | f(w)| = 1for all w € Q. As in the proof of Theorem 1.3} this implies that

f is proper. Then Theorem and Lemma imply that deg( f |%) =mny
forl=0,...,g. O

f(w)] = =1

4. DISCONNECTEDNESS OF CARATHEODORY BALLS.

Suppose that 2 is a circular domain of connectivity g+ 1 (g > 1). In the
introduction, we know from Grunsky’s work (see [17,19]) that the supremum
in the definition of the Mobius distance ¢ (20, 2) is attained by some degree
g+ 1 proper map in Py1(§2). Hence we can write

ca(20,2) = sup{[f(2)| : f € Py11(2), f(20) = 0}.

Moreover, by the uniqueness of proper maps up to rotation (cf. [20]), we
have

cq(z0,2) = sup{|f(2)| : f € Py41(2), f(20) = 0, f(1) = 1}.
We will now construct the examples that will prove Theorem Notice

that since cq = tanh ™' ¢y, we only need to establish (i) and (ii) in Theorem
for the cg, balls B (z0;71) and Bcg(z(); r9). Let p € Q and

g
Zaop = {{Pl,...,pg} CQ: Uj(@JrZuj(pk) =1forall j = 1,...,9}.
k=1
Thus, by Theorem for each P = {p1,...,ps} € Zqp, there exists
a unique degree g + 1 proper holomorphic map of Q onto D with zeros
D,P1,---,Pg €  and with 1 mapping to 1. Denote this unique proper map
by ®q(-;p, P). For any ¢ € , there exists a unique P € Zq 5 such that
®(-,p, P;) attains the supremum in the definition of ¢&(p, ¢) i.e.

ca(p; Q) = [®(¢;p, Pl (20)
Consider the cf, ball centered at p with radius r. This is
Bey (pir) = {2 € Q: cq(p, 2) <}
From the definition of the Mdobius distance, we can write this as
Bey, (i) ={z € Q: S [@a(z;p, P)| <r}

€Za 5
PeZq,p
where for each P € Zq 5,
Bp(p;r) :={2 € Q:|Pq(z;p, P)| < r}.

We now describe the general strategy used to prove Theorem Theo-
rem implies that ®(-,p, Pr) can be written as an infinite product of the
functions ;. We will find a domain €2 and a point { € Q that is outside
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a neighbourhood of p so that one of the terms in the infinite product is
arbitrarily small at the point ¢ while the other terms are bounded. This
will imply that |®((,p, Pr)| can also be made arbitrarily small. Using the
fact that ®(p,p, ;) = 0, we will be able to find an r > 0 so that Bp(p;r) is
disconnected. This, in turn, will allow us to establish Theorem

We use the notation from previous sections: €2 is a circular domain with
boundary circles 79 = 0D and 71, ...,7, C D. In order to apply Proposition
in the following arguments, we will further assume that all the centers
of v; are on the real axis so that holds.

For q € Q, let nq(+, q) be a conformal map of Q onto a circularly slit disk
with dD mapping to the dD and ¢ mapping to 0 and, for each j =1,...,¢g
and g € Q, let 1o ;(-,¢) be a conformal map of € onto a circularly slit disk
with 7; mapping to the 0D and ¢ mapping to 0. We need the following
lemma.

Lemma 4.1. For any given j = 1,...,g, and sequence {q,} C Q with
qn — 7, we have
‘nQ:j('aQnN —1 asn — oo

locally uniformly in Q.

Proof. Suppose that {p,} is a sequence in Q with p, — 9D. Using Propo-
sition [2.],

_ 1y mw), pa)
mbe-p) = 115G 5

Since |m(z,p)|] = 1 for any p € 9D, we have for any compact set K C
D, |m(-,pn)| — 1 as n — oo uniformly on K. Here, we note that for n
sufficiently large, m(6(-),p,) is bounded and does not vanish on K. Hence
for all f € ©,

lim sup log |m(6(w),pn)| = 0.
Hence log |m(é(-), pn)| is bounded on K and the bounded convergence the-
orem then implies that

ilelllo(gggozlog Im(0(w), pn)| = Sggznlggolog\m@(W),M)\ =0.

9O e gco
Hence
o pa)| — 1
converges uniformly on K as n — oco. Then the result follows by setting
Pn = 1j(gn) and using . O

We can then give a sufficient condition on €2 that would guarantee that
2 satisfies Theorem [I.1] This is contained in the following result.

Theorem 4.2. Assume that g > 2. Suppose that for some distinct ji,ja €
{1,..., g}, there exist ¢ € Q satisfying

nQ(<7Q) ‘ < 51 (22)

lim
i) (wa Q)

q_>7j2
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lim
q—0D

19.5> (¢, ) ‘
Q.52 (W, q) <P (23)

for some 0 < 81 <1, 0 < B2 < ﬁfl and w € v;,.Then for some p €
sufficiently close to vj, and 1 > ro = cq(p, (),

i) B (p;r1) is disconnected and relatively compact in Q;
ii) Bey, (Dir2) & Bey, (Pi72)-

Note that the conditions in the statement of the theorem do not depend on
the choice of w € 7;, since the functions nq(-,¢) and nq ;(-, ¢) have constant
modulus on each boundary component. Theorem will then follow from
this theorem by finding a domain €2 in which and holds for some
¢ e

Proof of Theorem[[.9 Without loss of generality, we suppose j; = 1 and
Jj2 =2. As p — 71, we have u;(p) — 1 and u;j(p) — 0 for each j =2,...,g.
Then as p — =1, the condition

g
u;j(p) +Zuj(pk) =lforallj=1,...,9
k=1
ensures that u(py) — 0 for each k = 1,...,g. Hence, for each P € Zq 5,
every element of P will be close to each of the other boundary components
of Q. In particular, for each ¢ € 2, we can reorder the elements in Pr =
{p1c,-- - pgc} € Zqp such that as p — 1, we have

pi,c — OD and pj ¢ — v; for j =2,...,9. (24)
By Theorem for ¢,w € Q we can write
‘(PQ(C;ﬁ,Pg) ‘ _ UQ(C:PZ,C)' 12,1(C. D) | | 10.2(¢. 1) ﬁ 19,5 (¢, Ps¢) ‘
Po(w;p, Fo) | [na(w,pac) | [ne(w,p) | [ne2(w, pre) | = Ina.;(w, pjc)
2.5 (6:Pj.¢)

where the product [[7_; Y c)’ is assumed to be 1 when g = 2.
5J 7,

By conditions and , we can find p sufficiently close to 1 such
that for any w € 71,
m0(C,p2,0)| < Bilna(w, pac)l
n0,2(C, p1,c)| < B2na,2(w, p1,¢)|-

Hence
[na (¢, p2.c)lna2(C i)l < Bibalna(w, pac)||na2(w, pic)l
< Ina(w, p2.¢)l|na.2(w, p1,¢)|

since 3109 < 1.
Taking such a value of p and 0 < € < 1 sufficiently close to 1 such that
B152 < €, define p > 0 by

p = elna(w, p2.c)lna2(w,p1c)

for some w € y; such that

1na(¢, P2, )lma2(Cpro)l < p < |na(D; p2,o)lIne2 (D p1c)l-
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For the reasons mentioned previously, the definition of p does not depend
on the choice of w € ;. Let

L ={ueQ:|no(u,pac)llnez(u,pic)l = p}

Then L is a closed (and hence compact) subset of 2 and any path from p
to ¢ in ) must intersect L. Notice that we have for any u € L,

oG p2lIma2(C o)l < P2 ot palia(umo)l. (25

Then implies that we can find p sufficiently close to v; such that for
any u € L,

10(C,p2c) ?79,2(@191,4)' BB (26)
na(u, p2.c) | |ne,2(u, p1c) €
From and Lemma for each j =3,...,¢,
M%land W‘—)laSﬁ_)71
10,1 (u, p) 10,5 (s Pjic)

and this convergence is uniform for v in the compact set L. Hence, for
u € L,

lim

=71

La(Gp P | _ | 12(Cp20) ‘ 779,2(C,p1,g)‘
Po(u;p, Pe) | p=m [ma(u,p2c) | | me2(u,pic) |
It follows from that for p sufficiently close to 71,
0 (G p: )
Qo (uw;p, Pr)
for all w € L. Since L is compact, we can find 0 < r; < 1 such that
[P (C;p, o)l < < |Pa(u;p, )

for all w € L . Notice that implies that cg,(p,() < 71 and therefore
D¢ € Bex(p;r1). As 1 < |Po(u;p, Pr)| for all w € L, LN Bpg(ﬁ; r1) = 0.
Then (21) implies that L N Be (p;71) = 0. Since any path in Q from p
to ¢ must intersect L, we conclude that By (p;r1) is disconnected. Also
B (p; 1) is relatively compact as its closure is bounded.

Finally, since Bex (p;r1) is disconnected, there exists a connected compo-

nent of it which does not contain p. Let S be such a component and C' be the
union of all the other components so that Bex (p;r1) = SUC and SNC = 0.

Let 79 = inf{c,(p, 2) : z € S}. Notice that B (p;71) is compact and hence

<1

so is S. As ¢ (p, z) is a continuous function in z, there exists some £ € S

such that 0 < ro = ¢§,(p,§) < r1. Clearly, £ € B (psre), SN B, (pyra) =10

and B (p;2) C Bey, (p;r1) = SUC. Tt follows from SN B (p;r2) = 0 that

Be (pir2) NS = () and hence B (p;r2) € C. Since SNC = (), we have
B (p;m2) NS = 0. As £ € S, we must have By (p;12) & Bey, (D 72)-

Il

It remains to find a domain  and a point ( € €2 that satisfies

and . We first need to introduce further notation. For 7 > 0, let
{7 € D : r € (0,7]} be a family of concentric circles in D such that 7,
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has radius . Let v1,...,7,-1 C ID be disjoint circles so that they together
with the unit circle bound a circular domain Q*. If we further assume that
v N7y =0 for any r € (0,7] and j =1,...,g — 1, then we define the family
of g + 1 connected domains {Q, : r € (0,7]} such that €, is the circular
domain bounded by the unit circle and the circles vq,...,74—1 and 7,. We
first need the following lemma.

Lemma 4.3. Suppose that r € (0,7] and let n, = nq,.. Then as r — 0,
777"('7 ) — nQ*('a )
uniformly in Qs x Q.

Proof. For r € (0,7], let ©, denote the Schottky group associated with €,.
Similarly, let ©* denote the Schottky group associated with Q*. Then (using
the notation from Sectlon' 0" = (01,...,0,-1,07",...,0")) and ©, =

~ 19— 1
01,...,04-1, HT, 07 L ,9;11, HT 1Y where 6, is the element in O, associated
with 7,. Using Proposition
m(6(w),p)
r(w,p) = nax(w, p Ay 27
ir(w.p) = () [T 22 (27)

0T,
~ r2
where T, = ©,.\ ©*. Notice that 0,.(2) = a+ 1

center of 7,. It follows that

i where o € D\, is the
z

lim sup |60, (w) — 04‘ = 0.
r—0 GQF
Similarly,
-1 ——1
- =0.
r—0 wEST; r (w) @ ‘

Together with the observation that any 6 € T, has at least one ér or 5; 1
in its compositions of the generators of ©,, we have for any 8 € T,., there
exists some complex number v such that

lim sup |f(w) —v| =0
T—)Owem

and in particular lim,_,o6(1) = v. Hence

0
lim sup log m

= 0.
—0 (w,p)GfT;Q m(9(1),p) ‘

0 __
Here we use the fact that m(b(w), p) does not vanish for (w,p) € Q?Q for
m(6(1),p)
0 €T, Aslog (( (( )) )) is bounded for (w,p) € @2, by the bounded
convergence theorem, we deduce that
m(0(w),p) ’ m(0(w), p)
sup hm Z log sup Z hm log = 0.
)|~ b 2 m(6(1)). p)

( 7p)eQA
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Notice that T is a countable set and we can order elements of T;. as 61, 62, ...
where each ¢; depends on 7. Then } 5, is understood to be > 72,. Thus,

m(6(w),
11 (6(w), p)

— 1| —>0asr—0.
m(6(1),p)

sup
(w,p)eQ" | | 0eT,

Therefore, using ,
sup |y (w, p) — o+ (w, p)|

(w,p) €027
m(6(w), p)
= oo ton)l | T SGa7T | =1
(w,p) €07 €T, P
< sup H T?W -1 =0
(wup)EQi"r‘Q 0T, m( (1),p)
as r — 0. This completes the proof. O

We also need the following lemma.

Lemma 4.4. Let 7, denote the conformal map of Q, onto a circularly slit
disk with 7, mapping onto 0D and 1 mapping to 1. Let A C Qz and let K
be a compact set in Qz such that K N A = (. Then there exists My, My > 0
such that

inf{|n,(w,q)|| :w e K,q € A,r € (0,7]} > M
and
sup{|n-(w, q)|| 1 w € K,q € A,r € (0,7]} < M

Proof. Consider the family of functions
F = {ﬁT(vq) HI/AS A,T € (07ﬂ}

This family is uniformly bounded on a neighbourhood of Q7 and is non-
zero on K as the zeros of functions in F are in A which is disjoint from
K. By Montel’s theorem, F forms a normal family which means F is pre-
compact in the topology of local uniform convergence and clearly My exists.
Now if hg € F attains inf, _zmin{|h(w)| : w € K}. Then hg is the limit
of some sequence in F and hence hg cannot have any zero in K. Thus
min{|ho(w)|: w € K} > 0 and M; exists. O

We can now prove Theorem

Proof of Theorem[I.1. As mentioned previously, we need to show the exis-
tence of 2 and ¢ that satisfies and in Theorem 4.2, Using the
notation in Lemma [£.3] note that

no- (¢,

lim 9) ’ =0
na+(w, q)

(,q—a
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for w € 1. Here we have used the the continuity of ng«(-,-) and the fact
that no=(q,q) = 0. Then Lemma implies that for € > 0, we can find
r > 0 sufficiently small and ¢, ¢ sufficiently close to 7, such that

(€, q) ‘ —
e (w, q)
for w € 1. Now, Lemma [4.4] implies that
(¢, q) ‘
r(w, q)
is bounded. Hence for € sufficiently small and for v;, = v and ~;, = 7,
(22) and hold for this €2, and ¢. This completes the proof. O

5. THE PARAMETER SPACE OF PROPER HOLOMORPHIC MAPS.

We will now prove Theorem Recall that, from the definition of har-
monic measure, u;(w) = d; for w € 4. Hence, if wy € v for [ =0,...,g;
k=0,...,n;— 1, then for each 1 < j < g, we have

g m—1 n;—1
DY wilwig) = > u(wjg) = ny. (28)
=0 k=0 k=0

In other words, the condition is satisfied when the points p; are replaced
by the boundary points w; ;. The idea of the proof is to use the implicit
function theorem to find points in €2 sufficiently close to the boundary such
that the condition is satisfied by these points. We are then guaranteed
a proper map with zeros at these points and with the required degree on
each boundary component of €. Once we obtain such a proper map, we
can then use this to find a proper map which satisfies the desired properties.
Uniqueness of the proper map will also follow as a consequence of the implicit
function theorem. We will first need the following lemmas.

Lemma 5.1. Suppose f € P,() and ( € D. Let q1,...,q, € Q be the
preimages of ¢ under f. Then qi,...,q, satisfy the condition . Con-
versely for ¢ € D, suppose that q1, ..., q, € § satisfy the condition , then
there exists f € P,(Q) with f(1) = 1 such that the pre-image of ¢ under
fis qu,...,qn. Consequently, for any p € Q, there exists f € P,(Q2) with
f)=1, f(p) =0 and

fl@) = flg2) == f(qn)

Proof. Let pu be a Mobius transformation that fixes D and maps ¢ to 0.
Then po f € P,(Q) and has zeros q1,...,q,. Hence, q1,...,q, satisfy the
condition .

Conversely, if q1, ..., g, € 2 satisfy the condition , then there exists a
proper holomorphic map g € P,(2) such that g(¢x) = 0 for k = 1,...,n.
Let 1 be a Mobius transformation that fixes D and maps 0 to ¢ and g(1) to
1. Then f = p o g satisfies the required conditions. For the final statement,
it suffices to consider 1o f where g is a Mobius transformation that fixes D
and maps f(p) to 0 and f(1) to 1. O
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We shall need the following version of Hopf’s lemma (see p.44 of [15]).

Lemma 5.2. Suppose D is a non-degenerate finitely connected domain in
C whose boundary 0D consists of Jordan curves. Let v C 0D be an analytic
arc and u be a harmonic function in D. If lim, ,cu(z) = 0 for all { € v,
then there is an open set W containing v U D such that u extends to be
harmonic on W. If also uw(z) < 0 in D, then the

ou
%(C) >0

for all { € v. Here n is the unit normal vector pointing out from the domain

D.

Lemma 5.3. Suppose that wi,...,w, satisfy wj € vj. Let U be the g-by-g

. . . . Ou;
matriz whose entry in the j-th row and k-th column is u}(wy) = S (wp)-
Then U is non-singular.

Proof. We will show that the rows of U are linearly independent over R.
The rows of U are the vectors

zj = (uj(wi),...,uf(wy)) forj=1,....g.

Take a,...,ay € R and define

g
U(z) = Z aju;(z).
j=1

Then ¥ is harmonic and takes the value o; on «; for j =1,...,¢ and 0 on
0. Then
a1 + -+ agrg =0
g
— Zaku;(wk):() forallk=1,...,g
j=1
oV
= —(wg) =0 forall k=1,...,9.
on

By relabelling the boundary components of §2 if necessary, we can assume
that a1 > a; for j = 2,...,9. Now, suppose (for a contradiction) that
¥ is non-constant. The maximum principle of harmonic functions implies

that ¥(z) < aq for all z € Q and hence, by Lemma g—g:(w) # 0 for

w € ;. This is a contradiction since g—‘i(wl) = 0. Hence we must have

U(z) is constant and thus ¥(z) = 0 (because ¥(z) = 0 on 7g). Thus we
conclude that oy = -+ = a4 = 0 and so z1,...,z, are linearly independent
over R. Il

We now prove Theorem

Proof of Theorem|[I.6. Take p € Q and wyy € v for { = 0,...,9 and k =
0,...,m; — 1. We will construct a proper holomorphic map F € P,(1)
satisfying F'(p) = 0 and F(w; ;) =1foralll=0,...,gand k =0,...,n;—1.
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For each [ = 0,...,g and k = 0,...,n; — 1, let n;; be the unit normal
vector of ; at wy i, pointing towards the interior of 2. Then for ., € (—¢,¢),
we consider the normal line of v; at wy g,

wy g + TR0 k-

We will apply the implicit function theorem to the following system of equa-
tions

=0 k=1

g nl—l
[Z <uj(wl,o +ronio) + Y ug(wig + Tl,k“l,k))] —n; =0,  (29)

where j = 1,...,¢g. Here and in the following argument, we assume that for
any [ withn; = 1, ZZ’: _11 is taken as an empty sum. The left-hand side of this
system of equations is well-defined for sufficiently small positive ¢ because
by Lemma or the Schwarz reflection principle, we can extend each u; to
a harmonic function in a neighborhood W of Q. Notice that u;(z) > 1 for
any z € W and inside the open disk bounded by ~; while u;(z) < 0 for any
z € W and in the open disk bounded by ~; for any ¢ # 0, 5. Let

Fj(TL(), .. .7“970, 7“070, N ,7"07,10_1, 7"1’1 e ,7"1’711_1, N ,7’971 e ,Tgmg_l)
g n;—1
= 1) | wi(wio +romio) + Y wi(wie + rogmie) || =y
=0 k=1

and F : (—¢,6)9 X (—g,e)"9 C RYI x R"9 — RY be defined by F =
(F1,...,F,). From equation , we have at (0,0) € RI x R"9, F'(0,0) =
0. Notice that for 1 < 4,5 < g, oL (0,0) = %(wi’g) by the definition of

87"1'7
normal derivative and hence by Lemma det(( 8852 (0,0))) # 0. Thus

the implicit function theorem guarantees that there exist 0 < gg,&1 < € and
g: (—€0,20)9 — (—¢e1,€1)9 of class C! such that, in (—eg,£0)9 x (—e1,61)" 79,

F(rg,r1) =0 < rp = g(r1).

For each I =0,...,g such that n; >1and k =1,...,n; — 1, we want to
construct a parametrized straight line wj : [0, 7] — € such that w;(t) =
Wik + et g, 0 < rjp(t) < e and uj(wje(t)) =1 — # Recall that
uj(w) = d; for w € . Hence by the maximum principle of harmonic

function, we have u;(z) < 1 for all z € Q. It follows from Lemma

that %i(w) # 0 for any w € 7;. This implies that w; has no critical

j

mn

points on ;. Hence the level curve in § defined by u;(z) =1 — nj'il
Jordan curve close to ; for all sufficiently small positive t. We then define
wj k() = wjr +7;jk(t)n; i to be the point on this level curve that intersects
the normal line at w; ;. We also need to define the parametrized straight
line wo,0(t) = wo0 + 70,0(t)n0 0. Note that ZZJ:;l(l — uj(wjr(t)) =t tends
to 0 as ¢t \, 0. On the other hand, u;(woo) = 0 and u;(z) > 0 in Q. By

ou; Ou;

Lemma T (wo,p) < 0. Let ro,0(t) = 2t where 0 < o < |52 (wop)| for
each 1 < j < g. Then the derivative of w;(wo + 70,0(t)nop) at t = 0 is

is a
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strictly greater than 1. Since u;(wg(0)) =0 = 232_11(1 —uj(w;k(0))), we

then have
n;—1

uj(woo(t) > D (1 —u;(wjr(t)) (30)
k=1
for each j =1,...,g and t € (0, T] for sufficiently small positive T
Then for these n— g parametrized lines wo o(t) and wy x(t), by the implicit

function theorem, there exist corresponding unique w1 (t),...,wqo(t) such
that
g Tll—l
DY uj(wi(t) = nj.
=0 k=0

We claim that all the n points w; ;(t) are contained in 2. We only need
to show that wjo(t) € Q for each j =1,...,g. We first notice that by (30)),
we have

s
|
A

S
[
M=

uj(wyk(t))
0

Il
<)
>
I

n;—1

uj(wio(t)) + ui(woo(t)) + Y uj(wss(t))
P

M-

=1
g n;—1

= ui(wio(t)) + (nj — 1) = (nj = 1) +u(woo () + > uj(w;x(t))
=1 k=1
g

> Zuj(wi,o(t)) + (nj — 1).
=1

Hence,
1> uj(wio(t)) (31)
i=1

foreach 1 <j <g.

Suppose (for a contradiction) that for some 1 < i3 < g, w;, o(t) ¢
for all t € [0,T], then u; (wi o(t)) > 1. Since > 7 uj(wio(t)) < 1, we
must have some different 1 < iy < g such that u;, (w;, 0(¢)) < 0 and hence
Wiy 0(t) ¢ Q. In fact w;, o(t) and wj, o(t) are inside the disks bounded by
the boundary circles 7;, and ~;, respectively. Let us assume that i3 = 1 and
19 = 2. If we define u4 to be the harmonic measure of 2 with respect to
A C 9. Then u + uz = Uy, Uy, on £ because the two harmonic functions
u1 + uz and 4,4, have the same boundary values on 0f2. Like what we
have done before, we will also extend wu,, 4, to the neighborhood W of
so that we still have uy + uz = wu,,u,, on W. For this extended .y, s,, We
know that w,,y,(2) > 1 for any z € W and inside the closed disks bounded
by 71 and ~2. Hence we have ., Uy, (w1,0(t)) > 1 and .y, uy, (w2,0(t)) > 1 for
t € (0,7]. In general, we can also define harmonic measures for any union
of the boundary components «;. Each such harmonic measure can then be
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extended across the boundary components so that the extension is greater

than 1 if it passes a boundary on which the harmonic measure is 1 and less

than zero if it passes a boundary on which the harmonic measure is 0.
Summing up for j =1 and 2, we have

2> Z Uy Uz (Wi0(1))- (32)

i=1

This implies that there must be some i3 different from 1 and 2 such that
Ury; U (Wig,0(t)) < 0 and we may simply assume i3 = 3. Then w3 o(t) will be
inside the open disk bounded by 3. Continuing inductively, we conclude
that for each 1 < j < g, wjo(t) is inside the open disk bounded by ~; so
that ug(w;o(t)) <0 forany 1 <j <g.

Now summing up from j =1 to g, we have

g g

9> 3> uj(wio(t) =Y (1 —u(wio(t)) = g — Y uo(wio(t)) > g

=1 j=1 =1 =1

which is a contradiction. Here, we have used the fact that ug+---+uy =1
on € (because the harmonic function ug + - - - + u4 has boundary value 1 on
09).

Therefore for any ¢ € (0,77, the points wy(t) € Q for { = 0,...,g and
k =0,...,n; — 1 satisfy the condition . Lemma implies that there
exists a proper holomorphic map F; € P(2) with Fy(p) = 0, Fi(1) = 1
such that Fy(w;(t)) does not depend on [ and k. By the Schwarz re-
flection principle, each F; can be extended to a holomorphic map from
a domain W containing Q into some compact set V C C. Then {Fi :

n € N,2 € (0,7} forms a normal family on W by Montel’s Theorem.
By passing to a convergent subsequence f,, we can define f : W — V
to be the local uniform limit of f, in W as n — oo. Then f is non-
constant holomorphic in © and f(p) = 0. Notice that for any two distinct
wy and wy g, we have f(wyy) = f(wy ). Here, we use the fact that
| (wik) = f (wp g)| < 1 f (wik) = fu(wig ()] + [ fo(wp g (5)) — f (wpr g)| and
|fwig) — fa(wik(L))] — 0 as n — oo because f, — f uniformly in any
compact subset of W containing wy . Since |f,(w; ;)| = 1, we deduce that
f(wy ) takes the same value in 0D for any w; . By composing with a ro-
tation, we can assume that f(w;,) = 1 for any [ and k. Then, the set of
zeros of f are the limits of the zeros of f,, as n — oco. By the continuity
of harmonic measure, the zeros of f also satisfy the condition and, by
continuity of n(w,-), we deduce that f takes the form in Theorem and
hence f is proper.

We now prove the uniqueness part. Suppose that there exists two proper
holomorphic maps fi, fo € P,(2) that satisfy conditions (i), (ii) and (iii)
from the statement in the theorem, ie. fi(p) = fo(p) = 0; fi(wik) =
1 = fa(wy) for all wyy and for each | = 0,...,g such that n; > 1 and
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k:L...,nl—l,
[filwoo)| _\  _ |fo(woo)l
)] — T TR
Since f!(wyx) # 0 for all wyy,, fi maps some neighborhood Uy of wyp,
conformally onto a fixed neighborhood U of 1. Let wéjo(t) = wo 0 +tng o for
t € [0,T] be a straight line segment L in Upg. As f; is angle preserving at
wo 0, fY(L) is orthogonal to dD at 1. Then f; *(fi(L)) consists of disjoint
curves wli’k (t), each with an endpoint at some w; ;, when ¢ = 0 and is orthog-
onal to the tangent line of 4; at wy ;. It follows that f;(w;x(t)) = fi(wo,o(t))
and hence |f;(wi)w; ;(0)] = | fi(wo,0)wpo(0)] = |fi(woo)| If we take T' to
be sufficiently close to 0, then each wik(t) is a line segment of the form
wli,k(t) = wli,k: + rf,k(t)nLk. From , for i = 1,2, we have wli,k(t) =
wy i, + A gty for each [ =0,...,g such that ny >1and k=1,...,n; — 1.
Since fz(wfk(t)) = fi(woo(t)) for all I and k, by the first part of Lemma
we have

(33)

g nl,l

DO u(wiy(t) —n; =0

1=0 k=0
where wy o(t) = wo, +tno,0 = w o(t) and wik(t) =wyk+ Atk = wl%k(t)
foreachl =0,...,gsuchthat n; > land k =1,...,n;—1. Like what we did
previously, we apply the implicit function theorem to and conclude from
the uniqueness part of the theorem that wjl-,o(t) = wio(t) forj=1,...9. It
follows that vy := w} (T) = w},(T) for any [ and k and hence for some
Cla CQ S D, fl(vhk) = Cl and fg(vhk) = CQ for all [ and k.

Now, for ¢ = 1,2, let u; be a Mobius transformation that fixes I and
maps ¢; to 0. So uy o f1 and g o fo are proper holomorphic maps in P, (2)
and have the same zeros. By Theorem we have p7 o fi = A\ug o fo for
some [A| = 1. But fi(p) = fo(p) = 0 and fi1(wop) = fo(wop) = 1. Thus
p1(0) = Au2(0) and pi(1) = Auo(1). This implies that p; = Aug and so
fi=fa O

We now prove Corollary

Proof of Corollary . In this proof, we will prove the result for the map
from Q x S* x R}"9"" onto P,(£2). The other case follows in a similar way.

Theorem [L.6] proves the existence of the surjective map H : © x S™ x
Rﬁ_g_l — Pu(Q). To see that H is (n - ng!---ng!)-to-1, note that we can
apply a permutation to the specified points on each boundary to get the same
proper map under Theorem Since there are n; points specified on the
boundary component +y; for each I = 0,...g, there are in total (ng!---n4!)
such permutations. The uniqueness part of Theorem guarantees that,
for a fixed p € , these (ng! - - - ng!) parameters are the only parameters that
give the same proper map with a zero at p. In addition, any one of the n
zeros of the proper map could be given as the p in the statement of Theorem
Hence, we deduce that H is (n - ng!---ng!)-to-1.

To obtain the continuity of H, take any w € € x §" x Rifgfl and a
sequence {wi} C Q x S" x R 9" such that wy, — w as k — oo. For
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k=1,2,..., let
_ (..k k k k k k k
wk — (p ,'u)0707 oo ’wgyngflﬁ )\0717 ey AO,TLO*l’ sy Ag,l’ sy Ag,ngfl)
and
W = (p7 wo,05 - - - wg,ngflv >\0,1; ) )\O,nofla s a>\g,1’ s 7>\g,n971)~

Now let fi be the proper holomorphic map in P, (€2) which satisfies Theorem
for the point wy, and let f denote the proper holomorphic map in P, (2)
which satisfies Theorem for the point w. As we have mentioned in
Section 1, we can extend fr and f to holomorphic maps in a neighborhood
U of Q so that they are still bounded on U. Since {f.} is a family of bounded
holomorphic maps on U, by Montel’s Theorem, there exists a subsequence
{fk,} such that fi, converges to a holomorphic map h locally uniformly on
U. Since wy, — w, and fi, — h locally uniformly, by Hurwitz’s theorem,
we must have h(p) = 0 and h™(1) = {wo0,...,wgn,~1}. In addition, by
Weierstrass theorem, we have f,/% — I/ locally uniformly on U and together
with the fact that each fj, satisfies condition (iii) in Theorem for the set
{wgfo, . ,w;ffng_l}, we have

|1 (wo,0)| _

W )] —
By the uniqueness part of Theorem we must have f = h and therefore
fr; = [ locally uniformly on 2.

Suppose that H is not continuous at some w €  x S™ x ]Ri_g_l. Since

P, () is equipped with the topology of local uniform convergence, we can

find a sequence {wy} C Q x S x RY 9" such that wy — w and some
compact K C €, such that for the sup norm || - ||x,

|1H(wi) — H(w)|[x = |[fe — fllx >€>0

for all Kk € N. On the other hand, we have shown above that we can find
a subsequence f;, which converges to f locally uniformly on {2 which is a
contradiction. [l

6. FINITE BLASCHKE PRODUCTS AND PROPER HOLOMORPHIC MAPS

In this section, we will establish a link between two function spaces P(£2)
and P(D) where  is a circular domain. Recall that by a famous result
of Fatou [I3], every proper holomorphic map in P(D) is a finite Blaschke
product. It is a standard result that a finite Blashcke product is uniquely
determined by its zeros and image of 1. Also, finite Blaschke products satisfy
the following properties: for any f,g € P(D)

(i) f-g € P(D) with deg(f - g) = deg f + degg;
(ii) fog e P(D) with deg(f og) =deg f - degg.
A similar result holds for P(£2).

Proposition 6.1. For any f,g € P(Q) and h € P(D),
(i) -9 € P(Q) with deg(f - g) = deg f + degg and deg(f-9g|,) =
deg(f|,,) + deg(gl,,) for each j=0,...,g;
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(ii) ho f € P(Q) with deg(h o f) = degh - deg f and deg(hof|ﬂ/j) =
degh - (deg f|7j> for each 7 =0,...,q.

Proof. Suppose that f,g € P(Q2) such that f has degree n, boundary degree
(ng,n1,...,ng), and zeros p1,...,p, € Q; g has degree m, boundary degree
(mo, m1,...,mg), and zeros qi, ..., gm € Q. Hence by condition ,

n

m
Zuj(pk) =n; and Zuj(qk) =mjforallj=1,...,9.
=1 k=1

k
To prove (i), we note that p1,...,DPn,q1, - -, qm satistfy

(Z Uj(Pk)) + (Z uj(%)) =n; +m; forall j=1,...,9.
k=1 k=1

Condition implies that there exists a proper holomorphic map, F €
P(Q), with degree n+m and boundary degree (ng +my,...,ng +mgy) with
these zeros. As in the proof of the uniqueness part of Theorem (1.3} each of
F, f and g extend to holomorphic maps from the compact Riemann surface
Q* /O onto the Riemann sphere. Then G = ng also defines a holomorphic
map on the compact Riemann surface 2*/© with no zeros or poles. Hence
G is constant. Thus f-g = AF for some A with |[A\| =1 and so f-g € P(Q).

To prove (ii), we suppose h € P(D) is of degree N and has zeros ay, . .., an.
For I =1,...,N, let p1j,...,pn,; denote the preimages of a; under f. By
Lemmal[p.]] for all[=1,..., N,

n
Zuj(plyk):nj for alljzl,...,g.
k=1

Hence,

n

N
Zzuj(pl,k):N‘nj forall j=1,...,9.
=1 k=1

Condition implies that there exists a proper holomorphic map, Fe P(Q)
with degree Nn, boundary degree (Nny, ..., Nng) with zeros at p; ;, for each

l=1,...,Nand k =1,...,n. Proceeding with the same argument as above,
)a ~

we deduce that H = hof is constant. This implies that ho f = N'F for
o

some \ with |\| = 1. Thus ho f € P(Q). O

Let @ : P(Q2) — P(D) send a proper holomorphic map in P(£2) to a finite
Blaschke product with the same zeros and the same image of 1. It is easy to
see that this map is well-defined and injective. However, in the case where
the infinite product expression holds, the map ® : P(2) — P (D) can be
made explicit and moreover preserves the multiplicative semigroup structure
given in Proposition [6.1] This is given as the following result.
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Theorem 6.2. For any f € P(Q), let B € P(D) be a finite Blaschke product
with the same zeros as f such that B(1) = 1. Assume that holds, then
we can write f as

g
f(z) = Xexp —27Ti2njvj(z) H (34)

for some constant A with |\| = 1. If we denote this f by fg, and let ® map
fB € P(Q) to B e P(D), then for any f,g € P(Q)

O(f-g)(z) =@(f) - P(9).

Proof. The expression follows directly by combining Theorem and
Proposition 2.1}

Now suppose that fp,, fp, € P(Q2) for some finite Blaschke products B
and B,. Proposition [6.1](i) implies that f5, - fz, € P(€2) and hence we can
write fp, - fB, = [p for some finite Blaschke product B. From a comparison
of the zeros and the image of 1, we deduce that B = B; - Bs. This establishes
the desired result. O
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