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Abstract

In this paper, we develop an iterative algorithm for proper orthogonal decomposition (POD)
basis adaptation in solving linear parametric PDEs. Specifically, we consider the convection-
diffusion equations with the diffusivity as a parameter. To construct POD basis functions for
the convection-diffusion equation with a small diffusivity, we need a fine-grid solver to obtain
accurate solution snapshots, which leads to a large amount of computation and memory costs.
Meanwhile, a coarse-grid solver is sufficient for obtaining high-resolution snapshots of a large
diffusivity. We aim to adapt the POD basis functions extracted from the solution snapshots of
a large diffusivity for the construction of a reduced-order model at a small diffusivity without
resorting to a fine-grid solver. Our POD basis adaptation method exploits the implicit
dependence of solutions on the diffusivity. The POD basis functions are adapted through an
iterative algorithm, where the full-order model simulation at a large diffusivity and the POD-
based reduced-order model simulation at a small diffusivity are implemented, alternatively.
We also provide convergence analysis for our POD basis adaptation method. The algorithm
and convergence analysis can be generalized to other types of linear parametric PDEs without
any difficulty. Finally, we present numerical results to demonstrate the performance and
accuracy of the proposed method. We find that a coarse-grid solver combined with the
iterative process can achieve an accurate reduced-order model at a small diffusivity.

AMS subject classification: 35B30, 656M12, 656N50, 7T6R99, 7T8M34.

Keywords: Convection-diffusion equations; model reduction; basis adaptation; proper or-
thogonal decomposition (POD) method; iterative algorithm.

1. Introduction

Numerical simulations play an important role in studying complex physical phenomena which
are usually modeled by parametric partial differential equations. The simulations become
more computationally costly with the growing need for modeling more complicated phenom-
ena and including more details in the models. In many applications, multiple simulations
of the underlying model are needed, which leads to even greater computational burdens.
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A powerful tool to alleviate this computational burden and enhance efficiency is model re-
duction [8, 9, 28]. Model reduction seeks for the original underlying system an intrinsic
low-dimensional surrogate model which can be efficiently simulated but still yields high ac-
curacy. During the past few decades, model reduction has been widely applied in different
fields [6, 15, 17, 20, 22, 27, 29, 33]. Many basis generation techniques of model reduction
have been developed, including rational interpolation methods [6, 23], balanced truncation
methods [4, 7], proper orthogonal decomposition methods [44, 47], etc.

The proper orthogonal decomposition (POD) method is one of the most commonly used
techniques of model reduction and has been applied in many problems [1, 5, 10, 11, 31,
34]. For parametric evolutionary PDEs, the POD method takes solutions of some certain
parameters at a series of time instances and their finite difference quotients as inputs and
returns an ordered set of orthogonal basis functions that best approximates the input data
in the least square sense. The reduced-order model is obtained by truncating the optimal
basis functions. The error estimate of the POD methods for the parabolic equation is shown
in [32] and the high accuracy of the method can be obtained if an adequate number of
basis functions are selected. However, if the parameter changes into a different value in
the subsequent simulations, a direct application of the pre-constructed reduced-order model
would probably result in a totally wrong solution. Hence the study of basis adaptation has
been one of the most important problems in model reduction, which is also our focal point
in this paper.

A natural idea of adaptive model reduction is interpolation between the pre-constructed
reduced-order models to construct a reduced-order model for the new parameter [2, 16,
37, 49]. The localization approaches [3, 12, 18, 19, 40] pre-build a number of reduced-
order models and select one of them in the online stage, depending on the current state
of the system. We also have dictionary approaches [35], which pre-compute many basis
vectors and then construct a reduced space online from a subset of them. All of the above
mentioned methods rely on pre-computed quantities. Another way of basis adaptation is
to incorporate observations of the new parameter. The updates of the reduced-order model
based on new data are usually low-rank [41]. In [42], an adaptive DEIM using the sparse data
from nonlinear terms is derived for nonlinear problems. The adaptation can also be done
by updating the reduced subspace from a geometric perspective [50] with new information
that is unavailable in the offline phase. There are also a class of adaptive methods that
aims to improve the reduced-order model in an iterative manner, in which one may update
the reduced bases by subspace iteration [43], enrich the bases using a greedy search with a
posterior error estimate [36, 39], or improve the bases by h-refinement [13]. This type of
methods has been widely applied in inverse problems [14, 24|, optimization [25, 48], etc.

In this paper, we propose a new idea of POD basis adaptation for the computation of
linear parametric PDEs, where we exploit the implicit dependence of the solutions on the
parameter. To demonstrate the idea, we consider the following convection-diffusion equation
with the diffusivity as the parameter

du-+b-Vu—rAu=f xcQcR) tel0T]. (1)



It is well known that the interior layer or the boundary layer would appear in the solution and
become sharper as the diffusivity becomes small [38]. Hence more complicated schemes and
finer meshes are needed to obtain an accurate solution at a small diffusivity. In other words,
the full-order model simulation at a small diffusivity is more computationally expensive than
that at a large diffusivity. We consider the case where the full-order model simulation at a
small diffusivity is too costly to perform and no new observation data are available. Thus
we aim to adapt the POD basis functions constructed from solution snapshots of a large
diffusivity k1 for the construction of an accurate reduced-order model at a small diffusivity
ko without resorting to the full-order model simulation at .

We find that the difference of solutions of these two parameters satisfies a convection-
diffusion equation with k; as the diffusivity. Hence the adaptation proceeds by iteratively
applying the full-order model simulation at x; and the POD reduced-order model simulation
at ko. We also study the convergence analysis of the proposed iterative algorithm. The algo-
rithm and its corresponding convergence analysis can be generalized to other types of linear
parametric evolutionary problems without any difficulty. This idea of POD basis adapta-
tion is particularly useful for constructing a reduced-order model for singularly perturbed
problems when the full-order model simulation at a small parameter is prohibitively costly.
Several numerical experiments are presented and show that our algorithm is effective. And
convergence to an accurate reduced-order model is observed. Hence the combination of a
coarse-grid solver and the iterative algorithm is able to construct an accurate reduced-order
model at a small diffusivity, the direct construction of which needs a fine-grid solver for the
computation of snapshots.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminar-
ies on the POD method. Then we propose the iterative algorithm for POD basis adaptation
in Section 3. We provide the convergence analysis of our iterative algorithm in Section 4.
Several numerical experiments are presented in Section 5. Finally, concluding remarks are
given in Section 6.

2. Preliminaries

To make this paper self-contained, in this section we give a brief review of the POD method,
including the construction of the POD basis functions and POD-based Galerkin method for
solving evolutionary problems.

2.1. POD method

Let X be a real Hilbert space endowed with the inner product (-,-)x and norm | - ||x.
Throughout the rest of this paper, (,-) denotes the L? inner product. Given the snapshots
Y1, Y2, - -, Ym € X, the POD method aims to find an set of orthogonal basis functions {1 }¢_,
that optimally approximates the snapshots {y;}™, in the X-norm sense. That is, {1;}_; is



the solution to the following constrained optimization problem:

m ¢
min Y [ly; — > (55 V) x il % 2)
k=1

{wk}k 1j 1
st (i, ¥j)x =65, 1,7=1,... L.

To solve the problem (2), the method of snapshots [45] introduces a correlation matrix K
corresponding to the snapshots with entries

Koy = Wey)x, ij=1...,m. (3)

Then K is semi-positive-definite. Let A\ > Ay > ... > \,, > 0 be the sorted eigenvalues of K
in the descending order and @1, ..., ¢,, be the associated eigenvectors. Assume that A\, > 0.
Then the basis can be constructed as

Z Pr);Yis (4)

where (¢y); is the j-th element of ¢ and k = 1,...,¢. Moreover, the approximation error is
¢
ZHZ/J Z Y ) x il % = Z Ak- (5)
k=041

In practice, the number of basis functions ¢ is usually not pre-chosen. A typical way to
determine / is to choose the smallest ¢ such that

¢
Zk:l Ak > 1

Z’;;'Ll Ak T o (6>

for some small € > 0.

2.2. POD approximations of evolutionary problems

Assume that v € Hj(Q) is the solution to the following weak formulation of an evolutionary
problem

(Opu, ¥) — a(u,¥) = (f,¥), Vo€ Hy(Q), te[0,T],

u|t:0 =49,
where Q C R? and af(, ) is a bilinear form on H}(2) x HL(Q2). Given a set of solutions at
different time instances {u(-, %), u(+,t1),...,u(-, t,;,)} where ty = kAt with At = %, the POD

(7)

basis functions {1, }¢_, are built from the ensemble {y1, ..., Ymi1, Ymi2, - - - Yoms1}, Where
yk:u(-,tk,l), kzl,...,m—i—l, (8)
Y = Ou(- tpeme1), k=m+2,...,2m+1, (9)



with . .
u(- ty) = ul ) _quj(’ kil),

The POD basis functions are obtained by choosing X = H'(Q) and the approximation errors

k=1,....m. (10)

are
m l 2m+1
> llulty) = > (ult), ) m el < Y Ak, (11)
§=0 k=1 k=041
and
m 4 2m-+1
D l0u(ty) =Y (Qulty), ) mvelin < D A, (12)
j=1 k=1 k=t+1
where \y > Xy > ... > Agi1 > 0 are the sorted eigenvalues of the correlation matrix K
corresponding to the input data {y1, ..., Ym+1, Ym+2, - - -, Y2m+1} With entries

Kij = (Y, yi)m, i,j=1,....2m+ 1.

Let U = span{t,...,1y}. The semi-discrete scheme of the POD-based Galerkin method
seeks a solution @(t) such that a(t) € ¥, V¢ € [0,7] and

(Oru, ¥) —alu, ) = (f,¥), YYev, tel0,T]
ﬂ|t:0 =9,

(13)

where g is some projection of g in W. The fully discrete scheme of the POD-based Galerkin
method can be obtained by combining (13) with a finite difference scheme in temporal dis-
cretization, e.g. the Backward Fuler scheme or the Crank-Nicolson scheme.

3. An iterative algorithm for POD basis adaptation

3.1. Problem formulation

We consider the convection-diffusion equation with zero boundary conditions

ou+b-Vu—rAu=f xecQcR? tel0,T],

(14)
ulogo =0, uli=o =g,

where the velocity field b is divergence-free, i.e. V-b =0 and b, f, and ¢ are sufficiently
smooth. We define the bilinear form a(p,;k) = (b - Vi, 0) + (Ve, Vi) for any ¢,9 €
H}(Q). Let k1 > Ky > 0 be fixed. Without loss of generality, we assume that 1 > k1 > kg > 0.
Then let u; be the solution to (14) with kK = ; for j = 1,2. Let m be a fixed integer and
At =T/m, t, = kAt for k =0,1,...,m. For any ordered set {co,c1,..., ¢y}, we define the
finite difference quotient operator 0 as

—= Cr — Cp—
8ck: k Atk 1’

where k = 1,...,m. Assume that V}, C H}(Q) is the first-order conforming finite element
space associated with a quasi-uniform and shape-regular simplicial finite element mesh 7},
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of Q with mesh size h. Then let {u;0,%j1,...,%;m} C Vi be the backward-Euler-type
approximation of u; in V3, i.e. 4, € V), satisfies

(5ﬁj,k7w) + a(ﬁj7k7¢; H]') = (f(tk),lb), V¢ € Vh7 (15>
aj,o - §7
for j = 1,2 and k£ = 1,...,m, where g is some projection of g in V;,. Using standard

arguments of FEM [46], we can prove that there exists a constant C' independent of At and
h such that for j =1, 2,

1
o Z iy — ui(te) |70 < C(AE + 7). (16)
k=1

Our goal is to adapt the POD basis functions built from {uy, ... ,al,m,éal,l, e ,51117771}
to a set of POD basis functions that are able to approximate {dsgp,..., U2, } and hence
{ua(to), ..., ua(ty,)} well. The adaptation will be based on the dependence of the solution
on the diffusivity x, without resorting to a fine-grid solver for the small diffusivity x».

3.2. The implementation of the iterative algorithm

Let w = u; — ue. Then w satisfies

dw+b - Vw — k1Aw = (k1 — ko)Aug, x€Q, te€][0,T],

wlag =0, wl= = 0.

(17)

Hence if an approximation for uy from the current reduced-order model is available, an
approximation for w can be computed using the full-order model simulation of (17) with
the diffusivity kK = k1. Then a new set of POD basis functions can be constructed from
v = u; —w. The new POD basis functions are expected to yield better approximations for
us. Therefore, it is expected that the POD approximation computed by the newest POD
basis functions can approximate uy with progressively higher accuracy through an iterative
process.

We propose the following iterative algorithm of POD basis adaptation. Let U,gi) be the

POD approximation for sy, at iteration ¢ and U @) = [Uéi), ey 7(,?] The algorithm can be
summarized as follows:



Algorithm 1 Iterative POD basis adaptation

1: Step 1: Set i =1 and U}go) =0fork=0,1,...,m.
2: Step 2: Solve the full-order model simulation at x; for the Galerkin approximation
w” € Vj, that satisfies

O, ) + a(w? by k1) = — (k1 — ko) (VULV, V), Vap € Vi,

w(()i) =0,

(18)

fork=1,...,m.
3: Step 3: Set v = a;, — w!” and extract POD basis functions {¢{"}” from

{y§l)7 s 7y7(77;)+17 yr(yzz)—f—Qv s 7y§2r)n+1}7 where

yl(cZ) = Ul(gizp k= 17 N (U 17 <19)
y](;') = gvl(gizm—h k=m+2,....2m+1 (20)

The number of POD basis functions ¢ is determined by choosing the smallest ¢ such

that ©
JIOBING
1 N

2m+1 y (i) —
k=1 )\k

1—¢

for some € > 0, where )\gi) > )\g) > ... 2> )\égb 41 = 0 are the sorted eigenvalues of the
correlation matrix K corresponding to the input data {ygl), o ,y,(,?Jrl, y,(,?JrQ, . ,y% )
with entries

KJ(Z:( J(z‘),y,(j))m, 5Lk=1,....2m+ 1. (21)

4: Step 4: Set V) = span{wy), e ,w%} C Vj, and solve the reduced-order model simula-
tion at k9 for the POD-Galerkin approximation U,gi) € V@ that satisfies

@UP ) + a(UY s k) = (F(te), ), Vo € VO,

)=V (22)
Uéz) _ Uéz)’

fork=1,...,m.
5: Step 5: Set i =17+ 1 and go back to Step 2 until a certain criterion is reached.

Remark 3.1. In Step 4, the choice of initial data Uo(i) will be discussed later.

Remark 3.2. In our numerical experiment, we stop the iteration when the number of iter-
ations reaches a pre-set value.



4. Convergence analysis of the algorithm

4.1. Some preparations

We begin by fixing some notations. Throughout this section, we still use all the notations
and quantities that are introduced in Section 3. We let N* = N\{0}. We also define a Ritz
projection at each iteration i, denoted by P, such that Vo € H}(Q), PPy € V¥ and

a(p, s r2) = a(PYp, i rg), V€ VO, (23)
For any ¢ € H} (), we have by the Poincaré inequality
lell7e < CrlVell7a, (24)

where the constant C'p is dependent on the region €2 and the dimension d. The notation C'p
is reserved for the constant of Poincaré inequality throughout this section. And we have the
following lemma.

Lemma 4.1. For 1 > k1 > k3 > 0 fixed and any ¢, € H}(Q), there exist a constant 5 > 0
independent of k1, ko such that for j = 1,2,

|a(p, s 55)| < Bllellm 9] - (25)
Let a; = lfép. Then it holds true for any ¢ € H}(Q) that
la(p, @3 55)] = ajllellzn. (26)

Proof. For 1 > k1 > kg > 0 and any ¢,v € Hj(2), by the smoothness assumption of b,
there exists 8 > 0 independent of k1, ko such that for j = 1,2,

|a(p, s w5)| < Bllollm Il m- (27)

By the Poincaré inequality and the fact that V - b = 0, we obtain that

K; .
la(, @3 55)| = K| Vell72 > ﬁ’“@“?{h Jj=12 (28)

The proof is completed. O

The constants 3, aq, g are also fixed for this section.

4.2. Convergence of the algorithm

We study the convergence analysis of the iterative algorithm by estimating % 1 ,Ei) —
us(ty) |3 To do so, we decompose it as

— U(Z) _ t 2 < = U(l) o5 2 4 . _ t 9 ‘ 29
m;” k U2( k)”Hl > m;” k U2 k|| g1 +mk2:;||1b27k Ug( k)“Hl ( )



We only need to estimate the iteration error =" | HU,?) — Qg |31, since the estimate of
L5 o g — ua(ti)]|%: has been given in (16). We decompose the term L >~ ||U,£Z) -
lo k|7 as

1 = 7 ~ 3 = 2 7 7 % A~
=3I = danliin < = 37 (1087 = PO+ 1POo = o [+ o = taellFn )
= k=1

(30)
The estimation of 3" HU,gi) — U3, will be done by analysing each term in (30),
separately.
From the result by Kunisch and Volkwein [32], we have the following lemma for the second
term in (30).

Lemma 4.2. It holds true for every i € Nt that

m 2m+1 2m+41
1 Z. ; 38 B(1+ C’p
=3P — P2 < = Y AP = STy (31)
m mao
k=1 k=0() 41 k=0()+1
The following corollary of Lemma 4.2 is also given in [32].
Corollary 4.1. It holds true for every i € N* that
m 2m+1 2m+1
1 N B(1+Cp)
el (0)5,,() P (i)
LS 1pom B < 2% 0 DRI
k=1 k=641 =0 +1
For the third term in (30), we have the following estimate.
Lemma 4.3. It holds true for every i € Nt that
1 & G~ 2 (k1 — ’f2 21 « .2
EZ“% — dg )3 < (1+Cp) 2 EZ Y g% (33)
k=1 k=1

Proof. Let 7’,(:) = U](:) — Ug . Then by (15), (18) and (22), réi) =0 and r,(f) satisfies

0 0) + a(r vs ) = (51 = ) (VU = 2p), VO), Vo€V, (34)
for k=1,...,m. Taking ¢ = rl(j), we have by the proof of Lemma 4.1
@ i) + w1 (V) V) = (k1 = ) (VU = i), Vi), (35)

Since

(022 = 1r24022)  (36)

N | —

..(8) (3) 1 i i i
At ) = 5 (I = e + e =i l17) =
and by Young’s inequality

(51— ) (VO — 0,0, 9r0) < o3 + O R i, (31)



then

¢ ( ) i—1) N
I = Wil + At VRl < AR [V — gl (39)
Summation over k = 1,...,m gives
1 G z 1 ~
m—z 1 < B LS g g (39)
k=1

The Poincaré inequality indicates that

—ZHm 7 < (1+CP ZHV T i) |32
k=1
(k1 — K i1
< (14 Cp)2—21 2) ZHU Va3, (40)
O
Now we turn to the remaining term in (30).
Lemma 4.4. It holds true for every i € Nt that
1 m . _p 1‘|‘CP . 2m+1
— > M0 = POuI < =05 = P35 + EelthacOig S,
= k= [(l)-i-l (41)
1 & i .
+ M Iil—lig E;HU}E 1)—UQ7]€||?{1,
where o1 Oy )
+ K1 — K
M:(—2P) ((1+Cp)¥+1). (42)
R K1

Proof. Let pi” = U — POy Then by (15), (18), (22) and the definition of P® (23), for
any ¢ € V@,

Ipy), ) + alpy), 5 wa)
a(UP 0: k) — (P9 p) — a(PO0D 4 ky)
— (5P(i)v,(f), ) — a(v,ii), Yy Ry1) + a(v,(f), Uy KRy) — a(v,ii), V) Ka)
&.0) + (= m2) (5, V),

(43)

where fl(;) = 51},(:) — EP(i)v,(gi) and Z](j) = Vv,(:) — VU,ii_l). Let ¢ = pl(j) and by the Young’s
inequality, we have

(Hl — /€2)2(1 + Cp) i
1ol l72 + s 15707, (49)

(i) (i)
(k1 —r2)(%, V') < m
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1+C’p

€)= g e + =5 N (45)

Hence by Lemma 4.1, we have

i I+ CP i
e N e ||pk>||H1 < At 167122 + (k1 — #2)?[1287 122 ) - (46)
+
Summation over k= 1,...,m gives
1+ 0p & i i
np 120 < 1000122 + At——L3" (1eP]22 + (51 — k2)?[128[122) . (47)
1 + C
k=1
By Corollary 4.1,
1 m ; 1 + C 2m+1 .
LS ez, = L uav o2 < PUECR) S~ o (g
m mkK
k=1 2 k=001
Furthermore by Lemma 4.3,
LS 102, = LS vuf® - v,
m m
k=1 k=1
2 = 7 ~ 1—1 N
< =3 (Ve = Vgl + VUL = Vitg72) (49)
k=1
<2u+@¢£;— Zleamg
< . ,
Hence we obtain the lemma by combining (47). (48) and (49). ]
y g )

To sum up, we have

Theorem 4.1. It holds true for every ¢« € N* that

2m+1
—Z 10 = toalf < nllUS = POGIG +30 D0 A w—Z 10 = il
k=00 +1
(50)
where 3(1 4 Cp)
+Cp
= —"" 51
71 K,QT ) ( )
98(14+Cp)®*  98(1+C
72: /8( 3P) _'_ /8< P)) (52)
mks; MkKo
_ 2 _ 2 1 C 2 o 2
%_m+@ﬂl;i+%uﬂmﬁL#lﬂ>“*”fl“W (53)
Ky Ki K3
Proof. The proof can be easily done by using (30) and Lemmas 4.2, 4.3 and 4.4. O
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By combining Theorem 4.1 and the estimate (16), we have the following convergence
result.

Theorem 4.2. Let uy be the solution to (14) with kK = ko and t;, = kAt with At = T'/m for
k=1,...,m. Assume that in each iteration ¢ of Algorithm 1, we choose Uéi) = P®§ and
% Zizzl) )\,(f) < 0 for some small § > 0, and obtain U, ,gi) as the numerical approximation of
us(ty) for k = 1,...,m. Let 41,792,735 be defined as in Theorem 4.1. Then if 3 < 1, there
exists a constant C' independent of At, h,d such that

R R
iIE?OE;HU,E) —us(t) |2 < C(AE + h2 +6). (54)
Proof. We have the decomposition (29)
1 i ||U(i) —ua(t) |3 < 2 i ||U(i) — do |7 + 2 i [ ig,s, — ua(tr)|| 7
m k ms o k 107 S : H
k=1 k=1 k=1
and the estimate (16)

- > liiag — ua(t)l3n < C(AE + h2),
k=1

where C' is independent of At,h,é. For =3 ||Uki) — us(tg)||%:, if the conditions are
satisfied,

1 - % 1 - i—1 ~
— D MO = ()l < 28+ D UK — el
k=1 k=1

| Lo (55)
— 3 i 0)  ~ 2
< 721 — 735 +’73E kz:; U — Gkl
Hence if 73 < 1, there exists a constant C' independent of At, h,d such that
L o)
Jim — ; 1UY — ua(te) |22 < C(AL + B* +6). (56)
m

We choose the initial data Uoi) = P®Wg at Step 4 in Algorithm 1 as the error arising from
the approximation of initial data would disappear.

Remark 4.1. To ensure 73 < 1, |k; — K| needs to be small. However, our numerical
experiments show that the algorithm still converges when ”1&;2”2 is large. The derivation of a
sharper error bound for this iterative algorithm is our focal point in the near future.
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If we consider the convection-diffusion equation (14) with periodic boundary conditions
and a spatially periodic velocity field b, then we consider & = u — %, where @ is the spatial
mean

U —L ul(t, xr)ax
alt) = |Q|/Q (t, )dz. (57)

The Poincaré inequality still applies to 4 and hence the subsequent convergence analysis also
applies. A similar treatment can be found in [26]. Therefore, we can still obtain the conver-
gence result for the iterative algorithm of POD basis adaptation in solving the convection-
diffusion equation (14) with periodic boundary conditions. We will show numerical results
to confirm this case in the next section.

5. Numerical experiments

In this section, we show several numerical examples to demonstrate the convergence of our
iterative algorithm. The relative errors at final time T' are considered. We consider the L?
relative error

_ NUNT) — us(T)] e
[[ua(T)| 2

(58)

€12
and the H! relative error
_NUMT) = un(T) | e
w2 (T) |2 ’
where us is the reference solution of the small diffusivity ko and U (V) is the numerical solution
with N as the number of iteration.

(59)

(55258

5.1. Verification of the convergence
Example 5.1. Consider a one-dimensional convection-diffusion equation

2
Qu —+ 2U, — Ha—u = O; YRS (07 1)7 te [07 T]’ (60)

u(t,0) =u(t,1) =0, u(0,7)=—2"+z

where we choose T'=1 and k1 = 0.1, ko = 0.01.

Let Solver 1 be the Crank-Nicolson finite volume method with Az = 1/400 and At =
1/1000, Solver 2 be the combination of fifth-order WENO scheme [30] for first-order spatial
derivatives, central difference scheme for the spatial laplacian and third-order Runge-Kutta
method in temporal discretization with Az = 1/800 and At = 1/16000. The reference
solution u; of k; is computed using Solver 1 and the reference solution us of ko is computed
using Solver 2.

For the iterative POD basis adaptation algorithm, 1001 solution snapshots at ¢; = #60,
7=0,1,...,1000 and their finite difference quotients are used in each iteratior(lb rl:l;e number

St Ak

of POD basis functions is chosen according to the smallest /() such that W >1—¢

k=1 k
with m = 1000 and € = 10~". In each iteration, backward-Euler POD Galerkin method with
At = 1/1000 is applied for POD approximation and Solver 1 is applied for the full-order

model simulation. The iteration is stopped when the iteration number reaches N = 50.
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The solutions at different iterations are shown in Figure 1 and the relative errors at
T =1 in the iteration process are shown in Figure 2. The relative errors of U®? at T = 1
are erz = 3.679¢ — 2 and ey = 2.951e — 2. It can be seen from Figure 1 that the reduced-
order model approximation using basis functions extracted from u;, i.e. UM, does not
recover uy and hence a direct application of the pre-constructed reduced-order model can
probably lead to an incorrect approximation if the parameter changes into a different value
in the simulation. And we can also see from Figures 1 and 2 that our method can adapt the
reduced-order model to the new small diffusivity ks since the iterated solution approximates
uo with progressively higher accuracy as N increases.

0.03 0.035

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 09 1 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

(a) N=1 (b) N =10

0.035 T T T T T T 0.035

0.03 H 0.03 -

0.025 0.025

0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 04 05 06 0.7 0.8 0.9 1
(c) N =50 (d) w2

Figure 1: U™) and uy at T = 1 of Example 5.1
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Figure 2: Relative errors of U™) at T' = 1 of Example 5.1

We also show the first three basis functions at several iterations in Figure 3.

It can

be seen from Figure 3 that the iterated POD basis functions are gradually adapted to the
basis functions extracted from wu, as N increases. The basis functions extracted in the 25-th
iteration are almost the same as those extracted from us,.

e extracted from u,

- = N=1

N=10
—-—-N=25 o

0 01 02 03 04 05 06 07 08 09 1 o
x

(a) First mode

— - N=1
N=10
—-—-N=25

01 02 03 04 05 06 07 08 09 1 o

x

(b) Second mode

extracted from u.

extracted from u,
- - N=1

~ N=10
--—-N=25

2

01 02 03 04 05 06 07 08 09 1
x

(¢) Third mode

Figure 3: First 3 POD modes extracted in the N-th iteration and from wuy of Example 5.1

Let us Y™ be the FVM solution at o using Solver 1. The comparison between ul

FVM and

U®Y is given in Table 1 and Figure 4. It can be seen that the relative errors of U at

T = 1 are smaller than those of ul "M

at T' = 1, which implies that the combination of a

coarse-grid solver and our iteration process leads to a better approximation than the direct
simulation using the coarse-grid solver in this case.

Table 1: Relative errors of ub Y™ and U®? at T = 1 of Example 5.1

L? relative error

H! relative error

8.704e-2

FVM
Uy

6.928e-2

U ©0) 3.679¢-2

2.951e-2
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Figure 4: Solutions at T' =1 of Example 5.1

Example 5.2. Consider a two-dimensional convection-diffusion equation

ou+b-Vu—rAu=0, (z,y9)cQ=(0,1)? +tecl0,T],

5 ) (61)
ulogn =0, w(0,z) = (z°—2)(y* —y)

with
b = (cos(2my), cos(2mz)), (62)

where we choose T'=1 and k1 = 0.1, ko = 0.005.

Let Solver 1 be the Crank-Nicolson finite volume method with Az = Ay = 1/400 and
At = 1/1000, Solver 2 be the combination of fiftth-order WENO scheme for first-order spatial
derivatives, central difference scheme for the spatial laplacian and third-order Runge-Kutta
method in temporal discretization with Az = Ay = 1/800 and At = 1/16000. The reference
solution u; of k1 is computed using Solver 1 and the reference solution usy of ko is computed
using Solver 2.

For the iterative POD basis adaptation algorithm, 1001 solution snapshots at t; = #60,

7 =0,1,...,1000 and their finite difference quotients are used in each iteration. The number

(D) (i)
of POD basis functions is chosen according to the smallest /) such that %ém +1’\/\(1> >1—

with m = 1000 and € = 107°. In each iteration, backward-Euler POD Galerkin method with
At = 1/1000 is applied for POD approximation and Solver 1 is applied for the full-order
model simulation. We stop the iteration at N = 100.

The solutions at different iterations and the relative errors at 7' = 1 are shown in Figures
5 and 6 respectively. The relative errors of U at T = 1 are e;2 = 1.097¢ — 2 and
egr = 3.258e — 2. Similar phenomena to the one-dimensional case in Example 5.1 are
observed. UW is not a good approximation for us; and the iterated solution also approximates
ug with progressively higher accuracy as IV increases.
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(¢) N =100 (d) u2

Figure 5: UM) and uy at T = 1 of Example 5.2
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Figure 6: Relative errors of UN) at T = 1 of Example 5.2

We also show the basis functions of the first mode at several iterations in Figure 7. The
iterated POD basis function is also gradually adapted to the basis function extracted from
ug as N increases. The basis function extracted in the 35-th iteration is almost the same as
that extracted from us,.
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(c) N=35 (d) e

Figure 7: The first POD mode extracted in the N-th iteration and from us of Example 5.2

Let u5V™ be the FVM solution at ky using Solver 1. We still compare u5 V™ with /(109
in Table 2 and Figure 8. We can still observe that the relative errors of U(1%) at T' =1 are
smaller than those of ub¥™ at T'= 1 in this case. This observation shows that a coarse-grid
solver combined with our iteration process is able to construct a reduced-order model that

yields an approximation of higher accuracy than the full-order model simulation barely using
the coarse-grid solver.

Table 2: Relative errors of ub Y™ and U®? at T = 1 of Example 5.2

L? relative error | H' relative error
ub VM 3.761e-2 9.016e-2
y(100) 1.097e-2 3.258¢-2

18



(b) p(100)

Figure 8: Solutions at 7" =1 of Example 5.2

Example 5.3. Consider the following two-dimensional convection-diffusion equation with
periodic boundary conditions

ou+b-Vu—rkAu=0, (z,y)€Q=(0,1?% +t€l0,T],

63
u periodic, (0, z) = sin(27z) sin(27y), (63)

with a time dependent velocity field
b = (cos(2my) + 0.5 cos(27t) sin(27y), cos(2mz) + 0.5 cos(2nt) sin(27z)), (64)

where we choose T'=1 and k1 = 0.08, ko = 0.002.

Let Solver 1 be the Crank-Nicolson finite volume method with Az = Ay = 1/200 and
At = 1/1000, Solver 2 be the combination of fifth-order WENO scheme for first-order spatial
derivatives, central difference scheme for the spatial laplacian and third-order Runge-Kutta
method in temporal discretization with Az = Ay = 1/400 and At = 1/4000. The reference
solution u; of k; is computed using Solver 1 and the reference solution us of ko is computed
using Solver 2.

For the iterative POD basis adaptation algorithm, 1001 solution snapshots at ¢; = #60,

7 =0,1,...,1000 and their finite difference quotients are used in each iteration. The number
. e@ (@)

of POD basis functions is chosen according to the smallest /() such that 22’“%{\:() >1-—c¢
k=1 k

with m = 1000 and € = 107°. In each iteration, backward-Euler POD Galerkin method with
At = 1/1000 is applied for POD approximation and Solver 1 is applied for the full-order
model simulation. We still stop the iteration at N = 100.

We still have solutions at different iterations shown in Figure 9 and relative errors at
T = 1 shown in Figure 10. The relative errors of U1%) at T = 1 are e;2 = 1.639¢ — 2
and e = 4.113e — 2. Again, similar phenomena to Examples 5.1 and 5.2 are observed.
UM is not a good approximation for us. And the iterated solution can approximate us with
progressively higher accuracy as N increases.

The basis functions of the first mode at several iterations are shown in Figure 11. It can
still be seen that the iterated POD basis function is gradually adapted to the basis function
extracted from wuy, as N increases. The basis function extracted in the 25-th iteration is
almost the same as that extracted from wus.
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Figure 9: U™) and uy at T = 1 of Example 5.3
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Figure 10: Relative errors of U™) at T' = 1 of Example 5.3
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(¢) N=25 (d) u2

Figure 11: The first POD mode extracted in the N-th iteration and from us of Example 5.3

As we can see from Examples 5.1, 5.2 and 5.3, the reduced-order model for the convection-
diffusion equation is sensitive the diffusivity and hence a direct application of the pre-
constructed reduced-order model will possibly lead to an incorrect approximation if the
diffusivity changes into a different value in the simulation. And we can also see that our
method can adapt the POD basis functions and the reduced-order model to a new small
diffusivity in the iteration process. Moreover, our iterative POD basis adaptation method
combined with a coarse-grid solver can construct an accurate reduced-order model for the
convection-diffusion model with a small diffusivity.

5.2. Computing the effective diffusivity in passive tracer models

Example 5.4. We apply our iterative POD basis adaptation method in computing the
effective diffusivity for the stream function

H(z,y) = ﬁ sin(27x) sin(2my). (65)

We solve
Ou+b-Vu—rAu=0, (r,y9)€Q=(0,1)% >0,

66
u periodic, u(0, ) = uy(z,y), o
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where

1 Ty 1 Ty Ty
b = _VYH(EC, D) = (= Hy(=,2), Hy (5,2
1 . 21 21y 2mx 2my

= ﬁ( — sm(T) COS(T), COS(T) Sin(T)) (67)

and ! (= 0.5) + (y — 0.5)?
rz—0.9)"+ (y—0.
Uo(x, y) = 27TO'2 €xXp ( - 20_2 )

(68)
with # = 0.05 and ¢ = 0.01. If we define the quantity

b (t) = %//(x2 + vy )u(t, z, y)dxdy, (69)

then the effective diffusivity [21, 38] can be defined as ¢ET = tlim ¢x(t). We solve equation
—00

(66) using our iterative POD basis adaptation method. We start at x; = 0.1 and adapt the
reduced-order model for solutions of k9 = 0.08, k3 = 0.04 and x4 = 0.02. Each adaptation is
stopped at the 50-th iteration.

The result is shown in Figure 12.

6,
0.18
E e 52 =0.08
0.16 ‘ - - K, =0.04
014 %, =0.02
£
012 ft
:
01}
K #5"=0.813
...... KZ
]
\
0.06 fj #E" = 0.422
N\ ~ 3
oco4y T T T TS C-TTTTormTTTo
¢="=0.230
4
0.02 ‘
0 0.05 0.1 0.15

Figure 12: Temporal behavior of ¢, (t)

6. Conclusion

In this paper, we propose an iterative algorithm for the POD basis adaptation in solving
linear parametric PDEs. The idea exploits the dependence of the solution on the parameter.
The algorithm and its corresponding convergence analysis are presented for the convection-
diffusion equation with the diffusivity as the parameter, where we adapt the POD basis
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functions constructed at the large diffusivity x; for the construction of an accurate reduced-
order model at the small diffusivity ko without resorting to a fine-grid solver at ko. It
is found that the difference of the solutions of two different parameters would satisfy a
convection-diffusion equation with ki as the diffusivity, which can be efficiently simulated
using a coarse-grid full-order model solver. Hence the algorithm iteratively performs the
full-order model simulation at x; and the reduced-order model simulation at x,. We also
provide convergence analysis for the proposed method. The algorithm and analysis can also
be easily generalized to other types of linear parametric PDEs without any difficulty. This
idea of POD basis adaptation is particularly useful for constructing a reduced-order model
for singularly perturbed problems with a small parameter. Numerical results show that a
coarse-grid solver combined with the iterative process can achieve an accurate reduced-order
model at a small diffusivity. In the future, we will derive sharper error bounds for the iterative

algorithm. In addition, we will study the basis adaptation for solving nonlinear parametric
PDEs.
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