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Abstract

For the study of the Mordell-Weil group of an elliptic curve E over a complex function
field of a projective curve B, the first author introduced the use of differential-geometric
methods arising from Kähler metrics on H × C invariant under the action of the semi-
direct product SL(2,R) n R2. To a properly chosen geometric model π : E → B of
E as an elliptic surface and a non-torsion holomorphic section σ : B → E there is an
associated “verticality” ησ of σ related to the locally defined Betti map. The first-order
linear differential equation satisfied by ησ, expressed in terms of invariant metrics, is made
use of to count the zeros of ησ, in the case when the regular locus B0 ⊂ B of π : E → B
admits a classifying map f0 into a modular curve for elliptic curves with level-k structure,
k ≥ 3, explicitly and linearly in terms of the degree of the ramification divisor Rf0 of the
classifying map, and the degree of the log-canonical line bundle of B0 in B. Our method
highlights deg(Rf0) in the estimates, and recovers the effective estimate obtained by a
different method of Ulmer-Urzúa on the multiplicities of the Betti map associated to a
non-torsion section, noting that the finiteness of zeros of ησ was due to Corvaja-Demeio-
Masser-Zannier. The role of Rf0 is natural in the subject given that in the case of an
elliptic modular surface there is no non-torsion section by a theorem of Shioda, for which
a differential-geometric proof had been given by the first author. Our approach sheds
light on the study of non-torsion sections of certain abelian schemes.

1 Introduction

For the study of a polarized family of abelian varieties over a quasi-projective manifold
π0 : A0 → X0, together with a nonsingular projective compactification π : A → X,
one of the authors introduced in [Mo] the use of methods of complex differential

*Department of Mathematics, The University of Hong Kong, Hong Kong, People’s Republic of
China. Email: nmok@hku.hk

�School of Mathematical Sciences, Shanghai Key Laboratory of PMMP, East China Normal
University, Shanghai, People’s Republic of China. Email: scng@math.ecnu.edu.cn

1



geometry by making use of Kähler metrics first introduced by Satake [Sa] on Hg×Cg,
for the Siegel upper half plane Hg of genus g, invariant under the standard action of
the semidirect product Sp(g,R)nR2g. For the case of g = 1, let Γ = Γ(k) ⊂ SL(2,Z)
be a principal congruence subgroup for some k ≥ 3, X0

Γ := H/Γ, and X0
Γ ⊂ XΓ be

a smooth projective compactification of XΓ. In [Mo] a differential-geometric proof
of the theorem of Shioda [Sho] was given yielding the finiteness of the Mordell-Weil
group of the universal elliptic curve E over the function field C(XΓ). For the study
of the universal elliptic curve one makes use of a geometric model π : EΓ → XΓ, an
elliptic modular surface, and realizes the abelian group of rational points of E over
C(XΓ) as the group of holomorphic sections of EΓ over XΓ. In [Mo], to any such
section σ there was an associated “vertical” part ησ of dσ which was proven to be
square-integrable with respect to a natural Hermitian metric θ on KX0

Γ
⊗ V , where V

is a square root of the holomorphic tangent bundle T (X0
Γ). The tensor ησ was further

proven to satisfy an eigensection equation ∇∗∇ησ = −ησ for covariant differentiation
∇ in the (0, 1)-direction on (KX0

Γ
⊗V, θ), from which it was concluded that ησ = 0, so

that σ is a torsion section, hence the finiteness of the Mordell-Weil group E(C(XΓ)).

We will call ησ the verticality of σ in the current article. For a locally non-isotrivial
elliptic surface π : E → B arising from a classifying map f0 : B0 → X0

Γ, where
B0 ⊂ B is a dense Zariski open subset, it was proven also in [Mo] that rank(E(C(B)))
is bounded by 2 deg(Rf0), where deg(Rf0) stands for the degree of the ramification
divisor Rf0 of the classifying map f0 : B0 → X0

Γ, again by examining the verticalities
ησ of holomorphic sections of π : E → B. The authors believe that the invariant
Kähler metrics of Satake will be applicable to the study of geometric and arithmetic
problems concerning abelian schemes over quasi-projective varieties in general, and
it was in this context that we found the recent finiteness result of Corvaja-Demeio-
Masser-Zannier [CDMZ] on the number of points of Betti multiplicity ≥ 2 for a non-
torsion holomorphic section σ of π : E → B, a good place to examine the role that
can be played by differential-geometric methods. The verticality ησ for a holomorphic
section of π : E → B turns out to correspond to the differential of the Betti map
studied in [CDMZ]. On the other hand, by [Mo] one can derive a holomorphic tensor
ξ = ∇ησ from the verticality ησ in view of the identity ∂∇ησ = 0 on B0 outside of the
ramification divisor Rf0 , and this gives an effective bound on the sum of multiplicities
minus 2 over points at which the Betti map has multiplicities ≥ 3, linearly in terms of
deg(Rf0) and deg(f ∗(KXΓ

⊗SXΓ
)

1
2 )), where f : B → XΓ is the unique extension of f0

and SXΓ
stands for the divisor XΓ \X0

Γ, and this gave hope that it might be possible
to render the aforementioned finiteness result [CDMZ] effective in terms of deg(Rf0)

and deg(f ∗(KXΓ
⊗ SXΓ

)
1
2 )). Here the difference is that ησ is not holomorphic. In

place of holomorphicity we make use of a first order differential equation satisfied by
ησ, which comes from Mok-To [MT] (p.52 therein), for the general case of abelian
schemes, and which is the source of the elliptic eigensection equations satisfied by ησ
in the special case of non-isotrivial elliptic surfaces.

After the bulk of the work has been finished, we realized that Ulmer-Urzúa [UU]
had already obtained an upper bound for the sum in question for any non-torsion
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section σ of an arbitrary elliptic surface π : E → B. The estimate obtained in [UU]
can be deduced from our result on elliptic surfaces with classifying maps, while our
result gives structure to the estimates in terms of the ramification divisor in the spirit
of [Mo]. As our method is quite different from that of [UU], we deem it useful to
present the differential-geometric approach of the current article, in the belief that
the methodology will be applicable to the further research on the Betti map for abelian
schemes, e.g., for those in which the classifying map is a generically finite dominant
map over some modular variety, such as Shimura curves, Hilbert modular varieties or
Siegel modular varieties.

Let k ≥ 3 be a positive integer. By the canonical action of SL(2,Z)nZ2 on H×C,
where H is the upper half plane, there is the modular family of elliptic curves with
level k structure πk : M0

Γ(k) := (H × C)/(Γ(k) n Z2) → X0
Γ(k) := H/Γ(k), which

can be compactified to a relatively minimal elliptic surface π : MΓ(k) → XΓ(k) over
the modular curve XΓ(k) using the toroidal compactification [AMRT]. We will call
suchMΓ(k) an elliptic modular surface. In this article, we say that an elliptic surface
π : E → B over a complex projective curve B has a classifying map if there exists a
non-constant holomorphic map f : B → XΓ(k) for some k ≥ 3, such that the open
dense subset E0 ⊂ E consisting of the regular fibers is isomorphic to f |∗B0M0

Γ(k), where

B0 = π(E0) ⊂ B. Our main result is an integral formula for the total Betti multiplicity
of a given non-torsion section for an elliptic surface with a classifying map:

Theorem 1.1. Let E → B be an elliptic surface over a complex projective curve B
with a classifying map f : B → X of degree d, where X = XΓ(k) for some k ≥ 3. Let
σ be a non-torsion section of E and mb be the Betti multiplicity of σ at b, then∑

b∈B

(mb − 1) =
∑
b∈B\S

(rb − 1) +
d

2π

∫
X0

ω,

where X0 = X0
Γ(k) and S = f−1(X \X0); rb is the ramification index of f at b and ω

is the Kähler form on X0 descending from the invariant form −i∂∂̄ log Imτ on H.

Remark. The Betti multiplicities of a section were defined only on the points of good
reduction but we will extend the definition for every b ∈ B (Definition 4.5).

When X = XΓ(k), k ≥ 3, we have ([Shm], Theorem 2.20 therein):

1

2π

∫
X0

ω = g(X)− 1 +
ν∞(X)

2
, (1)

where g(X) is the genus of X and ν∞(X) =
k2

2

∏
p|k

(
1− 1

p2

)
∈ 2N+ is the number

of cusps on X. In other words, the integral in Theorem 1.1 is just the degree of the
square root of the log canonical bundle KX ⊗ SX of X0 in X, where SX denotes the
divisor (or divisor line bundle) corresponding to the cusps of X. Thus,∑
b∈B

(mb − 1) =
∑
b∈B\S

(rb − 1) + deg(f ∗(KX ⊗ SX)
1
2 )) = deg(Rf0 ⊗ f ∗(KX ⊗ SX)

1
2 )),
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where Rf0 :=
⊗

b∈B\S
[b]rb−1 is the ramification divisor of the classifying map f0 : B0 →

X0. As f ∗(KX⊗SX)⊗Rf0
∼= KB⊗S, we can now rewrite the formula in Theorem 1.1

as ∑
b∈B

(mb − 1) =
1

2
deg(KB ⊗ S ⊗Rf0). (2)

For the arithmetic aspect, a quantity of concern is the number of points of good
reduction at which the Betti multiplicity is at least 2. Let Bσ ⊂ B \ S be the set of
points at which the Betti multiplicity is at least 2. The finiteness of |Bσ| was proven
by Corvaja-Demeio-Masser-Zannier in [CDMZ]. By Eq.(2), we have the following
estimate

|Bσ| ≤ g − 1 +
|S|
2

+
deg(Rf0)

2
,

where g is the genus of B. We remark that we have defined S to be f−1(X \ X0)
and in general S ⊂ S ′, where S ′ is the set of points of bad reduction. However, if we
assume that E is relatively minimal, then by the uniqueness of the relatively minimal
model, we deduce that S = S ′. In any case, we can always take |S| to be the number
of singular fibers on E in the estimate.

An upper bound of |Bσ| in terms of the genus and the degree of a certain line
bundle on B has also been obtained by Ulmer-Urzúa [UU]. Using our Theorem 1.1,
we will prove another estimate:

Corollary 1.2. Following the setting of Theorem 1.1, then we have

|Bσ| ≤ 2g − 2− deg(f ∗(KX ⊗ SX)
1
2 )) + |S|,

where g is the genus of B.

It turns out that our estimate of |Bσ| is equivalent to that given by Ulmer-Urzúa
(see the end of Section 4.3) when E has a classifying map. For an arbitrary non-
isotrivial relatively minimal elliptic surface, the equivalence will follow by a reduction
argument given in Section 4.4 using a finite cover over the base curve B. (Here we
remark that the relative minimality of E has also been implicitly assumed in [UU].)

Besides the integral formula above for the total Betti multiplicity, the invariant
form µ can also be used to give an alternative proof of the equality of the canonical
height ĥ(σ) of a section σ : B → E and the integral of σ∗(dβ1 ∧ dβ2) over B \ S.
This equality has been established in [CDMZ]. (Our result differs by a sign due to
a difference choice of the ordering of the Betti coordinates.) Here our proof consists
of proving two things (see Section 2.1): (1) the invariant form µ is actually equal to
dβ1 ∧ dβ2 on E0 = E|B\S; (2) the integral of σ∗µ over B \ S gives the canonical height

ĥ(σ). The fact that dβ1 ∧ dβ2 = µ will be furthermore used to demonstrate that on
E0, the 2-form dβ1 ∧ dβ2 is equal to the restriction of a certain (1, 1)-current T on E
studied by DeMarco-Mavraki [DM] for problems in Arithmetic Dynamics, a relation
that has been proven in [CDMZ] by different methods.
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Now we briefly describe the layout of the article. In Section 2, we will first recall
the construction of the semi-definite Kähler form µ on an elliptic surface E with a
classifying map. Its relationship with the Betti coordinates (or the Betti map) will
then be discussed and applied to further relate it to the canonical height. Next, in
Section 3, we will see that the kernel of the (1, 1)-form µ gives a smooth distribution
on the holomorphic tangent bundle of E0 (i.e. the regular part of E) transversal to the
relative tangent bundle, from which we get a well-defined projection onto the relative
tangent bundle and this is the basis of our definition and analysis of the verticality
ησ of a section σ of E . Afterwards, we will show that ησ satisfies a first order PDE,
which has been obtained previously in [MT] in a slightly different form. Using this
PDE we can derive many important properties of ησ, including the discreteness of its
zero set and its local behavior. In Section 4, we will construct a potential function
Ψ on a dense open subset of the projectivized tangent bundle P(M) on an elliptic
modular surfaceM, such that its pullback by the tautological lifting of a local section
will be just the norm squared of its verticality. With the potential function Ψ, it is
easier to analyze the asymptotic behavior of ησ towards the points of bad reduction
and also in the more general case with ramified classifying maps. We will then be
in the position to prove our integral formula for the Betti multiplicity (Theorem 1.1)
and the effective estimate for the number of points with higher Betti multiplicity in
Corollary 1.2. At the end of Section 4, we will relate our results to those obtained by
Ulmer-Urzúa [UU].

2 Betti map and a semi-definite Kähler form on

an elliptic surface

LetH be the upper half plane and consider the action of semidirect product SL(2,R)n
R2 on H× C, defined by

(τ, z) 7→
(
aτ + b

cτ + d
,

z

cτ + d
+ α + βτ

)
,

where (τ, z) ∈ H × C),

(
a b
c d

)
∈ SL(2,R) and (α, β) ∈ R2. Consider a principal

congruence subgroup Γ := Γ(k) ⊂ SL(2,Z) for some k ≥ 3 and from the discrete
subgroup Γ n Z2 we get a modular family of elliptic curves πΓ : M0

Γ → X0
Γ, where

M0
Γ := (H× C)/(Γ n Z2) and X0

Γ := H/Γ.

There is a semi-definite Kähler form µ on H × C which is invariant under the
aforementioned action of SL(2,R) nR2, given by

µ = i∂∂̄
(Imz)2

Imτ
.

The invariance and semi-definiteness of µ are easy to check and we refer the reader
to [MT] for details. Since µ is invariant, it descends to a semi-definite Kähler form
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on M0
Γ, which will be still denoted by µ when there is no danger of confusion. Here

we will explicitly describe the kernel of µ, which will play an important role in our
analysis of the sections of elliptic surfaces.

Proposition 2.1. Fix (τ0, z0) ∈ H×C and write z0 = a+ bτ0, where a, b ∈ R. Then
the kernel of µ at (τ0, z0) is spanned by the holomorphic tangent vector of the curve
z = a+ bτ .

Proof. For z = a+ bτ , then Imz = b Imτ and hence the Kähler potential restricted to
the curve z = a + bτ is b2Imτ , which is harmonic. Hence, the holomorphic tangent
space of the curve z = a+ bτ is a null space for µ.

Let U ⊂ M0
Γ be a connected open set. If U is sufficiently small, we can find an

open set U ⊂ H × C such that π : U → U is a biholomorphism. Fix such a choice
for U. Let p ∈ U and π−1(p) = (τ, z) ∈ U, then there exist unique β1, β2 ∈ R such
that z = β1 + β2τ . When restricting to the image of a local section of M0

Γ, the pair
(β1, β2) is called the Betti coordinates in the literature. Here we regard them as local
real analytic functions on U and still call them Betti coordinates.

Proposition 2.2. In terms of the local coordinates (τ, z), we have

∂β2 =
dz − β2dτ

2iImτ
.

Proof. Since z = β1 + β2τ , we have β2Imτ = Imz. By differentiation

β2dτ + (τ − τ̄)∂β2 = dz

and the result follows.

Of course, β1, β2 are only locally defined and more importantly they depend on
our choice of U (which is sometime called an abelian logarithm), but we have the
following:

Proposition 2.3. The 2-form dβ1 ∧ dβ2 is independent of the choice of abelian loga-
rithm and globally defined on M0

Γ. Furthermore, we have µ = dβ1 ∧ dβ2.

Proof. Since µ is globally defined on M0
Γ, we just need to show that locally we have

µ = dβ1∧dβ2 for any choices of Betti coordinates. As before, take a sufficiently small
open set U ⊂M0

Γ and choose U ⊂ H× C such that π : U→ U is biholomorphic.

By definition, for (τ, z) ∈ U, we have z = β1 + β2τ , hence β2 = Imz/Imτ . On the
one hand,

µ = i∂∂̄
(Imz)2

Imτ
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= i∂

(
2Imz

Imτ
∂̄Imz − (Imz)2

(Imτ)2
∂̄Imτ

)
= 2i∂

(
Imz

Imτ

)
∧
(
∂̄Imz − Imz

Imτ
∂̄Imτ

)
= 2iImτ∂

(
Imz

Imτ

)
∧ ∂̄

(
Imz

Imτ

)
= 2iIm(τ)∂β2 ∧ ∂̄β2.

On the other hand, as z = β1 + β2τ ⇒ ∂̄β1 + τ ∂̄β2 = 0, we have

dβ1 ∧ dβ2 = (∂β1 + ∂̄β1) ∧ (∂β2 + ∂̄β2)

= ∂β1 ∧ ∂̄β2 + ∂̄β1 ∧ ∂β2

= −τ̄ ∂β2 ∧ ∂̄β2 − τ ∂̄β2 ∧ ∂β2

= 2iIm(τ)∂β2 ∧ ∂̄β2.

Therefore, µ = dβ1 ∧ dβ2 .

2.1 Canonical height and the invariant form

Consider the elliptic curve defined by y2 = x(x − 1)(x − λ) (in an affine chart) over
the function field C(λ) of P1. Let πL : E0

L → P1 \{0, 1,∞} be the associated Legendre
scheme. In [CDMZ], the following relation between the Betti map and the canonical
height for the sections of an elliptic surface given by pulling back by a branched cover
B → P1 has been proven:

Theorem 2.4 ([CDMZ], Theorem 3.2 and Corollary 3.4 therein). Let r : B → P1

be a finite morphism and B0 := B \ r−1({0, 1,∞}). Let E0
B0 := E0

L ×(πL,r) B and
πB0 : E0

B0 → B0 be the projection. Then, for an algebraic section σ : B0 → E0
B0,

ĥ(σ) =

∫
B0

σ∗(dβ1 ∧ dβ2),

where ĥ is the canonical height of EB. In particular, the integral above is a rational
value.

Remark. In the published version of [CDMZ], the integrand in the theorem above is
σ∗(dβ2 ∧ dβ1), differs by a factor of −1. This comes from whether one takes (1, τ) or
(τ, 1) to be the ordered basis for the lattice.

By Proposition 2.3, we see that the canonical height of σ is also equal to the
integral of µ on the image of σ. We are going to give a direct proof of this for elliptic
surfaces given by a classifying maps. The general case can then follow by a reduction
procedure similar to that in Section 4.4.
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Lemma 2.5. Let n ∈ N+ and define [n] : H × C → H × C by [n](τ, z) = (τ, nz).
Then [n]∗µ = n2µ.

Proof. The lemma follows directly from the definition µ = i∂∂̄
(Imz)2

Imτ
.

Theorem 2.6. Let π : E → B be an elliptic surface obtain given by some classifying
map f : B → XΓ for a modular curve XΓ and σ : B → E be a section. Then,

ĥ(σ) =

∫
B\S

σ∗µ,

where S := f−1(XΓ \X0
Γ).

Proof. By the uniqueness of the canonical height ([Si2], p.218, p.250), it suffices to
verify two things:

(1)

∫
B\S

σ∗µ − 〈σ,O〉 is bounded, where 〈·, ·〉 denotes the intersection pairing on

E and O is the zero section; and

(2)

∫
B\S

(nσ)∗µ = n2

∫
B\S

σ∗µ.

(Note that with an abuse of notation, we use σ to both denote the section as a
map and its graph.)

We first verify (2), which is easy. Let f : B → XΓ be the classifying map and
f ] : E0 →M0

Γ be the associated map such that πΓ ◦ f ] = f ◦ π. To avoid confusion,
we denote the semi-definite Kähler forms on E andM0

Γ by µ and µΓ respectively. We
then have ∫

B\S
σ∗µ =

∫
B\S

(f ] ◦ σ)∗µΓ.

Therefore, for n ∈ N,∫
B\S

(nσ)∗µ =

∫
B\S

(f ] ◦ (nσ))∗µΓ =

∫
B\S

([n] ◦ f ] ◦ σ)∗µΓ

=

∫
B\S

(f ] ◦ σ)∗[n]∗µΓ = n2

∫
B\S

(f ] ◦ σ)∗µΓ = n2

∫
B\S

σ∗µ.

We have thus proven that

∫
B\S

σ∗µ is quadratic.

For (1), we first note that, while originally only defined on the set of regular fibers
E0, the (1, 1)-form µ extends as a positive (1, 1)-current T on E , which implies in
particular that the integral is finite. The extension was first established in the case
of elliptic modular surfaces by [MT] (p.38 therein), and the general case follows by
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pulling back by the classifying map. Alternatively, the extension is a consequence of
Theorem 2.7 and the result of DeMarco-Mavraki [DM] mentioned before the theorem.
(The extension can also be done on the compactified elliptic modular surfaces using
the toroidal compactification, see [BKK] for example.) Whenever a current extension
of µ on E exists (which is in general not unique), there is the trivial extension, i.e.
the (1, 1)-current Tµ such that 〈[Tµ], γ〉 =

∫
γ∩E0 µ for every algebraic curve γ ⊂ E ,

where [Tµ] ∈ H2(E ,R) is the Poincaré dual of Tµ. In particular, 〈[Tµ], σ〉 =
∫
B\S σ

∗µ

for every section σ.

We here recall some classical facts about the theta function on H× C defined by

ϑ1,1(τ, z) =
∑
n∈Z

exp

(
πiτ

(
n+

1

2

)2

+ 2πi

(
z +

1

2

)(
n+

1

2

))
.

(For the relevant details, the reader may see [BKK].) It is known that ϑ8
1,1 transforms

under the action of SL(2,Z)nZ2 of H×C in such a way that it defines a holomorphic
section of some line bundle L, called Jacobi line bundle, on M0

Γ(k). Moreover, the

function h(τ, z) := (Imτ)4 exp(−16π(Imz)2/Imτ) descends to a Hermitian metric for
L (see [BKK], Lemma 2.11 therein). Thus,

c1(L) = −2c1(π∗T (X0
Γ(k))) + 8µ.

The divisor of L is precisely 8 times the zero section onM0
Γ(k) since the zero set of

ϑ1,1 is {(τ,m+nτ) ∈ H×C : τ ∈ H and m,n ∈ Z} and its zeros are of order 1. Using
the toroidal compactification, L extends as a Q-line bundle L] (which is also called
a Mumford-Lear extension) on MΓ(k). The divisor for L] is 8O + F , where O is the
zero section and F is some fibral divisor supported on the singular fibers (see [BKK],
Proposition 4.9 therein). Since the divisor of a line bundle is Poincaré dual to the
first Chern form, by comparing with the expression of c1(L) above, we thus deduce
that 8[Tµ]− 8O is a fibral divisor and hence 〈[Tµ]− O, σ〉 is bounded when σ varies.
This completes the proof for elliptic modular surfaces. In the case where the elliptic
surface E → B is given by a classifying map f : B → XΓ, we can simply pullback the
extensions L], T and obtain the desired results.

The 2-form dβ1∧dβ2 is also related to the study of canonical heights with equidistri-
bution theory. For an elliptic surface E → B defined over Q, DeMarco-Mavraki [DM]
showed that there is a positive closed (1,1)-current T on E(C) such that

(1) the restriction of T to each regular fiber is the normalized Haar measure; and

(2) for a non-torsion section σ : B → E and a non-repeating sequence tn ∈ B(Q)

such that ĥEtn (σ(tn))→ 0, the discrete measures
1

#Gal(Q/Q)tn

∑
t∈Gal(Q/Q)tn

δt converge

weakly on B(C) to σ∗T .
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In addition, on E0 \ O, where O is the image of the zero section, it was proven
in [DM] that T is up to a constant multiple equal to ddcHN , where HN is the Néron
local Archimedean height function. It was then proven in [CDMZ] that T is in fact
equal to dβ1∧dβ2. Using the semi-definite Kähler form µ, we can give a simpler proof
of this equality.

Theorem 2.7. Let E be an elliptic surface obtained through some classifying map into
a modular curve. On E0, we have T = µ. Consequently, we also have T = dβ1 ∧ dβ2

on E0.

Proof. By pulling back through the classifying maps it suffices to prove the equality
for an elliptic modular surface M. For a sufficiently small open set U ⊂ M0, we
idenify it with a branch of its elliptic logarithm U ⊂ H× C.

By [Si2] (p.468), for (τ, z) ∈ U ∼= U,

HN = −1

2

((
Imz

Imτ

)2

− Imz

Imτ
+

1

6

)
(−2πImτ) + Φ,

for certain pluriharmonic function Φ. Since Imτ and Imz are harmonic, we have

ddcHN =
i

π
∂∂̄HN = i∂∂̄

(Imz)2

Imτ
= µ.

Finally, it is immediate to verify that the integral of µ on each regular fiber is equal
to 1 and hence T = µ. By Proposition 2.3, we then also have T = dβ1 ∧ dβ2.

3 Verticality of a section of an elliptic surface

3.1 Decomposition of the tangent bundles on elliptic surfaces

Let T := T (M0
Γ) be the (holomorphic) tangent bundle of M0

Γ and V ⊂ T be the
relative tangent bundle associated to the canonical projection πΓ : M0

Γ → X0
Γ. We

will also call V the vertical part of T . From Proposition 2.1, we see that the kernel of
µ is always transversal to V and we call it the horizontal part of T and denote it by
H. Thus, T = V ⊕H. Note that H is only a real-analytic complex line subbundle.

Consider the projection map ΠV : T → V associated to the decomposition de-
scribed above. As before, for a sufficiently small open set in U ⊂M0

Γ, by identifying
U with one of its lifting to the universal cover, we will use (τ, z) ∈ H × C as local
coordinates on U . Let (τ, z) ∈ U ⊂ M0

Γ. Write z = β1 + β2τ , where (β1, β2) are
the Betti coordinates. For v ∈ T(τ,z), where T(τ,z) denotes the holomorphic tangent

space at (τ, z), we write v = vτ
∂

∂τ
+ vz

∂

∂z
, for some vτ , vz ∈ C. Then, the verti-

cal part V(τ,z) ⊂ T(τ,z) is spanned by
∂

∂z
and by Proposition 2.1 the horizonal part

10



H(τ,z) ⊂ T(τ,z) is spanned by
∂

∂τ
+ β2

∂

∂z
. Then, the decomposition of v with respect

to T = V ⊕H is

v = vτ
∂

∂τ
+ vz

∂

∂z
=

(
(vz − β2vτ )

∂

∂z

)
+ vτ

(
∂

∂τ
+ β2

∂

∂z

)
.

Thus, in terms of the coordinates (τ, z, vτ , vz) on T , the projection ΠV : T → V , as
an endomorphism of T , is given by

v = (τ, z, vτ , vz) 7→ ΠV (v) = (τ, z, 0, vz − β2vτ ).

Equivalently, as a section on T ∗ ⊗ V ,

ΠV (v) = (dz − β2dτ)⊗ ∂

∂z
. (3)

Consequently,

∂̄ΠV = −∂̄β2 ⊗ dτ ⊗
∂

∂z
. (4)

For an elliptic surface π : E → B obtained through a classifying map f : B → XΓ,
there is a holomorphic map f ] : E0 →M0

Γ such that πΓ ◦f ] = f ◦π. We can use f ] to
pull back the Betti coordinate functions and the semi-definite Kähler form µ to E0.
The pullback (f ])∗µ remains semi-definite and everywhere non-zero on E0 since the
restriction of f ] on each regular fiber is an isomorphism. Consequently, on the dense
open subset E0, there is a similar decomposition for the holomorphic tangent bundle,
as described above.

3.2 Verticality of a section of an elliptic surface

In this section, for the simplicity of notation, we will work on the special case of
an elliptic modular surface πΓ : MΓ → XΓ. If π : E → B is an elliptic surface
with a classifying map f : B → XΓ, then any section σ of E will canonically give a
holomorphic map Σ : B → MΓ such that πΓ ◦ Σ = f . It will be evident that by
pulling back the relevant objects, the definitions can be carried over to E and the
related results obtained here for sections ofMΓ will hold correspondingly for sections
of E .

Definition 3.1. Let σ : XΓ → MΓ be a holomorphic section and dσ : TXΓ →
σ∗T (MΓ) be its differential. Define the verticality of σ as

ησ := ΠV ◦ dσ|T (X0
Γ) : T (X0

Γ)→ σ∗V.

Thus, ησ is a real-analytic section of the holomorphic line bundle T ∗(X0
Γ)⊗σ∗V on

X0
Γ. A general version of it for families of abelian varieties has been used by Mok [Mo]

and Mok-To [MT] to prove the finiteness of the Mordell-Weil groups of the Kuga’s
families of abelian varieties. Geometrically, ησ measures how far σ deviates from a
torsion section. In fact, we have

11



Proposition 3.2. ησ ≡ 0 if and only if σ is a torsion section.

Proof. Since the horizontal part H ⊂ T consists of the kernels of µ, we deduce from
Proposition 2.3 that ησ ≡ 0 precisely when σ∗(dβ1 ∧ dβ2) ≡ 0 and thus the Betti
coordinates are locally constant on the image of σ. Then the theorem of Manin [Ma]
implies that σ is a torsion section.

For a holomorphic section σ : XΓ → MΓ, the local pullback β := (σ∗β1, σ
∗β2)

is called the Betti map of σ. Since the construction of (β1, β2) involves a choice of
abelian logarithm on M0

Γ, so does the Betti map β, but the vanishing order of β at
any point b ∈ B0 is independent of such choice and is intrinsic to the section σ.

Definition 3.3 ([CDMZ]). The multiplicity of a Betti map β at b is defined to be
the smallest positive integer m(b) such that the partial derivatives of σ∗β1, σ

∗β2 at b
vanish up to order m(b)− 1. We will also call m(b) the Betti multiplicity of σ at b.

If ησ is not identically equal to zero, then its zeros are precisely the points at which
the Betti multiplicity of σ is at least 2, which can be seen by the following relationship
between ησ and the Betti map (σ∗β1, σ

∗β2).

Proposition 3.4. Let τ be a local coordinate near a point p ∈ X0
Γ coming from H

and (τ, z) be local coordinates near σ(p) ∈ M0
Γ coming from H × C. Let (βσ1 , β

σ
2 ) :=

(σ∗β1, σ
∗β2), where β1, β2 are the Betti coordinates such that z = β1 + β2τ . Then,

ησ = 2iImτ∂βσ2 ⊗ σ∗
(
∂

∂z

)
=

2Imτ

iτ̄
∂βσ1 ⊗ σ∗

(
∂

∂z

)
.

Proof. The first equation follows directly from Proposition 2.2 and Eq.(3) (Section 3.1).
Since σ is holomorphic, we have ∂̄(βσ1 + βσ2 τ) = 0, which gives ∂βσ1 = −τ̄ ∂βσ2 and the
second equation follows.

From how the group SL(2,Z) n Z2 acts on H × C, it is evident that the relative
tangent bundle V onM0

Γ = (H×C)/(ΓnZ2) is just the quotient of H×C×C under
the following action of Γ n Z2:

(τ, z, v) 7→
(
aτ + b

cτ + d
,

z

cτ + d
+ α + βτ,

v

cτ + d

)
,

where

(
a b
c d

)
∈ Γ and (α, β) ∈ Z2. In particular, we see that the transition functions

of the holomorphic tangent bundle T (X0
Γ) of X0

Γ = H/Γ are precisely the squares of
those of the pullback bundle σ∗V . That is, T (X0

Γ) ∼= (σ∗V )2 as holomorphic line
bundles on X0

Γ. Let p ∈ X0
Γ, we make the following explicit identification, locally

given by σ∗
(
∂

∂z
⊗ ∂

∂z

)
=

∂

∂τ
, where

∂

∂z
and

∂

∂τ
are vector fields near σ(p) and
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p respectively given by local liftings to the universal covers. It is evident that this
identification is independent of the liftings and hence global. To simplify the notations,

we write

(
∂

∂τ

) 1
2

:= σ∗
(
∂

∂z

)
and similarly for the dual (dτ)

1
2 := σ∗dz.

Let K = T ∗(X0
Γ) be the canonical line bundle of X0

Γ. In particular, K ∼= (σ∗V )−2

and we will thus write (σ∗V )−1 = K
1
2 and T ∗(X0

Γ)⊗σ∗V = K⊗K− 1
2 = K

1
2 . Therefore,

we can now regard ησ as a real-analytic section of K
1
2 on X0

Γ.

Consider the metric g on X0
Γ given by the invariant Kähler form on H

ω = −i∂∂̄ log Imτ =
idτ ∧ dτ̄
4(Imτ)2

.

Denote the conjugate bundle of K by K. The reciprocal of g is then a Hermitian
metric, denoted by g?, on the canonical line bundle K. We will regard g? as a section

of K−1 ⊗K−1
. Similarly, we have the sections g?

m
2 of K−

m
2 ⊗K−

m
2 , for each m ∈ Z.

As mentioned above, ησ can be naturally regarded as a real analytic section of
K

1
2 . It follows that ∂̄ησ is a real analytic section of K ⊗K 1

2 . We have

Proposition 3.5. ∂̄ησ = −i ησ ⊗ g
− 1

2
? .

Proof. Using the notations above and in terms of the standard local coordinate τ ,

by Proposition 3.4, we have ησ = 2iImτ∂βσ2 ⊗
(
∂

∂τ

) 1
2

. On the other hand, using

g
− 1

2
? =

(dτ)
1
2 ⊗ (dτ̄)

1
2

2Imτ
and pulling back Eq.(4) of Section 3.1 by σ,

∂̄ησ = ∂̄(ΠV ◦ dσ) = (∂̄ΠV ) ◦ dσ = −∂̄βσ2 ⊗ dτ ⊗
(
∂

∂τ

) 1
2

= −∂̄βσ2 ⊗ (dτ)
1
2 = −i ησ ⊗ g

− 1
2

? .

The first order PDE above satisfied by ησ has already been established by Mok-
To [MT]. Although the PDE stated in [MT] was formulated and stated in a slightly
different form, one can readily check that it is equivalent to the one here. This is a first
order real-linear PDE of ησ and was used to show that ησ satisfies an eigenequation
of the Laplace operator, which is the crux of Mok-To’s proof of the finiteness of the
Mordell-Weil group for MΓ. It turns out that this first order PDE is also important
for the study of Betti multiplicity and we will make use of it to prove that the zero
set of a non-trivial ησ is discrete and derive an integral formula which counts the total
Betti multiplicity of σ.
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We know by Proposition 3.2 that ησ ≡ 0 implies that σ is a torsion section. Given
a non-torsion σ, then we are primarily interested in the zeros of ησ. From how ησ is
constructed from the section σ : XΓ → MΓ, we see that ησ is zero precisely at the
points at which σ is tangent to a local horizontal section, i.e. a local section given
τ 7→ (τ, a+ bτ), where a, b ∈ R.

Proposition 3.6. The zero set of a non-trivial ησ is a discrete set in X0
Γ.

Proof. Suppose w = 0 is a zero of ησ with respect to a local coordinate w on X0
Γ. By

choosing local holomorphic bases for the bundles K
1
2 and K ⊗K 1

2 , we regard ησ as a
complex-valued real-analytic function near w = 0 and identify ∂̄ησ with ∂ησ/∂w. By
splitting the power series expansion of ησ, we write

ησ(w) = f(w) + h(w) + ψ(w,w),

where f , h are holomorphic and ψ is real-analytic in a neighborhood of w = 0, such
that ψ does not contain any pure terms wk nor wk, k ∈ N+. That is, f(w) (resp.
h(w)) only contains the powers of w (resp. w), and ψ(w,w) contains mixed terms
only. Now by Proposition 3.5, there is a non-vanishing local real-analytic function
G(w,w) such that ∂ησ/∂w = Gησ, thus

∂h

∂w
+
∂ψ

∂w
= G(f + h+ ψ).

By comparing the terms of the lowest power in w that do not contain powers of w,
we deduce that the vanishing order of ψ is one greater than that of h. (In the case
where h ≡ 0, we then have ψ = f ≡ 0.) Similarly, by comparing the terms of the
lowest power in w that do not contain powers of w, we get that the vanishing order
of h is one greater than that of f . Therefore, if ` ≥ 1 is the vanishing order of f , then
we can write ησ = w`η] for some non-vanishing local continuous function η]. Hence,
if ησ is not identically zero, then w = 0 is an isolated zero for ησ.

Let ∇ be the (1, 0)-part of the Hermitian connection associated to g?
1
2 on K

1
2 .

Then ∇ησ is a section of K
3
2 .

Proposition 3.7. ∇ησ is holomorphic.

Proof. This can be obtained by directly calculating the covariant derivative ∇ησ,
which has been done in [MT].

We mentioned that the definitions and results in this section can be carried over to
any elliptic surface with a classifying map. As an example, we generalize the definition
of verticality, as follows. Suppose π : E → B is an elliptic surface over a complex
projective curve B given by a classifying map f : B → XΓ. Then, given a holomorphic
section σ : B → E , there exists a unique a holomorphic map Σ : B →MΓ such that
πΓ ◦ Σ = f , where πΓ :MΓ → XΓ is the canonical projection. We define

ησ := (Σ∗ΠV ) ◦ (dΣ|T (B0)) : T (B0)→ Σ∗V |M0
Γ

= f ∗(K|X0
Γ
)−

1
2 ,

where B0 = B \ S and S = f−1(XΓ \X0
Γ).
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3.3 Verticality and Betti multiplicity

Now we are going to discuss how one can study the Betti multiplicity of σ using ησ.
For a heuristic purpose, we will again work on an elliptic modular surface MΓ even
though it is already known that there are no non-torsion sections forMΓ. In the next
section, we will count the Betti multiplicity for the general case with a somewhat
different formulation. However, we will be able to see that the analysis there is hinted
by the study of verticality in the case of elliptic modular surfaces.

Suppose σ is a hypothetical non-torsion holomorphic section for MΓ. In what
follows, we will write η instead of ησ to simplify the notation. Denote by ‖η‖2 the
norm squared with respect to µ (which can be regarded as a Hermitian metric on
V since the null space of µ is transversal to V ). Let w = 0 be a zero of η in a
local coordinate w on X0

Γ. By Proposition 3.6, the zero(s) of η are isolated on X0
Γ.

In addition, the vanishing order of η should be the Betti multiplicity minus 1 by
Proposition 3.4 and from the proof of Proposition 3.6, we know that ‖η‖2 = |w|2m−2ϕ
locally, where m ≥ 2 is the Betti-multiplicity and ϕ is a non-vanishing local continuous
function.

Recall that on X0
Γ, we have σ∗V = K−

1
2 and η can be regarded as a real-analytic

section of K
1
2 . In what follows, we will use the same symbols ∇ and ∇ to respectively

denote the (1, 0)-part and (0, 1)-part of the Hermitian connection associated to g?
m
2

on K
m
2 for each m ∈ Z and also for the conjugate connection on K

m
2 . Here the

Hermitian metric g? on K is regarded as a section of K−1⊗K−1
. Then, we can write

‖η‖2 = η ⊗ η ⊗ g?
1
2 .

At a point where ‖η‖2 6= 0, we have

∂̄ log ‖η‖2 =
∂̄‖η‖2

‖η‖2

=
∇η ⊗ η ⊗ g?

1
2 + η ⊗∇η ⊗ g?

1
2

‖η‖2

=
∇η
η

+
∇η
η

Moreover, using Proposition 3.5,

∇
(
∇η
η

)
= ∇

(
−i η ⊗ g−

1
2

?

η

)

=
−i∇η ⊗ g−

1
2

?

η
+
i∇η ⊗ η ⊗ g−

1
2

?

η2

=
−i∇η ⊗ g−

1
2

?

η
− ∇η

η
⊗ ∇η

η

= g−1
? −

∇η
η
⊗ ∇η

η
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and by Proposition 3.7,

∇
(
∇η
η

)
= ∇

(
∇η
η

)
= −∇η ⊗ ∇η

η2
= −∇η

η
⊗ ∇η

η
.

Therefore, if we regard ∂̄ log ‖η‖2 as a section onK, then at a point where ‖η‖2 6= 0,
we have

∇(∂̄ log ‖η‖2) = g−1
? −

∇η
η
⊗ ∇η

η
− ∇η

η
⊗ ∇η

η

as sections of K⊗K. For a section of α of K⊗K, and α(τ) = α0(τ)dτ ⊗ dτ̄ in terms
of local coordinates, we use α∧ to denote the (1, 1)-form α0(τ)dτ ∧ dτ̄ , which is well
defined (independent of coordinates). Then, we have i(∇(∂̄ log ‖η‖2))∧ = i∂∂̄ log ‖η‖2

and (ig−1
? )∧ = ω, where ω is the Kähler form descending from the invariant form

idτ ∧ dτ̄
4(Imτ)2

on H. If we also let χ :=

(
i
∇η
η
⊗ ∇η

η

)∧
, then

i

2π
∂∂̄ log ‖η‖2 =

1

2π
(ω − χ− χ) , (5)

which is a real-analytic (1, 1)-form on X0
Γ \B, where B ⊂ X0

Γ is the zero set of η, or
equivalently, the set of points at which the Betti multiplicity is at least 2.

Let S = XΓ \ X0
Γ. For every point x ∈ S ∪ B, choose a local coordinate chart

w ∈ ∆ := {w ∈ C : |w| < 1} such that w(x) = 0. Regard ∇η/η as a (0, 1)-form
on XΓ \ (S ∪B), then by Proposition 3.5 it is of constant norm with respect to ω.
In particular, if x ∈ B, the integral

∫
∂∆ε
∇η/η will tend to zero when ε → 0, where

∆ε = {w ∈ ∆ : |w| < ε}. On the other hand, using the standard compactifying
coordinate q = e2πiτ/k (c.f. Section 4.2) near the cusp x∞ corresponding to i∞, where
k is that in Γ(k) = Γ, and using Proposition 3.5 again, we get∣∣∣∣∫

∂∆ε

∇η
η

∣∣∣∣ ≤ ∫
∂∆ε

|dq|
2|q log |q||

.

It then follows readily that
∫
∂∆ε
∇η/η also goes to zero as ε→ 0. For other cusps, it

suffices to exploit the SL(2,Z) action to conclude that the same holds true for every

point x ∈ S. Consequently, if we let XΓ,ε := XΓ \
⋃

x∈S∪B

∆ε(x), where ∆ε(x) is the ∆ε

defined above for each x, then by Stokes’ theorem, we get

0 = lim
ε→0

∫
XΓ,ε

id

(
∇η
η

)
= lim

ε→0

∫
XΓ,ε

i∂

(
∇η
η

)
= lim

ε→0

∫
XΓ,ε

(ω − χ).

In particular, we get∫
X0

Γ

ω = lim
ε→0

∫
XΓ,ε

ω = lim
ε→0

∫
XΓ,ε

χ = lim
ε→0

∫
XΓ,ε

χ (6)
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as the integral of ω is a real number. In addition, as shown in the proof of Propo-
sition 3.6, if w = 0 is a zero of η in terms of a local coordinate w, we have ‖η‖2 =
|w|2m−2ϕ for some non-vanishing local continuous function, where m is the Betti mul-
tiplicity of σ at w = 0. Then, for w 6= 0,

i

2π
∂̄ log ‖η‖2 =

i(m− 1)

2π

dw

w
+

i

2π

∂̄ϕ

ϕ

and thus ∫
∂∆ε

i

2π
∂̄ log ‖η‖2 = m− 1 +

∫
∂∆ε

i

2π

∂̄ϕ

ϕ
(7)

for sufficiently small ε, where ∂∆ε is given with the anti-clockwise orientation. In next
section, which deals with a general elliptic surface given by a classifying map, we will
show that the last integral will go to zero when ε→ 0. Now together with Eq.(5) and

Eq.(6), by applying Stokes’ theorem on
i

2π
∂∂̄ log ‖η‖2 =

i

2π
d∂̄ log ‖η‖2, we have

1

2π

∫
X0

Γ

ω =
∑
b∈B

(mb − 1) + lim
ε→0

∑
b∈S

∫
∂∆ε(b)

i

2π
∂̄ log ‖η‖2.

Also in the next section, we will study the last term in the equation above, which
is related to the asymptotic behavior of ‖η‖2 near the points of bad reduction. We will
do this by using a potential function defined on the projectivized tangent bundle of
M0

Γ, with which it is easier to deal with the more general situation of elliptic surfaces
given by possibly ramified classifying maps into the modular curves. In any case, the
analysis above suggests that the integral of the invariant metric over the points of
good reduction on the base curve is related to the total Betti multiplicity.

4 Counting the Betti multiplicity of a section

We will now construct an invariant function Ψ on the projectivized tangent bundle
PT (H×C), which thus descends to the PT (M0

Γ). It will then be shown that σ̂∗Ψ is just
‖η‖2, where σ̂ : X0

Γ → PT (M0
Γ) is the tautological lifting of a section σ : XΓ →MΓ.

Using Ψ, we can efficiently study the Betti multiplicities of the sections of a general
elliptic surface given by a classifying into XΓ.

4.1 The invariant function Ψ on PT (H× C)

To simplify the notation, we will let T := T (H×C) be the holomorphic tangent bundle
of H × C. Let (τ, z) ∈ H × C and v ∈ T(τ,z), where T(τ,z) denotes the holomorphic

tangent space at (τ, z). We can write v = vτ
∂

∂τ
+vz

∂

∂z
, for some vτ , vz ∈ C. Write also

z = β1+β2τ , where β1, β2 ∈ R are the Betti coordinates. In particular, β2 = Imz/Imτ .
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In terms of the above coordinates on T , the matrix representing the semi-definite

Kähler form µ with respect to the basis

(
∂

∂τ
,
∂

∂z

)
is

gµ =
1

2Imτ

(
β2

2 −β2

−β2 1

)
Thus, the norm squared of v ∈ T measured against gµ is

‖v‖2
µ =
|vz − β2vτ |2

2Imτ
,

which will be regarded as a function on T . Since µ is invariant under the action of
SL(2,R) nR2, it follows that ‖v‖2

µ is an invariant function on T . Similarly, the norm
squared

‖v‖2
ν =

|vτ |2

2(Imτ)2
,

where ν is the pullback of the Poincaré metric on H to H×C, is also invariant on T .
By take the quotient of these two functions, we can now define an invariant function
Ψ : PT → [0,+∞] by

Ψ(τ, z, [vz, vτ ]) :=
‖v‖2

µ

‖v‖2
ν

=
|vz − β2vτ |2Imτ

|vτ |2
=
|vzImτ − vτ Imz|2

|vτ |2Imτ
.

Note that Ψ is well defined as a value in [0,+∞] since Imτ > 0 and vτ , vz cannot be
both zero on PT .

Proposition 4.1. Let σ be a holomorphic section of MΓ and σ̂ : XΓ → PT (MΓ) be
the tautological lift of σ. Then, σ̂∗Ψ = ‖ησ‖2 on X0

Γ.

Proof. Let p ∈ X0
Γ and 0 6= v ∈ Tp(X0

Γ), then

‖dσ(v)‖2
µ = ‖ησ(v)‖2

µ = ‖ησ‖2(p)‖v‖2
g = ‖ησ‖2(p)‖dσ(v)‖2

ν ,

where g is the Poincaré metric on X0
Γ descending from H. Thus,

‖ησ‖2(p) =
‖dσ(v)‖2

µ

‖dσ(v)‖2
ν

= (σ̂∗Ψ) (p).

Proposition 4.2. Let h : ∆ → H × C be a local holomorphic curve such that h∗β2

and h∗τ are non-constant, where ∆ = {w ∈ C : |w| < 1}. Denote by ĥ : ∆ → PT
the tautological lifting of h. Let r and m be the vanishing order of h∗τ − h∗τ(0) and
h∗β2 − h∗β2(0) at w = 0 respectively, then

ĥ∗Ψ(w) = |w|2(m−r)ψ(w)

in a neighborhood of w = 0, where ψ is a non-vanishing local continuous function. In
particular, the zeros and poles of ĥ∗Ψ are isolated.
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Proof. Write the local holomorphic curve as h(w) = (τ(w), z(w)), w ∈ ∆. For sim-
plicity, we write β2(w) := h∗β2(w). Since

β2(w)− β2(0) =
z(w)− z(w)

τ(w)− τ(w)
− β2(0)

=
z(w)− β2(0)τ(w)− z(w)− β2(0)τ(w)

τ(w)− τ(w)

vanishes to the order m and τ(w)− τ(w) is always non-zero, it follows that

z(w)− β2(0)τ(w) = b+ wmρ(w)

for some b ∈ R and some holomorphic function ρ such that ρ(0) 6= 0. (In fact, b is
just β1(0) := β1(h(0)).) Then,

z′(w) = β2(0)τ ′(w) + wm−1ρ](w)

for some holomorphic ρ] such that ρ](0) 6= 0. Now, in a punctured neighborhood of
w = 0,

Ψ(ĥ(w)) =
|z′(w)− τ ′(w)β2(w)|2 Imτ(w)

|τ ′(w)|2

=

∣∣τ ′(w)(β2(0)− β2(w)) + wm−1ρ](w)
∣∣2 Imτ(w)

|τ ′(w)|2

=

∣∣τ ′(w)Im(wmρ(w))/Imτ(w) + wm−1ρ](w)
∣∣2 Imτ(w)

|τ ′(w)|2

=

∣∣τ ′(w)Im(wmρ(w)) + wm−1ρ](w)Imτ(w)
∣∣2

|τ ′(w)|2Imτ(w)

=

|w|2m−2

∣∣∣∣τ ′(w)

2i

(
wρ(w)− wmρ(w)

wm−1

)
+ ρ](w)Imτ(w)

∣∣∣∣2
|τ ′(w)|2Imτ(w)

.

Thus,

Ψ(ĥ(w)) =
|w|2m−2χ(w)

|τ ′(w)|2
=
|w|2m−2

|w|2r−2
ψ(w) = |w|2m−2rψ(w),

where χ, ψ are some non-vanishing local continuous functions near w = 0.

Corollary 4.3. Let σ : B → E be a non-torsion section of an elliptic surface given by
some classifying map f from B to some modular curve XΓ. Let Σ̂ : B → PT (MΓ) be
the tautological lifting of the induced map Σ : B →MΓ. Let S ⊂ B be the points of
bad reduction. Then, for every b ∈ B \ S, there exist a coordinate chart w ∈ ∆ near
b with w(b) = 0 and a non-vanishing continuous function ψ on ∆, such that

Σ̂∗Ψ(w) = |w|2(mb−rb)ψ(w),

where mb is the Betti multiplicity of σ at b and rb is the ramification index of f at b.
In particular, the points on B \ S at which the Betti multiplicity of σ is at least 2 are
isolated.
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4.2 Betti multiplicity on the toroidal compactification

Being invariant, Ψ thus descends to a function, which we will still denoted by Ψ,
on any PT (M0

Γ), where M0
Γ = (H × C)/(Γ n Z2). We will now extend it to the

compactification PT (MΓ). Let Γ(k) be a principal congruence subgroup, where k ≥ 3.
We first recall some basics of the toroidal compactification πk : MΓ(k) → XΓ(k),
which can be found in [AMRT]. At any point on the singular fiber over the cusp
c ∈ XΓ(k) corresponding to i∞, there exists a coordinate charts (ξ, ζ) ∈ C2 such that
the singular fiber is defined by {ξζ = 0} ⊂ C2. In addition, for a point in the regular
part C2 \ {ξζ = 0}, the coordinate transformation from (ξ, ζ) to the local coordinates
(τ, z) descends from H× C is as follows: there exists an integer n, unique modulo k,
such that

ξζ = e2πiτ/k and ξnζn+1 = e2πiz.

Furthermore, there is a local coordinate q near the cusp c such that q(c) = 0 and
if πk : MΓ(k) → XΓ(k) is the projection map, then q(πk(ξ, ζ)) = ξζ. In particular,
q = e2πiτ/k in a punctured neighborhood of c.

On the tangent bundle T (M0
Γ(k)) near the singular fiber π−1

k (c), by computing the

coordinate transformation between (ξ, ζ, vξ, vζ) and (τ, z, vτ , vz) we get(
Imτ
Imz

)
=
−1

2π

(
k log |ξζ|

log |ξnζn+1|

)
and

(
vτ
vz

)
=

1

2πiξζ

(
k(ζvξ + ξvζ)

n(ζvξ + ξvζ) + ξvζ

)
.

Consequently,

|vzImτ − vτ Imz|2 =
1

16π4|ξζ|2
|(n(ζvξ + ξvζ) + ξvζ)k log |ξζ| − k(ζvξ + ξvζ) log |ξnζn+1||2

=
1

16π4|ξζ|2
|kξvζ log |ξζ| − k(ζvξ + ξvζ) log |ζ||2

=
k2

16π4|ξζ|2
|vζξ log |ξ| − vξζ log |ζ||2

and

|vτ |2 =
k2|ζvξ + ξvζ |2

4π2|ξζ|2
.

In a neighborhood of a point on the singular fiber over a cusp of XΓ(k), the function
Ψ on PT (MΓ(k)) can be then expressed as

Ψ(ξ, ζ, [vξ, vζ ]) =
|vzImτ − vτ Imz|2

|vτ |2Imτ
=
|vζξ log |ξ| − vξζ log |ζ||2

−2πk|ζvξ + ξvζ |2 log |ξζ|

Proposition 4.4. Let h : ∆→MΓ(k) be a local holomorphic curve, where ∆ := {w ∈
C : |w| < 1}, such that h(0) is a regular point of a singular fiber and for every w 6= 0,
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h(w) lies inM0
Γ(k). Let ĥ : ∆→ PT (MΓ(k)) be the tautological lifting of h, then either

Ψ(ĥ(w)) ≡ 0 or there exist some integer m ≥ 1 and a non-vanishing local continuous
function φ(w) such that in a neighborhood of w = 0,

ĥ∗Ψ(w) = |w|2(m−1)(log |w|)±1φ(w).

Proof. Since h(0) lies on a singular fiber, we can assume that the image of h lies in
a coordinate chart (ξ, ζ) ∈ C2 for the toroidal compactification described above and
write h(w) = (ξ(w), ζ(w)), w ∈ ∆. In the coordinate chart (ξ, ζ), the singular fiber
is defined by the equation ξζ = 0. Since h(0) is a regular point of the singular point
and Ψ is symmetric in ξ, ζ, if we let h(0) = (ξ0, ζ0), we may assume that ξ0 6= 0 and
ζ0 = 0. In addition, ζ(w) 6≡ 0 as the image of h only intersects the singular fiber at
one point.

We first handle the case where ξ(w) 6≡ ξ0. Then, there exist positive integers j, `
such that

ξ(w) = ξ0 + wj ξ̃(w) and ζ(w) = w`ζ̃(w).

for some holomorphic functions ξ̃, ζ̃ such that ξ̃(0) 6= 0, ζ̃(0) 6= 0. In particular, we
also have

ξ′(w) = wj−1ξ](w) and ζ ′(w) = w`−1ζ](w).

for some holomorphic functions ξ], ζ] such that ξ](0) 6= 0, ζ](0) 6= 0. The tautological
lifting of h can be written as ĥ(w) = (ξ(w), ζ(w), [ξ′(w), ζ ′(w)]). Hence, for w 6= 0,

Ψ(ĥ(w)) =
|ζ ′ξ log |ξ| − ξ′ζ log |ζ||2

−2πk|ζξ′ + ξζ ′|2 log |ξζ|
. (8)

For the numerator,

|ζ ′ξ log |ξ| − ξ′ζ log |ζ||2 =
∣∣∣w`−1ζ]ξ log |ξ| − wj+`−1ξ]ζ̃ log |w`ζ̃|

∣∣∣2
= |w|2(`−1)

∣∣∣ζ]ξ log |ξ| − wjξ]ζ̃ log |w`ζ̃|
∣∣∣2 .

If |ξ0| 6= 1, we see that for w close to 0,

|ζ ′ξ log |ξ| − ξ′ζ log |ζ||2 = |w|2(`−1)ψ1(w),

where ψ1 is a non-vanishing local continuous function. Suppose now |ξ0| = 1 and
write

|ζ ′ξ log |ξ| − ξ′ζ log |ζ||2 = |w|2(j+`−1)

∣∣∣∣ζ]ξ log |ξ|
wj

− ξ]ζ̃ log |w`ζ̃|
∣∣∣∣2 .

When w → 0, we have∣∣∣∣ log |ξ|
wj

∣∣∣∣ =

∣∣∣∣∣ log |ξ0 + wj ξ̃|
wj

∣∣∣∣∣ =

∣∣∣∣∣ log |1 + ξ0w
j ξ̃|

wj

∣∣∣∣∣ ≤
∣∣∣∣∣ log(1 + ξ0w

j ξ̃)

wj

∣∣∣∣∣ ,
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which is bounded and it follows that for w close to 0,

|ζ ′ξ log |ξ| − ξ′ζ log |ζ||2 = |w|2(j+`−1)(log |w|)2ψ2(w)

for some non-vanishing local continuous function ψ2. Now let us handle the case where
ξ(w) ≡ ξ0. The numerator of Ψ(ĥ(w)) in Eq.(8) in this case will be either constantly
zero (when |ξ0| = 1) or equal to a|w|2(`−1)|ζ]|2, for some a > 0 (when |ξ0| 6= 1).

On the other hand, it is easy to see that when w is close to 0, the denominator of
Ψ(ĥ(w)) in Eq.(8) is equal to |w|2(`−1) log |w|ψ3(w) for some non-vanishing local con-
tinuous function ψ3. Combining with the numerator, we conclude that if Ψ(ĥ(w)) 6≡ 0,
then for in a neighborhood of w = 0, we have

Ψ(ĥ(w)) =


|w|2(j−1) log |w|ϕ2(w) when |ξ0| = 1;

ϕ1(w)

log |w|
when |ξ0| 6= 1,

where ϕ1, ϕ2 are non-vanishing local continuous functions.

The Betti multiplicities of a section are originally only defined on the points of
good reduction, i.e. those points over which the fibers are regular. The proof of the
previous proposition has suggested the following way to define the Betti multiplicity
of a section at a point of bad reduction, in the case where the elliptic surface is given
by some classifying map into a modular curve XΓ(k).

Let π : E → B be an elliptic surface given by some classifying map from B to
XΓ(k) and σ : B → E be a non-torsion holomorphic section and Σ : B → MΓ(k)

be the associated holomorphic map such that πk ◦ Σ : B → XΓ(k) is the classifying
map. Let w ∈ ∆ ⊂ B be a local coordinate chart such that w = 0 is the only point
of bad reduction in ∆. Choose a coordinate chart (ξ, ζ) ∈ C2 near Σ(0) provided
by the toroidal compactification as described at the beginning of this section. Write
Σ(w) = (ξ(w), ζ(w)). Recall that the singular fiber containing Σ(0) can be defined
by ξζ = 0 in the coordinate chart and we may assume that ζ(0) = 0. Since σ is a
section, i.e. π ◦ σ(w) = w, it follows that Σ(0) is a regular point on the singular fiber
containing Σ(0) and thus we have ξ(0) 6= 0. Moreover, as σ is a non-torsion section,
the proof of Proposition 4.4 shows that if |ξ(0)| = 1, then ξ(w) is not constant.

Definition 4.5. If |ξ(0)| = 1, then we define the Betti multiplicity mc of σ at c to be
the vanishing order of ξ(w)− ξ(0) at w = 0. Otherwise, we define mc = 1.

Remarks. (i) One can check that the number mc does not depend on the choice of
the integer n that appears in the compactifying coordinate charts. (ii) A local curve
on MΓ(k) defined by ξ = ξ0 with |ξ0| = 1 is actually the compactification of a local
curve γa,b on M0

Γ(k) defined by z = aτ + b for some a, b ∈ R, where (τ, z) are the
coordinates descending from H×C. Thus, if Σ is unramified at w = 0, the vanishing
order of ξ(w)−ξ(0) at w = 0 is just the order of contact of Σ and the compactification
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γa,b at c, which reconciles with the definition of the Betti multiplicity of σ at a point
of good reduction.

Now by Proposition 4.4 and the definition above, we have

Corollary 4.6. Let σ : B → E be a non-torsion section of an elliptic surface E given
by some classifying map from B to a modular curve XΓ(k). Let Σ̂ : B → PT (MΓ(k))
be the tautological lifting of the induced map Σ : B →MΓ(k). Then at a point of bad
reduction b ∈ B and for a coordinate chart w ∈ ∆ near b with w(b) = 0,

Σ̂∗Ψ(w) = |w|2(mb−1)(log |w|)±1φ(w),

where mb is the Betti multiplicity of σ at b and φ(w) is a non-vanishing local contin-
uous function.

We then have the finiteness for the set of points with higher Betti multiplicity,
which has been obtained by Corvaja-Demeio-Masser-Zannier [CDMZ].

Corollary 4.7 (c.f. [CDMZ]). Let σ be a non-torision holomorphic section of an
elliptic surface E → B, then there are finitely many points on B at which the Betti
multiplicity is at least 2.

Proof. When E is an elliptic surface given by a classifying map from B to a mod-
ular curve XΓ(k), k ≥ 3, the corollary follows from Corollary 4.3 and Corollary 4.6.
The general case can then be deduced by a reduction argument similar to that in
Section 4.4.

4.3 Counting the total Betti multiplicity for elliptic surfaces
with classifying maps

In what follows, we will fix an elliptic modular surface πX : M := MΓ(k) → X :=
XΓ(k), where k ≥ 3.

Let π : E → B be an elliptic surface over a complex projective curve B, given
by a classifying map f : B → X. Let σ be a non-torsion holomorphic section of E
and Σ : B →M be the induced holomorphic map such that πX ◦ Σ = f . Denote by
Σ̂ : B → PT (M) the tautological lifting of Σ.

Let S := f−1(X \X0) ⊂ B be the set of points of bad reduction on B and R ⊂ B
be the ramification locus of f . Let also Bσ ⊂ B \ S be the finite subset of the points
of good reduction consisting of points at which the Betti multiplicity of σ is at least
2. Then i∂∂̄ log Σ̂∗Ψ is a real-analytic (1, 1)-form on B \ (Bσ∪R∪S) by Corollary 4.3
and 4.6. As in Section 3.3, we are going to apply Stokes’ theorem with i∂∂̄ log Σ̂∗Ψ.
The limits of the boundary integrals involved are as follows.
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Lemma 4.8. For every b ∈ Bσ∪R∪S, there exists a local coordinate chart on w ∈ ∆
on B with w(b) = 0, such that

lim
ε→0

∫
∂∆ε

i

2π
∂̄ log Σ̂∗Ψ =

{
mb − rb when b 6∈ S;
mb − 1 when b ∈ S,

where mb, rb are the Betti multiplicity and the ramification index at b respectively,
and ∂∆ε = {w ∈ ∆ : |w| = ε} is given the anti-clockwise orientation.

Proof. If b ∈ (Bσ ∪ R) \ S, by Corollary 4.3, we can choose the coordinate chart w
such that Σ̂∗Ψ(w) = |w|2(mb−rb)ψ(w) for some non-vanishing continuous function on
∆. Thus, the situation is similar to that in Eq.(7) of Section 3.3 and it suffices to
check that

lim
ε→0

∫
∂∆ε

∂̄ logψ = lim
ε→0

∫
∂∆ε

∂̄ψ

ψ
= 0.

By the proof of Proposition 4.2,

ψ(w) =

∣∣∣∣λ(w)− wm

wm−1
ρ(w)

∣∣∣∣2
α(w)

for some holomorphic function ρ and real-analytic functions λ, α on ∆ such that ρ,
λ, α are non-vanishing in a neighborhood of w = 0. Therefore, we just need to verify
that lim

w→0
w∂̄ψ[(w) = 0, where

ψ[(w) :=

∣∣∣∣λ(w)− wm

wm−1
ρ(w)

∣∣∣∣2
Since ∂̄ψ[ is easily seen to be bounded in a punctured neighborhood of w = 0, the
desired limit is indeed zero.

If b ∈ S, by Corollary 4.6, we can choose a coordinate chart w such that Σ̂∗Ψ(w) =
|w|2(mb−1)(log |w|)±1φ(w) for some non-vanishing continuous function φ(w). As above,
it suffices to verify that

lim
ε→0

∫
∂∆ε

∂̄ log log |w| = lim
ε→0

∫
∂∆ε

∂̄ log |w|
log |w|

= 0

and

lim
ε→0

∫
∂∆ε

∂̄ log φ = lim
ε→0

∫
∂∆ε

∂̄φ

φ
= 0.

The first limit is trivial. For the second one, from the proof of Proposition 4.4, there
are two possibilities for φ. We will verify for one of them and the other is similar and
therefore the detail will be omitted. Using the notations in the proof of Propostion 4.4,
in the case where |ξ0| 6= 1, we have

φ(w) =
|ν(w)− wjh1(w) log |w||2

|h2(w)|2
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for some integer j ≥ 1, holomorphic functions h1, h2 and complex-valued real-analytic
functions ν on ∆ such that h1, h2, ν are non-vanishing in a neighborhood of w = 0.
Consequently, it suffices to check that lim

w→0
w∂̄φ[(w) = 0, where

φ[(w) =
∣∣ν(w)− wjh1(w) log |w|

∣∣2 .
Since the worst possible singularity in ∂̄φ[ is of order log |w| (when j = 1), so the
desired limit is also zero.

We are now in the position to prove our integral formula for the Betti-multiplicities.

Proof of Theorem 1.1. As in Section 3.3, we will apply Stokes’ theorem with i∂∂̄ log Σ̂∗Ψ

on Bε := B \
⋃

b∈Bσ∪R∪S

∆ε(b), where ∆ε(b) is a disk of radius ε in a local coordinate

chart w near b such that w(b) = 0. By Lemma 4.8,

− lim
ε→0

∫
Bε

i

2π
∂∂̄ log Σ̂∗Ψ =

∑
b∈(Bσ∪R)\S

(mb − rb) +
∑
b∈S

(mb − 1)

=
∑
b∈Bσ

(mb − rb) +
∑

b∈R\(S∪Bσ)

(1− rb) +
∑
b∈S

(mb − 1)

=
∑
b∈Bσ

(mb − 1) +
∑
b∈R\S

(1− rb) +
∑
b∈S

(mb − 1)

=
∑
b∈B

(mb − 1)−
∑
b∈B\S

(rb − 1).

On the other hand, since the restriction of the classifying map f : Bε → f(Bε) ⊂
X0 is an unramified cover, by pulling back the bundles, metrics and connections, etc.
from X0 to Bε, we deduce from Proposition 4.1 and Eq.(5), Eq.(6) of Section 3.3 that

lim
ε→0

∫
Bε

i

2π
∂∂̄ log Σ̂∗ψ = − lim

ε→0

∫
Bε

1

2π
f ∗ω = −

∫
B\S

1

2π
f ∗ω = − d

2π

∫
X0

ω,

where d = deg(f). The proof is now complete.

Proof of Corollary 1.2. Since mb ≥ 1 for every b ∈ B, by Theorem 1.1 and Eq.(1) in
the Introduction, we have

|Bσ| ≤
∑
b∈B\S

(rb − 1) + d(g(X)− 1) +
dν∞(X)

2

=
∑
b∈B

(rb − 1) + d(2g(X)− 2) +
dν∞(X)

2
−
∑
b∈S

(rb − 1)− d(g(X)− 1)

= 2g − 2 + dν∞(X)−
∑
b∈S

(rb − 1)− d(g(X)− 1)− dν∞(X)

2
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= 2g − 2 + |S| − d
(
g(X)− 1 +

ν∞(X)

2

)
= 2g − 2− deg(f ∗(KX ⊗ SX)

1
2 )) + |S|

In [UU], Ulmer-Urzúa obtained the following inequality (after incorporating some
of our notations)

|Bσ| ≤ 2g − 2− deg(O∗(Ω1
E/B)) + |S|,

where O is the zero section of E . This inequality is in fact equivalent to Corollary 1.2,
as we have

Proposition 4.9. f ∗(KX ⊗ SX)
1
2 = O∗(Ω1

E/B)

Proof. Since E is obtained by the classifying map f : B → X and E ,M are relatively
minimal, it follows that O∗(Ω1

E/B) = f ∗(O∗(Ω1
M/X)), where we use the same symbol

O to denote the zero section of M. Hence, it suffices to prove that

(KX ⊗ SX)
1
2 = O∗(Ω1

M/X).

Let c∞ ∈ X be the cusp corresponding to i∞. Denote a point on H×C by (τ, z).
Recall that there exists a positive numberM such that for any τ, τ ′ ∈ H with Imτ > M
and Imτ ′ > M , the two points τ and τ ′ can be SL(2,Z)-equivalent only if τ ′ = τ +m
for some m ∈ Z. Consequently, there exists some neighborhood U ⊂ X containing

O(c∞) such that the vector field
∂

∂z
onH×C descend to U∩X0. Now using the explicit

coordinate charts on the toroidal compactification X given in Section 4.2, it can be

easily checked that
∂

∂z
= 2πi

(
−ξ ∂

∂ξ
+ ζ

∂

∂ζ

)
and so it extends to a non-vanishing

section of Ω−1
M/X if U is sufficiently small. Thus, we get a non-vanishing section

O∗
(
∂

∂z

)
of O∗(Ω−1

M/X) in a neighborhood of c∞ on X. Moreover, by how SL(2,Z)nZ2

acts on H × C, we deduce that once we have fixed an isomorphism O∗(Ω−2
M0/X0) ∼=

T (X0) (c.f. Section 3.2), we have O∗
(
∂

∂z
⊗ ∂

∂z

)
= a

∂

∂τ
as local sections near c∞,

where a ∈ C is a non-zero constant. Now in terms of the compactifying coordinate

q = e2πiτ/k on a neighborhood U of c∞ ∈ X, we have
∂

∂τ
=

2πi

k
q
∂

∂q
and so we get a

sheaf isomorphism from O∗(Ω−2
M/X)|U to (T (X)⊗ (−SX))|U .

Finally, if c ∈ X is another cusp, we can conjugate everything by some γ ∈
SL(2,Z) and repeat the previous argument. We have thereby shown that by fixing
an isomorphism O∗(Ω−2

M0/X0) ∼= T (X0), we get a sheaf isomorphism O∗(Ω−2
M/X) ∼=

T (X)⊗ (−SX) and the desired result follows.
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4.4 The case for general non-isotrivial elliptic surfaces

We will now consider a non-isotrivial elliptic surface π : E → B. In order to reduce
the case with classifying maps, we first show that there exists a finite branched cover
ν : B′ → B, which is unbranched outside the points of bad reduction S ⊂ B, such
that the pullback of E on B′ is birational to an elliptic surface given by a classifying
map.

In what follows, we will fix an integer k ≥ 3, write X = XΓ(k) and πX :M→ X
for the elliptic modular surface with level-k structure.

Proposition 4.10. Let π : E → B be a non-isotrivial elliptic surface, B0 ⊂ B be
the dense Zariski open subset corresponding to regular fibers. Then, there exists an
unramified finite cover ν0 : B0

] → B0, which extends to a morphism ν : B] → B
for a complex projective curve B] ⊃ B0

] such that B0
] is Zariski open in B], and

such that there exists a classifying map f0 : B0
] → X0, which extends to a morphism

f : B] → X.

Proof. The elliptic surface E induces a representation ρ of the fundamental group
of B0 in SL(2,Z). Let Γ] := ρ(π1(B0)) ∩ Γ(k) ⊂ SL(2,Z). Since Γ(k) is of finite
index in SL(2,Z), so is ρ−1(Γ]) ⊂ π1(B0). Thus, this gives a finite unramified cover
ν0 : B0

] → B0. It follows that B0
] naturally admits the structure of a Riemann surface

of finite type, and we denote by B0
] ⊂ B] its compactification to a compact Riemann

surface B], from which automatically we have an extension of ν0 : B0
] → B0 to a

holomorphic map ν : B] → B.

By construction we have a holomorphic classifying map f0 : B0
] → X0 such that

f ∗0M is isomorphic to ν∗0E . To finish the proof of the proposition, it remains to check
that f0 : B0

] → X0 extends to a holomorphic map f : B] → X. This follows from
an extension theorem of Borel [Bo], which states that any holomorphic map from a
punctured disk ∆∗ to X0 extends to a holomorphic map from ∆ to X. We thereby
obtain the desired holomorphic extension f : B] → X.

Let π : E → B a relatively minimal non-isotrivial elliptic surface over a complex
projective curve B. Let ν : B] → B be the finite branched cover and f : B] → X be
the morphism into the modular curve X which extends a classifying map f0 : B0

] →
X0, given by Proposition 4.10. By our construction of f0 and f , there is a relatively
minimal elliptic surface π] : E] → B] which is birational to ν∗E and also birational to
f ∗M (while E0

] := E]|B0
]

is isomorphic to ν∗0E and f ∗0M over B0
] ).

For any non-torsion section σ of E , by pulling back with ν∗, we obtain a non-torsion
section σ] of E]. Since E] has a classifying map, by Corollary 1.2 and Proposition 4.9,

|Bσ]| ≤ 2g] − 2− deg(O∗] (Ω
1
E]/B])) + |S]|,

where g] is the genus of B] and S] := B]\B0
] . As both E and E] are relatively minimal,

there exist neighborhoods U , U] of the images of zero sections O ⊂ E and O] ⊂ E]
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respectively, such that there is a fiber-preserving biholomorphism U] ∼= ν∗U . From
this we deduce that ν∗(O∗(Ω1

E/B)) ∼= O∗] (Ω
1
E]/B]). Let g be the genus of B and n be the

degree of ν : B] → B. Recall that ν|B0
]

is unramified and let rb] be the ramification

index of ν at a point b] ∈ S]. Then,

|Bσ| =
|Bσ]|
n

≤ 1

n

(
2g] − 2− n deg(O∗(Ω1

E/B)) + |S]|
)

= 2g − 2 +

∑
b]∈S](rb] − 1)

n
− deg(O∗(Ω1

E/B)) +
|S]|
n

= 2g − 2− deg(O∗(Ω1
E/B)) + |S|,

where S = ν(S]) = B \B0.
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