TOTAL POSITIVITY FOR MATROID SCHUBERT VARIETIES
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ABSTRACT. We define the totally nonnegative matroid Schubert variety Yy of a linear subspace V' C R™. We
show that Yy is a regular CW complex homeomorphic to a closed ball, with strata indexed by pairs of acyclic flats
of the oriented matroid of V. This closely resembles the regularity theorem for totally nonnegative generalized
flag varieties. As a corollary, we obtain a regular CW structure on the real matroid Schubert variety of V.

1. INTRODUCTION

1.1. Matroids. Matroids model the combinatorics of linear subspaces, and have found broad application
in and out of mathematics [RST20; Recll; Iri83] since their formulation by Nakasawa [Nak35] and Whitney
[Whi35]. They enjoy a particularly close relationship with algebraic geometry [Katl4; Ard21].

In this work we study the so-called “matroid Schubert varieties”. If V' C K" is a linear subspace, then
its matroid Schubert variety Yy is the Zariski closure of V in (P%)", which contains K" as an open subset.
Introduced by [AB16], matroid Schubert varieties are central to the proof of the Top Heavy Conjecture for
realizable matroids [HW17], guide the conjecture’s resolution for all matroids [Bra+20], and are the geomet-
ric model for matroidal Kazhdan-Lusztig theory [EPW16]. Preceding [AB16], a neighborhood of the most
singular point of a matroid Schubert variety was studied in [PS06] and [Ter02].

The geometry of Yy is controlled by the flats of V; that is, the sets F C {1,...,n} such that thereisv € V
whose zero coordinates are exactly those indexed by F'. The flats of V are an example of a matroid. When
K = R, we may consider the more refined notion of covectors, which record the combinations of signs
that the coordinate functions of R” can take on V. This data gives an example of an oriented matroid. Our
main theorem says that oriented matroid data controls the geometry of the totally non-negative matroid
Schubert variety )y := WR’%O&H, the closure of VN R% in (P)™ with respect to the analytic topology.

1.2. Total positivity. By definition, an invertible real matrix is called totally positive if all the minors are
positive and totally non-negative if all the minors are non-negative. These notions were introduced in the
1930s by Schoenberg [Sch30]. The theory of totally positive real matrices was further developed by Whitney
and Loewner in the 1950s and found important applications in many different areas, including, for exam-
ple, statistics, game theory, mathematical economics, and stochastic processes. We refer to the book by
Karlin [Kar68] for detailed discussions.

All n x n invertible matrices form the general linear group, which is an example of a split reductive group.
The theory of total positivity for an arbitrary split real reductive group was developed by Lusztig in his
foundational work [Lus94] and has had significant impacts on many active research directions, including,
among others,

e the theory of cluster algebras by Fomin and Zelevinsky [FZ02],
e higher Teichmiiller theory by Fock and Goncharov [FG06],
o the theory of the amplituhedron by Arkani-Hamed and Trnka [AT14].

It has also been discovered that many spaces with G-action have natural positive structures. A typical
example is the (partial) flag variety P. This has a natural decomposition into (open) Richardson varieties:

P = U, P,. Thisis a stratification, i.e., the closure of each P, (under the Zariski topology) is a disjoint union
1
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of other Richardson varieties Ps. On the other hand, Lusztig defined the totally non-negative flag P>(. This
is a semi-algebraic subvariety of 5. We then have the decomposition

PZO = |_|'Pa,>0, where Pso = 7320 NP,.

Lusztig refers to the totally non-negative flag as a “remarkable polyhedral space”. It has been studied by
many leading experts: Bao, Galashin, Karp, Lam, Lusztig, Marsh, Postnikov, Rietsch, Williams, the first-
named author, and others. They have established many remarkable geometric/topological properties, in-
cluding the following:

Connected components: P, - is a connected component of P, (R).
Cell structure: P, o = RY P is a semi-algebraic cell.

Cellular decomposition: P, <o is a disjoint union of other totally positive cells P -o.
Regularity property: P, ~o  is a regular CW complex homeomorphic to a closed ball.

1.3. Mainresult. One may expectthat matroid Schubert varieties admits a “nice” positive structure, similar
to the flag varieties. This is what we will establish in this paper.

Let E be a finite set. If V C R¥ is a linear subspace, then Yy, C (P})™ can be decomposed as a disjoint
union of locally closed “Richardson varieties” Y2 := Yy N (07 x Rg(\)F x 0o \F) 'with F € G C E running
over all flats of V. For any sets ' C G C E, we analogously define V5., := Yy N (0F x Rgt\)F x 0of\G),
and let Vpg := Voo, . Note that Vy o = Vv by definition. Call a flat F of V acyclic if V N (07 x RZ)") is
nonempty. The rank of a flat is the codimension in V' of the subspace VN {z; =0:i € F}.

The main result of this paper is that the totally non-negative matroid Schubert variety is a “remarkable

polyhedral space”. More precisely,

Theorem 1.1. Let V C RE, with matroid Schubert variety Yy and totally non-negative Schubert variety Yy .

(i) Yy is nonempty if and only if F C G are acyclic flats of V. In this case, Yy is a single connected
component of Y2, and is a semi-algebraic cell isomorphic to (Rx.q)™<(@)—k(F)
(ii) The closure Yrc of a nonempty cell Yz decomposes as the disjoint union of cells Yz, o with ' C ' C
G' CcaG.
(iii) This decomposition makes YVrq a regular CW complex homeomorphic to a closed ball.

Some comparison is due. Combinatorially, we see a new phenomenon in the matroid setting. The cells
of P> and Yy are obtained by intersecting these sets with real Richardson strata of P and Yy, respectively.
The poset of boundary strata of P is thin—that is, every interval of length two has exactly four elements—and
P> contains exactly one connected component of every stratum. Hence, the poset of cells in the boundary
of P> is also thin, a fact which is helpful for establishing the regularity property. On the other hand, the
poset of boundary strata of Yy is not thin. However, )y fails to meet all strata of Yy, and surprisingly, its
cell poset is thin. As in the Lie-theoretic setting, this fact helps us to establish regularity.

Geometrically, the Richardson strata of matroid Schubert varieties are simpler than those of flag vari-
eties. In the matroid Schubert case, each Richardson stratum is a hyperplane arrangement complement.
Every connected component of a real hyperplane arrangement complement is homeomorphic to an open
ball. However, a real open Richardson variety in a flag variety may have connected components with non-
trivial topology (see, e.g. [MR00]). The relative simplicity of the matroid case’s geometry allows us to show
that )y is a ball by directly exhibiting it as a cone over a closed ball in its boundary, bypassing such high-
powered tools as the Poincaré conjecture, which underpins the known proofs of Theorem 1.1’s Lie-theoretic
analogues.
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Example 1.2. Let V C RS be the linear subspace cut out by
1+ a2 —x3 =23 — x4 — x5 = 0.

The poset of flats of V' (below left) is not thin, so its interval poset, which indexes strata of Yy, is also not
thin. On the other hand, the subposet of acyclic flats (below right) is thin, so its interval poset, which indexes
cells of Yy is also thin.

The non-negative matroid Schubert variety ) (below) is homeomorphic to a closed 3-ball. Cells of )y
are indexed by intervals in the poset of acyclic flats, ordered by inclusion. Hence, the cells structure of )y
has ten 0-cells and sixteen 1-cells (labelled), along with eight 2-cells and one 3-cell (unlabelled). One sees
immediately that the closure of any cell is homeomorphic to a closed ball, so the cell structure is regular.

¢
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2. MATROIDS AND ORIENTED MATROIDS

We review aspects of (oriented) matroid theory, comprehensively explored in [Whi86] and [Bj6+99], and
state the main properties of matroid Schubert varieties.
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2.1. We may omit braces when writing one-element sets, e.g. “{1,2}U:” means “{1,2}U{i}” and “{1, 2} x 0”
means “{1,2} x {0}". If E and K are sets, with E finite, then K¥ :=[[,.; K. If F C E, then 7y : K¥ —
K¥ is the projection. If all factors in a product are single-element sets, then we may omit notation for
the product, e.g. “{0} x {1} x {1}” will be written 0{*}112:3} "and 0% represents the origin of R”. Both
conventions on singletons will be violated as necessary to avoid confusion.

Throughout this paper, E will denote a finite set.

In addition to sets, we will need to work with signed sets; that is, elements of {—,0, +}£. If X is a signed
set, write X, X%, and X+ for the coordinates of X that have value —, 0, and +, respectively. We define
—X to be the signed set with (—=X)~ := X+, (=X)% := X% and (- X)* := X . If X and Y are signed sets,
then their composition is given by

X;, ifX:#0

(X o Y)z =
Y;, otherwise.

Say X is containedin Y, and write X <Y,if X*T CcYTand X~ Cc Y.
For most terminology on posets, we refer to [Stall]. The opposite of a poset P is P°?, the poset on the
same underlying set as P, but with order reversed.

2.2. A matroid on a finite set E' is defined by a collection of flats 7' C E such that (i) E is a flat, (ii) the
intersection of two flats is a flat, and (iii) if F is a flatand ¢ € E \ F, then there is a unique smallest flat
containing F' U i. The flats of a linear subspace, defined in Section 1.1, satisfy these properties, giving us a
recipe for producing a matroid from a linear subspace.

When ordered by inclusion, the flats of a matroid M form a graded lattice. The rank of M, denoted
rk(M), is the length of any maximal chain in this poset. More generally, the rank of a flat F' of M is the
length of any maximal chain of flats contained in F, and is denoted rk(F). The loops of M are the elements
of the minimal flat of M. Call M loopless if its minimum flat is empty.

If F C Eis aflat of M, then we can form the restriction M |r and contraction M /F, matroids on F' and
E, respectively, with flats

{GCF:Gisaflatof M} and {G D F:GD Fisaflatof M}.

Remark 2.1 (Matroids and linear algebra). If Kisafield and V' C KF is a linear subspace, then the flats of V/
defined in Section 1.1 are the flats of a matroid M. The rank of M is dim V. Any matroid that arises in this
manner is realizable, and V is its realization.

Letmp : KP — K be the coordinate projection. The restriction of M to F is realized by 7 (V) C K, and
the contraction M /F is realized by V Nker(nr). The element i € F is aloop of M if and only if 7; (V') = {0}.

Let K be a field and V' C K¥. Recall (from Section 1.1) that the matroid Schubert variety Yy associated
to a linear subspace V' C KP¥ is the Zariski closure of V in (K U o0)® = (P%)®. For each pair of flats F C G
of V,let Yo, := Yy N (0F x (Ky)®\F x 0coP\&), and let Yrq be the Zariski closure of Y2 .

Theorem 2.2. [PXYIS8, Section 7] Let K be a field. Let V C K¥ be a linear subspace, with associated matroid M.

(i) The intersection Yy N (K¥ x 0o\ is nonempty if and only if F' is a flat, in which case the intersection
isequal totp(V) x coP\F,
(ii) IfF isaflat, then Yy N (PL)F x 0oP\F) =V, (1) x 0P\,
(il) IfF isaflat, then Yy N (0F x (PR)PM) = Yirker(rp)-
(iv) Yre is the disjoint union of all Y, with F C F' C G' C G.
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If L is the set of loops of V’s matroid, then Yy, = 0% x Y, y1(V), SO we lose little by assuming the matroid
of V is loopless.

2.3. An oriented matroid M on a finite set F is the data of a collection of covectors C C {—,0,+}¥ such
that
(i) oF e,
(ii) C is closed under composition and negation
(iii) fX,Y € Cand X (i) = —Y (i) # 0, then there exists Z € C suchthat Z(i) = 0and Z(j) = (X oY), =
(Y o X), for all j such that X; =Y.

The above axioms imply the collection {X° : X € C} is the flats of a matroid M, the underlying matroid of
M. Flats and loops of an oriented matroid are those of its underlying matroid.

Ordering {—,0,+} by 0 < — and 0 < +, we induce a partial order on C. The poset C U {1}, formed by
adjoining a maximum to C, is a graded lattice. Maximal covectors are called topes.

Fix A C E. By negating in each covector the coordinates indexed by A, we obtain a new subset ¢’ C
{—,0,+}E. In fact, C’ the covectors of an oriented matroid M’, called a reorientation of M. Evidently, C
and C’ are isomorphic as posets, and the underlying matroids of M and M’ are equal.

Given F' C E aflat of an oriented matroid M on E, the restriction of M to F' and contraction of M by F
are the oriented matroids M|z and M/F defined by

C(M|p):={np(X): X €C(M)} and C(M/F):={X:XecC(M), Fc X"}

From this description, one sees that the topes of M/F are the covectors X with X° = F. The underlying
matroids of M |r and M/F are M|r and M /F, respectively.

Remark 2.3 (Oriented matroids and linear algebra). The sign map is s : R¥ — {—,0, +}¥ defined by

-, 71'1'(’0) <0,
s(v); =40, mv)=0,
+, 771‘(1)) > 0.

The sign map explains composition: if v, w € R, then s(v) o s(w) = s(v + ew) for smalle > 0. If V C RF is
a linear subspace, then {s(v) : v € V'} is the covectors of an oriented matroid. An oriented matroid M that
arises in this way is called realizable, and V its realization. Reorientations of M are obtained by negating
some of the coordinate functions on R,

By intersecting the coordinate hyperplanes of R” with V, we obtain a hyperplane arrangementin V. The
topes of M correspond to the connected components of the arrangement complement. More generally,
each region of the arrangement is the preimage under s of a covector of M. The poset of the regions’
closures, ordered by containment, is isomorphic to the poset of covectors of M.

2.4. An acyclic flat' of an oriented matroid M is a flat F' of M such that 07 +#\" is a covector of M. When
ordered by containment, the acyclic flats form a lattice £, called the Las Vergnas face lattice of M.

Proposition 2.4. Let F be a flat of an oriented matroid M.
(i) H D Fisan acyclic flat of M/ F if and only if H is an acyclic flat of M.
(ii) If F is an acyclic flat, then G C F is an acyclic flat of M| if and only if G is an acyclic flat of M.

Proof.
(i) If H O F,then 07 4P\ is a covector of M if and only if it is a covector of M /F.

LAcyclic flats may be called “positive flats” elsewhere in the literature, e.g. [ARW06; AKW04].
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(ii) Suppose F is an acyclic flat. If G C F is an acyclic flat of M, then 09 +F\% is a covector of M, so
094+F\C is an acyclic flat of M| .
Conversely, suppose G is an acyclic flat of M| r; in other words, there is a covector Y of M such
thatY? > Gand Y+ O F\G. Since F is an acyclic flat, there is also a covector X of M with X° = F
and X+ = E\ F. Their composition satisfies (X oY)’ = FNG = G and

(Xo¥)" = X*UX*\X7) > (E\F)U((F\G)\I) = E\G,
so GG is an acyclic flat of M. O

When M is realized by V C RE, one can check the acyclicity of a flat F' using the equations of V.

Proposition 2.5. Let M be the oriented matroid of a linear subspace V. C R¥. A flat F is acyclic if and only if
there is no linear function f = ), a;x; that vanishes on V, satisfles a; > 0 foralli € E \ F, and has o;; > 0 for
atleastonei € E'\ F.

Proof. If such an f exists, then V N (0F x RESF) = (P because f is strictly positive on 0% x RE\F The converse

holds by [Bj6+99, Proposition 3.4.8(i) & (ii)], applied to M /F'. O

Example 2.6. Proposition 2.4(ii) can fail if F' is not an acyclic flat. Let £ = {1,2,3,4}, V C R¥ be defined by
x1 — 19 — x3 — x4 = 0, and M the associated oriented matroid. The flats of M are F, and all subsets of E of
size < 2. In particular, F' = {1, 2} is a flat of M, but is not an acyclic flat because the system

X1 = T = 0
xl—I2—$3—$4:O
has no solutions with x5, x4 > 0. For similar reasons, G = {1} is a flat, but not an acyclic flat of M.

On the other hand, G is an acyclic flat of M|p. This is because the point (0,2, —1, —1), for example, is in
V, so (0,+, —,—) is a covector of M, so (0,+) is a covector of M|p. &

Remark 2.7. If V. C R", then V N RY is a polyhedral cone. The face lattice of V' N RY, is known as the
Edmonds-Mandel lattice of M, and the opposite poset is the Las Vergnas face lattice of M.

A graded poset is thin if all of its length-two intervals have exactly four elements.

Theorem 2.8. [Bjo+99, Theoerem 4.1.14] The poset of covectors is thin. In particular, the Las Vergnas face lattice
is thin.

3. STRATA OF )y

Let V C RE be a linear subspace with oriented matroid M. Let L be the set of loops of M. Recall from
Section 1.3: the non-negative matroid Schubert variety )y is the analytic closure of VN (0F x RE\L) in
(PL)". Foreach F C G C E, Y5 := Vv N (0F x R%F x 00oP\G) and Vg = Voo -2

In this section, we prove Theorems 1.1(i) and (ii), which say that the subsets V5., indexed by acyclic flats
form a stratification of )y, and that the closure poset is isomorphic to the interval poset of the Las Vergnas

face lattice of the oriented matroid of V.

Lemma 3.1. LetV C R be alinear subspace defining an oriented matroid M. If F C G C E areflats of M, then
Y (05 x RET x 00P\F) = (76 (V) N (07 x REST)) x 00P\C,

In particular, Yy 1 (0F x RET x 00P\C) is nonempty if and only if F is an acyclic flat of M| .

2Careful readers will have noticed that in Section 1.1, we defined )y as the closure of V' N R‘EO. The two definitions agree because
vn Rgo is in the closure of V N (0% x RE\L)
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Proof. The equality follows from Theorem 2.2(ii). For the statement on non-emptiness, recall (from Sec-
tion 2.3) that the oriented matroid of 7¢(V) is M|g. Non-emptiness of 7 (V) N (0F x RfSF) is equivalent
to 07 x +©\F being a covector of M|, in turn equivalent to acyclicity of F' in M|. O

Lemma 3.2. Let V C R be a linear subspace defining an oriented matroid M. Let F C E. If F is not an acyclic
flat, then Yy N (RE x 0o\ = .

Proof. If F is not a flat, then Yy N (R, x co®\") = () by Theorem 2.2(i). Otherwise, suppose F is a flat, but
not an acyclic flat and let w € RE, x coP\F. By Proposition 2.5, there is a linear functional f = >, o
that vanishes on V and satisﬁes_ai > 0 for all : ¢ F, with at least one such «; nonzero. When N >
0, f does not vanish at any point of ], p(w; — &, w; + %) X [I;cp\ r(IV,00). Hence, the neighborhood
[Lier(wi = ,wi + ) X [Tje (N, 00] of w does not intersect V N RY,, meaning thatw ¢ Vv O

Lemma 3.3. LetV C R¥ be a linear space defining an oriented matroid M. If F C E is an acyclic flat, then
Yy N (RE) x 0o \) = Yy N (RE x 00\,
Proof. Letw € Yy N(RE, x 0co®\F'). By Theorem 2.2(i), there is w’ € V such that 7 (w’) x 0o\ = w. Since

F is acyclic, there is also u € V N (0F x RE(\)F). Forlarge ¢t > 0, w' + tu € V>q, and lim;_, o w’ + tu = w, so

weVn Rgoan =Vn Rfoun = Yv. This shows

Yy N (R x 0o M) € Yy N (RE x 00PN\,
and the reverse inclusion is obvious, so the two sets are equal. O
We are now ready to prove the first part of the main result.

Proof of Theorem 1.1(i). If G is not an acyclic flat, then V3., is empty by Lemma 3.2. If G is an acyclic flat, but
Fis not, then F is not acyclic in M| by (ii), so V5 is empty by Lemma 3.1.
Conversely, if both F' and G are acyclic flats, then

Voo = Yur N (0F x RS x 00P\F) = (76 (V) N (0F x REGF)) x 00P\G
by Lemma 3.1 and Lemma 3.3. Consequently, V5. is the interior of a polyhedral cone of dimension rk(G) —
rk(F). Via the equalities

Yoo = Y N (07 x RE" x 00P\%) = (m6(V) N (07 x RGY)) x 00\,

we see Y, is the complement of a real hyperplane arrangementin V N {z; = 0 : ¢ € F}. Since F and G
are acyclic, 0¥ +%\ is a tope of the oriented matroid associated to this arrangement; the corresponding
connected component of the arrangement complement is V5. O

The following two corollaries of Theorem 1.1(i) provide geometric interpretations for restriction and
contraction at the level of totally non-negative matroid Schubert varieties. They closely resemble Theo-
rem 2.2(i) and (iii).

Corollary 3.4. LetV C R¥ be a linear subspace defining an oriented matroid M. If G C E is an acyclic flat of M,
then

Yy N ((PHYE x 00P\F) = Y vy x 00\,

Proof. By Lemma 3.3 and Lemma 3.1, Yy N ((P1)¢ x 0o\%) contains (¢ (V) NRE,) x 0o\, the closure of
which s Yy, (1) x 0o® \G, This proves the “>” containment. For the reverse: by Theorem 1.1(i) the nonempty
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strata of Yy are of the form Yy N (0F x R%)" x 00®\9), with F C G acyclic flats of M. By Proposition 2.4(i),

F and G are also acyclic flats of M|, the oriented matroid represented by 7o (V). Hence,

YN (07 xRS" x 00™\9) = (ma(V) N (07 x RE")) x 00T = (V) N (07 x RET)) x 00\
by Lemma 3.3 and Lemma 3.1, which completes the proof. O

A proof along the same lines shows:

Corollary 3.5. Let V. C R¥ be a linear subspace defining an oriented matroid M. If F is an acyclic flat, then
v N (OF X (]P)l)E\F) = y\/ﬂkcr(ﬂp)'

Together, these corollaries yield a short proof of the main result’s second part.

Proof of Theorem 1.1(ii). By Corollary 3.4 and Corollary 3.5, Vr¢ is equal to 0F" x Vi (Vker(rr)) X oP\G in
turn the closure of 07 x (7¢(V Nker(rg)) N (0F x RSSF)) x 0oF\&. The latter set is equal to V5. Strata
of Vre(vker(np)) COrrespond to pairs F' C G’ of acyclic flats of (M/F)|g. By Proposition 2.4, such F' C G’

are precisely the acyclic flats of M such that [F’, G'] C [F, G], as desired. O

4. TOPOLOGY OF )y

In this section, we prove Theorem 1.1(iii), which says that )y is a regular CW complex homeomorphic
to a closed Euclidean ball. For basics on CW complexes, we refer the reader to [LW69].

4.1. Shellings and topology. A CW complex is regular if the closure of any of its cells is homeomorphic to
a closed Euclidean ball. A d-complex is a finite regular CW complex with all maximal cells of dimension d.
Maximal closed cells of a d-complex A are facets. Following [Bj684] or [Bj6+99, Appendix 4.7], a shelling of
Aisan ordering of its facets (F1, .. . , F},,) such that the boundary complex of F} has a shelling, F;N(U/Z] F;)
is (d — 1)-complex for 1 < j < m, and the boundary of F; has a shelling in which the facets of F; N (U/_ F})
come first for 1 < j < m.

Example/Theorem 4.1. [BW83, Theorem 4.5] The boundary complex of any convex polytope is shellable.

A shellable complex satisfies the so-called “Property S” of [BW83]. It is equivalent to shellability for
simplicial complexes.

Proposition 4.2. If (F,...,F,,) is a shelling of a d-complex A, then for all i > j there exists k < i such that
F,N F; C Fy, and F}, N F; has dimension d — 1.

Proof. If i > j then each cell of F; N F} is contained in a cell G of A, maximal among those contained in
C;:=F,N(FU---UF;_1). Since G cannot be written as a union of its proper faces, it must be contained
in some F}, with k < i. The dimension of G is d — 1 because C; is pure of dimension d — 1. O

The following result is our main topological tool.

Proposition 4.3. [Bjo84, Proposition 4.3] A shellable d-complex is homeomorphic to a closed Euclidean ball if each
of its (d — 1)-cells is a face of at most two d-cells, and some (d — 1)-cell is contained in only one d-cell.
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4.2. Proof of Theorem 1.1(iii). Let ), be the set of all points in )y, with at least one coordinate zero, and
fixw e Vg~ Define

p:RsogUo0)” = [0,1], (y1,---,Yn) = 1— eXp(—miin{yi/wi})

The value u(y) is the largest value of ¢ € [0, 1] such that y — In(1 — ¢)w has non-negative coordinates. The
map

Y Yy = Vo x [0,1]/(Vo x {1}), y = (v +In(1 - pu(y))w, u(y))

is a (non-cellular) homeomorphism, with inverse (z,¢) — = — In(1 — t)w. To show ) is a ball, it now
suffices to show that ) is a ball. This follows from Proposition 4.3 and Lemma 4.4, whose proof is below.
By induction, it is now proved that all closed strata of ),y are homeomorphic to closed balls, so Vy is a
regular CW complex.

Lemma 4.4. 0Yy = Vv \Vy g is a regular shellable CW complex in which all (d — 1)-cells are contained in exactly
two d-cells. The shelling can be chosen such that all the cells of Yo come first, and there are (d — 1)-cells of Y, that
are contained in only one d-cell of .

Proof. Let M be the oriented matroid of V, dim V = d + 1, and £ its Las Vergnas face lattice. We first check
the containment assertions. The statement that every (d — 1)-cell is contained in exactly two d-cells follows
easily from the description of cells given by Theorem 1.1, combined with Theorem 2.8, which says that £ is
thin.

The d-cells of )y are Vr g with F of rank 1. If G is a corank 1 acyclic flat containing F', then Vr g D Vr g,
but no other d-cell of Y, contains Vr .

Next, we check the shellability statements. The Las Vergnas face lattice of M is dual to the face poset
of the polyhedral cone V- ; therefore, £°7 and L are the face posets of convex polytopes P;; and Py, with
facets in bijection with the rank 1 and corank 1 acyclic flats of M, respectively. By Example/Theorem 4.1,
let (Fy,...,Fy) and (Gy,...,G) be shellings of P;¥ and Py, respectively. We will show by induction on d
that ([Fy, E,...,[Fs, E], [0, G4], ..., [0, G,]) indexes a shelling of )y .

The statement holds when d = 1; suppose d > 1. The boundary of Vi, g = Yyn(s,=0:icF, } is shellable by
the induction hypothesis. For later cells, we break into two cases. First consider

Cj = Vr; e N (Uic;VF, E) = Uic; VFvF, E-

Since (F1,..., Fy)is a shelling of P;], for each i < j, there is k such that Yr,vp, £ D Vr,vr, g and F; V Fy,
has rank 2 by Proposition 4.2. This shows C; is a (d — 1)-complex.

Let P,7(F) be the face of P,? corresponding to an acyclic flat F' in £°P. By hypothesis, P;7(F};) has a
shelling in which the facets P\f(F; V F;), i < j and rk(F; V F;) = 2 come first. The face poset of P;7 (F})
is the same as that of P} IFy the polytope associated to the oriented matroid of V' N {z; = 0}. Hence, by
induction 0Yy(.,—0y = OVF, r has a shelling in which the (d — 1)-cells of C; come first.

We now consider

Dj =Yy, N (Vo U (Uic;J0r)) = Upica, Vr.a,) YU Uic; Vo,cing,)-

All cells of the form YV, ¢, are dimension d — 1, and U;<;)p ¢, is @ (d — 1)-complex by Proposition 4.2,
as above, so D; is a (d — 1)-complex. Observing that Yy ¢, = Vra, (V) shellability follows as above. O

Remark4.5. Our proofrelies on the fact that both £ and £°? are face lattices of polytopes, hence CL-shellable
(see [BW83]). It is known that £ is CL-shellable even when M is not realizable [Bj6+99, Theorem 4.3.5], but
remains open whether £ is.
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Remark 4.6. A slightly different route to Theorem 1.1(iii): the order complex of a poset is the simplicial
complex whose faces are chains in the poset, and a poset is shellable if its order complex is. By [Bj6+99,
Theorem 4.3.5], L is shellable, so £ is also shellable, so the interval poset of £ is shellable by [BW83,
Theorem 8.5]. Every length 2 interval in the interval poset of £ has cardinality 4, so )y is homeomorphic
to a sphere by [DK74, Propositions 1.1, 1.2] and [LW69, Theorem III.1.7]. In fact, by [Bj6+99, Proposition
4.7.26], 0Yy is a PL sphere. The link of a vertex of a PL sphere is also a PL sphere; in particular, the equator
Yo := Yo \ V>0 is a PL sphere because it is the link of Vg 5. The star of a point is a cone over its link, so Y,
is a cone over Vg, so ) is a closed ball. The proof may now be completed as above.

5. TOPOLOGY OF Yy

Let V C RF. In this section, we will show that Yy, admits a regular cell decomposition.

We first record a consequence of Theorem 1.1. Let M be the oriented matroid of V, and s : R¥ —
{—,0,+}¥ the sign map (see Remark 2.3). Fix a tope T  of M. A flat is relatively acyclic in 7" if it is the zero
set of a covector contained in T'. Define 1)y := ST(T)EH, the analytic closure of s~1(T') in (P%)¥. For each
pair of sets F' C G C E, let

Vo = Vv N (0F x R(ﬁ)\FmTJr X R(g)\FmT x 0of\E),

Finally, set 7y == 7D .

Corollary 5.1. Fix a tope T of the oriented matroid of V. C RE. Then

(1) 7YV5 is nonempty if and only if F' C G are acyclic flats in T'. In this case, 7Y5.; is a single connected
component of Y2, and is a semi-algebraic cell isomorphic to (Rs.o) (&) —k(F),
(ii) The closure 1 Yrq of a nonempty cell 1 Y5, decomposes as the disjoint union of cells TV G with F' C
F' cG' caG.
(iii) This decomposition makes vy a shellable regular CW complex homeomorphic to a closed ball.

Proof. For A C E, let —4 : (PL)® — (P})F be the map that negates the coordinates indexed by E. The
result follows from Theorem 1.1 because —p— (s~ (7)) = —p- (V) N Rgo. O

Remark 5.2. A tope in the matroid-theoretic setting is akin to a pinning in the Lie-theoretic setting, as de-
fined in [Lus94]. Indeed, SL(2) has just one negative simple root. Choosing an isomorphism y : R — U_,
up to positive scalars in each factor of SL(2)" is the same as choosing which side of R C P} will be re-
garded as positive, hence is the same as choosing a positive side for each hyperplane in V' C R” obtained
by intersecting V with a coordinate hyperplane of R™.

The various subsets 1))y are not disjoint. The following statement characterizes their intersections.

Lemma 5.3. Let M be the oriented matroid of V. C R¥. Define an equivalence relation on the set of all triples
(F,G,T), with F C G flats relatively acyclic in the tope T of M, by (F,G,T) ~ (F',G",T") if and only if
(F,G) = (F",G") and nen\p(T) = m\r(T"). The intersection of 7Yy and 1Yz . is empty unless (F,G,T) ~
(F',G',T"), in which case 1 Ve = 7' Vi cor-

Proof. Reorienting, applying Lemma 3.1 and Lemma 3.3, then reverting to the original orientation, we see

(%) Ve = (ma(V) N (0F x RZSQ(G\F) % RZ;“(G\F))) % 0oB\C  and
’ /+ ’ ’ ’— N ,
T’yIO?’G’ = (’/TG/(V) N (OF % RZO N(G'\F’") % RZO N(G'\F ))) % OOE\G .

The result follows. O
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For each pair of flats ¥ ¢ G C FE and tope T of (M/F')|q, let Y2, be the connected component of
Y2 corresponding to the tope T. Explicitly, Yoo, = Yy N (0F x RZy x RZ, x cof\)

an

. As usual, let

Yrar = Ygqr

Lemma 5.4. The equivalence classes of ~ (defined as in Lemma 5.3) are in bijection with cells Y. If [S, I, J]
is the equivalence classes corresponding to Y .p, then Y2 = sY5;. Explicitly, Yoo = sYj; if and only if
(F,G) = (I,J) and mc\p(5) = ma\p(T).

Proof. Given g)7,, take F' := I, G := J, and T := mg(X), where X is the unique covector contained in S
with X° = F. Evidently, Yy is independent of the representative of [S, I, J].

For the inverse: let I C G be flats of M and let T be a tope of (M/F)|g. There are covectors F, G of M
satisfying F° = F, nq(F) = T, and G° = G. The composition X := G o F then satisfies G < X, X° = F,
and 7¢(X) = T. Both F and G are relatively acyclic with respect to any tope S > X of M, so there is an
equivalence class [S, F, G]. This class is independent of S because 7\ (S) = 7\ p(T).

Under the bijection described above, we see that Yrgr corresponds to [S, I, J] if and only if (F,G) =
(I,J)and ey p(S) = mq\p(T). In this case, sV7; = Yror by Eq. (). O

Corollary 5.5. Let M be the oriented matroid of V C RE.
(i) Yrgr contains Y2, qup: ifandonly if F C F' C G' C G and thereisatope S of M satisfying: F,G, F', G’
are all relatively acyclicin S, T\ p(S) = me\p(T) and ngn g (S) = wgn p (T7).
(ii) Thecells Y g v, where ' C G run over flats of M and T runs over topes of (M/ F')|c, form a regular CW
decomposition of Yy .

Proof. We prove the second statement first. The set Uz 7))y is closed in (P})” and contains V; therefore,
it is equal to Yy,. Together with Lemma 5.3 and Corollary 5.1, this implies the collection {s)5;}1,s5 is a
regular cell decomposition of Yy. The cells in this decomposition are in fact the sets Y3, by Lemma 5.4,
completing the proof of Corollary 5.5(ii).

We now prove the first statement. The closure of any cell is contained in some set s))y. Hence, the
closure of Y2, contains Y2, .., if and only if there is a tope S of M such that Y., = sVoe Yoar =
sVsar and sVra O sV5 - By Corollary 5.1 and Lemma 5.4, this is equivalent to the conditions specified
by Corollary 5.5(i). O

Remark 5.6. If V C R3 is defined by 21 + 2 — 73 = 0, then Yy, has nontrivial first homology. This means
Yy is not a shellable cell complex, since a shellable d-complex always has the homotopy type of a wedge of
d-spheres [Bj684, Proposition 4.3].
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