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Abstract

In this work, we investigate the numerical approximation of the Navier—Stokes
equations on a bounded polygonal domain in R?, where the initial condition is
modeled by a log-normal random field. We propose a novel numerical scheme
to compute the expected value of linear functionals of the solution to the
Navier—Stokes equations. The scheme is based on the finite element discretization
in space, backward Euler method in time, truncated Karhunen—Loéve expan-
sion for realizing the random initial condition, and lattice-based quasi-Monte
Carlo (QMC) for estimating the expected values over the parameter space (i.e.,
randomly-shifted lattice rules for the integration over a high-dimensional hyper-
cube). We present a rigorous error analysis of the numerical scheme, including
bounds on the mean squared error, and especially establish that the QMC con-
verges optimally at an almost-linear rate with the constant independent of the
dimension of integration. To the best of our knowledge, this represents the first
rigorous theoretical analysis of QMC sampling strategy for nonlinear problems.
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1 Introduction

Uncertainty in the input data of mathematical models has received much recent atten-
tion due to its importance in various applications. The uncertainty can arise from
different sources, e.g., coefficients, boundary conditions, initial conditions, and exter-
nal forces. The impact of uncertainty on various quantities of interest sheds valuable
insights into the inherent variability of diverse physical and engineering problems.
To describe and analyze uncertainty, probability theory offers a flexible framework
where uncertain inputs are treated as random fields, and it is especially useful in
characterizing the randomness associated with physical quantities of a given system.

In this work, we investigate the incompressible Navier-Stokes equations with ran-
dom initial data. Let D C R? be a bounded convex polygonal domain. Let (Q, F,P)
be a probability space, where €2 is a sample space consisting of all possible outcomes,
F C 29 a g-algebra, and P : F — [0,1] a probability function. Consider the following
initial-boundary value problem: find a random velocity field w : [0,7] x D x Q — R?
and a random pressure field p : [0,7] x D x  — R such that the following equations
hold P-almost surely (a.s.):

ou+ (u-V)u—Au=—Vp, in[0,T] x D x §, (1)
divu =0, in [0,7] x D x Q, (2)

where the symbols V and A denote differential operators with respect to the spatial
variable & € D, while d; denotes the time derivative. The system is subject to the
homogeneous boundary condition and random initial condition:

u(t,z,w) =0, on (0,T] x 90D x Q, (3)
(0, z,w) = u’(z,w), in D xQ. (4)

In this work, we consider the following initial random field u°(z,w) : D x Q — R:
u’(z,w) = V*exp(Z(x,w)) = (~0a, exp(Z(2,w)), O, exp(Z(z,w))), ()

where Z (-, -) is a centered Gaussian random field. The choice (5) ensures that the initial
condition u? is divergence-free, i.e., divu’(z,w) = 0 in D x Q. The quantity of interest
is the expected value of G(u) for any linear functional G € (L?(D)?)’, associated with
the solution u of problem (1)-(5), where (L?(D)?)’ refers to the dual space of L?(D)?.

We shall develop and analyze a novel algorithm for computing the expected value
G(u). The proposed scheme consists of three steps. The first step involves solving
problem (1)-(4) for a fixed w € § using a fully-discrete finite element method (FEM)
scheme, based on backward Euler in time (with a time step size 7) and conform-
ing finite element approximation on a regular mesh of the domain D (with a mesh
size h). We denote the finite element solution at time step J by u,{ . The second
step involves truncating the Karhunen-Loeve (KL) expansion [1, 2] of the random ini-
tial data u°(z,w) in (5), which parameterizes u’ by a countable number of random
variables, cf. (10) below: We truncate the infinite series in (10) with a sum with s



terms, s € N, and obtain a truncated problem with a finite-dimensional random vec-
tor y = (y1(w),...,ys(w)). We denote by uih the FEM solution of the truncated
problem. In the third step, we approximate the quantity of interest E[G(u(ts))] by
the expected value E[G (uih(w))L and compute the integral using quasi-Monte Carlo
(QMC) methods [3-5]. Let ¢(y) = exp(—y?/2)/v/27 be the probability density func-
tion (PDF) of the standard normal distribution, and ® the cumulative distribution
function (CDF) of the standard normal random vector of length s € N, and &, ' (v)
its inverse for v € [0, 1]°. Then with FS"h(y) = g(u;{h(~,y))7

F (@ (0) do. (6)

s s
Rs )1)&

Big(ul,) = [ Gtulatu) [Tt dy =B(FL) = [

To approximate (6), we use a QMC quadrature rule, i.e., randomly-shifted lattice rule

(RSLRs):
N .
1 1z
J . . E J —1
QSVN(Fs,h’A) = ﬁi:1 E@,h (QS <fraC <N+A)>) ,

where z € N® is a generating vector, A is a random shift uniformly distributed over
[0,1]%, and the function frac(-) takes the fractional part of its argument.

The design and analysis of QMC methods for linear PDEs with random coeff-
cients, where the QMC methods are utilized to estimate the expected values of linear
functionals of the exact or approximate solution from the PDEs, has been well inves-
tigated in the past ten years [34, 35, 40]. The expected values can be transformed
into an infinite or high dimensional integral over the parameter domain, which corre-
sponds to the randomness induced by the random coeflicient. A proper function space
for a given integrand should be designed to guarantee this high-dimensional integra-
tion problem is tractable. The ”standard” function spaces in the QMC analysis are
weighted Sobolev spaces on (0, 1)®, which consists of functions with square-integrable
mixed first derivatives. If the integrand lies in a suitable weighted Sobolev space, then
RSLRs can be constructed so as to (nearly) achieve the convergence rate O(n=1); see
[21-25] and recent surveys [26, 27].

In this work, we provide a thorough analysis of the numerical approximation
Qs N (FSJ »; A). This is achieved by decomposing the error into the finite element error,
the error due to KL truncation, and the error due to the QMC quadrature. In Theorem
14, we establish a bound on the root-mean-square error at each time level J, i.e.,
(EA(E[G(u(t)))] — Qun(Fy; A))?])'/2, where EA denotes taking expectation with
respect to the random shift A. The main technical challenge in the analysis is to
bound the mixed derivatives of the velocity field with respect to the stochastic variable
in suitable weighted Sobolev norms. This issue is highly challenging due to the non-
linearity of the mathematical model. These estimates are established in Theorem 8,
which allows deriving an error estimate for the QMC sampling strategy applied to the
Navier—Stokes equations. To the best of the authors’ knowledge, this work represents
the first rigorous analysis of quasi-Monte Carlo (QMC) methods for nonlinear PDEs.
This contribution advances the use of QMC methods in the context of nonlinear PDEs.



The rest of the paper is organized as follows. In Section 2, we describe the vari-
ational formulation of the Navier—Stokes equations and its well-posedness, and give
assumptions on the initial data u°. In Section 3, we give a fully discrete FEM approx-
imation and discuss its convergence rate. In Section 4, we analyze the truncated KL
expansion. In Section 5, we describe the QMC quadrature rule for approximating the
integral and derive an error bound. To complement the theoretical findings, we present
several numerical experiments in Section 6. In Section 7, we give concluding remarks.
In the appendix, we collect several useful inequalities.

We conclude with useful function spaces. For m > 0 and 1 < p < oo, we denote by
L?(D) and W™P(D) the standard Lebesgue and Sobolev spaces, and when p = 2, we
write H™(D) := W™2(D). We denote by H}(D) the space of functions in H!(D) with
zero trace on 9D and by C§°(D) the space of C* functions with compact support in
D. The notation X (D)? denotes the d-fold product space of X (D), and a - b denotes
the scalar product of two vectors a and b. Also, C' denotes a generic positive constant,
which may change at each appearance, and A < B means that there exists C' > 0
such that A < CB.

2 Weak formulation of the parametric problem

First we define the following functional spaces that are frequently used in the study
of incompressible fluid flow:

gt 2 72 2
V={ueCPD? divu=0}, V=y"°"" ana g=9"""

The space H is a Hilbert space with the L?(D) inner product (-,-), and the space V
is equipped with the scalar product a(u,v) = fD Vu : Vuvdx. Further, we define a
trilinear form B: V xV x V — R by

1

Blu, v, w] = 5/D ((w- V)v) - w — ((u- V)w) - v) dz. ™)

This modified convective term conserves the skew symmetry of discrete divergence,
cf. (18) below. Note that B[, -, ] coincides with the trilinear form associated with the
convection term in (1) for pointwise divergence-free functions.

We have the following well-posedness of problem (1)-(4) in the 2D case [6].
Theorem 1. For any given u’ € H, there exists a unique uw € L*(0,T;H) N
L?(0,T;V) such that

{(@u, v) + Blu,u,v] + a(u,v) =0, Yv eV, ®)

u(0) = u®.

Furthermore, the following energy estimate holds

T
sup [lu(t)[|72(p) + 2/ V()| 2py dr < [[u’(|72(p)- (9)
0<t<T 0



It is direct to show that d,u € L?(0,T;V’), which implies w € C([0,7]; H). Thus
the identity u(0) = u in (8) makes sense. We restrict our discussion to the 2D case
for which the uniqueness of the weak solution to (8) is known. The analysis can be
extended to the 3D case if the uniqueness holds. This is known only under more
restrictive assumptions; see e.g., [6] for local well-posedness under Serrin condition.

The weak formulation (8) motivates the deterministic variational formulation of
problem (1)-(4). Following standard practice [1, 2], we assume that the given Gaussian
random field Z(-,-) in (5) can be parameterized by Karhunen-Loeve (KL) expansion:

Z(w,w) = Z Vii&i(®)y;(w),  (z,w) € D xQ, (10)

where {y;};>1 is a sequence of independently and identically distributed (i.i.d.) ran-
dom variables following the standard normal distribution A(0,1). Let the sequence
{(1;,&;)}j>1 be the eigenpairs of the covariance operator:

Co(x) ::/Dc(as,sc’)v(ac’)dsc’. (11)

Here, the kernel c¢(,-) denotes the covariance function of Z(-,-) and is defined
by c(xz,x2’) = E[Z(x,-)Z(2, )] for any x,x’ € D. The integral operator C is
self-adjoint and compact from L?(D) into L?(D). The non-negative eigenvalues,
le(@, 2" ) z2(pxpy = 1 > p2 > -+ > 0, satisfy 72, pu; = [}, Var(Z)(x) de, and the
eigenfunctions are orthonormal in L?(D), i.e. [, & ()& (x) de = 6.

It follows from (5) and (10) that the initial condition u°(z,w) can be parametrized
by an infinite-dimensional vector y(w) = (y1(w), y2(w),---) € R*> (of i.i.d. Gaussian
random variables y; ~ N(0,1)). The law of y is defined on the probability space
(R, B(R*>), fiz), where B(R>) is the Borel o-algebra on R* and fi denotes the
product Gaussian measure [7]: i = @;=; N'(0,1).

Throughout, we make the following regularity assumption on Z(x,w).
Assumption 2. For some k > 3, Z(z,w) € L*(; H*(D)).

Under Assumption 2, the eigenvalues 1 satisfy [8]

p; <71 for j € N sufficiently large. (12)

Under Assumption 2, we have ||&;||gor(py S jg(k;rl) for any 0 < 6 < 1 [8]. This and

Sobolev embedding directly imply
I&illemy SJ and  [[VEllemy S jg’/2 for j € N sufficiently large. (13)
We define the sequence b = {b;};>1 by

bj = iill&illemy, =1, (14)



For the QMC analysis in Section 5, we make the following assumption. If k > %,
then Assumption 2 and (12) imply Assumption 3.
Assumption 3. There exists some p € (0,1] such that 3, bf < oc.

Next, we define the following admissible parameter set

Up = {y e R>: Zb3|y]| < OO} C R*°.
jz1

Note that the set Up, C R* is not a product of subsets of R. However, if Assumption
3 hold for some 0 < p < 1, the set is f1;-measurable and of full Gaussian measure,
ie, pba(Up) =1 [9, Lemma 2.28]. Since i (Up) = 1, we can use Up as the parameter
space instead of R*. Note that U is not a product domain. But we can define a
product measure, e.g., fi; on Uy by restriction. Thus, we can identify the random initial
condition u®(x,w) with its parametric representation u’(z,y(w)): for each y € Uy,
we define the deterministic initial condition by

Wz, y) = (—a@ exp (2 VG j<m>yj) By, exp (2 m5j<w>yj)> )

Accordingly, we consider the following deterministic and parametric variational
formulation of problem (1)—(4): For each y € Us, find u(y) € V satistying

{(Btu(y),v) + Blu(y),u(y),v] + a(u(y),v) =0, Yv eV, 16)

u(0,y) = u’(y).

Note that u°(y) € H for each y € Up, due to Assumption 2. This and Theorem 1
imply that the solution u(y) is uniquely determined for each y € Up.

3 Finite element approximation

We employ the implicit conforming Galerkin FEM approximation for the variational
formulation (16) of the Navier—Stokes system. Let T, be a shape-regular partition of
the domain D with a mesh size h. We define conforming FEM spaces for the velocity
Hy, C H}(D)? and the pressure Q) C L3(D) by

H, ={W € C(D)*: W|x € P;(K)?, VK € T;, and W|yp = 0},
Ly, ={ll € L§(D) : | € P;(K), VK € Ty},

where P;(K) denotes the space of polynomials of degree i on the triangle K € Tj,. The
FEM spaces Hy, and L are assumed to satisfy the discrete inf-sup condition:

V vy, q
llanllz2(py < C sup ANALIY )

» Van € L, (17)
vner\{0} [IVr L2(D)



where the constant C' > 0 is independent of h. This condition holds for several finite
element spaces, e.g., Taylor-Hood element or MINI element [10]. Also we define a
discrete divergence-free subspace of Hy by

Vi, = {'Uh € Hy, : (V . vh,qh) =0, Vq,¢€ Qh} (18)

Given ¢ € N, we divide the interval [0, 7] into a uniform grid 0 =ty <t; < -+ <
te =T, with t; = j7, j = 0,1,--- ,¢ and the time step size 7 := T'/¢. We employ
the following implicit conforming Galerkin FEM approximation: find u{{H eV, for
j€{0,---,£—1} such that

(19)
(u27vh) = (’U’Oavh)a vvh S ‘/h-

{7’_1( Il vp) + Blul T wl T vs) + a(ul T v,) =0, Yo, € W,

The scheme (19) is well-posed [6, 10], and satisfies the following stability result [10].
Proposition 4. Let the time step size T > 0 be sufficiently small. Then problem (19)
has a unique solution w) € Vj,, and further the following stability estimate holds

j
1z ) + 7D IVu e o) < uhllZapy, ¥i=0,1,,6~1.  (20)
k=0

Now we discuss on the error estimate for the scheme (19), which has a long and rich
history (see, e.g., [6, 10-12] for a rather incomplete list). The scheme has a first-order
convergence in time, while the convergence order for spatial discretization depends on
the regularity of solutions. More precisely, we decompose the error u(t;) — uj of the
fully-discrete scheme (19) into

u(ty) —up = (u(ty) —un(ts)) + (un(ts) — ui),
where uy, is the solution to the semi-discrete scheme

(Orup, vp) + Blup, up,vp] + a(up,vp) =0, Yo, € Vp,
(u%,vh) = (ug,vyp), Yo, € Vj.

The terms w(t;) — wp(ts) and uy(ts) — u; denote the spatial and time discretization
errors, respectively. For the spatial error, if ||u’||g1(py < M for some M > 0, then
[13, Theorem 4.5] gives

[ w(t) — wn(t)|| L2 (p) < Ct™2h%, Vit € (0,T), (21)
where the constant C := C(M,T, D) depends only on M, T' and D. Note that the

initial data u® also depends on the stochastic variable y € U,. Nonetheless, (5) and
Assumption 2 guarantee the existence of an M > 0 independent of y € U, such



that supyc;, [[u®(y)||l a1 (py < M. Thus, the constant M in (21) can be chosen to be
independent of y € U, for the solutions with the stochastic variable y.

For the time error, there are several results depending on the type of temporal dis-
cretization [6, 10, 12, 14, 15], under different time regularity assumtions on the solution.
Since a detailed discussion of the finite element approximation of the Navier—Stokes
equations is not our focus, we will not explicitly specify the regularity assumptions.
Instead, we assume the following condition: for any sufficiently small A > 0,

E [[|0cwn ()|l L2(0,73v) + 0wn (@) || L20,m3v1)] < C, (22)

for some C' > 0 independent of y € Up. See, e.g., [15-17] for discussions on similar
properties of uy. Then following the argument of [6, 10], we obtain

E [|lun(ts) — uillr2py] < Cr, VJ >0, (23)

where the constant C' > 0 is independent of y € Us.

Summarizing the above discussion and using the linearity of G and Holder’s
inequality (for the term related to G), we have the following result.
Theorem 5. Let D C R? be a convex polygonal domain and G € (L*(D)?)’, and
let Assumption 2 and (22) hold. Then there exists a constant C > 0 independent of
y € Uy such that

E[G(u(t,)) — Gui)]] < Ct,2h* + 7).

4 Truncation of the infinite-dimensional problem

The second discretization step reduces the parametric dimension: we truncate the
infinite series (10) to a finite-dimensional sum, and obtain a truncated initial data

’UJ(S)(CB, y) = (_azz exp Zs, 8x1 €xXp Zs)7 (24)

where Z4(-,-) is the truncated KL expansion of the random field Z(-,-), given by

Zy(®,y) =Y V& (@)y;.

j=1

Note that u?(x, y) can be identified as the initial data u’(x, y) evaluated at the vector
y = (y1, -+ ,¥s,0,0,---). For any set of ‘active’ coordinates k C N, we denote the
vectors y € Up with y; =0 for j ¢ k by (y,.;0).

Then consider the following scheme for the truncated problem with the initial data
u?: Given v’ , € V},, and s € N, find ujstll € Vj, such that

{T_l(uijll - u;hwh) + B[ui:;l,ug?;lwh] + a(ugﬁll,vh) =0, Yo, €V, (25)

(ugyh’ Uh) = (ugvvh)a Yy, € Vi,



where u .n 1s the L?(D)-projection of u? into Vj,. The well-posedness of the scheme
(25) follows by the argument in Section 3 The next result gives the truncation error.
Theorem 6. Let Assumption 2 hold and G € (L*(D)?)". If the time step size T > 0
is sufficiently small, i.e.,

THuiHi%D) <1, Vj>0andh>0. (26)

Then for any time level j € {0,1,--- , £}, mesh size h > 0 and parametric dimension
s € N, there exists C > 0 independent of j,h and s such that

E|G(uj) — Glul )] < Cs—2F%.
Proof. First, by Fernique’s theorem in Theorem 17, for any s € N, we have
lexp(Z)|lL2(0;0(p)) S 1 and |l exp(Zs)|[r2i0(p)) S 1, (27)

Let uil and ui ,, be the solution to the scheme (19) and problem (25), respectively, and
d ), := uj — ul . Then subtracting (19) from (25) and setting v}, = d]Jr €V}, yield

‘1(d7;21—di’h,dﬂl)Jr(Vdif,Vdif) _ B[uﬁ_l J+1 dj—i-l] B[ug:i}-ll’ fe—;l’dj—ﬂ]

By the skew symmetry of B[, -, -], Holder’s inequality, Ladyzhenskaya’s inequality in
Lemma 15 and Young’s inequality, we deduce

|B[ ]-"-17 Jj+1 dj+1] —B[uj'H Jj+1 d]+1]|

s,h s h >
+1 +1 i+1 j+1  gi+1  gi+1
:|B[dgh, B Al 4+ Blull dly dl, 1|
1 1 1 1 1
=|- [dﬁ 7dﬂ ult 1< ||d§,JZ ||L4(D)Hvd]+ ||L2(D)HU ||L4(D) (28)
AN ||Vdf“||3/2 AR

1 1 1
<i ||UJJr HL4(D)||d]+ ||L2 (o) t 4||Vdj+ ||L2
Using the identity 7~ (&' —d! . dl %) = (27)_1(||d§21||§—||d W3+l =l ,113),

and summing up the previous results from j=0to j =k —1 for k> 1 ylelds

1 1 1
I h||L2 o)t 35 ZHVdJ+ ||L2(D) <l h||L2 o)t 35 Z”uj+ HL4(D ||d]Jr ||L2(D)

Then (26) and the discrete Gronwall’s inequality in Lemma 16 imply

k—1

"I I24p)
||d h||L2 < Hd hHLZ(D) exp Z s
o l- Ty, s (D)




k—1
S ||dsh||L2(D) exp <CTZ ||u L4(D)>

7=0

Note that the exponential term on the right-hand side is uniformly bounded in k£ > 1.
Indeed, Proposition 4 and Ladyzhenskaya’s inequality (cf. Lemma 15 in the appendix)
yield the following L*(D)-estimate on ),

TZ H'“JIH_I 74 (D) = 2||UhHL2(D (29)

9 5 in the definition of L*-projection, i.e., (u

(u% — ug,m v},), and Hélder’s inequality, we deduce

0_,,0

Further, by taking vj, = u) —u ul,vp) =

gy —ul 2y < u® = ulllr2p) S lu’ = ulllo),

since the domain D is bounded. To estimate ||u’ — uSHC(D)7 we derive from the
definitions of u° and u? that

E [[u’ — wlllcm)]

[H(—az?Zexp( ) + Oz, Zs exp(Zs), Ox, Z exp(Z) — O, Zs eXp(Zs)>||C(D)]
2

S E (|02, Z exp(Z) — 0x, Zo exp(Z:) (D)) -
=1

Then the triangle inequality, Holder’s inequality, Assumption 2 and Sobolev embed-
ding yield

E (102, Z exp(Z) — 0, Zs ex0(Zs) ()]
SE[|0x,Z exp(Z) — 0z, Z exp(Zs) ey + E (102, Z exp(Zs) — 0x, Zs exp(Zs) | o(p)]
51&[|\axizuc<m||exp< ) = exp(Z,)llow)) +E [l exp(Z,)low) 102, Z = 02, Zollo(n)
1 1
2 2
SE[llexp(2) - exp(Zs)lleqmy] +E [l exp(Z) |2 )] " x E [102,2 = 02, Zsl12: )]
=T+ 1II x III.

Note that under Assumption 2, for sufficiently large s € N, there holds [18§]
_k
1Z — ZsHL?(Q;C(D)) Ss A (30)

Thus, for the term I, it follows from the inequality |e” — e¥| < |z — y|(e* + €¥) for any
z,y € R, Holder’s inequality, and (27) that

ISE[IZ - Zillew)llexp(Z) + exp(Zs)llon)]

10



S 2 = Zsl L2 | exp(Z) + exp(Z) |22 @i (c(p))

_k
SN2 = Zs|l L2y (lexp(D)l| 2oy + lexp(Zs)l 2 @icmy) S s 2.
Meanwhile, (27) directly implies IT < 1. Since {y;(w)}jen is orthonormal in L?(12),
using the estimates (12) and (13) leads to

I = || > VAi00, 6595 S V102,85 ooy vs
= ey s L2(©)
1 1 1
2 . 2 oo _ 2 k.3
S(Smlonsltn ) < (i) s ([rrea) st
Jj>s j>s s

upon noting k > 2 in Assumption 2. Finally, we derive

E(IG(uf,) — G(ul )]] = E[IG(u}, — ul ;)] S EllIGI 120y lluf, — ul ,ll2(0)]

_k, 3
SE[lu’ — w2 )] $ 57270

Combining the preceding estimates proves the desired assertion. O

Remark 1. The estimate (29) implies T||u£|\i4(D) < 2||u0|\‘£2(D) for all j > 0 and
h > 0. Below we shall assume the smallness of initial data |u®|s < € =~ 7'/2. Thus,
for sufficiently small T > 0, the condition (26) holds independently of 7 > 1 and h > 0.

5 Quasi-Monte Carlo integration

Now we use QMC to approximate the linear functional G € (L*(D)?)', i.e., E[G(ul,)].
More precisely, given parametric dimension s € N, time level J € {1,--- , ¢} and mesh
size h > 0, we approximate E[g(u;]h)] by the following integral

L) = [ P [Low)dy. with Fl(w) = Gulut). (1)

j=1

Here, ¢(y) := exp(—y?/2)/v2r and ®(y) = [ exp(—t?/2)/v/2m dt is the standard
Gaussian PDF and CDF, respectively. To apply QMC methods, we transform the
integral (31) over the unbounded domain R® to a hyper-cube [0,1]* by introducing
new variables y = ®'(v), where ®,'(v) is the inverse CDF for v € [0,1]°. Then
changing variables yields

FI, (@7 (v)) dv.

s

11



We approximate the integral on (0, 1)® by a randomly-shifted lattice rule (RSLR):

N .
Qn(Fli &) = 5 Y F (#77 (e (5 + ) ). (52)
=1

where z € N° is a deterministic generating vector and A is a uniformly distributed
random shift over [0, 1]*. We shall establish an O(N~!) bound on

RMSEquc(N) := (E2[(E[G(ul )] — Qv (Fy: A))%)12,

where E® denotes taking expectation in the random shift A € [0, 1]*, with a constant
independent of s € N, J € N and h > 0.

5.1 Solution regularity in the stochastic variables

First we bound mixed first derivatives of uiS] »(y) with respect to the parametric vari-
able y € Up. This represents the main technical challenge in the QMC analysis.
Below u = (u;);jen denotes the standard multi-index of non-negative integers with
luf =35, u; < oo, and 9"u denotes the mixed derivative of u with respect to all vari-
ables in the multi-index u. We focus on the mixed first derivative 0", i.e., u; € {0,1}
for all 7 € N. By Assumption 3, there exists Ny € N sufficiently large such that j > Ny
implies b; < % Then we define a positive sequence {C;}32, by

(33)

o max{2b;,1} ifje{l,--- ,No};
IS if § > No.

Then the constant C* > 0, defined by
No
Cc* =[] Cj = [ ] max{2b;,1}, (34)
j>1 j=1
is finite, i.e., C* < oc.

Now we estimate mixed first derivatives of the discrete truncated initial data w3 ,.
Lemma 7. Let 0" be a mized first derivative with respect to y and let Assumption 3
hold. Then the following estimate holds

1002y < 27" + 2V il exp Zo (-, )l s (. (35)

Proof. By the definition of L?(D)-projection ugjh(y), for each y € Uy, we have

(ug,h(y)avh) = (ud(y),vn), Yo, € Vj.

12



Taking 9" on both sides and then setting v, = B“ugh € Vj, yield that for each y € Uy,

Hauug,h(y)HiQ(D) = (auug(y)78uug7h(y)) < Hauug(y)HL2(D) Hauu(s),h<y)”L2(D) ’

Hence, we have
104l 1 ()l 22 () < 10" ud(Y)| L2(p)- (36)
With the notation j € u when u; = 1, by the product rule,

0. [( 11 m@) exp ZS]

JEU

10wl L2 (py = 1108 exp Z|12(p) = ‘
L2(D)

S‘ (H\/lTjﬁj)amepos + Z\/ﬁz‘&c&< H VG j) exp Z = I+1I,
Jeu L2(D) Ml ieu JEu, j#i L2?(D)
By (33) and (34), the following inequality holds
1 c;  C*
o= II > I &= I 3 X 11 < o

JEu JEu, j>No j€u, <Ny j€u, j>No jeu, j<No
Then we can bound the first term I by
C*
I < < 1;[ b]) ||6I eXp Zs||L2(D) < ﬁ”@z exp Zs||L2(D)-
JjEU

For the term II, we discuss the cases |u| > 2 and |u| = 1 separately. When |u| > 2,
the estimates (12) and (13) imply

II < || exp Zs||L2(D) Z \//77,||az€z||oo< H b]) < || exXp Zs||L2(D) Zi_§+1( H ]_’é-i-;)

icu JEU, jF£i icu JEU, jF£i

Plugging the following identity

ZZ‘—’SH( H j—§+§>:Zr§+1< H j—§+1—§)

icu JEU, j#i i€u JEU, j#£i
=S (L) ( I 5
iEu S jEU JEU, j#1

into the last inequality leads to

II< ||epoS||Lz(D)Z (Hj—ljﬂ) ( H j_’i’)

i€Eu S jEuU JEU, j#£i

13



e 2oy (IL7 %) S IT 07)

jEu €W S jEu, jAL
Upon noting k& > 3, we deduce
1 1
II<|eXszL2<D)H|u12( II v 2)
(ZT) i€u Njeu, j#£i

L 1 2/2|ul
< llexp Zs[ L2 () (V2)lul -1 Z (V2)lul—2 = eXPZs||L2(D)W7

When [u| =1, from the estimates (12) and (13), we derive for some r € N that

I = [0:(Vitr&r) exp Zsll L2 (D) < [ exp Zsll L2 (0) Vi 1028 | Lo ()
< lexp Zllpzoyr~ T < 2v2[uj27 1|l exp Zy | 12 ().

Combining the preceding estimates completes the proof of the theorem. O

The following discussion requires smallness of the initial log-normal random field
exp Z(x,y) for each realization y € Uy: there exists some € > 0 such that

sup [|exp Z (-, y)|l g1 (p) <e. (37)
y€eUsp

This condition on u° has been used in the theory of incompressible fluid flow problems;
see, e.g., [19, 20], where the existence of global strong solutions was discussed under
a smallness condition on u°. Note that exp Z, and Vexp Z, = VZ, exp Z, coincide
with the evaluations of exp Z and VexpZ = VZexp Z at y, = (y1, " ,¥s,0,0,--+),
which belongs to Up for any (y1,---,ys) € R®. Hence, Assumption (37) implies

sup |l exp Zs(-,y )|l (py <&, VseN. (38)
y,€R?

Now we can state an a priori estimate for ||8“usJ7h(y)||L2(D) for each y € Us.
Theorem 8. Let 0" be a mized first derivative with respect to y and let Assumption
3 hold. Then there exists € := (1) > 0, proportional to T%, such that if the smallness
assumption (37) holds, then for any truncation dimension s € N, time level J =
1,2,--+ £ and mesh size h > 0, there holds with C* > 0 defined in (34),

10" ()l 2p) < (V2 + 202 [ exp Zu(y) s o),V € Up.
Proof. In the proof, we suppress y from uih(y) etc since it is fixed. When |u| = 0, the

desired inequality can be verified directly. Hence we discuss only |[u| > 1. By taking
0" in the discrete scheme (25) and the product rule, we obtain

T_l(auug";l,'uh) - T_l(auui’h, vp) + (V@”ugﬁll, Vo)

14



+Z( ) Bo* mul} 0™ ulll v = 0, Vo, € Vi,

m=u

where m < u denotes m; < u; for all j > 1, and u — m is a multi-index (u; —m;);>;
and ( ) = HJ>1( ) Upon splitting the summation with m # u (i.e., ), we obtain

(Vo*ul! ! Vo) + Blul’', 0"l op] + 771 (0" ul} )

_ i u
— T N0 on) = = Y <m) ™l it 0™l v], Vo € Vi

mZu
Upon taking vy, := 279"’ H in the identity, we obtain
j+1 41 +1
27| Vo'u ||L2 (py + 110" ||L2(D) [0 ih”L?(D) + oM ul)! — 0"l h||L2

=—2¢Z( ) ot ozt o] £

<
mIu

The skew symmetry of the trilinear form B[, -, -] implies

|B 8u m J+1 am J+1 o J+1H < O™ j+1 J+1

e ||8u7m J+1

s,h ||L4(D)||V
”au m j+1

3 2oy llot w5 ey
1

+1
w lLao) IVO*u ih [z2(p)l|0™ u ul’, s,h ||L4(D)
By bounding the terms [|0* ™ u J+1||L4(D) 0%’ ||L4(D) and ||8‘“uﬁllHL4(D) using
Ladyzhenskaya’s inequality in Lemma 15 and then applying Poincaré’s inequality
(with Poincaré constant C,), we deduce

=X (B)p ot omaiton|
]

miu
<V2C, Z( )wa“ 8 12 () VO™ 5 | 2 () [V a5 2.
mIu

Together with (39), we arrive at
27| Vot J+1||L2(D) + [[0%u J+1||L2(D) — [[0"u h||2L2(D) + Hauuifl 0" Ll Z2p

<220, ) (m)Hva" "l 22 (o) IVO™ ) || L2 () | VO 6l 3| 12 )-

mZu

For fixed J = 2,--- ¢, let S := (Atz HV(“)‘“ ﬁlHLz(D )2. Summing up from
j=0toj=J—1, using Cauchy— Schwarz 1nequahty and (36) yield

2
HauusJ,h||2L2(D) +2(57)" < ”auug,hH%Z(D)

15



J-1
u _ .
+2V2C,7 ) m) D VO™ ul S 20y VO™ w3 L2y IV 0 6l 5 | 2
=0

mZu

u
()5 mS2S2 + 10" o

Note that (%) = 1, since u is a mixed first derivative, i.. u; € {0,1}. Then with

1

A :=22C,72, we have

10%ul 2oy +2(50)° < A S SaSi + 10" ullf2(p)- (40)

mIu
To estimate S7 when |[u| = 0, by taking v, = 27u’" h in (25) and Young’s inequality,

1 1 1 1
2”“]+ ||L2 "‘27'HVUJJr HL2(D) ( U py W j+ n) < ||u9 h||L2 (o) + HUJJr ||L2 (D)»

which implies HuJ+1|| )+ 27||VUJ+1||L2(D) < ||ush||L2(D) Summing the above

inequality from j =0 to ] =J — 1 yields

J-1
I+1
2(59)% <l pllZ2p) + 27’2 IVl |72 )
=0
< w720y < NwdllZzpy < lexp Zs |l oy (41)

Now we choose ¢ := which is proportional to 72/2, and assume the

1
4A(C*+2v/2)°
smallness condition (37). Then we prove the claim

S < [u[2M)|0*ud|| 12 (p), VI EN (42)
by mathematical induction on |u|. For |u| = 1, from (40) and (41), we have
2(8:)* < ASg(S:)? + 10wl (py < All exp Zsl| 112y (8:)? + 10" w122 -
This, the smallness assumption (37) and the choice of € imply the inequality (42) when

|u] = 1. Now suppose that (42) holds for all u with 1 < ju| < n —1, n > 2. For any
given multi-index u with |u| = n, it follows from (40) and (41) that

A
2507 <A Y SilwmSuS+ S llexp Zillm o) (S)? + 10" ul|Fa -

mZu, m#0
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By the induction hypothesis, (35) and the smallness assumption (37), we have

Ju|—1

oMu 0||L2 |u— m\'2‘"‘m||m|'2‘m|5‘{ + ||8“u8||2L2(D)
=1 |m|=i

[u]—1

u u
<Aw"0hﬂDMw1'2'23('OSJHmu0m%m

< Al0*udlF2(py (lul = D122 = 2) 5T + (0" ud| 72 )
< A(C™ + 2V2)| exp Zi| 2(p) 10wl |2 0y 128 + 10" u| 72 )
< 510" ull 2oy [u 128 + 10 w17 )

using the inequality a!d! < (a+b—1)! for any a,b € N. Solving the quadratic inequality
for S; yields the claim (42):

Sl < $10%u|| 2oy (w12 + V2[ 04 ud || L2y < [w12M|0 w2 (o
Last, substituting (42) into (40) and repeating the above argument yield
10" w72 py < S0l Z2(py (1] 22 + (104w 72 ) -
This, together with (35), implies
10w )l L2y < 2fu)2 0% wl| 2(py < (2v2+ 2C7) |12 exp Z || 51 () -
This completes the proof of the theorem. O

5.2 A function space setting in R?®

The ”standard” function spaces in the QMC analysis are weighted Sobolev spaces on
(0,1)%, which consists of functions with square-integrable mixed first derivatives. If
the integrand lies in a suitable weighted Sobolev space, randomly-shifted lattice rules
(RSLRs) can be constructed so as to (nearly) achieve the convergence rate O(n~1);
see [21-25] and recent surveys [26, 27]. Since the integral in (31) is defined over R?,
we have first transformed the domain to (0,1)* and obtain Fy/(®,'(-)). However,
the resulting integrand may be unbounded near the boundary 9(0,1)®, and thus the
standard QMC theory is not directly applicable. The function space setting for the
integral of the type (31) has been studied in [28-33], and the optimal convergence rate
has been obtained using RSLRs. The corresponding weighted Sobolev norm is defined
by [32, 33]

”W:Zvé 8FWMWHMN%@H¢%%ﬂ$
u u

el Els\u jeu
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where [s] = {1,2,---,s}, O"F denotes the mixed first derivative with respect to each
“active” variables y; for j € u, and Y[s)\u 18 the “inactive” variable y;, j ¢ u. The
norm (43) is called “unanchored” since the inactive variables are integrated out as
opposed to being “anchored” at a certain fixed value, e.g., 0.

For each j > 1, the continuous weight function ¢; : R — R4 in (43) should be
properly chosen to handle the singularities for the active variables. The analysis in
[33] indicates that 1/1]2 (y) should decay slower than the standard Gaussian density in
(31) as |y| — oo: for some a; > 0, such that

¥3(y) = exp(—2a;]y]). (44)
Throughout, we assume that for some constants 0 < apin < Gmax < 00,
Gmin < @5 < Gmax, JeN (45)

For each index u C N with finite cardinality |u| < oo, we associate a weight
parameter vector 7, > 0 to indicate the relative importance of the variables. We
write ¥ = (7)ucn and let v := 1. In [32], only “products weights” were considered,
i.e., there exists a sequence 71 > 72 > --- > 0, where each +; is associated with an
integral variable y; and let 7y := [];c, 7;. See also [33] for further generalizations.
The choice of the weight parameters -, is important to guarantee that the constant in
the QMC error bound does not grow exponentially as s — oo. In this work, we employ
the so-called ”product and order dependent weights” ("POD” weights) introduced in
[34]. Specifically, we consider two different sequences I'o = I'y = 1, I'y,--- , T’y and
12> 792 > - > s > 0 such that v, := Ty HjEU’yj.

5.3 Error bound for randomly-shifted lattice rules

To bound the error of the QMC integration, we define the worst-case error ef % (2, A)
of the shifted lattice rule (32): for a generating vector z and a random shift A,
eyn(z,A) = supypy,, <1 |Ls(F) — Qs,n(F; A)|, where I, is the integral defined in
(31). By the linearity of integration, we have

L(F) = Qun (B A) < % (2, A2
In this work, we consider the root-mean-square error (RMSE) for QMC:
RMSEqume(N) < €3 (2)I1Fpllw. (46)
with ey (z) := (Jio.)s (€5 (2, A))* dA)'/2 (often known as shift-averaged worst case

error). By (46), we can decouple the dependence on z from that on the integrand F' SJ b
A generating vector z = (21, 29, 23, -+ ) can be constructed by a component-by-

component algorithm which determines z1, 29, z3, - - - sequentially, using eile(z) as the
search criterion: given that z1,--- ,z; are already determined, z;41 is chosen from the
set {1 <z < N—1:ged(z,N) =1} to minimize €5}, y(z1,- -, zi41). See [33] for the

18



precise formula for eilj‘N(z) for general weight functions v; and weight parameters v,,:

- 3 3EI((2))

D#ucC[s] i=1 kCu

with

e f [ e —1tf . [* )
9’“(”‘/ ) R dt*/ P11 R B0 R

See also [33] for the following choices of ¢ and 1, with a nearly O(N~!) convergence
rate: the standard Gaussian CDF and weight functions in (44). Below we use a result
from [35]. Note here that ¢(p) = p— 1 for p prime, and it is known that ﬁ < & for
any N < 10% [|. Hence, in practice, we can replace ¢(N) by & for some C > 0.

Theorem 9. For given h > 0, s, J, N € N, weight parameters v = (Yy)ucn, Gaussian
density function ¢ and weight function v; defined in (44), an RSLR with N points can
be constructed by a component-by-component algorithm satisfying for any A € (1/2,1],

RMSEqu(N)S( > w[e )7 N2 (|E o,

P#uc{l:s}  i€u

with

0i(\) =2 <M>A ¢ <>\ + ;) and 7 := ”4; 17 (47)

where o(n) == {1 < z < n—1: ged(z,n) = 1}| is the Euler totient function and
((z) :== >3, k™" denotes the Riemann zeta function.

5.4 Estimate for the weighted Sobolev norm

The next result shows that for each s € N and choice of v,,, we have || F. hHW < oo for
all J € N and h > 0. Thus, together with Theorem 9, we obtain an estlmate for the
RMSEmc with a nearly O(N ~1) convergence rate. However, the bound may depend
on the parametric dimension s € N. In Section 5.5, we prove that a careful choice of
~y can remove the dependency on s € N.

Theorem 10. Let the weight functions 1; be defined in (44) and F‘]h the integrand
in (31) for any J =1,--- ,€ and h > 0. Then Fs{h € Wy, and with constants a; and
b; defined in (44) and (14), its Ws norm is bounded by

* )22 2
IFZ4 Ry, < (V34 207261y S P2 T 2

uC[s] T i
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Proof. By Theorem 8 and the linearity of G, we obtain for each y € R,

0", ()] < 1G] 20y 194w () |2 < Clui2 ( 11 bj) lexp Zs(y) || (D),

JEU
with C := (22 +2C*)[|G||(£2 () - Further, the smallness of the truncated log-normal

random field (38) implies that || eXpZ (W)lar(py <1 forall s € N and y € R®. Then
the definition of the weighted Sobolev norm (43) implies

1)222[ul
e, <0 0 SOETT0) () TT ot o) Tt i

JEU
~ 11292u| b2
<C? Z (lu]))?2 Hi’
uC|s] Tu jeu Y
since [ ¢(y)dy =1 and [, ¢F(y)dy = o forall jeN. O

Theorems 9 and 10 together give the following RMSE estimate.
Theorem 11. Let Fs‘{h be the integrand defined in (31) and let ¢, be a weight function
defined in (44). For given s, J, N € N with N < 10%°, h > 0, weights v = (74 )ucn and
standard Gaussian density function ¢, we can construct an RSLR with N points in s
dimensions by a component-by-component algorithm such that for any A € (1/2,1],

RMSEqme(N) < 9(2v2 + 2C)|G| (12 (1)) K~y,s(A)N 25, (48)
with 0;(\) defined in (47),
N 7x (Juf1)222Il S b2\ 1/2
Ni= (3 wlle)” (X F—112) - @9
0#ucCls]  i€u uC|s] Tu icu Y

In general, K ,(\) may grow with the parametric dimension s. In order to bound
K., s(A\) uniformly with respect to s € N, we need to choose 7, carefully so that

(X RTew) (X WS )

Ju|<oo i€u Ju|<oo icu

If (50) holds, then the estimate K. s(A\) < K~ (A) < oo holds for any s € N, and
accordingly the error bound (48) is independent of the dimension s.
5.5 Choice of weight parameters -,

For any A € (1/2,1], we follow the strategy in [34, 35] to choose weight parameters 7,
that minimize the constant K. (\), cf. (50), and that K, ()) is finite. Note that the
constant K~ s(A) in (49) and the uniform bound K. () in (50) have the same form
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as the function appearing in Lemma 18. Therefore, we can infer the proper form of
the weight parameters ~,. Below we specify the parameter A > 0 so that the constant
K., () is finite in our setting and to obtain a good convergence rate.

Theorem 12. Let 1); be the weight functions defined in (44) with a; satisfying (45),
and Assumption 3 hold for some p < 1. When p =1, additionally,

>b

Jj=1

1 Qmin
- : 51
2V Ze(D) (51

IN

with omax(\) defined by replacing a; in (47) by amax in (45). Then for each fized
A € (1/2,1), the weight

1/(14))
=7 = (22 T ) (52)
JjEU aj QJ
is the minimizer of K (X) if the minimum is finite. Additionally, if we choose
355 if p€(0,2/3],
A==, ifpe(2/31), (53)
1, if p=1,

for arbitrary 6 € (0,1/2], and set vy, = v5(A\s), then Ky(X) < co. Moreover, an RSLR
can be constructed by a component-by-component algorithm such that

RMSEQmC S N7, with x = (2)‘*)713

where the constants are independent of the truncation dimension s € N, but may
depend on p € (0,1] and 6 € (0,1/2] if relevant.

Proof. First, note that the finite subsets of N in (50) can be ordered and the specific
choice of ordering is not important, since the convergence is unconditional. Therefore,
by Lemma 18, the choice of weights (52) minimizes K~ (\), cf [34, 35]. Next, we prove
that K, (\) is finite when the weight and the parameter A are given by (52) and (53),
respectively. Indeed, define the following quantity

Si= Y 00 [Te= 3 ((uppe T 24

[u|<oo JEu [u|<oo jEU

//\b2> x . (54)

Then K, (\) = S}\/(Z’\)H/Q, and hence it suffices to show that Sy is finite. From (47),
for each A, g;(A) monotonically increases with respect to a;, and thus we obtain
0j(A) < omax(A) for any j > 1. Consequently,

0 LA A/(14+A)
Si< 3 () wuwn( ma( b;> | (55)

a
Ju|<oo jEu min
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Now we consider the cases A € (1/2,1) and A = 1 separately. For A € (1/2,1), we
have 2A/(1 4+ A) < 1. Next, we multiply and divide the right-hand side of (55) by

Hjeu AJQ-)‘/(H)‘), with A; > 0 to be specified. By Hélder’s inequality with Holder
conjugate exponents (1 + A)/(2A\) and (1 + X)/(1 — A), we obtain

VICESY
/X b2
2X/(14\) 2X/(140) Omax ()]
S/\ S Z |u|' H A H ( Amin A.?

Ju|<oco jEu jEu
20 /(14X 1-X)/(14+X
e Aomm P/ 82\ IO\ T
< | 2 M4 S (e
Ju|<oco Jj€Eu |u|<oo jE€U min J

X 1A\ To% 22
1 exp 1—A (4[Qmax(>\)] > Z (b]) T—x
1-— ZjZl Aj 1+ A Qmin i1 Aj

where the last step follows from Lemma 19, which holds if

IN

ZAj <1 and Z(bj/Aj)QA/(l_A) < 0. (56)

j=21 Jj=1

Upon choosing A; := bp/a for some o > Z]>1 ;> Assumption 3 implies Zg>1 A <1
Further, Assumptlon 3 also 1mphes > i>1 J ? for any q > p. Hence the second sum in
(56) converges provided that 2;(1—p) > p if and only if A > 7. Since A € (1/2,1),
if p € (0,2/3) we have 5 > ﬁ and hence we can choose )\ = 1/(2 — 26) for some
6 € (0,1/2), so that 2 < 1 <A<1Ifpe(2/3,1), we have § < 775 <1, and we
may choose \ = p/(2 — ) When p = 1, we choose A = 1. Then by Lemma 19, we

have from (55) that

Si< 3 fu ||H<49ma" )2 (1-22 (QIZ”‘ )7) ,
Ju|<oo jEU j>1 min

which is finite by assumption (51). This completes the proof of the theorem. O

Last, we give a proper choice of a; which will be used in numerical experiments.
Corollary 13. Let A = A\, and vy, = 7;5(As) be defined in (53) and (52), respectively.

Then the constant K(X) in (50) is minimized when a; = ,/2)‘ =L forall j > 1.

Proof. In the proof of Theorem 12, we have K (\) = S/l\/(2)‘)+1/2, with Sy defined in
(54). Since all terms in (54) are positive, it is sufficient to minimize each [o;(\)]*/*/a;
with respect to aj, in order to minimize K. (\) with respect to a;. By definition, we
have [9;(A)]/* = cexp(a?/n.) for some ¢ > 0 independent of a; and 7. = §— £;. Then
direct computation shows that the choice of a; minimizes Sy, and hence K, (). O

Last, we give the total error of the approximation Q, N(FS'{ n Q).
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Theorem 14. Let the assumptions of Theorems 5, 6 and 12 hold. Then the RMSFE
of Qe n(FJ,; A) with respect to the random shift A € [0,1]* is bounded by

(EA(EG(u(t)] — Qun(F A2 < Clt; 02 + 7+ 5757+ N7Y), (57)

where the constant C' > 0 is independent of positive parameters h, 7, s and N.

Proof. The error E[G(u(ts))] — Qs n(F;); A) can be decomposed into E[G(u(t)) —
G(up)l + E[G(uy) — G(ul,)] + (E[G(ul,)] — Qun(Fy;A)), where the expecta-
tion E is with respect to y € Up. Then the desired bound on (EA[(E[G(u(ts))] —
QS_,N(F‘;{h; A))?))Y/2 follows from Theorems 5, 6 and 12 directly. O

6 Numerical experiments

To complement the theoretical analysis, we present numerical results for the system
(1)-(4) in the domain [0,7] x D x 2, with T'= 1 and D = (0,1)2. All computations
were performed using MATLAB on HPC system at The University of Hong Kong,
using 64 cores, each with 3GB memory.

In the computation, we take a time step size 7 = 0.1. We divide the square domain
D into 1/h? congruent small squares (with h = 1/16), and then further divide each
small square into two right triangles, obtaining a shape-regular triangulation 7,. To
solve problem (16), we employ the Taylor-Hood element on the mesh 7y, i.e., a con-
forming piecewise quadratic element for the velocity u and a conforming piecewise
linear element for the pressure p. The resulting FEM spaces are given by

Hy, = {W € C(E)z : W|K S P2(K)2 VK € T, and W|3D = 0},

Qn = {ll € (D) : | € P(K) VK € Ty, and / Mdz = 0}.
D

This choice satisfies the discrete inf-sup condition (17). To handle the divergence-
free subspace, we employ a continuous bilinear form c(-,-) on Hy, X Qp by ¢(v,q) =
— [pa(V -v)dx. The trilinear term Blu,v,w] in the Galerkin FEM scheme (19),
arising from the convective term (u-V)u, is nonlinear. We employ Picard’s method to
linearize the problem, which constructs a sequence of approximations (ugﬁf’k, pi';lk)
by solving

T =l o) + a(ul B )

i+1,k—1  j+1,k i+1,k
+ B[ui; ,ui'; ,op] + c('umpi:; )=0, VYu,e€ Hp,
c(uliV qn) =0, VYo, € Qn.
This formulation is equivalent to the pressure-free formulation for the FEM approx-

imation in Section 3, since we use an inf-sup stable velocity-pressure pair for the

. . e e i+1,0 . . .
discrete solutions. We take the initialization ui'; © = u’ . The iteration process is
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terminated when the relative L?(D)-norm between the solutions of the current itera-
tion and the previous one falls below a given tolerance 1 = 10_?. Once the iteration
converges after K steps, we assign uﬁhl = uffhl’K and ple = pﬁll’K.

The random initial data ugh is the L?(D)-projection into V}, of u?

, the truncated
KL expansions with s = 400 of the initial condition u° in (5), which arises from the
random field Z with a zero mean and Matérn covariance function p,(|x — x’|), with

r = |x —x/| for all x,x’ € D, defined by

o= (i) o).

Here, I' is the Gamma function, K, is the modified Bessel function of the second
kind, v > 1/2 is a smoothness parameter, o2 is the variance and \¢ is a length scale
parameter. Unlike the analysis, we conduct numerical tests without the smallness
assumption in order to show the flexibility of the QMC method in a wider range of
situations. Numerical results for initial data satisfying the smallness assumption are
similar and hence not presented. Consider the Matérn covariance with the following
parameter settings: v = 2.5,1.75, A\c¢ = 1,0.1, and 02 = 1,0.25. We compute the
eigenpairs of (11) on a finer mesh 7j, /4 using conforming piecewise linear elements.
The eigenpairs (15, fj)§=1 are used to construct s-term truncated KL expansions with
s = 400, cf. Fig. 1. Additionally, we obtain the sequence b = {b;};>1 in (3) by utilizing
the eigenpairs (p;,€§;). The summability parameter p in Assumption 3 is estimated
using linear regression on the sequence |logb;| against log j for 500 < j < 1000.

=252 A1 Cm25, Al
| v=25 A0 —v=2.5, A =0.1
V=175, A =1 =175, A =1
= = 0!
—v=1.75, A =0.1 =175, A =0.1

[-v=2.5, A=0.1

|e1s At
o
Lv=1.75, A =0.1
00 it
10" 10 10° 10* 10° 10" 102 10° 10" 10! 107 10°
(a) 1€ llemy (b) IV&ille) () bj = i ll&illemy

Fig. 1: Log-log plot of [|€;]|c5), IV&llcp) and b; against j for the Matérn covariance
with v =2.5, 02 =1 and \¢c = 1.

Next, we use the component-by-component algorithm [33] to determine the gen-
erating vector z € Z° for the RSLR with N € N sampling points. To this end, we
construct the weighted Sobolev space Wy using the norm defined in (43). The weight
parameters 7, are chosen according to (52), and the weight function ¢3(y) is defined
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in (44). We select a; = ,/223:1 based on (13), where the value of \. depends on

the empirical estimate p. We take R = 32 independent random shifts, cf. (32), where
each sample A, for 1 < r < R is uniformly distributed over [0,1]*. Then we use
the generator vector z € Z° to generate the N sampling points: (% + A,) mod 1
for all 1 < ¢ < N. For the given quantity of interest defined by the linear func-
tional G € (L?(D)?), we compute the approximation @, := Q. n(F/,; Ay) and its
mean @ over R random shifts, and obtain an unbiased estimator for the RMSEmc by
(%ﬁ le(QT —Q)?)/2, i.e., the so-called standard error. We choose two bounded
linear functionals G; and Gy: G evaluates the first component at the point [1/2,1/2]
for t = 0.1, and G5 evaluates the second component at the same point for t = 0.2. We
compute the standard errors e; and e; for G; and Gs, respectively.

First we take Matérn covariance with a smoothing parameter v = 2.5, a length
scale parameter Ac = 1 and a variance of 02 = 1 or ¢ = 0.25. Numerically we observe
that the sequence {b;}32, lies under the sequence {573/ ?}52, for sufficiently large
j. Therefore, empirically, Assumption 3 holds with some p < 2/3, and thus we take
s := 0.55 for these two cases. In Table 1, we compare the standard error of QMC with
that of MC for the linear functionals G; and Gs. To obtain more precise estimates, for
each number of sampling points IV, we use the mean of ten different tests with different
uniformly distributed random shift A in (32). The rate of convergence is estimated by
performing a linear regression of the negative logarithm of the standard error against
log N, based on the mean of the ten tests. The results show that the QMC method
yields a smaller error and a faster convergence rate for both cases. For instance, when
the number of sampling points is N = 64007 and the variance is 02 = 1, the standard
errors for the QMC and MC methods are 4.31e-5 and 1.81e-4, respectively. For the
case of A\c = 0.1, the empirical parameter p has the value of 0.6832, and hence we
choose A, = 0.52, which is presented in Table 2. The performance of the QMC method
is similar to that observed in Table 1.

Table 1: Comparison of the standard error of QMC and MC with G; and Go
for Matérn covariance with v = 2.5, A\¢ = 1 and different o2.

02 =1 02 =0.25
N QMC MC QMC MC

el €2 el e2 | e €2 el €2

|
1009 | 6.36e-4 4.65e-5 1.78¢-3  1.68e-4 | 7.90e-5 8.60e-6 4.19e-4  3.23e-5
2003 | 3.77e-4  6.00e-5 1.6le-3 1.14e-4 | 2.92e-5 4.53e-6 2.99e-4  2.06e-5
4001 | 3.79e-4 5.80e-5 9.2le-4 1.17e-4 | 2.85e-5 4.17e-6 2.27e-d  1.77e-5
8009 | 1.79e-4 3.03e-5 5.76e-4 5.22e-5 | 1.04e-5 2.18e-6 1.22e-4  1.30e-5
16001 | 1.23e-4 1.12e-5 4.2le-4 3.34e-5 | 1.32e-5 8.40e-7 8.50e-5 6.66e-6
32003 | 6.24e-5 1.20e-5 2.32e-4  2.2de-5 | 8.60e-6  7.55e-7  6.05e-5  5.05¢-6
64007 | 4.3le-5 7.90e-6 1.8le-d 1.79e-5 | 2.25e-6 1.76e-7 4.84e-5 4.55e-6
Rate | 0.66 0.52 0.59 0.57 | 0.72 0.87 0.55 0.50 |

Next, we consider Matérn covariance with a smoothing parameter v = 1.75 and
length scale parameter A\c = 1 or A\¢c = 0.1, with variances of 02 = 1 or 02 = 0.25,
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Table 2: Comparison of the standard error of QMC and MC with G; and Go
for Matérn covariance with v = 2.5, Ac = 0.1 and different 2.

o2 =1 02 =0.25
N QMC MC QMC MC

‘ el e el e ‘ el €2 €1 €2

1009 1.76e-3  8.26e-5 1.92e-3  1.68e-4 | 1.56e-4 1.42e-5 6.09e-4  5.79e-5
2003 1.14e-3  6.82e-5 3.8le-3  2.62e-4 | 8.88e-5 1.24e-5 1.22e-3 8.23e-5
4001 4.00e-4  3.80e-5 3.37e-3 1.33e-4 | 6.66e-5 6.85e-6 1.00e-3  3.87e-5
8009 | 3.91le-4 2.6le-5 1.33e-3 1.3le-4 | 3.07e-5 2.07e-6 4.20e-4  3.5le-5
16001 | 2.18e-4 1.96e-5 1.30e-3  6.77e-5 | 2.12e-5 1.8le-6  3.3le-4  2.27e-5
32003 | 1.66e-4 1.03e-5 7.99e-4 5.10e-5 | 2.2le-5 1.68e-6 2.63e-4 1.67e-5
64007 | 9.53e-5 8.67e-6  7.14e-4 4.33e-5 | 7.97e-6 7.72e-7 2.33e-4 1.33e-5

Rate | 0.68 0.58 0.36 041 | 0.66 0.73 0.36 0.42 |

respectively. For Ao = 1, the empirical parameter p is estimated to be 0.7198, leading
to the choice of A\, = 0.56. For A\¢ = 0.1, the empirical parameter p is estimated to
be 0.8988, and accordingly, we choose A, = 0.81. The numerical results of the QMC
scheme using these parameters are presented in Tables 3 and 4.

Table 3: Comparison of the standard error of QMC and MC with G; and G»
for Matérn covariance with v = 1.75, A\¢ = 1 and different o2.

o2 =1 02 =0.25
N QMC MC QMC MC

‘ el e el e2 ‘ el €2 €1 €2

1009 7.09e-4  1.06e-4 1.6le-3 2.35e-4 | 7.32e-5 1.14e-5 3.66e-4  4.96e-5
2003 | 4.69e-4  5.47e-5 1.59e-3 1.42e-4 | 7.53e-5 6.66e-6 3.57e-4  2.79e-5
4001 2.93e-4  3.85e-5 7.29e-4  8.35e-5 | 2.42e¢-5 3.0le-6 1.91e-4  1.99e-5
8009 1.78e-4  2.85e-5 5.14e-4 T7.16e-5 | 1.97e-5 1.68e-6 1.39e-4  1.65e-5
16001 | 1.91e-4 1.78e-5 5.12e-4 5.3Te-5 | 1.16e-5 1.48e-6 1.14e-4  1.26e-5
32003 | 1.15e-4 1.03e-5 5.90e-4  3.70e-5 | 8.98e-6 6.44e-7 1.27e-4  7.45e-6
64007 | 6.77e-5 6.08e-6  3.29e-4  2.67e-5 | 4.34e-6 5.32e-7 8.80e-5 8.3le-6

Rate | 0.53 0.65 0.37 050 | 0.69 0.75 0.35 0.44 |

Finally, we summarize all the numerical experiments from Table 1 to Table 4 and
illustrate their convergence in Fig. 2 and Fig. 3. The results clearly demonstrate that
our proposed QMC method outperforms the MC method in terms of the standard
error for all cases. Additionally, the QMC method exhibits a faster convergence rate
compared to the MC method in most cases. These findings validate the effectiveness
of the proposed QMC approach for solving the given problem.
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Table 4: Comparison of the standard error of QMC and MC with G; and Go
for Matérn covariance with v = 1.75, Ac = 0.1 and different o2.

o2 =1 02 =0.25
N QMC MC QMC MC

‘ el e el e ‘ el €2 €1 €2

1009 1.76e-3  9.78e-5 2.73e-3  2.0le-4 | 2.12e-4 9.82e-6 8.70e-4 6.65e-5
2003 7.76e-4  7.40e-5 3.24e-3  2.57e-4 | 1.19e-4 1.03e-5 1.14e-3  8.00e-5
4001 3.78e-4  3.73e-5 3.30e-3  9.66e-5 | 5.05e-5 3.67e-6 1.02e-3  3.33e-5
8009 | 4.54e-4  3.60e-5 1.1le-3 9.13e-5 | 6.07e-5 2.68e-6 3.T4e-4  3.04e-5
16001 | 9.48e-5 1.50e-5 8.76e-4 6.76e-5 | 1.67e-5 2.03e-6 2.42e-4  2.14e-5
32003 | 9.23e-5 8.54e-6  8.32e-4 5.82e-5 | 1.36e-5 7.56e-7 2.65e-4 1.76e-5
64007 | 1.1le-4 6.32e-6  5.22e-4  3.62e-5 | 7.13e-6 6.23e-7 1.95e-4 1.2le-5

Rate 0.72 0.69 0.47 0.44 ‘ 0.81 0.73 0.46 0.44
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Fig. 2: The standard errors of e; with various Matérn covariance parameters for QMC
and MC plotted versus the number of sampling points N.
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Fig. 3: The standard errors of e; with various Matérn covariance parameters for QMC
and MC plotted versus the number of sampling points V.

7 Conclusion

In this paper, we have investigated the Navier-Stokes equations with random initial
data in a bounded polygonal domain D C R2. We have developed a scheme for approx-
imating the expected value of the solution, by combining Galerkin FEM, truncated
Karhunen-Loeéve expansion of the log-normal initial random field, and quasi-Monte
Carlo (QMC) method. Further, we have derived a bound on the root-mean-square
error, including the finite element error, the dimension truncation error, and the error
from the QMC quadrature. The numerical experiments show that the scheme enjoys
fast convergence with respect to the number of sampling points. To the best of our
knowledge, this work represents the first theoretical QMC analysis for nonlinear PDEs.
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Theoretically, it is of interest to extend the analysis to a more general class of PDEs.
Of particular interest are non-Newtonian fluid flow models, describing the motion
of fluids with a more general structure [19, 20]. The extension requires a new way
to control the fully non-linear diffusion term, and a more refined analysis for the
convective term. From an algorithmic point of view, it is of much interest to consider
the multilevel and/or changing dimension algorithms [36-39], with the QMC algorithm
applied to the PDE problems with random data [40-43]. Adapting these algorithms
to the Navier—Stokes problem is an intriguing topic.
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Appendix A Useful inequalities

In this appendix we collect several useful inequalities. We use Ladyzhenskaya’s
inequality [6, Lemma 3.3] frequently.
Lemma 15. For any open set D C R?, the following inequality holds

1 1 1
||u||L4(D) < 2Z||U||z2(D)||VUHE2(D)’ Vu € H(}(D)2‘ (A1)

We also need the following discrete Gronwall inequality [15, Lemma 5.1].
Lemma 16. Let the non-negative numbers k,B and aj, b;, c;, v; satisfy a, +
kY5 oby <k _gvia;+k3T_gej+ B, foralln > 0. If ky; <1 for all j > 0, then
with 05 1= (1 — k’}/j)il

an +k2bj < (chj +B> exp (kZUjfyj), Vn > 0.
§=0 3=0 §=0

We also need the following version of Fernique’s theorem [].
Theorem 17. LetE be a real separable Banach space and X be an E-valued and
centered Gaussian random variable, in the sense that, for each x* € E*, (X, x*) is

a centered, real-valued Gaussian random variable. Then with R := inf{r € [0,00) :
2
P(IX]Ip < 1) > §3, Jexp(gaF) dP(w) < 1.

Last, we recall the following two auxiliary lemmas [34, 35].
Lemma 18. Fizm € N, A > 0 and A;, B; > 0 for all i € N. Then the quantity

(i xiAAi) (i f) (A2)

i=1
is minimized over any sequences (wi)lgigm when

>=

@ = ¢(Bi/A;)TX  for all ¢ > 0. (A3)
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For m — oo, the function (A2) is minimized provided that x; is defined by (A3) for
each i and it is finite if and only if Z;’Zl(AZ-Bi)‘)l/(H‘/\) converges.
Lemma 19. Fiz A; >0 for all j € N and Zj21 A; < 1. Then we have

oo k
1
S w43 (S4) = a
[u[<oo Jj€Eu k=0 N j>1 j>1 44
Furthermore, for any Bj > 0 with };, B; < 0o, we also have

S IIBi =]]a+5B) exp(Zlog(lJrBj)) gexp<ZBj).

|u| <oo jEU i>1 j>1 j>1
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