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Abstract

In this work, we investigate the numerical approximation of the Navier–Stokes
equations on a bounded polygonal domain in R2, where the initial condition is
modeled by a log-normal random field. We propose a novel numerical scheme
to compute the expected value of linear functionals of the solution to the
Navier–Stokes equations. The scheme is based on the finite element discretization
in space, backward Euler method in time, truncated Karhunen–Loève expan-
sion for realizing the random initial condition, and lattice-based quasi-Monte
Carlo (QMC) for estimating the expected values over the parameter space (i.e.,
randomly-shifted lattice rules for the integration over a high-dimensional hyper-
cube). We present a rigorous error analysis of the numerical scheme, including
bounds on the mean squared error, and especially establish that the QMC con-
verges optimally at an almost-linear rate with the constant independent of the
dimension of integration. To the best of our knowledge, this represents the first
rigorous theoretical analysis of QMC sampling strategy for nonlinear problems.
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1 Introduction

Uncertainty in the input data of mathematical models has received much recent atten-
tion due to its importance in various applications. The uncertainty can arise from
different sources, e.g., coefficients, boundary conditions, initial conditions, and exter-
nal forces. The impact of uncertainty on various quantities of interest sheds valuable
insights into the inherent variability of diverse physical and engineering problems.
To describe and analyze uncertainty, probability theory offers a flexible framework
where uncertain inputs are treated as random fields, and it is especially useful in
characterizing the randomness associated with physical quantities of a given system.

In this work, we investigate the incompressible Navier-Stokes equations with ran-
dom initial data. Let D ⊂ R2 be a bounded convex polygonal domain. Let (Ω,F ,P)
be a probability space, where Ω is a sample space consisting of all possible outcomes,
F ⊂ 2Ω a σ-algebra, and P : F → [0, 1] a probability function. Consider the following
initial-boundary value problem: find a random velocity field u : [0, T ]×D × Ω → R2

and a random pressure field p : [0, T ]×D × Ω → R such that the following equations
hold P-almost surely (a.s.):

∂tu+ (u · ∇)u−∆u = −∇p, in [0, T ]×D × Ω, (1)

divu = 0, in [0, T ]×D × Ω, (2)

where the symbols ∇ and ∆ denote differential operators with respect to the spatial
variable x ∈ D, while ∂t denotes the time derivative. The system is subject to the
homogeneous boundary condition and random initial condition:

u(t,x, ω) = 0, on (0, T ]× ∂D × Ω, (3)

u(0,x, ω) = u0(x, ω), in D × Ω. (4)

In this work, we consider the following initial random field u0(x, ω) : D × Ω → R:

u0(x, ω) = ∇⊥ exp(Z(x, ω)) = (−∂x2
exp(Z(x, ω)), ∂x1

exp(Z(x, ω))) , (5)

where Z(·, ·) is a centered Gaussian random field. The choice (5) ensures that the initial
condition u0 is divergence-free, i.e., divu0(x, ω) = 0 in D×Ω. The quantity of interest
is the expected value of G(u) for any linear functional G ∈ (L2(D)2)′, associated with
the solution u of problem (1)-(5), where (L2(D)2)′ refers to the dual space of L2(D)2.

We shall develop and analyze a novel algorithm for computing the expected value
G(u). The proposed scheme consists of three steps. The first step involves solving
problem (1)-(4) for a fixed ω ∈ Ω using a fully-discrete finite element method (FEM)
scheme, based on backward Euler in time (with a time step size τ) and conform-
ing finite element approximation on a regular mesh of the domain D (with a mesh
size h). We denote the finite element solution at time step J by uJ

h . The second
step involves truncating the Karhunen-Loève (KL) expansion [1, 2] of the random ini-
tial data u0(x, ω) in (5), which parameterizes u0 by a countable number of random
variables, cf. (10) below: We truncate the infinite series in (10) with a sum with s
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terms, s ∈ N, and obtain a truncated problem with a finite-dimensional random vec-
tor y = (y1(ω), . . . , ys(ω)). We denote by uJ

s,h the FEM solution of the truncated
problem. In the third step, we approximate the quantity of interest E[G(u(tJ))] by
the expected value E[G(uJ

s,h(ω))], and compute the integral using quasi-Monte Carlo

(QMC) methods [3–5]. Let φ(y) = exp(−y2/2)/
√
2π be the probability density func-

tion (PDF) of the standard normal distribution, and Φs the cumulative distribution
function (CDF) of the standard normal random vector of length s ∈ N, and Φ−1

s (v)
its inverse for v ∈ [0, 1]s. Then with F J

s,h(y) = G(uJ
s,h(·,y)),

E[G(uJ
s,h)] =

�
Rs

G(uJ
s,h(·,y))

s∏
i=1

φ(yi) dy = E[F J
s,h] =

�
(0,1)s

F J
s,h(Φ

−1
s (v)) dv. (6)

To approximate (6), we use a QMC quadrature rule, i.e., randomly-shifted lattice rule
(RSLRs):

Qs,N (F J
s,h;∆) :=

1

N

N∑
i=1

F J
s,h

(
Φ−1

s

(
frac

(
iz

N
+∆

)))
,

where z ∈ Ns is a generating vector, ∆ is a random shift uniformly distributed over
[0, 1]s, and the function frac(·) takes the fractional part of its argument.

The design and analysis of QMC methods for linear PDEs with random coeff-
cients, where the QMC methods are utilized to estimate the expected values of linear
functionals of the exact or approximate solution from the PDEs, has been well inves-
tigated in the past ten years [34, 35, 40]. The expected values can be transformed
into an infinite or high dimensional integral over the parameter domain, which corre-
sponds to the randomness induced by the random coefficient. A proper function space
for a given integrand should be designed to guarantee this high-dimensional integra-
tion problem is tractable. The ”standard” function spaces in the QMC analysis are
weighted Sobolev spaces on (0, 1)s, which consists of functions with square-integrable
mixed first derivatives. If the integrand lies in a suitable weighted Sobolev space, then
RSLRs can be constructed so as to (nearly) achieve the convergence rate O(n−1); see
[21–25] and recent surveys [26, 27].

In this work, we provide a thorough analysis of the numerical approximation
Qs,N (F J

s,h;∆). This is achieved by decomposing the error into the finite element error,
the error due to KL truncation, and the error due to the QMC quadrature. In Theorem
14, we establish a bound on the root-mean-square error at each time level J , i.e.,
(E∆[(E[G(u(tJ))] −Qs,N (F J

s,h;∆))2])1/2, where E∆ denotes taking expectation with
respect to the random shift ∆. The main technical challenge in the analysis is to
bound the mixed derivatives of the velocity field with respect to the stochastic variable
in suitable weighted Sobolev norms. This issue is highly challenging due to the non-
linearity of the mathematical model. These estimates are established in Theorem 8,
which allows deriving an error estimate for the QMC sampling strategy applied to the
Navier–Stokes equations. To the best of the authors’ knowledge, this work represents
the first rigorous analysis of quasi-Monte Carlo (QMC) methods for nonlinear PDEs.
This contribution advances the use of QMC methods in the context of nonlinear PDEs.

3



The rest of the paper is organized as follows. In Section 2, we describe the vari-
ational formulation of the Navier–Stokes equations and its well-posedness, and give
assumptions on the initial data u0. In Section 3, we give a fully discrete FEM approx-
imation and discuss its convergence rate. In Section 4, we analyze the truncated KL
expansion. In Section 5, we describe the QMC quadrature rule for approximating the
integral and derive an error bound. To complement the theoretical findings, we present
several numerical experiments in Section 6. In Section 7, we give concluding remarks.
In the appendix, we collect several useful inequalities.

We conclude with useful function spaces. For m ≥ 0 and 1 ≤ p ≤ ∞, we denote by
Lp(D) and Wm,p(D) the standard Lebesgue and Sobolev spaces, and when p = 2, we
write Hm(D) :=Wm,2(D). We denote by H1

0 (D) the space of functions in H1(D) with
zero trace on ∂D and by C∞

0 (D) the space of C∞ functions with compact support in
D. The notation X(D)d denotes the d-fold product space of X(D), and a · b denotes
the scalar product of two vectors a and b. Also, C denotes a generic positive constant,
which may change at each appearance, and A ≲ B means that there exists C > 0
such that A ≤ CB.

2 Weak formulation of the parametric problem

First we define the following functional spaces that are frequently used in the study
of incompressible fluid flow:

V = {u ∈ C∞
0 (D)2 : divu = 0}, V = VH1

0 (D)2

, and H = VL2(D)2

.

The space H is a Hilbert space with the L2(D) inner product (·, ·), and the space V
is equipped with the scalar product a(u,v) =

�
D
∇u : ∇v dx. Further, we define a

trilinear form B : V × V × V → R by

B[u,v,w] =
1

2

�
D

(
((u · ∇)v) ·w − ((u · ∇)w) · v

)
dx. (7)

This modified convective term conserves the skew symmetry of discrete divergence,
cf. (18) below. Note that B[·, ·, ·] coincides with the trilinear form associated with the
convection term in (1) for pointwise divergence-free functions.

We have the following well-posedness of problem (1)-(4) in the 2D case [6].
Theorem 1. For any given u0 ∈ H, there exists a unique u ∈ L∞(0, T ;H) ∩
L2(0, T ;V ) such that{

(∂tu,v) +B[u,u,v] + a(u,v) = 0, ∀v ∈ V,

u(0) = u0.
(8)

Furthermore, the following energy estimate holds

sup
0<t<T

∥u(t)∥2L2(D) + 2

� T

0

∥∇u(τ)∥2L2(D) dτ ≤ ∥u0∥2L2(D). (9)
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It is direct to show that ∂tu ∈ L2(0, T ;V ′), which implies u ∈ C([0, T ];H). Thus
the identity u(0) = u0 in (8) makes sense. We restrict our discussion to the 2D case
for which the uniqueness of the weak solution to (8) is known. The analysis can be
extended to the 3D case if the uniqueness holds. This is known only under more
restrictive assumptions; see e.g., [6] for local well-posedness under Serrin condition.

The weak formulation (8) motivates the deterministic variational formulation of
problem (1)-(4). Following standard practice [1, 2], we assume that the given Gaussian
random field Z(·, ·) in (5) can be parameterized by Karhunen-Loève (KL) expansion:

Z(x, ω) =

∞∑
j=1

√
µjξj(x)yj(ω), (x, ω) ∈ D × Ω, (10)

where {yj}j≥1 is a sequence of independently and identically distributed (i.i.d.) ran-
dom variables following the standard normal distribution N (0, 1). Let the sequence
{(µj , ξj)}j≥1 be the eigenpairs of the covariance operator:

Cv(x) :=
�
D

c(x,x′)v(x′) dx′. (11)

Here, the kernel c(·, ·) denotes the covariance function of Z(·, ·) and is defined
by c(x,x′) = E[Z(x, ·)Z(x′, ·)] for any x,x′ ∈ D. The integral operator C is
self-adjoint and compact from L2(D) into L2(D). The non-negative eigenvalues,
∥c(x,x′)∥L2(D×D) ≥ µ1 ≥ µ2 ≥ · · · ≥ 0, satisfy

∑∞
j=1 µj =

�
D
Var(Z)(x) dx, and the

eigenfunctions are orthonormal in L2(D), i.e.
�
D
ξj(x)ξk(x) dx = δjk.

It follows from (5) and (10) that the initial condition u0(x, ω) can be parametrized
by an infinite-dimensional vector y(ω) = (y1(ω), y2(ω), · · · ) ∈ R∞ (of i.i.d. Gaussian
random variables yj ∼ N (0, 1)). The law of y is defined on the probability space
(R∞,B(R∞), µ̄G), where B(R∞) is the Borel σ-algebra on R∞ and µ̄G denotes the
product Gaussian measure [7]: µ̄G =

⊗∞
j=1 N (0, 1).

Throughout, we make the following regularity assumption on Z(x, ω).
Assumption 2. For some k > 3, Z(x, ω) ∈ L2(Ω;Hk(D)).

Under Assumption 2, the eigenvalues µj satisfy [8]

µj ≲ j−k−1 for j ∈ N sufficiently large. (12)

Under Assumption 2, we have ∥ξj∥Hθk(D) ≲ j
θ(k+1)

2 for any 0 ≤ θ ≤ 1 [8]. This and
Sobolev embedding directly imply

∥ξj∥C(D) ≲ j and ∥∇ξj∥C(D) ≲ j3/2 for j ∈ N sufficiently large. (13)

We define the sequence b = {bj}j≥1 by

bj :=
√
µj∥ξj∥C(D), j ≥ 1, (14)
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For the QMC analysis in Section 5, we make the following assumption. If k > 3
p ,

then Assumption 2 and (12) imply Assumption 3.
Assumption 3. There exists some p ∈ (0, 1] such that

∑
j≥1 b

p
j <∞.

Next, we define the following admissible parameter set

Ub :=
{
y ∈ R∞ :

∑
j≥1

bj |yj | <∞
}
⊂ R∞.

Note that the set Ub ⊂ R∞ is not a product of subsets of R. However, if Assumption
3 hold for some 0 < p < 1, the set is µ̄G-measurable and of full Gaussian measure,
i.e., µ̄G(Ub) = 1 [9, Lemma 2.28]. Since µ̄G(Ub) = 1, we can use Ub as the parameter
space instead of R∞. Note that Ub is not a product domain. But we can define a
product measure, e.g., µ̄G on Ub by restriction. Thus, we can identify the random initial
condition u0(x, ω) with its parametric representation u0(x,y(ω)): for each y ∈ Ub,
we define the deterministic initial condition by

u0(x,y) =

(
−∂x2

exp

( ∞∑
j=1

√
µjξj(x)yj

)
, ∂x1 exp

( ∞∑
j=1

√
µjξj(x)yj

))
. (15)

Accordingly, we consider the following deterministic and parametric variational
formulation of problem (1)–(4): For each y ∈ Ub, find u(y) ∈ V satisfying{

(∂tu(y),v) +B[u(y),u(y),v] + a(u(y),v) = 0, ∀v ∈ V,

u(0,y) = u0(y).
(16)

Note that u0(y) ∈ H for each y ∈ Ub, due to Assumption 2. This and Theorem 1
imply that the solution u(y) is uniquely determined for each y ∈ Ub.

3 Finite element approximation

We employ the implicit conforming Galerkin FEM approximation for the variational
formulation (16) of the Navier–Stokes system. Let Th be a shape-regular partition of
the domain D with a mesh size h. We define conforming FEM spaces for the velocity
Hh ⊂ H1

0 (D)2 and the pressure Qh ⊂ L2
0(D) by

Hh = {W ∈ C(D)2 : W|K ∈ Pi(K)2, ∀K ∈ Th and W|∂D = 0},
Lh = {Π ∈ L2

0(D) : Π|K ∈ Pj(K), ∀K ∈ Th},

where Pi(K) denotes the space of polynomials of degree i on the triangle K ∈ Th. The
FEM spaces Hh and Lh are assumed to satisfy the discrete inf-sup condition:

∥qh∥L2(D) ≤ C sup
vh∈Hh\{0}

(∇ · vh, qh)

∥∇vh∥L2(D)
, ∀qh ∈ Lh, (17)
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where the constant C > 0 is independent of h. This condition holds for several finite
element spaces, e.g., Taylor-Hood element or MINI element [10]. Also we define a
discrete divergence-free subspace of Hh by

Vh := {vh ∈ Hh : (∇ · vh, qh) = 0, ∀qh ∈ Qh}. (18)

Given ℓ ∈ N, we divide the interval [0, T ] into a uniform grid 0 = t0 < t1 < · · · <
tℓ = T , with tj = jτ , j = 0, 1, · · · , ℓ and the time step size τ := T/ℓ. We employ

the following implicit conforming Galerkin FEM approximation: find uj+1
h ∈ Vh for

j ∈ {0, · · · , ℓ− 1} such that{
τ−1(uj+1

h − uj
h,vh) +B[uj+1

h ,uj+1
h ,vh] + a(uj+1

h ,vh) = 0, ∀vh ∈ Vh,

(u0
h,vh) = (u0,vh), ∀vh ∈ Vh.

(19)

The scheme (19) is well-posed [6, 10], and satisfies the following stability result [10].
Proposition 4. Let the time step size τ > 0 be sufficiently small. Then problem (19)
has a unique solution uj

h ∈ Vh, and further the following stability estimate holds

∥uj+1
h ∥2L2(D) + τ

j∑
k=0

∥∇uk+1
h ∥2L2(D) ≤ ∥u0

h∥2L2(D), ∀j = 0, 1, · · · , ℓ− 1. (20)

Now we discuss on the error estimate for the scheme (19), which has a long and rich
history (see, e.g., [6, 10–12] for a rather incomplete list). The scheme has a first-order
convergence in time, while the convergence order for spatial discretization depends on
the regularity of solutions. More precisely, we decompose the error u(tJ)− uJ

h of the
fully-discrete scheme (19) into

u(tJ)− uJ
h = (u(tJ)− uh(tJ)) + (uh(tJ)− uJ

h),

where uh is the solution to the semi-discrete scheme{
(∂tuh,vh) +B[uh,uh,vh] + a(uh,vh) = 0, ∀vh ∈ Vh,

(u0
h,vh) = (u0,vh), ∀vh ∈ Vh.

The terms u(tJ)−uh(tJ) and uh(tJ)−uJ
h denote the spatial and time discretization

errors, respectively. For the spatial error, if ∥u0∥H1(D) ≤ M for some M > 0, then
[13, Theorem 4.5] gives

∥u(t)− uh(t)∥L2(D) ≤ Ct−
1
2h2, ∀t ∈ (0, T ], (21)

where the constant C := C(M,T,D) depends only on M , T and D. Note that the
initial data u0 also depends on the stochastic variable y ∈ Ub. Nonetheless, (5) and
Assumption 2 guarantee the existence of an M > 0 independent of y ∈ Ub such
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that supy∈Ub
∥u0(y)∥H1(D) < M . Thus, the constant M in (21) can be chosen to be

independent of y ∈ Ub for the solutions with the stochastic variable y.
For the time error, there are several results depending on the type of temporal dis-

cretization [6, 10, 12, 14, 15], under different time regularity assumtions on the solution.
Since a detailed discussion of the finite element approximation of the Navier–Stokes
equations is not our focus, we will not explicitly specify the regularity assumptions.
Instead, we assume the following condition: for any sufficiently small h > 0,

E
[
∥∂tuh(y)∥L2(0,T ;V ) + ∥∂ttuh(y)∥L2(0,T ;V ′)

]
≤ C, (22)

for some C > 0 independent of y ∈ Ub. See, e.g., [15–17] for discussions on similar
properties of uh. Then following the argument of [6, 10], we obtain

E
[
∥uh(tJ)− uJ

h∥L2(D)

]
≤ Cτ, ∀J > 0, (23)

where the constant C > 0 is independent of y ∈ Ub.
Summarizing the above discussion and using the linearity of G and Hölder’s

inequality (for the term related to G), we have the following result.
Theorem 5. Let D ⊂ R2 be a convex polygonal domain and G ∈ (L2(D)2)′, and
let Assumption 2 and (22) hold. Then there exists a constant C > 0 independent of
y ∈ Ub such that

E[|G(u(tJ))− G(uJ
h)|] ≤ C(t

− 1
2

J h2 + τ).

4 Truncation of the infinite-dimensional problem

The second discretization step reduces the parametric dimension: we truncate the
infinite series (10) to a finite-dimensional sum, and obtain a truncated initial data

u0
s(x,y) = (−∂x2

expZs, ∂x1
expZs), (24)

where Zs(·, ·) is the truncated KL expansion of the random field Z(·, ·), given by

Zs(x,y) :=

s∑
j=1

√
µjξj(x)yj .

Note that u0
s(x,y) can be identified as the initial data u0(x,y) evaluated at the vector

y = (y1, · · · , ys, 0, 0, · · · ). For any set of ‘active’ coordinates κ ⊂ N, we denote the
vectors y ∈ Ub with yj = 0 for j /∈ κ by (yκ;0).

Then consider the following scheme for the truncated problem with the initial data
u0
s: Given uj

s,h ∈ Vh, and s ∈ N, find uj+1
s,h ∈ Vh such that{

τ−1(uj+1
s,h − uj

s,h,vh) +B[uj+1
s,h ,u

j+1
s,h ,vh] + a(uj+1

s,h ,vh) = 0, ∀vh ∈ Vh,

(u0
s,h,vh) = (u0

s,vh), ∀vh ∈ Vh,
(25)

8



where u0
s,h is the L2(D)-projection of u0

s into Vh. The well-posedness of the scheme
(25) follows by the argument in Section 3. The next result gives the truncation error.
Theorem 6. Let Assumption 2 hold and G ∈ (L2(D)2)′. If the time step size τ > 0
is sufficiently small, i.e.,

τ∥uj
h∥

4
L4(D) < 1, ∀j > 0 and h > 0. (26)

Then for any time level j ∈ {0, 1, · · · , ℓ}, mesh size h > 0 and parametric dimension
s ∈ N, there exists C > 0 independent of j, h and s such that

E[|G(uj
h)− G(uj

s,h)|] ≤ Cs−
k
2+

3
2 .

Proof. First, by Fernique’s theorem in Theorem 17, for any s ∈ N, we have

∥ exp(Z)∥L2(Ω;C(D)) ≲ 1 and ∥ exp(Zs)∥L2(Ω;C(D)) ≲ 1, (27)

Let uj
h and uj

s,h be the solution to the scheme (19) and problem (25), respectively, and

di
s,h := ui

h − ui
s,h. Then subtracting (19) from (25) and setting vh = dj+1

s,h ∈ Vh yield

τ−1(dj+1
s,h −dj

s,h,d
j+1
s,h )+(∇dj+1

s,h ,∇dj+1
s,h ) = B[uj+1

h ,uj+1
h ,dj+1

s,h ]−B[uj+1
s,h ,u

j+1
s,h ,d

j+1
s,h ].

By the skew symmetry of B[·, ·, ·], Hölder’s inequality, Ladyzhenskaya’s inequality in
Lemma 15 and Young’s inequality, we deduce∣∣B[uj+1

h ,uj+1
h ,dj+1

s,h ]−B
[
uj+1
s,h ,u

j+1
s,h ,d

j+1
s,h

]∣∣
=
∣∣B[dj+1

s,h ,u
j+1
h ,dj+1

s,h

]
+B

[
uj+1
s,h ,d

j+1
s,h ,d

j+1
s,h

]∣∣
=
∣∣−B

[
dj+1
s,h ,d

j+1
s,h ,u

j+1
h

]∣∣ ≲ ∥dj+1
s,h ∥L4(D)∥∇dj+1

s,h ∥L2(D)∥uj+1
h ∥L4(D)

≲∥dj+1
s,h ∥1/2L2(D)∥∇dj+1

s,h ∥3/2L2(D)∥u
j+1
h ∥L4(D)

≤ 1
4∥u

j+1
h ∥4L4(D)∥d

j+1
s,h ∥2L2(D) +

3
4∥∇dj+1

s,h ∥2L2(D).

(28)

Using the identity τ−1(dj+1
s,h −dj

s,h,d
j+1
s,h ) = (2τ)−1(∥dj+1

s,h ∥22−∥dj
s,h∥22+∥dj+1

s,h −dj
s,h∥22),

and summing up the previous results from j = 0 to j = k − 1 for k ≥ 1 yields

∥dk
s,h∥2L2(D) +

τ

2

k−1∑
j=0

∥∇dj+1
s,h ∥2L2(D) ≲∥d0

s,h∥2L2(D) +
τ

2

k−1∑
j=0

∥uj+1
h ∥4L4(D)∥d

j+1
s,h ∥2L2(D).

Then (26) and the discrete Gronwall’s inequality in Lemma 16 imply

∥dk
s,h∥2L2(D) ≲ ∥d0

s,h∥2L2(D) exp

(
τ

k−1∑
j=0

∥uj+1
h ∥4L4(D)

1− τ∥uj+1
h ∥4L4(D)

)
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≲ ∥d0
s,h∥2L2(D) exp

(
Cτ

k−1∑
j=0

∥uj+1
h ∥4L4(D)

)
.

Note that the exponential term on the right-hand side is uniformly bounded in k ≥ 1.
Indeed, Proposition 4 and Ladyzhenskaya’s inequality (cf. Lemma 15 in the appendix)
yield the following L4(D)-estimate on uj

h

τ

j−1∑
k=0

∥uk+1
h ∥4L4(D) ≤ 2∥u0

h∥4L2(D). (29)

Further, by taking vh = u0
h−u0

s,h in the definition of L2-projection, i.e., (u0−u0
s,vh) =

(u0
h − u0

s,h,vh), and Hölder’s inequality, we deduce

∥u0
h − u0

s,h∥L2(D) ≤ ∥u0 − u0
s∥L2(D) ≲ ∥u0 − u0

s∥C(D),

since the domain D is bounded. To estimate ∥u0 − u0
s∥C(D), we derive from the

definitions of u0 and u0
s that

E
[
∥u0 − u0

s∥C(D)

]
=E

[
∥(−∂x2

Z exp(Z) + ∂x2
Zs exp(Zs), ∂x1

Z exp(Z)− ∂x1
Zs exp(Zs))∥C(D)

]
≲

2∑
i=1

E
[
∥∂xi

Z exp(Z)− ∂xi
Zs exp(Zs)∥C(D)

]
.

Then the triangle inequality, Hölder’s inequality, Assumption 2 and Sobolev embed-
ding yield

E
[
∥∂xiZ exp(Z)− ∂xiZs exp(Zs)∥C(D)

]
≲ E

[
∥∂xiZ exp(Z)− ∂xiZ exp(Zs)∥C(D)

]
+ E

[
∥∂xiZ exp(Zs)− ∂xiZs exp(Zs)∥C(D)

]
≲ E

[
∥∂xi

Z∥C(D)∥ exp(Z)− exp(Zs)∥C(D)

]
+ E

[
∥ exp(Zs)∥C(D)∥∂xi

Z − ∂xi
Zs∥C(D)

]
≲ E

[
∥ exp(Z)− exp(Zs)∥C(D)

]
+ E

[
∥ exp(Zs)∥2C(D)

] 1
2 × E

[
∥∂xi

Z − ∂xi
Zs∥2C(D)

] 1
2

=: I + II× III.

Note that under Assumption 2, for sufficiently large s ∈ N, there holds [18]

∥Z − Zs∥L2(Ω;C(D)) ≲ s−
k
2+1. (30)

Thus, for the term I, it follows from the inequality |ex − ey| ≤ |x− y|(ex + ey) for any
x, y ∈ R, Hölder’s inequality, and (27) that

I ≲ E
[
∥Z − Zs∥C(D)∥ exp(Z) + exp(Zs)∥C(D)

]

10



≲ ∥Z − Zs∥L2(Ω;C(D))∥ exp(Z) + exp(Zs)∥L2(Ω;(C(D))

≲ ∥Z − Zs∥L2(Ω;C(D))

(
∥ exp(Z)∥L2(Ω;C(D)) + ∥ exp(Zs)∥L2(Ω;C(D))

)
≲ s−

k
2+1.

Meanwhile, (27) directly implies II ≲ 1. Since {yj(ω)}j∈N is orthonormal in L2(Ω),
using the estimates (12) and (13) leads to

III =

∥∥∥∥∑
j>s

√
µj∂xiξjyj

∥∥∥∥
L2(Ω;C(D))

≲

∥∥∥∥∑
j≥s

√
µj∥∂xiξj∥C(D)yj

∥∥∥∥
L2(Ω)

≲

(∑
j>s

µj∥∂xiξj∥2C(D)

) 1
2

≲

(∑
j>s

j−k−1j3
) 1

2

≲

(� ∞

s

t−k+2 dt

) 1
2

≲ s−
k
2+

3
2 ,

upon noting k > 2 in Assumption 2. Finally, we derive

E[|G(uj
h)− G(uj

s,h)|] = E[|G(uj
h − uj

s,h)|] ≲ E[∥G∥(L2(D))′∥uj
h − uj

s,h∥L2(D)]

≲ E[∥u0 − u0
s∥L2(D)] ≲ s−

k
2+

3
2 .

Combining the preceding estimates proves the desired assertion.

Remark 1. The estimate (29) implies τ∥uj
h∥4L4(D) ≤ 2∥u0∥4L2(D) for all j ≥ 0 and

h > 0. Below we shall assume the smallness of initial data ∥u0∥2 ≤ ε ≈ τ1/2. Thus,
for sufficiently small τ > 0, the condition (26) holds independently of j ≥ 1 and h > 0.

5 Quasi-Monte Carlo integration

Now we use QMC to approximate the linear functional G ∈ (L2(D)2)′, i.e., E[G(uJ
s,h)].

More precisely, given parametric dimension s ∈ N, time level J ∈ {1, · · · , ℓ} and mesh
size h > 0, we approximate E[G(uJ

s,h)] by the following integral

Is(F
J
s,h) :=

�
Rs

F J
s,h(y)

s∏
j=1

ϕ(yj) dy, with F J
s,h(y) := G(uJ

s,h(·,y)). (31)

Here, ϕ(y) := exp(−y2/2)/
√
2π and Φ(y) =

� y

−∞ exp(−t2/2)/
√
2π dt is the standard

Gaussian PDF and CDF, respectively. To apply QMC methods, we transform the
integral (31) over the unbounded domain Rs to a hyper-cube [0, 1]s by introducing
new variables y = Φ−1

s (v), where Φ−1
s (v) is the inverse CDF for v ∈ [0, 1]s. Then

changing variables yields

E
[
G
(
uJ
s,h

)]
= E

[
F J
s,h

]
=

�
(0,1)s

F J
s,h(Φ

−1
s (v)) dv.

11



We approximate the integral on (0, 1)s by a randomly-shifted lattice rule (RSLR):

Qs,N (F J
s,h;∆) :=

1

N

N∑
i=1

F J
s,h

(
Φ−1

s

(
frac

(
iz

N
+∆

)))
, (32)

where z ∈ Ns is a deterministic generating vector and ∆ is a uniformly distributed
random shift over [0, 1]s. We shall establish an O(N−1) bound on

RMSEqmc(N) := (E∆[(E[G(uJ
s,h)]−Qs,N (F J

s,h;∆))2])1/2,

where E∆ denotes taking expectation in the random shift ∆ ∈ [0, 1]s, with a constant
independent of s ∈ N, J ∈ N and h > 0.

5.1 Solution regularity in the stochastic variables

First we bound mixed first derivatives of uJ
s,h(y) with respect to the parametric vari-

able y ∈ Ub. This represents the main technical challenge in the QMC analysis.
Below u = (uj)j∈N denotes the standard multi-index of non-negative integers with
|u| =

∑
j≥1 uj <∞, and ∂uu denotes the mixed derivative of u with respect to all vari-

ables in the multi-index u. We focus on the mixed first derivative ∂u, i.e., uj ∈ {0, 1}
for all j ∈ N. By Assumption 3, there exists N0 ∈ N sufficiently large such that j > N0

implies bj ≤ 1
2 . Then we define a positive sequence {Cj}∞j=1 by

Cj :=

{
max{2bj , 1} if j ∈ {1, · · · , N0};
1 if j > N0.

(33)

Then the constant C∗ > 0, defined by

C∗ :=
∏
j≥1

Cj =

N0∏
j=1

max{2bj , 1}, (34)

is finite, i.e., C∗ <∞.
Now we estimate mixed first derivatives of the discrete truncated initial data u0

s,h.
Lemma 7. Let ∂u be a mixed first derivative with respect to y and let Assumption 3
hold. Then the following estimate holds

∥∂uu0
s∥L2(D) ≤ 2−|u|(C∗ + 2

√
2)|u|∥ expZs(·,y)∥H1(D). (35)

Proof. By the definition of L2(D)-projection u0
s,h(y), for each y ∈ Ub, we have

(u0
s,h(y),vh) = (u0

s(y),vh), ∀vh ∈ Vh.

12



Taking ∂u on both sides and then setting vh = ∂uu0
s,h ∈ Vh yield that for each y ∈ Ub,∥∥∂uu0

s,h(y)
∥∥2
L2(D)

=
(
∂uu0

s(y), ∂
uu0

s,h(y)
)
≤
∥∥∂uu0

s(y)
∥∥
L2(D)

∥∥∂uu0
s,h(y)

∥∥
L2(D)

,

Hence, we have
∥∂uu0

s,h(y)∥L2(D) ≤ ∥∂uu0
s(y)∥L2(D). (36)

With the notation j ∈ u when uj = 1, by the product rule,

∥∂uu0
s∥L2(D) = ∥∂u∂x expZs∥L2(D) =

∥∥∥∥∂x[(∏
j∈u

√
µjξj

)
expZs

]∥∥∥∥
L2(D)

≤
∥∥∥∥(∏

j∈u

√
µjξj

)
∂x expZs

∥∥∥∥
L2(D)

+

∥∥∥∥∑
i∈u

√
µi∂xξi

( ∏
j∈u, j ̸=i

√
µjξj

)
expZs

∥∥∥∥
L2(D)

=: I + II,

By (33) and (34), the following inequality holds

∏
j∈u

bj =
∏

j∈u, j>N0

bj ×
∏

j∈u, j≤N0

bj ≤
∏

j∈u, j>N0

1

2
×

∏
j∈u, j≤N0

Cj

2
≤ C∗

2|u|
.

Then we can bound the first term I by

I ≤
(∏

j∈u

bj

)
∥∂x expZs∥L2(D) ≤

C∗

2|u|
∥∂x expZs∥L2(D).

For the term II, we discuss the cases |u| ≥ 2 and |u| = 1 separately. When |u| ≥ 2,
the estimates (12) and (13) imply

II ≤ ∥ expZs∥L2(D)

∑
i∈u

√
µi∥∂xξi∥∞

( ∏
j∈u, j ̸=i

bj

)
≤ ∥ expZs∥L2(D)

∑
i∈u

i−
k
2+1

( ∏
j∈u, j ̸=i

j−
k
2+

1
2

)
.

Plugging the following identity

∑
i∈u

i−
k
2+1

( ∏
j∈u, j ̸=i

j−
k
2+

1
2

)
=
∑
i∈u

i−
k
2+1

( ∏
j∈u, j ̸=i

j−
k
2+1− 1

2

)

=
∑
i∈u

(∏
j∈u

j−
k
2+1

)( ∏
j∈u, j ̸=i

j−
1
2

)

into the last inequality leads to

II ≤ ∥ expZs∥L2(D)

∑
i∈u

(∏
j∈u

j−
k
2+1

)( ∏
j∈u, j ̸=i

j−
1
2

)

13



= ∥ expZs∥L2(D)

(∏
j∈u

j−
k−2
2

)∑
i∈u

( ∏
j∈u, j ̸=i

j−
1
2

)
.

Upon noting k > 3, we deduce

II ≤ ∥ expZs∥L2(D)
1(

2
k−2
2

)|u|−1

∑
i∈u

( ∏
j∈u, j ̸=i

j−
1
2

)

≤ ∥ expZs∥L2(D)
1

(
√
2)|u|−1

∑
i∈u

1

(
√
2)|u|−2

= ∥ expZs∥L2(D)
2
√
2|u|

2|u|
,

When |u| = 1, from the estimates (12) and (13), we derive for some r ∈ N that

II = ∥∂x(
√
µrξr) expZs∥L2(D) ≤ ∥ expZs∥L2(D)

√
µr∥∂xξr∥L∞(D)

≤ ∥ expZs∥L2(D)r
− k−2

2 ≤ 2
√
2|u|2−|u|∥ expZs∥L2(D).

Combining the preceding estimates completes the proof of the theorem.

The following discussion requires smallness of the initial log-normal random field
expZ(x,y) for each realization y ∈ Ub: there exists some ε > 0 such that

sup
y∈Ub

∥ expZ(·,y)∥H1(D) < ε. (37)

This condition on u0 has been used in the theory of incompressible fluid flow problems;
see, e.g., [19, 20], where the existence of global strong solutions was discussed under
a smallness condition on u0. Note that expZs and ∇ expZs = ∇Zs expZs coincide
with the evaluations of expZ and ∇ expZ = ∇Z expZ at ys = (y1, · · · , ys, 0, 0, · · · ),
which belongs to Ub for any (y1, · · · , ys) ∈ Rs. Hence, Assumption (37) implies

sup
ys∈Rs

∥ expZs(·,ys)∥H1(D) < ε, ∀s ∈ N. (38)

Now we can state an a priori estimate for ∥∂uuJ
s,h(y)∥L2(D) for each y ∈ Ub.

Theorem 8. Let ∂u be a mixed first derivative with respect to y and let Assumption
3 hold. Then there exists ε := ε(τ) > 0, proportional to τ

1
2 , such that if the smallness

assumption (37) holds, then for any truncation dimension s ∈ N, time level J =
1, 2, · · · , ℓ and mesh size h > 0, there holds with C∗ > 0 defined in (34),

∥∂uuJ
s,h(y)∥L2(D) ≤ (2

√
2 + 2C∗)|u|!2|u|∥ expZs(y)∥H1(D), ∀y ∈ Ub.

Proof. In the proof, we suppress y from uj
s,h(y) etc since it is fixed. When |u| = 0, the

desired inequality can be verified directly. Hence we discuss only |u| ≥ 1. By taking
∂u in the discrete scheme (25) and the product rule, we obtain

τ−1(∂uuj+1
s,h ,vh)− τ−1(∂uuj

s,h,vh) + (∇∂uuj+1
s,h ,∇vh)
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+
∑
m⪯u

(
u

m

)
B[∂u−muj+1

s,h , ∂
muj+1

s,h ,vh] = 0, ∀vh ∈ Vh,

where m ⪯ u denotes mj ≤ uj for all j ≥ 1, and u−m is a multi-index (uj −mj)j≥1

and
(
u
m

)
:= Πj≥1

(
uj

mj

)
. Upon splitting the summation with m ̸= u (i.e., ⪵), we obtain

(∇∂uuj+1
s,h ,∇vh) +B[uj+1

s,h , ∂
uuj+1

s,h ,vh] + τ−1(∂uuj+1
s,h ,vh)

− τ−1(∂uuj
s,h,vh) = −

∑
m⪵u

(
u

m

)
B[∂u−muj+1

s,h , ∂
muj+1

s,h ,vh], ∀vh ∈ Vh.

Upon taking vh := 2τ∂uuj+1
s,h in the identity, we obtain

2τ∥∇∂uuj+1
s,h ∥2L2(D) + ∥∂uuj+1

s,h ∥2L2(D) − ∥∂uuj
s,h∥

2
L2(D) + ∥∂uuj+1

s,h − ∂uuj
s,h∥

2
L2(D)

=− 2τ
∑
m⪵u

(
u

m

)
B
[
∂u−muj+1

s,h , ∂
muj+1

s,h , ∂
uuj+1

s,h

]
. (39)

The skew symmetry of the trilinear form B[·, ·, ·] implies∣∣B[∂u−muj+1
s,h , ∂

muj+1
s,h , ∂

uuj+1
s,h ]

∣∣ ≤ 1
2∥∂

u−muj+1
s,h ∥L4(D)∥∇∂muj+1

s,h ∥L2(D)∥∂uuj+1
s,h ∥L4(D)

+ 1
2∥∂

u−muj+1
s,h ∥L4(D)∥∇∂uuj+1

s,h ∥L2(D)∥∂muj+1
s,h ∥L4(D).

By bounding the terms ∥∂u−muj+1
s,h ∥L4(D), ∥∂uuj+1

s,h ∥L4(D) and ∥∂muj+1
s,h ∥L4(D) using

Ladyzhenskaya’s inequality in Lemma 15 and then applying Poincaré’s inequality
(with Poincaré constant Cp), we deduce∣∣∣− ∑

m⪵u

(
u

m

)
B
[
∂u−muj+1

s,h , ∂
muj+1

s,h , ∂
uuj+1

s,h

] ∣∣∣
≤
√
2Cp

∑
m⪵u

(
u

m

)
∥∇∂u−muj+1

s,h ∥L2(D)∥∇∂muj+1
s,h ∥L2(D)∥∇∂uuj+1

s,h ∥L2(D).

Together with (39), we arrive at

2τ∥∇∂uuj+1
s,h ∥2L2(D) + ∥∂uuj+1

s,h ∥2L2(D) − ∥∂uuj
s,h∥

2
L2(D) + ∥∂uuj+1

s,h − ∂uuj
s,h∥

2
L2(D)

≤ 2
√
2Cpτ

∑
m⪵u

(
u

m

)
∥∇∂u−muj+1

s,h ∥L2(D)∥∇∂muj+1
s,h ∥L2(D)∥∇∂uuj+1

s,h ∥L2(D).

For fixed J = 2, · · · , ℓ, let SJ
m := (∆t

∑J−1
j=0 ∥∇∂muj+1

s,h ∥2L2(D))
1
2 . Summing up from

j = 0 to j = J − 1, using Cauchy–Schwarz inequality and (36) yield

∥∂uuJ
s,h∥2L2(D) + 2

(
SJ
u

)2 ≤ ∥∂uu0
s,h∥2L2(D)
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+ 2
√
2Cpτ

∑
m⪵u

(
u

m

) J−1∑
j=0

∥∇∂u−muj+1
s,h ∥L2(D)∥∇∂muj+1

s,h ∥L2(D)∥∇∂uuj+1
s,h ∥L2(D)

≤ 2
√
2Cp

τ
1
2

∑
m⪵u

(
u

m

)
SJ
u−mS

J
mS

J
u + ∥∂uu0

s,h∥2L2(D).

Note that
(
u
m

)
= 1, since u is a mixed first derivative, i.e. uj ∈ {0, 1}. Then with

A := 2
√
2Cpτ

− 1
2 , we have

∥∂uuJ
s,h∥2L2(D) + 2(SJ

u )
2 ≤ A

∑
m⪵u

SJ
u−mS

J
mS

J
u + ∥∂uu0

s∥2L2(D). (40)

To estimate SJ
u when |u| = 0, by taking vh = 2τuj+1

s,h in (25) and Young’s inequality,

2∥uj+1
s,h ∥2L2(D) + 2τ∥∇uj+1

s,h ∥2L2(D) = (uj
s,h,u

j+1
s,h ) ≤ ∥uj

s,h∥
2
L2(D) + ∥uj+1

s,h ∥2L2(D),

which implies ∥uj+1
s,h ∥2L2(D) + 2τ∥∇uj+1

s,h ∥2L2(D) ≤ ∥uj
s,h∥2L2(D). Summing the above

inequality from j = 0 to j = J − 1 yields

2(SJ
0 )

2 ≤ ∥uJ
s,h∥2L2(D) + 2τ

J−1∑
j=0

∥∇uj+1
s,h ∥2L2(D)

≤ ∥u0
s,h∥2L2(D) ≤ ∥u0

s∥2L2(D) ≤ ∥ expZs∥H1(D). (41)

Now we choose ε := 1
4A(C∗+2

√
2)
, which is proportional to τ1/2, and assume the

smallness condition (37). Then we prove the claim

SJ
u ≤ |u|!2|u|∥∂uu0

s∥L2(D), ∀J ∈ N (42)

by mathematical induction on |u|. For |u| = 1, from (40) and (41), we have

2(SJ
u )

2 ≤ ASJ
0 (S

J
u )

2 + ∥∂uu0
s∥2L2(D) ≤ A∥ expZs∥H1(D)(S

J
u )

2 + ∥∂uu0
s∥2L2(D).

This, the smallness assumption (37) and the choice of ε imply the inequality (42) when
|u| = 1. Now suppose that (42) holds for all u with 1 ≤ |u| ≤ n − 1, n ≥ 2. For any
given multi-index u with |u| = n, it follows from (40) and (41) that

2(SJ
u )

2 ≤ A
∑

m⪵u,m̸=0

SJ
u−mS

J
mS

J
u +

A

2
∥ expZs∥H1(D)(S

J
u )

2 + ∥∂uu0
s∥2L2(D).
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By the induction hypothesis, (35) and the smallness assumption (37), we have

(SJ
u )

2

2
≤ A

|u|−1∑
i=1

∑
|m|=i

∥∂uu0
s∥2L2(D)|u−m|!2|u−m||m|!2|m|SJ

u + ∥∂uu0
s∥2L2(D)

≤ A∥∂uu0
s∥2L2(D)(|u| − 1)!2|u|

|u|−1∑
i=1

(
|u|
i

)
SJ
u + ∥∂uu0

s∥2L2(D)

≤ A∥∂uu0
s∥2L2(D)(|u| − 1)!2|u|(2|u| − 2)SJ

u + ∥∂uu0
s∥2L2(D),

≤ A(C∗ + 2
√
2)∥ expZs∥L2(D)∥∂uu0

s∥L2(D)|u|!2|u|SJ
u + ∥∂uu0

s∥2L2(D)

≤ 1
2∥∂

uu0
s∥L2(D)|u|!2|u|SJ

u + ∥∂uu0
s∥2L2(D),

using the inequality a!b! ≤ (a+b−1)! for any a, b ∈ N. Solving the quadratic inequality
for SJ

u yields the claim (42):

SJ
u ≤ 1

2∥∂
uu0

s∥L2(D)|u|!2|u| +
√
2∥∂uu0

s∥L2(D) ≤ |u|!2|u|∥∂uu0
s∥L2(D).

Last, substituting (42) into (40) and repeating the above argument yield

∥∂uuJ
s,h∥2L2(D) ≤ 1

2∥∂
uu0

s∥2L2(D) (|u|!)
2
22|u| + ∥∂uu0

s∥2L2(D).

This, together with (35), implies

∥∂uuJ
s,h∥L2(D) ≤ 2|u|!2|u|∥∂uu0

s∥L2(D) ≤ (2
√
2 + 2C∗)|u|!2|u|∥ expZs∥H1(D).

This completes the proof of the theorem.

5.2 A function space setting in Rs

The ”standard” function spaces in the QMC analysis are weighted Sobolev spaces on
(0, 1)s, which consists of functions with square-integrable mixed first derivatives. If
the integrand lies in a suitable weighted Sobolev space, randomly-shifted lattice rules
(RSLRs) can be constructed so as to (nearly) achieve the convergence rate O(n−1);
see [21–25] and recent surveys [26, 27]. Since the integral in (31) is defined over Rs,
we have first transformed the domain to (0, 1)s and obtain F J

h (Φ
−1
s (·)). However,

the resulting integrand may be unbounded near the boundary ∂(0, 1)s, and thus the
standard QMC theory is not directly applicable. The function space setting for the
integral of the type (31) has been studied in [28–33], and the optimal convergence rate
has been obtained using RSLRs. The corresponding weighted Sobolev norm is defined
by [32, 33]

∥F∥2Ws
:=
∑
u⊂[s]

1

γu

�
R|u|

(�
Rs−|u|
∂uF (yu;y[s]\u)

∏
j∈[s]\u

ϕ(yj) dy[s]\u

)2∏
j∈u

ψ2
j (yj) dyu, (43)
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where [s] = {1, 2, · · · , s}, ∂uF denotes the mixed first derivative with respect to each
“active” variables yj for j ∈ u, and y[s]\u is the “inactive” variable yj , j /∈ u. The
norm (43) is called “unanchored” since the inactive variables are integrated out as
opposed to being “anchored” at a certain fixed value, e.g., 0.

For each j ≥ 1, the continuous weight function ψj : R → R+ in (43) should be
properly chosen to handle the singularities for the active variables. The analysis in
[33] indicates that ψ2

j (y) should decay slower than the standard Gaussian density in
(31) as |y| → ∞: for some aj > 0, such that

ψ2
j (y) = exp(−2aj |y|). (44)

Throughout, we assume that for some constants 0 < amin < amax <∞,

amin < aj ≤ amax, j ∈ N. (45)

For each index u ⊂ N with finite cardinality |u| < ∞, we associate a weight
parameter vector γu > 0 to indicate the relative importance of the variables. We
write γ = (γu)u⊂N and let γ∅ := 1. In [32], only “products weights” were considered,
i.e., there exists a sequence γ1 ≥ γ2 ≥ · · · > 0, where each γj is associated with an
integral variable yj and let γu :=

∏
j∈u γj . See also [33] for further generalizations.

The choice of the weight parameters γu is important to guarantee that the constant in
the QMC error bound does not grow exponentially as s→ ∞. In this work, we employ
the so-called ”product and order dependent weights” (”POD” weights) introduced in
[34]. Specifically, we consider two different sequences Γ0 = Γ1 = 1, Γ2, · · · ,Γs and
γ1 ≥ γ2 ≥ · · · ≥ γs > 0 such that γu := Γ|u|

∏
j∈u γj .

5.3 Error bound for randomly-shifted lattice rules

To bound the error of the QMC integration, we define the worst-case error ewor
s,N (z,∆)

of the shifted lattice rule (32): for a generating vector z and a random shift ∆,
ewor
s,N (z,∆) := sup∥F∥Ws≤1 |Is(F ) − Qs,N (F ;∆)|, where Is is the integral defined in
(31). By the linearity of integration, we have

|Is(F J
s,h)−Qs,N (F J

s,h;∆)| ≤ ewor
s,N (z,∆)∥F J

s,h∥Ws
.

In this work, we consider the root-mean-square error (RMSE) for QMC:

RMSEqmc(N) ≤ eshs,N (z)∥F J
s,h∥Ws

, (46)

with eshs,N (z) := (
�
[0,1]s

(ewor
s,N (z,∆))2 d∆)1/2 (often known as shift-averaged worst case

error). By (46), we can decouple the dependence on z from that on the integrand F J
s,h.

A generating vector z = (z1, z2, z3, · · · ) can be constructed by a component-by-
component algorithm which determines z1, z2, z3, · · · sequentially, using eshs,N (z) as the
search criterion: given that z1, · · · , zi are already determined, zi+1 is chosen from the
set {1 ≤ z ≤ N − 1 : gcd(z,N) = 1} to minimize eshi+1,N (z1, · · · , zi+1). See [33] for the
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precise formula for eshs,N (z) for general weight functions ψj and weight parameters γu:

(
eshs,N (z)

)2
=

∑
∅̸=u⊂[s]

γu
N

N∑
i=1

∏
k∈u

θk

({
izk
N

})
,

with

θk(f) =

� ∞

Φ−1(f)

Φ(t)− f

ψ2
k(t)

dt+

� ∞

Φ−1(1−f)

Φ(t)− 1 + f

ψ2
k(t)

dt−
� ∞

−∞

Φ2(t)

ψ2
k(t)

dt.

See also [33] for the following choices of ϕ and ψk with a nearly O(N−1) convergence
rate: the standard Gaussian CDF and weight functions in (44). Below we use a result
from [35]. Note here that φ(p) = p− 1 for p prime, and it is known that 1

φ(N) <
9
N for

any N ≤ 1030 []. Hence, in practice, we can replace φ(N) by C
N for some C > 0.

Theorem 9. For given h > 0, s, J,N ∈ N, weight parameters γ = (γu)u⊂N, Gaussian
density function ϕ and weight function ψj defined in (44), an RSLR with N points can
be constructed by a component-by-component algorithm satisfying for any λ ∈ (1/2, 1],

RMSEqmc(N) ≤
( ∑

∅̸=u⊂{1:s}

γλu
∏
i∈u

ϱi(λ)
) 1

2λ

[φ(N)]
− 1

2λ ∥F J
s,h∥Ws

with

ϱi(λ) := 2

(√
2π exp(a2i /η)

π2−2η(1− η)η

)λ

ζ

(
λ+

1

2

)
and η :=

2λ− 1

4λ
, (47)

where φ(n) := |{1 ≤ z ≤ n − 1 : gcd(z, n) = 1}| is the Euler totient function and
ζ(x) :=

∑∞
k=1 k

−x denotes the Riemann zeta function.

5.4 Estimate for the weighted Sobolev norm

The next result shows that for each s ∈ N and choice of γu, we have ∥F J
s,h∥Ws

<∞ for
all J ∈ N and h > 0. Thus, together with Theorem 9, we obtain an estimate for the
RMSEqmc with a nearly O(N−1) convergence rate. However, the bound may depend
on the parametric dimension s ∈ N. In Section 5.5, we prove that a careful choice of
γu can remove the dependency on s ∈ N.
Theorem 10. Let the weight functions ψj be defined in (44) and F J

s,h the integrand

in (31) for any J = 1, · · · , ℓ and h > 0. Then F J
s,h ∈ Ws, and with constants ai and

bi defined in (44) and (14), its Ws norm is bounded by

∥F J
s,h∥2Ws

≤ (2
√
2 + 2C∗)2∥G∥2(L2(D))′

∑
u⊂[s]

(|u|!)222|u|

γu

∏
i∈u

b2i
ai
.
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Proof. By Theorem 8 and the linearity of G, we obtain for each y ∈ Rs,

|∂uF J
s,h(y)| ≤ ∥G∥(L2(D))′∥∂uuJ

s,h(y)∥2 ≤ C̃|u|!2|u|
(∏

j∈u

bj

)
∥ expZs(y)∥H1(D),

with C̃ := (2
√
2+2C∗)∥G∥(L2(D))′ . Further, the smallness of the truncated log-normal

random field (38) implies that ∥ expZs(y)∥H1(D) ≤ 1 for all s ∈ N and y ∈ Rs. Then
the definition of the weighted Sobolev norm (43) implies

∥F J
s,h∥2Ws

≤C̃2
∑
u⊂[s]

(|u|!)222|u|

γu

(∏
j∈u

bj

)2 �
R|u|

(�
Rs−|u|

∏
j∈[s]\u

ϕ(yj) dy[s]\u

)2∏
j∈u

ψ2
j (yj) dyu

≤C̃2
∑
u⊂[s]

(|u|!)222|u|

γu

∏
j∈u

b2j
aj
,

since
�
R ϕ(y) dy = 1 and

�
R ψ

2
j (y) dy = 1

aj
for all j ∈ N.

Theorems 9 and 10 together give the following RMSE estimate.
Theorem 11. Let F J

s,h be the integrand defined in (31) and let ψj be a weight function

defined in (44). For given s, J,N ∈ N with N ≤ 1030, h > 0, weights γ = (γu)u⊂N and
standard Gaussian density function ϕ, we can construct an RSLR with N points in s
dimensions by a component-by-component algorithm such that for any λ ∈ (1/2, 1],

RMSEqmc(N) ≤ 9(2
√
2 + 2C∗)∥G∥(L2(D))′Kγ,s(λ)N

− 1
2λ , (48)

with ϱi(λ) defined in (47),

Kγ,s(λ) :=
( ∑

∅̸=u⊂[s]

γλu
∏
i∈u

ϱi(λ)
) 1

2λ
( ∑

u⊂[s]

(|u|!)222|u|

γu

∏
i∈u

b2i
ai

)1/2
. (49)

In general, Kγ,s(λ) may grow with the parametric dimension s. In order to bound
Kγ,s(λ) uniformly with respect to s ∈ N, we need to choose γu carefully so that

Kγ(λ) :=
( ∑

|u|<∞

γλu
∏
i∈u

ϱi(λ)
) 1

2λ
( ∑

|u|<∞

(|u|!)222|u|

γu

∏
i∈u

b2i
ai

)1/2
<∞. (50)

If (50) holds, then the estimate Kγ,s(λ) ≤ Kγ(λ) < ∞ holds for any s ∈ N, and
accordingly the error bound (48) is independent of the dimension s.

5.5 Choice of weight parameters γu

For any λ ∈ (1/2, 1], we follow the strategy in [34, 35] to choose weight parameters γu
that minimize the constant Kγ(λ), cf. (50), and that Kγ(λ) is finite. Note that the
constant Kγ,s(λ) in (49) and the uniform bound Kγ(λ) in (50) have the same form

20



as the function appearing in Lemma 18. Therefore, we can infer the proper form of
the weight parameters γu. Below we specify the parameter λ > 0 so that the constant
Kγ(λ) is finite in our setting and to obtain a good convergence rate.
Theorem 12. Let ψj be the weight functions defined in (44) with aj satisfying (45),
and Assumption 3 hold for some p ≤ 1. When p = 1, additionally,∑

j≥1

bj ≤
1

2

√
amin

ϱmax(1)
, (51)

with ϱmax(λ) defined by replacing ai in (47) by amax in (45). Then for each fixed
λ ∈ (1/2, 1], the weight

γu = γ∗u(λ) :=
(
(|u|!)222|u|

∏
j∈u

b2j
ajϱj(λ)

)1/(1+λ)

(52)

is the minimizer of Kγ(λ) if the minimum is finite. Additionally, if we choose

λ = λ∗ :=


1

2−2δ , if p ∈ (0, 2/3],
p

2−p , if p ∈ (2/3, 1),

1, if p = 1,

(53)

for arbitrary δ ∈ (0, 1/2], and set γu = γ∗u(λ∗), then Kγ(λ) <∞. Moreover, an RSLR
can be constructed by a component-by-component algorithm such that

RMSEqmc ≲ N−χ, with χ = (2λ∗)
−1,

where the constants are independent of the truncation dimension s ∈ N, but may
depend on p ∈ (0, 1] and δ ∈ (0, 1/2] if relevant.

Proof. First, note that the finite subsets of N in (50) can be ordered and the specific
choice of ordering is not important, since the convergence is unconditional. Therefore,
by Lemma 18, the choice of weights (52) minimizes Kγ(λ), cf [34, 35]. Next, we prove
that Kγ(λ) is finite when the weight and the parameter λ are given by (52) and (53),
respectively. Indeed, define the following quantity

Sλ :=
∑

|u|<∞

(γ∗u)
λ
∏
j∈u

ϱj(λ) =
∑

|u|<∞

(
(|u|!)222|u|

∏
j∈u

[ϱj(λ)]
1/λb2j

aj

) λ
1+λ

. (54)

Then Kγ(λ) = S
1/(2λ)+1/2
λ , and hence it suffices to show that Sλ is finite. From (47),

for each λ, ϱj(λ) monotonically increases with respect to aj , and thus we obtain
ϱj(λ) ≤ ϱmax(λ) for any j ≥ 1. Consequently,

Sλ ≤
∑

|u|<∞

(|u|!)2λ/(1+λ)
∏
j∈u

(
4[ϱmax(λ)]

1/λ

amin
b2j

)λ/(1+λ)

. (55)
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Now we consider the cases λ ∈ (1/2, 1) and λ = 1 separately. For λ ∈ (1/2, 1), we
have 2λ/(1 + λ) < 1. Next, we multiply and divide the right-hand side of (55) by∏

j∈uA
2λ/(1+λ)
j , with Aj > 0 to be specified. By Hölder’s inequality with Hölder

conjugate exponents (1 + λ)/(2λ) and (1 + λ)/(1− λ), we obtain

Sλ ≤
∑

|u|<∞

(|u|!)2λ/(1+λ)
∏
j∈u

A
2λ/(1+λ)
j

∏
j∈u

(
4[ϱmax(λ)]

1/λ

amin

b2j
A2

j

)λ/(1+λ)

≤

 ∑
|u|<∞

|u|!
∏
j∈u

Aj

2λ/(1+λ) ∑
|u|<∞

∏
j∈u

(
4[ϱmax(λ)]

1/λ

amin

b2j
A2

j

)λ/(1−λ)
(1−λ)/(1+λ)

≤

(
1

1−
∑

j≥1Aj

) 2λ
1+λ

exp

1− λ

1 + λ

(
4[ϱmax(λ)]

1/λ

amin

) λ
1−λ ∑

j≥1

(
bj
Aj

) 2λ
1−λ

 .

where the last step follows from Lemma 19, which holds if∑
j≥1

Aj < 1 and
∑
j≥1

(bj/Aj)
2λ/(1−λ) <∞. (56)

Upon choosing Aj := bpj/α for some α >
∑

j≥1 b
p
j , Assumption 3 implies

∑
j≥1Aj < 1.

Further, Assumption 3 also implies
∑

j≥1 b
q
j for any q ≥ p. Hence the second sum in

(56) converges provided that 2λ
1−λ (1−p) ≥ p if and only if λ ≥ p

2−p . Since λ ∈ (1/2, 1),

if p ∈ (0, 2/3) we have 1
2 ≥ p

2−p and hence we can choose λ = 1/(2 − 2δ) for some

δ ∈ (0, 1/2), so that p
2−p ≤ 1

2 < λ < 1. If p ∈ (2/3, 1), we have 1
2 <

p
2−p < 1, and we

may choose λ = p/(2 − p). When p = 1, we choose λ = 1. Then by Lemma 19, we
have from (55) that

S1 ≤
∑

|u|<∞

|u|!
∏
j∈u

(
4ϱmax(1)

amin
b2j

) 1
2

≤
(
1−

∑
j≥1

2bj

(ϱmax(1)

amin

) 1
2
)−1

,

which is finite by assumption (51). This completes the proof of the theorem.

Last, we give a proper choice of aj which will be used in numerical experiments.
Corollary 13. Let λ = λ∗ and γu = γ∗u(λ∗) be defined in (53) and (52), respectively.

Then the constant Kγ(λ) in (50) is minimized when aj =
√

2λ∗−1
8λ∗

for all j ≥ 1.

Proof. In the proof of Theorem 12, we have Kγ(λ) = S
1/(2λ)+1/2
λ , with Sλ defined in

(54). Since all terms in (54) are positive, it is sufficient to minimize each [ϱj(λ)]
1/λ/aj

with respect to aj , in order to minimize Kγ(λ) with respect to aj . By definition, we
have [ϱj(λ)]

1/λ = c exp(a2j/η∗) for some c > 0 independent of aj and η∗ = 1
2−

1
4λ . Then

direct computation shows that the choice of aj minimizes Sλ, and hence Kγ(λ).

Last, we give the total error of the approximation Qs,N (F J
s,h;∆).
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Theorem 14. Let the assumptions of Theorems 5, 6 and 12 hold. Then the RMSE
of Qs,N (F J

s,h;∆) with respect to the random shift ∆ ∈ [0, 1]s is bounded by

(E∆[(E[G(u(tJ))]−Qs,N (F J
s,h;∆))2])1/2 ≤ C(t

− 1
2

J h2 + τ + s−
k
2+

3
2 +N−χ), (57)

where the constant C > 0 is independent of positive parameters h, τ , s and N .

Proof. The error E [G(u(tJ))]−Qs,N (F J
s,h;∆) can be decomposed into E[G(u(tJ))−

G(uJ
h)] + E[G(uJ

h) − G(uJ
s,h)] + (E[G(uJ

s,h)] − Qs,N (F J
s,h;∆)), where the expecta-

tion E is with respect to y ∈ Ub. Then the desired bound on (E∆[(E[G(u(tJ))] −
Qs,N (F J

s,h;∆))2])1/2 follows from Theorems 5, 6 and 12 directly.

6 Numerical experiments

To complement the theoretical analysis, we present numerical results for the system
(1)-(4) in the domain [0, T ] ×D × Ω, with T = 1 and D = (0, 1)2. All computations
were performed using MATLAB on HPC system at The University of Hong Kong,
using 64 cores, each with 3GB memory.

In the computation, we take a time step size τ = 0.1. We divide the square domain
D into 1/h2 congruent small squares (with h = 1/16), and then further divide each
small square into two right triangles, obtaining a shape-regular triangulation Th. To
solve problem (16), we employ the Taylor-Hood element on the mesh Th, i.e., a con-
forming piecewise quadratic element for the velocity u and a conforming piecewise
linear element for the pressure p. The resulting FEM spaces are given by

Hh := {W ∈ C(D)2 : W|K ∈ P2(K)2 ∀K ∈ Th and W|∂D = 0},

Qh := {Π ∈ C(D) : Π|K ∈ P1(K) ∀K ∈ Th and

�
D

Πdx = 0}.

This choice satisfies the discrete inf-sup condition (17). To handle the divergence-
free subspace, we employ a continuous bilinear form c(·, ·) on Hh × Qh by c(v, q) =
−
�
D
q (∇ · v) dx. The trilinear term B[u,v,w] in the Galerkin FEM scheme (19),

arising from the convective term (u ·∇)u, is nonlinear. We employ Picard’s method to

linearize the problem, which constructs a sequence of approximations (uj+1,k
s,h , pj+1,k

s,h )
by solving

τ−1(uj+1,k
s,h − uj

s,h,vh) + a(uj+1,k
s,h ,vh)

+B[uj+1,k−1
s,h ,uj+1,k

s,h ,vh] + c(vh, p
j+1,k
s,h ) = 0, ∀vh ∈ Hh,

c(uj+1,k
s,h , qh) = 0, ∀qh ∈ Qh.

This formulation is equivalent to the pressure-free formulation for the FEM approx-
imation in Section 3, since we use an inf-sup stable velocity-pressure pair for the
discrete solutions. We take the initialization uj+1,0

s,h = uj
s,h. The iteration process is
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terminated when the relative L2(D)-norm between the solutions of the current itera-
tion and the previous one falls below a given tolerance η = 10−7. Once the iteration
converges after K steps, we assign uj+1

s,h = uj+1,K
s,h and pj+1

s,h = pj+1,K
s,h .

The random initial data u0
s,h is the L2(D)-projection into Vh of u0

s, the truncated

KL expansions with s = 400 of the initial condition u0 in (5), which arises from the
random field Z with a zero mean and Matérn covariance function ρν(|x − x′|), with
r = |x− x′| for all x,x′ ∈ D, defined by

ρν(r) = σ2 2
1−ν

Γ(ν)

(
2
√
ν
r

λC

)ν

Kν

(
2
√
ν
r

λC

)
.

Here, Γ is the Gamma function, Kν is the modified Bessel function of the second
kind, ν > 1/2 is a smoothness parameter, σ2 is the variance and λC is a length scale
parameter. Unlike the analysis, we conduct numerical tests without the smallness
assumption in order to show the flexibility of the QMC method in a wider range of
situations. Numerical results for initial data satisfying the smallness assumption are
similar and hence not presented. Consider the Matérn covariance with the following
parameter settings: ν = 2.5, 1.75, λC = 1, 0.1, and σ2 = 1, 0.25. We compute the
eigenpairs of (11) on a finer mesh Th/4 using conforming piecewise linear elements.
The eigenpairs (µj , ξj)

s
j=1 are used to construct s-term truncated KL expansions with

s = 400, cf. Fig. 1. Additionally, we obtain the sequence b = {bj}j≥1 in (3) by utilizing
the eigenpairs (µj , ξj). The summability parameter p in Assumption 3 is estimated
using linear regression on the sequence | log bj | against log j for 500 ≤ j ≤ 1000.
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Fig. 1: Log-log plot of ∥ξj∥C(D), ∥∇ξj∥C(D) and bj against j for the Matérn covariance

with ν = 2.5, σ2 = 1 and λC = 1.

Next, we use the component-by-component algorithm [33] to determine the gen-
erating vector z ∈ Zs for the RSLR with N ∈ N sampling points. To this end, we
construct the weighted Sobolev space Ws using the norm defined in (43). The weight
parameters γu are chosen according to (52), and the weight function ψ2

j (y) is defined
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in (44). We select aj =
√

2λ∗−1
8λ∗

based on (13), where the value of λ∗ depends on

the empirical estimate p. We take R = 32 independent random shifts, cf. (32), where
each sample ∆r for 1 ≤ r ≤ R is uniformly distributed over [0, 1]s. Then we use
the generator vector z ∈ Zs to generate the N sampling points: ( izN + ∆r) mod 1
for all 1 ≤ i ≤ N . For the given quantity of interest defined by the linear func-
tional G ∈ (L2(D)2)′, we compute the approximation Qr := Qs,N (F J

s,h;∆r) and its

mean Q̄ over R random shifts, and obtain an unbiased estimator for the RMSEqmc by

( 1
R

1
R−1

∑R
r=1(Qr − Q̄)2)1/2, i.e., the so-called standard error. We choose two bounded

linear functionals G1 and G2: G1 evaluates the first component at the point [1/2, 1/2]
for t = 0.1, and G2 evaluates the second component at the same point for t = 0.2. We
compute the standard errors e1 and e2 for G1 and G2, respectively.

First we take Matérn covariance with a smoothing parameter ν = 2.5, a length
scale parameter λC = 1 and a variance of σ2 = 1 or σ2 = 0.25. Numerically we observe
that the sequence {bj}∞j=1 lies under the sequence {j−3/2}∞j=1 for sufficiently large
j. Therefore, empirically, Assumption 3 holds with some p ≤ 2/3, and thus we take
λ∗ := 0.55 for these two cases. In Table 1, we compare the standard error of QMC with
that of MC for the linear functionals G1 and G2. To obtain more precise estimates, for
each number of sampling points N , we use the mean of ten different tests with different
uniformly distributed random shift ∆ in (32). The rate of convergence is estimated by
performing a linear regression of the negative logarithm of the standard error against
logN , based on the mean of the ten tests. The results show that the QMC method
yields a smaller error and a faster convergence rate for both cases. For instance, when
the number of sampling points is N = 64007 and the variance is σ2 = 1, the standard
errors for the QMC and MC methods are 4.31e-5 and 1.81e-4, respectively. For the
case of λC = 0.1, the empirical parameter p has the value of 0.6832, and hence we
choose λ∗ = 0.52, which is presented in Table 2. The performance of the QMC method
is similar to that observed in Table 1.

Table 1: Comparison of the standard error of QMC and MC with G1 and G2

for Matérn covariance with ν = 2.5, λC = 1 and different σ2.

σ2 = 1 σ2 = 0.25

N QMC MC QMC MC

e1 e2 e1 e2 e1 e2 e1 e2

1009 6.36e-4 4.65e-5 1.78e-3 1.68e-4 7.90e-5 8.60e-6 4.19e-4 3.23e-5
2003 3.77e-4 6.00e-5 1.61e-3 1.14e-4 2.92e-5 4.53e-6 2.99e-4 2.06e-5
4001 3.79e-4 5.80e-5 9.21e-4 1.17e-4 2.85e-5 4.17e-6 2.27e-4 1.77e-5
8009 1.79e-4 3.03e-5 5.76e-4 5.22e-5 1.04e-5 2.18e-6 1.22e-4 1.30e-5
16001 1.23e-4 1.12e-5 4.21e-4 3.34e-5 1.32e-5 8.40e-7 8.50e-5 6.66e-6
32003 6.24e-5 1.20e-5 2.32e-4 2.24e-5 8.60e-6 7.55e-7 6.05e-5 5.05e-6
64007 4.31e-5 7.90e-6 1.81e-4 1.79e-5 2.25e-6 1.76e-7 4.84e-5 4.55e-6

Rate 0.66 0.52 0.59 0.57 0.72 0.87 0.55 0.50

Next, we consider Matérn covariance with a smoothing parameter ν = 1.75 and
length scale parameter λC = 1 or λC = 0.1, with variances of σ2 = 1 or σ2 = 0.25,
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Table 2: Comparison of the standard error of QMC and MC with G1 and G2

for Matérn covariance with ν = 2.5, λC = 0.1 and different σ2.

σ2 = 1 σ2 = 0.25

N QMC MC QMC MC

e1 e2 e1 e2 e1 e2 e1 e2

1009 1.76e-3 8.26e-5 1.92e-3 1.68e-4 1.56e-4 1.42e-5 6.09e-4 5.79e-5
2003 1.14e-3 6.82e-5 3.81e-3 2.62e-4 8.88e-5 1.24e-5 1.22e-3 8.23e-5
4001 4.00e-4 3.80e-5 3.37e-3 1.33e-4 6.66e-5 6.85e-6 1.00e-3 3.87e-5
8009 3.91e-4 2.61e-5 1.33e-3 1.31e-4 3.07e-5 2.07e-6 4.20e-4 3.51e-5
16001 2.18e-4 1.96e-5 1.30e-3 6.77e-5 2.12e-5 1.81e-6 3.31e-4 2.27e-5
32003 1.66e-4 1.03e-5 7.99e-4 5.10e-5 2.21e-5 1.68e-6 2.63e-4 1.67e-5
64007 9.53e-5 8.67e-6 7.14e-4 4.33e-5 7.97e-6 7.72e-7 2.33e-4 1.33e-5

Rate 0.68 0.58 0.36 0.41 0.66 0.73 0.36 0.42

respectively. For λC = 1, the empirical parameter p is estimated to be 0.7198, leading
to the choice of λ∗ = 0.56. For λC = 0.1, the empirical parameter p is estimated to
be 0.8988, and accordingly, we choose λ∗ = 0.81. The numerical results of the QMC
scheme using these parameters are presented in Tables 3 and 4.

Table 3: Comparison of the standard error of QMC and MC with G1 and G2

for Matérn covariance with ν = 1.75, λC = 1 and different σ2.

σ2 = 1 σ2 = 0.25

N QMC MC QMC MC

e1 e2 e1 e2 e1 e2 e1 e2

1009 7.09e-4 1.06e-4 1.61e-3 2.35e-4 7.32e-5 1.14e-5 3.66e-4 4.96e-5
2003 4.69e-4 5.47e-5 1.59e-3 1.42e-4 7.53e-5 6.66e-6 3.57e-4 2.79e-5
4001 2.93e-4 3.85e-5 7.29e-4 8.35e-5 2.42e-5 3.01e-6 1.91e-4 1.99e-5
8009 1.78e-4 2.85e-5 5.14e-4 7.16e-5 1.97e-5 1.68e-6 1.39e-4 1.65e-5
16001 1.91e-4 1.78e-5 5.12e-4 5.37e-5 1.16e-5 1.48e-6 1.14e-4 1.26e-5
32003 1.15e-4 1.03e-5 5.90e-4 3.70e-5 8.98e-6 6.44e-7 1.27e-4 7.45e-6
64007 6.77e-5 6.08e-6 3.29e-4 2.67e-5 4.34e-6 5.32e-7 8.80e-5 8.31e-6

Rate 0.53 0.65 0.37 0.50 0.69 0.75 0.35 0.44

Finally, we summarize all the numerical experiments from Table 1 to Table 4 and
illustrate their convergence in Fig. 2 and Fig. 3. The results clearly demonstrate that
our proposed QMC method outperforms the MC method in terms of the standard
error for all cases. Additionally, the QMC method exhibits a faster convergence rate
compared to the MC method in most cases. These findings validate the effectiveness
of the proposed QMC approach for solving the given problem.
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Table 4: Comparison of the standard error of QMC and MC with G1 and G2

for Matérn covariance with ν = 1.75, λC = 0.1 and different σ2.

σ2 = 1 σ2 = 0.25

N QMC MC QMC MC

e1 e2 e1 e2 e1 e2 e1 e2

1009 1.76e-3 9.78e-5 2.73e-3 2.01e-4 2.12e-4 9.82e-6 8.70e-4 6.65e-5
2003 7.76e-4 7.40e-5 3.24e-3 2.57e-4 1.19e-4 1.03e-5 1.14e-3 8.00e-5
4001 3.78e-4 3.73e-5 3.30e-3 9.66e-5 5.05e-5 3.67e-6 1.02e-3 3.33e-5
8009 4.54e-4 3.60e-5 1.11e-3 9.13e-5 6.07e-5 2.68e-6 3.74e-4 3.04e-5
16001 9.48e-5 1.50e-5 8.76e-4 6.76e-5 1.67e-5 2.03e-6 2.42e-4 2.14e-5
32003 9.23e-5 8.54e-6 8.32e-4 5.82e-5 1.36e-5 7.56e-7 2.65e-4 1.76e-5
64007 1.11e-4 6.32e-6 5.22e-4 3.62e-5 7.13e-6 6.23e-7 1.95e-4 1.21e-5

Rate 0.72 0.69 0.47 0.44 0.81 0.73 0.46 0.44
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Fig. 2: The standard errors of e1 with various Matérn covariance parameters for QMC
and MC plotted versus the number of sampling points N .
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Fig. 3: The standard errors of e2 with various Matérn covariance parameters for QMC
and MC plotted versus the number of sampling points N .

7 Conclusion

In this paper, we have investigated the Navier-Stokes equations with random initial
data in a bounded polygonal domain D ⊂ R2. We have developed a scheme for approx-
imating the expected value of the solution, by combining Galerkin FEM, truncated
Karhunen-Loève expansion of the log-normal initial random field, and quasi-Monte
Carlo (QMC) method. Further, we have derived a bound on the root-mean-square
error, including the finite element error, the dimension truncation error, and the error
from the QMC quadrature. The numerical experiments show that the scheme enjoys
fast convergence with respect to the number of sampling points. To the best of our
knowledge, this work represents the first theoretical QMC analysis for nonlinear PDEs.
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Theoretically, it is of interest to extend the analysis to a more general class of PDEs.
Of particular interest are non-Newtonian fluid flow models, describing the motion
of fluids with a more general structure [19, 20]. The extension requires a new way
to control the fully non-linear diffusion term, and a more refined analysis for the
convective term. From an algorithmic point of view, it is of much interest to consider
the multilevel and/or changing dimension algorithms [36–39], with the QMC algorithm
applied to the PDE problems with random data [40–43]. Adapting these algorithms
to the Navier–Stokes problem is an intriguing topic.
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Appendix A Useful inequalities

In this appendix we collect several useful inequalities. We use Ladyzhenskaya’s
inequality [6, Lemma 3.3] frequently.
Lemma 15. For any open set D ⊂ R2, the following inequality holds

∥u∥L4(D) ≤ 2
1
4 ∥u∥

1
2

L2(D)∥∇u∥
1
2

L2(D), ∀u ∈ H1
0 (D)2. (A1)

We also need the following discrete Gronwall inequality [15, Lemma 5.1].
Lemma 16. Let the non-negative numbers k,B and aj, bj, cj, γj satisfy an +
k
∑n

j=0 bj ≤ k
∑n

j=0 γjaj + k
∑n

j=0 cj +B, for all n ≥ 0. If kγj < 1 for all j ≥ 0, then

with σj := (1− kγj)
−1

an + k

n∑
j=0

bj ≤
(
k

n∑
j=0

cj +B

)
exp

(
k

n∑
j=0

σjγj

)
, ∀n ≥ 0.

We also need the following version of Fernique’s theorem [].
Theorem 17. LetE be a real separable Banach space and X be an E-valued and
centered Gaussian random variable, in the sense that, for each x∗ ∈ E∗, ⟨X,x∗⟩ is
a centered, real-valued Gaussian random variable. Then with R := inf{r ∈ [0,∞) :

P(∥X∥E ≤ r) ≥ 3
4},

�
Ω
exp(

∥X∥2
E

18R2 ) dP(ω) ≲ 1.
Last, we recall the following two auxiliary lemmas [34, 35].

Lemma 18. Fix m ∈ N, λ > 0 and Ai, Bi > 0 for all i ∈ N. Then the quantity(
m∑
i=1

xλi Ai

) 1
λ
(

m∑
i=1

Bi

xi

)
(A2)

is minimized over any sequences (xi)1≤i≤m when

xi = c (Bi/Ai)
1

1+λ for all c > 0. (A3)
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For m → ∞, the function (A2) is minimized provided that xi is defined by (A3) for
each i and it is finite if and only if

∑∞
i=1(AiB

λ
i )

1/(1+λ) converges.
Lemma 19. Fix Aj > 0 for all j ∈ N and

∑
j≥1Aj < 1. Then we have

∑
|u|<∞

|u|!
∏
j∈u

Aj ≤
∞∑
k=0

(∑
j≥1

Aj

)k

=
1

1−
∑

j≥1Aj
.

Furthermore, for any Bj > 0 with
∑

j≥1Bj <∞, we also have

∑
|u|<∞

∏
j∈u

Bj =
∏
j≥1

(1 +Bj) = exp

(∑
j≥1

log(1 +Bj)

)
≤ exp

(∑
j≥1

Bj

)
.
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sion for lognormal random fields. arXiv preprint arXiv:1908.00253 [math.NA]
(2019)

[9] Schwab, C., Gittelson, C.: Sparse tensor discretizations of high-dimensional para-
metric and stochastic PDEs. Acta Numer. 20, 291–467 (2011) https://doi.org/
10.1017/S0962492911000055

[10] Girault, V., Raviart, P.-A.: Finite Element Methods for Navier-Stokes Equations.
Springer, Berlin (1986). https://doi.org/10.1007/978-3-642-61623-5

30

https://doi.org/10.1017/S0962492900002804
https://doi.org/10.1016/S0378-4754(98)00096-2
https://doi.org/10.1090/surv/062
https://doi.org/10.1090/surv/062
https://doi.org/10.1017/S0962492911000055
https://doi.org/10.1017/S0962492911000055
https://doi.org/10.1007/978-3-642-61623-5


[11] Baker, G., Dougalis, V., Karakashian, O.: On a higher order accurate fully discrete
Galerkin approximation to the Navier-Stokes equations. Math. Comp. 39(160),
339–375 (1982) https://doi.org/10.2307/2007319

[12] John, V.: Finite Element Methods for Incompressible Flow Problems. Springer,
Cham (2016). https://doi.org/10.1007/978-3-319-45750-5

[13] Hill, A., Süli, E.: Approximation of the global attractor for the incompressible
Navier-Stokes equations. IMA J. Numer. Anal. 20(4), 633–667 (2000) https://
doi.org/10.1093/imanum/20.4.633

[14] Heywood, J., Rannacher, R.: Finite element approximation of the nonstation-
ary Navier-Stokes problem. II. Stability of solutions and error estimates uniform
in time. SIAM J. Numer. Anal. 23(4), 750–777 (1986) https://doi.org/10.1137/
0723049

[15] Heywood, J., Rannacher, R.: Finite-element approximation of the nonstationary
Navier-Stokes problem. IV. Error analysis for second-order time discretization.
SIAM J. Numer. Anal. 27(2), 353–384 (1990) https://doi.org/10.1137/0727022

[16] He, Y.: The Crank-Nicolson/Adams-Bashforth scheme for the time-dependent
Navier-Stokes equations with nonsmooth initial data. Numer. Methods Partial
Differential Equations 28(1), 155–187 (2012) https://doi.org/10.1002/num.20613

[17] He, Y.: The Euler implicit/explicit scheme for the 2D time-dependent Navier-
Stokes equations with smooth or non-smooth initial data. Math. Comp. 77(264),
2097–2124 (2008) https://doi.org/10.1090/S0025-5718-08-02127-3

[18] Griebel, M., Li, G.: On the decay rate of the singular values of bivariate func-
tions. SIAM J. Numer. Anal. 56(2), 974–993 (2018) https://doi.org/10.1137/
17M1117550
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J. Complexity 26(5), 422–454 (2010) https://doi.org/10.1016/j.jco.2009.12.003

[38] Niu, B., Hickernell, F., Müller-Gronbach, T., Ritter, K.: Deterministic multi-
level algorithms for infinite-dimensional integration on RN. J. Complexity 27(3-4),
331–351 (2011) https://doi.org/10.1016/j.jco.2010.08.001

[39] Plaskota, L., Wasilkowski, G.: Tractability of infinite-dimensional integration in
the worst case and randomized settings. J. Complexity 27(6), 505–518 (2011)
https://doi.org/10.1016/j.jco.2011.01.006

[40] Kuo, F., Schwab, C., Sloan, I.: Multi-level quasi-Monte Carlo finite element meth-
ods for a class of elliptic PDEs with random coefficients. Found. Comput. Math.
15(2), 411–449 (2015) https://doi.org/10.1007/s10208-014-9237-5

[41] Dick, J., Kuo, F., Le Gia, Q.T., Schwab, C.: Multilevel higher order QMC Petrov-
Galerkin discretization for affine parametric operator equations. SIAM J. Numer.
Anal. 54(4), 2541–2568 (2016) https://doi.org/10.1137/16M1078690

[42] Kuo, F., Scheichl, R., Schwab, C., Sloan, I., Ullmann, E.: Multilevel quasi-Monte
Carlo methods for lognormal diffusion problems. Math. Comp. 86(308), 2827–
2860 (2017) https://doi.org/10.1090/mcom/3207

[43] Giles, M., Kuo, F., Sloan, I.: Combining sparse grids, multilevel MC and QMC
for elliptic PDEs with random coefficients. In: Monte Carlo and Quasi–Monte
Carlo Methods, pp. 265–281. Springer, Cham (2018). https://doi.org/10.1007/
978-3-319-91436-7 14

33

https://doi.org/10.1137/110845537
https://doi.org/10.1007/s00211-014-0689-y
https://doi.org/10.1007/s00211-014-0689-y
https://doi.org/10.1016/j.jco.2010.02.002
https://doi.org/10.1016/j.jco.2009.12.003
https://doi.org/10.1016/j.jco.2010.08.001
https://doi.org/10.1016/j.jco.2011.01.006
https://doi.org/10.1007/s10208-014-9237-5
https://doi.org/10.1137/16M1078690
https://doi.org/10.1090/mcom/3207
https://doi.org/10.1007/978-3-319-91436-7_14
https://doi.org/10.1007/978-3-319-91436-7_14

	Introduction
	Weak formulation of the parametric problem
	Finite element approximation
	Truncation of the infinite-dimensional problem
	Quasi-Monte Carlo integration
	Solution regularity in the stochastic variables
	A function space setting in Rs
	Error bound for randomly-shifted lattice rules
	Estimate for the weighted Sobolev norm
	Choice of weight parameters bold0mu mumu uu2005/06/28 ver: 1.3 subfig packageuuuu

	Numerical experiments
	Conclusion
	Useful inequalities

