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ABSTRACT. Let F' be a non-Archimedean local field. A sequence of derivatives of gener-
alized Steinberg representations can be used to construct simple quotients of Bernstein-
Zelevinsky derivatives of irreducible representations of GLy, (F). In the first of a series
of two articles, we introduce a notion of a highest derivative multisegment, which in
turn gives a combinatorial approach to study problems about those simple quotients.
We also prove a double derivative result along the way.

1. INTRODUCTION

Let F' be a non-Archimedean local field. The Bernstein-Zelevinsky derivative is a
twisted Jacquet functor, originally introduced in classifying the irreducible representations
of GL,,(F) in [BZ76, BZ77, Ze80]. This is the first one of a series of two articles in studying
the theory of Bernstein-Zelevinsky derivatives. The main result of this article provides
a combinatorial approach to the problems of socles and cosocles of Bernstein-Zelevinsky
derivatives of irreducible representations. In the second one [Ch22+d], we shall obtain
a canonical sequence from some minimality by using results of this one, and then estab-
lish properties for such sequence. Applications to branching laws will be considered in
[Ch22+D]. Indeed, we shall show in [Ch22+b] that any simple quotients of Bernstein-
Zelevinsky derivatives can be constructed from such sequences.

On the other hand, there is a notion of p-derivatives introduced and studied by C. Jantzen
[Ja07] and independently by Minguez [Mi09], which will be important in our study. To be
more precise, the notion of derivatives in this article is the one using essentially square-
integrable representations to replace cuspidal representations p in [Ja07, Mi09], which we
shall simply call St-derivatives. Such derivative is also used in recent work of Atobe-Minguez
[AM20], and Lapid-Minguez [LM22] for other studies. A certain sequence of St-derivatives
can be used to construct some simple quotients of Bernstein-Zelevinsky (BZ) derivatives
(see Section 3). This is based on the observation that any standard module in GL case has
unique submodule and such submodule is generic [JS83] (also see [CaSh98, Ch21]).

We recall some classical known results on BZ derivatives. The highest derivative of
an arbitrary irreducible representation is determined by Zelevinsky [Ze80]. A complete de-
scription for all the derivatives has been previously established for Steinberg representations
and their Zelevinsky duals by Zelevinsky [Ze80], and for ladder representations (including
Speh representations) by Lapid-Minguez [LM14] (also see [Ta87, CS19]). An asymmetry
property of simple quotients between left and right derivatives is shown in [Ch21]. It could
be hard to give a nice explicit description for the general case, and so it may be desirable
to study derivatives in terms of some properties and invariants.
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1.1. Two notions of derivatives. We introduce the two notions of derivatives and more
notations will be given in Sections 2 and 3. Let G,, = GL,(F), the general linear group
over a non-Archimedean field F'. For a,b € Z with b—a > 0 and a cuspidal representation p
of G, we shall call [a,b], to be a segment and define [,([a,b],) = (b—a+1)m. Zelevinsky
[Ze80] showed that essentially square-integrable representations of G,, can be parametrized
by those segments. For each segment A, we shall denote by St(A) the corresponding
essentially square-integrable representation (see Section 2.6).

Let Irr(G,,) be the set of (isomorphism classes of) irreducible smooth complex repre-
sentations of G,. Let Irr = U, Irr(G,,). Let N; C G,, (depending on n) be the unipotent

Infi U

radical containing matrices of the form ‘>, where v is a (n —4) x ¢ matrix. There

I;
exists at most one irreducible module 7 € Irr(G,,—;) such that

TR St(A) = 7y,

where 7y, is defined as the (normalized) Jacquet module of 7. If such 7 exists, we denote
such 7 by Da(w). Otherwise, we set Da(m) = 0. We shall refer Da to be a St-derivative.
Let

R; = {(g T’Z) g€ Gp_j,me Mat(n_i)xi,u € Uz}

The right i-th Bernstein-Zelevinsky derivative 7 of 7 is defined as
-1/2 ™

(1.1) g, (wv—v(@w:zER,vET)

where 0, is the modular character of R, _;, and % is a non-degenerate character on U;

extended trivially to R;. Regarding G,,_; as a subgroup G,, via g — (g Iv>’ we obtain

a natural G,,_;-module structure on 79, Here U; is viewed as a subgroup of R; via the

embedding
U <I"i 2) .

The level of 7 is the largest integer ¢* such that 7(*") # 0 and, for any i > i*, () = 0.
For the level i* of 7, let 7= = 7(*")| which is known to be irreducible [Ze80]. We shall call
7w~ the highest derivative of 7.

1.2. Motivations from branching laws. Our goal is applications towards branching
laws for general linear groups or even other classical groups, in view of the recent derivative
approach in studying branching laws e.g. [MW12, Vel3, SV17, Pr18, CS21, Gu22, Ch21,
GGP20, Ch22, Ch23|. Those applications will appear in elsewhere, see e.g. [Ch22+b],
[Ch22+c].

Let v : G,, — C* be the character v(g) = |det(g)|r, where |.|p is the norm for F.
The close relation of derivatives and branching laws underlies in the Bernstein-Zelevinsky
theory (see e.g. [Ch21]):

Lemma 1.1. Let 7w € Irr(Gpv1)- Let 7 be a simple quotient of V12 .7 Then, for some
cuspidal representation o € Irr(G,,—;),

Homg, (m,7 x o) # 0.

One interesting consequence of the above lemma is that the multiplicity at-most-one
phenomenon [AGRS10, Ch23] implies the multiplicity-freeness on socles and cosocles of the
Bernstein-Zelevinsky derivatives of an irreducible representation (see Sections 3.6 and 3.8).
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Instead of asking simple quotients, one may also ask for simple submodules of the
Bernstein-Zelevinsky derivative of an irreducible representation. Such two problems are
indeed equivalent by the dual structure of the Bernstein-Zelevinsky derivative (see Lemma,
3.13, [CS21, Lemma 2.4]).

1.3. Main results. Fix a cuspidal representation p € Irr. Let Irr, be the subset of Irr of
all irreducible representations which are an irreducible quotient of v%1p x ... x v*p, for
some integers aq,...,ax € Z. Representations in Irr, are the most interesting case, and the
general case can be deduced from that (see Section 3.9).

Let Seg be the set of all segments including the empty set. A multisegment is a multiset
of non-empty segments (see (2.2)). Let Seg, be the subset of Seg of all segments of the
form [a,b], for some a,b € Z. Let Mult be the set of all multisegments and let Mult, be
the subset of Mult of all multisegments whose segments are in Seg,. The empty set 0 is
also considered in Mult.

For my, my € Mult, we write my <z my if my can be obtained by a sequence of elementary
intersection-union operations from my (see Section 2.4) or m; = my. In particular, if any
pair of segments in m is unlinked, then m is a minimal element under <z. We shall equip
Mult with the poset structure by <.

A sequence of segments [a1,b1],, ..., [ar, bk], (all aj,b; € Z) is said to be in an ascending
order if for any ¢ < j, either [a;,b;], and [aj,b;], are unlinked; or a; < a;. For a multi-
segment n € Mult,, which we write the segments in n in an ascending order Aq,..., Ay.
Define

Dy (7)) := Dp, 0...0Da, (7).
We will show in Lemma 4.10 that the derivative D, is independent of the ordering of an
ascending sequence for n. In particular, one may choose the ordering such that a; <... <
ag.
In general, we have the following connection between two notions of derivatives:

Proposition 1.2. Let w € Irr,. Let n € Mult, such that
Dy (m) # 0.
Then Dy (1) is a simple quotient of 7, where i = 1,(A1) + ... 4 1o(Ag).

We remark that when 7 is generic, those simple quotients have been described in [CS21,
Corollary 2.6] by using a suitable filtration on the derivatives from the geometric lemma.

In general, two different sequences can give isomorphic simple quotients. Hence it is
natural to study the combinatorial structure of the following set: for = € Irr, and for a
simple quotient 7 of 7(9) for some i, define

S(m, 1) :={n € Mult, : Dy(m) = 7}.

The ordering < induces a partial ordering on S(r, 7). We now introduce two ingredients
in studying the set: highest derivative multisegments and removal process.

We now explain the first ingredient. A multisegment m is said to be at the point v°p if
any segment A in m takes the form [c, b], for some b > ¢. For 7 € Irr,, define h. to be the
maximal multisegment at the left point vp such that Dy_(7) # 0. (We refer to Section 4.2
for the meaning of maximality.) Define the highest derivative multisegment of m € Irr, to

be
ho(rw) = Z Be.
cEZ
The highest derivative multisegments of some special cases are given in Section 8.
One main property of ho is to give a new construction of the highest derivative:
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Theorem 1.3. (Theorem 5.2) Let m € Irr,. Then
Dht’(ﬂ')(ﬂ-) =7 .

In [Ch22+b], we shall show that S(mw,7) # 0, giving a converse of Proposition 1.2.
Following our development, the exhaustion part (i.e. S(w,7) # () seems to be a deeper
fact.

We now explain the second ingredient. In Section 6, we define a combinatorial algorithm,
called removal process, on a pair (A,h) for a segment A and a multisegment . The
algorithm results a multisegment, denoted t(A, ). The case that we are interested in is
when b = ho(r). We also develop some rules and properties for computing t(A,§) in
Section 6, and the relation to Da () is given in Theorem 6.20.

For a multisegment n € Mult,, which we write the segments in n in an ascending order
Ay, ..., Ak, we define

t(n, ) = t(Ag, t(Ag—1, ... (A1, h3(1)) .. ).

One remarkable property of the multisegment t(n, ) is to measure the difference between
the derivative Dy (7) and the highest derivative 7~:

Theorem 1.4. (=Theorem 7.1) Let m € Irr,. Let n € Mult, such that Dn(m) # 0. Then
Dt(n,Tr) oDy(m)Xw™.

Theorem 1.4 has applications in [Ch22+b]. On the other hand, by shifting the ’right’
branching law in Lemma 1.1 to the ’left’ branching law, it gives an interpretation to Theo-
rem 1.4 (more details given in [Ch22+b]), which is also a starting point of this article and
[Ch22+d].

The second main property of t(n, 7) is to determine when two derivatives gives isomorphic
quotients:

Theorem 1.5. (=Corollary 6.22+Theorem 7.2) Let m € Irr,. Let nq,ny be multisegments.
(1) Then Dy, () # 0 if and only if n; is admissible to Ho(w). (Refer the definition of
admissibility to Definition 6.14)
(2) Suppose Dy, (7) #0 and Dy, (7) # 0. Then

Dy, () 2 Dy, () <= t(ng,m) =t(ng, ).

Combining Theorem 1.5 with [Ch22+b], t(n,7) provides a combinatorial invariant for
describing the socle and cosocle of the Bernstein-Zelevinsky derivative of an irreducible
representation. Theorem 1.5 reduces problems about derivatives of essentially square-
integrable representations into combinatorics problems. Applications will appear in the
sequel [Ch22+d].

We finally comment on the proof of Theorems 1.4 and 1.5. The multisegment associated
to the derivative Dy () can be in general computed via explicit algorithms (see e.g. [LM16]),
but our proof does not directly use that. Our proof is more combinatorially soft in the sense
that we use some commutation relations between derivatives studied in Section 4. Qur proof
also uses certain inductions via taking the p-derivatives.

1.4. Remarks. Apart from branching laws, there are many other applications for both
derivatives. For example, it is important for unitarity by Tadi¢ [Ta86], theta correspondence
by Minguez [Mi08, Mi09], L-functions (e.g. work of Matringe, Cogdell-Pietaski-Shapiro,
Jo-Krishnamurthy [Mal3, CPS17, JK22]), other distinction problems (e.g. Offen [Of18]),
and Aubert-Zelevinsky duals by Moeglin-Waldspurger and Atobe-Minguez [MW86, AM20],
and Arthur packets by Xu [Xul7] and many others.
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We finally give some background of our study. In [CS19] joint with Savin, we formulated
the analogous Bernstein-Zelevinsky derivative functor for affine Hecke algebras of type A
and so one could also formulate the analogous results in such setting, which will be explained
in more detail in Section 9. Some parts in this article are originally inspired by the work
of Grojnowski-Vazirani [GV01] in Hecke algebra setting few years ago, in which they used
p-derivatives to study branching problems.

Using p-derivatives to study Bernstein-Zelevinsky derivatives also explicitly appears be-
fore, for example Deng [Del6] studying with orbital varieties and a more recent work of
Gurevich [Gu21] studying with RSK model. However, we emphasis that St-derivatives are
important in the study of simple quotients of classical Bernstein-Zelevinsky derivatives,
while p-derivatives seem to be not enough for such purpose. In particular, using machinery
in Sections 6 and 7, one can find some simple quotients of Bernstein-Zelevinsky derivatives
which cannot be constructed from a sequence of p-derivatives (see Example 7.3).

1.5. Organization of this article. Section 3 discusses some relations of two notions of
derivatives, and the multiplicity freeness of Lemma 3.11. Section 4 studies some preliminary
results for commutativity of derivatives (mainly by the geometric lemma). Section 5 defines
the highest derivative multisegment and shows that its corresponding derivative gives the
highest derivative (Theorem 5.2). Section 6 introduces the removal process, which is used
in Section 7 to prove that the effect of ascending sequences of derivatives is determined by
the removal process (Theorem 7.1). Explicit descriptions of the highest derivatives of some
representations are given in Section 8. In the Appendix, we discuss how to transfer results
to affine Hecke algebras of type A.

2. PRELIMINARIES

2.1. Notations. All the representations are smooth and over C. We shall usually drop
those descriptions. We sometimes do not distinguish representations in the same isomor-
phism class. We also use the notations in Section 1.1. Let Alg(G,) be the category of
smooth representations of G,,. For m € Alg(G,,), denote by 7V the smooth dual of 7.

For 7 € Irr, n(7) is defined to be the number that © € Irr(G,,(r)). Let Irr“(G,,) be the
set of (irreducible) cuspidal representations of G,,. Similarly, let Trr® = U, Irr°(G,,).

For any m; € Alg(G,,) and m € Alg(G,,), define

T X Ty = Indg"””2 w1 Xy,
AT
where we inflate m M w5 to a P, ,,-representation. Here Ind is the normalized parabolic
induction.
For a,b € Z with b — a € Z>¢ and a cuspidal representation p, we call
(2.2) la,b], = {Vap,...,ubp}

be a segment. We also set [a,a — 1], = () for a € Z. For a segment A = [a,b],, we write
a(A) = v%p and b(A) = vPp. We also write:

[a], == [a, a],.

We may also write [v%p,v%p] for [a,b], and write [v%p] for [a],. The relative length of a
segment [a, b], is defined as b—a+1, and we shall denote by I,.([a,b],). The absolute length
of a segment [a, b],, is defined as (b—a+ 1)n(p), and we shall denote by l,([a,b],) as before.
Two segments [a, b], and [a’, b'] » are said to be equal if v* p’ = v%p and b—a+1 = b —a'+1.
When p is the trivial representation of G, we simply write a segment [a, b] for [a, b];.

Two segments A and A’ are said to be linked if A U A’ is still a segment, and A ¢ A’
and A’ ¢ A. Otherwise, it is called to be not linked or unlinked.
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For any 7 € Irr, there exist p1,...,p,. € Irr® such that 7 is a simple composition factor
for p; X ... x p,, and we shall denote such multiset to be csupp(r), which is called the
cuspidal support of 7.

2.2. More notations for multisegments. For two multisegments m and n, we write
m+n to be the union of two multisegments, counting multiplicities. For a multisegment m
and a segment A, we write

m+ {A} fA£D

m ifA=10
The notions m — n and m — A are defined in a similar way.

For p1, po € Irr€, we write pa < p1 if p1 = v%p, for some integer a > 0. For two segments
A1, Ay, we write Ay < Ag if A; and Ay are linked and b(A;) < b(As).

For an integer c, let Multa be the subset of Mult, containing all multisegments m such

m+A={

that any segment A in m satlsﬁes a(A) =2 v°p. Similarly, define Mult . to be the subset of
Mult, containing all multisegments m such that any segment Ainm satlsﬁes b(A) = vep.
The empty sets are also considered in Mult} . and Mult? e

For a multisegment m in Mult, and an integer ¢, let m[c] be the submultisegment of m
containing all the segments A satisfying a(A) = v°p; and let m(c) be the submultisegment
of m containing all the segments A satisfying b(A) = v°p.

For a multisegment m = {Aq,..., Ag}, we also set:

la(m) = lo(A1) + ..+ 1a(Ar), (M) =1(A1) + ...+ 1 (Ag).
2.3. Ordering on segments. For two non-empty segments [a’, '], and [a”,b"],, we write
V), <" ",
if either @’ < a”’; or @’ = a” and V' < b”. We also write [a/,V'], < [a”,b"], if [d', V], <F

[a”,b"], or [a/,V], = [a",1"],. The ordering <% can be defined in a similar manner by
using b-values.

2.4. Intersection-union operation. We say that a multisegment my is obtained from my
by an elementary intersection-union operation if for two segments Ay, A in my,

my =my — {A17A2}+A1 UAs + A1 N As.
The ordering < is defined in Section 1.3.

2.5. Ordering on Mult, . and Mult . Fix an integer c. Let Ay = [c,b1],, A2 = [, b2],
be two non-empty segrnents We write Al <% Agif by < by, and write Ay <@ Agif by < bs.

For non-empty my, ms in Multp ., label the segments in my as: Ay <& ... <& Ao K¢
A1 and label the segments in my as: Ag, <% ... <& Ayy <8 A2 1. We define the
lex1cographlcal ordering: my; <¢ my if k¥ < r and, for any ¢ < k, A1 i <& Ay,;. We write
my <¢ mg if my <¢ my and my 75 my.

We also need a ’right’ ordering. One can define [a1,c], <% [a2,c], if a1 < as, and
similarly define [a1, ], <? [a2,c],. One similarly define < on Multz,c

2.6. Zelevinsky and Langlands classification. For a segment A = [a,b], € Mult, define
(A) to be the the unique simple submodule of

vipx ... x v
and define St(A) to be the unique simple quotient of

vipx ... x .
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For any multisegment m = {Aq,...,Ax} with the labellings satisfying that, for ¢ < j,
A; £ Aj. Define, as in [Ze80, Theorem 6.1], (m) to be the unique simple submodule of

C(m) := (A1) x ... x (Ag).
Define St(m) to be the unique simple quotient of
A(m) == St(A1) x ... x St(Ayg).

We frequently use the following standard fact (see [Ze80, Theorems 4.2, 6.1]): for two
unlinked segments Ay and As,

(2.3) (A1) x (Az) = (Ag) X (Ar),
(2.4) St(A1) x St(Az) 2 St(As) x St(Ay).

2.7. Geometric lemma. The geometric lemma is a key tool in our study. We shall
describe a special case that we frequently use.

For ny + ...+ np = n, we write P,, . ,, to be the parabolic subgroup generated by
the matrices diag(g1,...,gx), where g; € G,,, and upper triangular matrices. We shall say
that P,, . n, is the standard parabolic subgroup associated to the partition (nq,...,ng).
For i < n, N; defined in Section 1.1 is the unipotent radical of the parabolic subgroup
P

Let m € Alg(G,,,) and let 75 € Alg(G,,,). Let n = ny + ny. Then the geometric lemma
on (m; X mo)n, asserts that (w1 X m2)y, admits a filtration whose successive subquotients

i

take the form:
nd%  ((m)n,, B (w2, )%,

where iy +iz = i. Here ((m1)n,, B(m2)n,,)? is @ Gy, —iy X Gy iy X Gy, X Gy,-representation

with underlying space (71)n,, X (72)n,, determined by the action:
(91,92, 93, 94)-v1 Kva = (g1, 93).v1 X (g2, ga)-v2,

where v; € (7T1)Ni1 and vy € (7r2)Ni2.

2.8. Quotients and submodules of Jacquet functors. Let § =46, : G,, — G,, be given

by 6(g) = g™, the inverse transpose of g. This induces a self-equivalence exact functor on
Alg(G,,), still denoted by 6. We shall call it the Gelfand-Kazhdan involution.

Proposition 2.1. Let 7 € Irr(G,). Letni+...+n,. =n. Let N be the unipotent radical of
the parabolic subgroup Py, ... Let ' be the involution on Alg(G,, X...x Gy, ) arisen from
0 (g1,---,9-) = (0(g1),-..,0(gr)). Then 0'(nn)Y X wn. In particular, for an irreducible
representation w of Gp, X ... X Gy, w is a simple submodule of mn if and only if w is a
simple quotient of Ty .

Proof. Recall that 6(7) and 7 have the same underlying space, which we refer to V. Note
that
W:={0n)jv—vineN ,veV}={nv—v:ineNveV}CV.
Then it induces a natural identification as vector space:
On(m)n- =0 (7y) = V/W.
Now one checks the isomorphism lifting to a G,,, X ... x G, -morphism. This proves that:
(%) O(m)n- =0 ().

On the other hand, by a result of Bernstein-Casselman [Be92, Page 66] and [Ca95,

Corollary 4.2.5],
(xx)  (O(m)n-)" = (0(m)") N = 7N,
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where the last isomorphism follows from [BZ76, Theorem 7.3]. The proposition follows by
combining (*) and (**). O

2.9. Jacquet functors on Steinberg representations. We shall frequently use the fol-
lowing formulas [Ze80]:

(2'5) <[CL, b]p>Nm(p) = <[a7 b— Z}p> X <[b —i+1, b}p>
and
(2.6) St([a, blp) win,, = Stlla +14,b],) BSt([a,a+ i — 1],).

Later on, we sometimes say to use geometric lemma and compare cuspidal supports,
which we mean to use the geometric lemma in Section 2.7 and then use the Jacquet functor
computation above. Since those computations are quite routine, we shall not spell out
explicitly every time. For instance, some samples of such computations can also be found
in [Ch22+].

3. TWO NOTIONS OF DERIVATIVES

3.1. p-derivatives.

Lemma 3.1. [GV01, Ja07, Mi09] Let p € Irr°(G,) and let m € Trr. For any non-negative
integer k,
k times
TXPX...Xp

has unique irreducible submodule and unique irreducible quotient.
In the Jacquet functor version, which follows from Frobenius reciprocity, one has:

Lemma 3.2. Let p € Irt®(G,) and let 7 € Irr(G,,). There is at most one irreducible
representation T € Irr(Gp—,) such that

TR p—= 7N,
We introduce the following notations [Ja07, Mi09]:

Lk times

Notation 3.3. (1) We shall also write m x p** for 7 x p x ... x p for representations
m and p.

(2) For c € Z and 7 € Irr,, if such 7 in Lemma 3.2, we shall denote D.(7) (depending

on p) to be such 7. Otherwise, set D.(r) = 0. For k > 0, we shall write D¥(r) for

k times
—_——
D.o...oD.(n).

(One may also replace the submodule condition by the corresponding quotient
condition, see Proposition 2.1.) When k = 0, D?(7r) = 7. We shall call D.(7) to
be a p-derivative of © (depending on ¢).

(3) We shall denote the largest non-negative integer k such that D¥() # 0 by e.(7).
(We remark that our notation e, is motivated from the corresponding notation in
the Kashiwara crystal operator theory, see e.g. [GV01] and [KI110, Section 11].)
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3.2. Some more results on socle and cosocle. For a representation 7 of finite length,
we denote by soc(m) and cosoc(w) the socle and cosocle of m respectively. We need the
following result later (see e.g. [LM16], c.f. Lemma 3.1) and we refer to [LM16] for a
definition of a ladder representation. The particular example of ladder representations,
which we shall use, is that St({A;, As}) for two linked segments Aj, As.

Lemma 3.4. [LM16] Let w € Irr,(Gy,) be a ladder representation or a generic representa-
tion. Let 71 € Irr,(Gy) and let 5 € Irr,(G}). Then

e soc(m x 7;) and cosoc(mw X 1;) are irreducible (i = 1,2);
e soc(m X 1) = soc(m X 7o) if and only if 71 = To;
e cosoc(m x 1) 2 cosoc(m X T3) if and only if T = To.

Remark 3.5. We remark that, by Frobenius reciprocity, the second (resp. third) bullet
implies that for any ladder or generic representation 7 of G, and any 7 € Irr(G,,), there
exists at most one w € Irr(G,,—,) such that there exists a surjection 7y, — w X 7 (resp.
7N, _, — TXw). By Proposition 2.1, if such w exists, one also has an injection w7 — 7y, .

3.3. Properties of p-derivatives. For the following lemma, see [GV01, Lemma 3.5],
[Ja07, Corollary 2.3.2], [Mi09, Corollaire 6.5.]:

Lemma 3.6. [GV01, Ja07, Mi09] Let w € Irr,. Let c be an integer. Let T be the unique
submodule of © x (v°p)*k. Then

(1) ec(m) = ec(m) + k;
(2) 7 appears with multiplicity one in © x (v°p)*F;
3) for any irreducible composition factor T of (m x (v°p)**) which is not isomorphic
p
to T, e.(T) < ec(m) + k.

The following result follows from an application on geometric lemma:

Lemma 3.7. [GV01, Ja07, Mi09]| Let m € Irr,. Let ¢ be an integer such that D.(m) # 0.
Let k = e.(mw). Then there is only one simple composition factor in TNyn(py Of the form

T & (vep) <k
for some 7 € Irr. Moreover, such T = D¥(r).
As a consequence, we have the following:

Corollary 3.8. Let 7 € Irr,(Gy,). Let k = e.(m). Suppose k > 0. Let w be an admissible
Gn—kn(p)-Tepresentation such that

e wx (Vep)*F
Then D¥ (1) — w.
Proof. By Frobenius reciprocity, we have a non-zero map:
) xk )

c
TNy — WX (%

By Lemma 3.7, the only composition factor of the form 7 X (v¢p)** is D¥(7) X (v¢p)*¥
and hence is mapped to the submodule of w X (v°p)*¥. Tt follows from Kiinneth formula
(see [Ra07]) that Dk (r) is a submodule of w. O
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3.4. Highest derivatives using p-derivatives. Recall that the highest derivative is de-
fined in Section 1.1.

Proposition 3.9. Let m € Mult,. Let ¢ (resp. d) be the smallest (resp. largest) integer
such that v°p = b(A) (resp. v°p = b(A) for some A € m. For eache=c,...,d, let

ke = |{A em:b(A) Zvp}|.

ke ~ _—
Then D* o ..o Dt o Dbe () = 7~

The above proposition can be computed directly by using e.g. [Mi09, Théoréme 7.5].
An earlier form of p-derivatives is used by Meeglin-Waldspurger [MW86, Lemme II1.11]
in computing Zelevinsky duals. We refer the reader to [Mi09] for those explicit rules in
computing p-derivatives and we shall not reproduce here. Indeed it is based on the following
lemma:

Lemma 3.10. Let m € Mult,. Let 7 = (m). Let multy(m,c) be the number of segments A
in m such that b(A) = v°p. Suppose, for some e € Z such that multy(m,e — 1) = 0. Then
ge(m) = multy(m, e).

Proof. This, for example, follows from a simple computation using [Mi09, Théoréme 7.5].
O

Proof of Proposition 3.9. Inductively, using Lemmas 3.10 and 3.6, we have that mult,(D¥ o

..o Dke(m),e) = 0 and Dk o...o0 Dke(r) # 0. Then, D% o ... 0 DF*4" o DFe(n) has the
multisegment obtained by removing all the endpoints of the segments in m. Comparing

with the description in [Ze80], we have the desired isomorphism. (]

3.5. Left-right Bernstein-Zelevinsky derivatives. Recall that the Bernstein-Zelevinsky
derivative is defined in Section 1.1. We also define a left version (c.f. [CS21, Ch21, Ch23]).
Note that one can use the transpose R! of R; to define the left derivative as in (1.1). One
may then apply a conjugation on an antidiagonal element to obtain the following formula-
tion:

() — -1/2 T _
B (zw—ty(x)v:z € Rj,vem’
where R; = aR!a—!. Here a is the matrix with 1 in the antidiagonal entries and 0 elsewhere.
Most results will only be stated and proved for the 'right’ version, and the ’left’ version
can be formulated and proved similarly.

3.6. Properties of Bernstein-Zelevinsky derivatives. From the multiplicity-one the-
orem [AGRS10] (see [Ch21, Proposition 2.5], [CS21, Lemma 2.3]) and a self-dual property
(see [CS21, Lemma 2.4]), we deduce that:

Lemma 3.11. [Ch21, Proposition 2.5] Let 7 € Irr(G,,). Then soc(n)) is multiplicity-free.
The same holds for soc(() ), cosoc(n?) and cosoc(W ).

Using the stronger multiplicity-one theorem in [Ch23], we have the following statement:

Lemma 3.12. Let 7 be a standard representation of G,,. Then cosoc(w(i)) 1s multiplicity-
free. The same holds for cosoc(()).

The proof is similar to [Ch21, Proposition 2.5] and so we only omit the details.

Lemma 3.13. [CS21, Lemma 2.4] Let 7 € Trr(G,,). Then, for any i with 7 # 0,
soc(m() 2 cosoc(n().
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For a fixed p € Irr®, write k = n(p). For a segment A = [a, b],, define
AR = T(a,b—1i],, PA=[a+1i,b],

for 0 <i <1.(A). We also define AU = DA = (if k does not divide j.

Let m € Mult,. For any 1,

m) = {Agil)—&—...—i—Af” sip = 0 or n(p), i1+...+irzi}.

The notion m is defined similarly by using %) A.
Lemma 3.14. Let 7 € Irr(G,). For any simple quotient or submodule T of 7 (resp.
Ox), 72 (n) for some n € m() (resp. n € m).

Lemma 3.14 can be proved by embedding 7 to ¢(m) and then applying geometric lemma
[BZ77]. See, for example, [Ch21, Lemma 7.3] and [Ch22, Proposition 2.3].
3.7. Notations for derivatives. For a segment A = [a,b],, write

TA=la+1,0], A =la,b-1],.

For a multisegment m = {Ay,..., Ag} in Mult, write

mT=A7 ...+ AL,

m:*A1+...+*Ak.

3.8. Submodule of derivatives from Jacquet functor. The author would like to thank
G. Savin for a discussion on the following proposition.

Proposition 3.15. Let w be a representation of G, of finite length. Let T be an irreducible
submodule of V. Then there exists py of Irt®(Gp,) (k = 1,...,7) such that p; # p; for
any i < j and

TXp Rp.—1 ®...Xpy — 7N,
where N’ is the unipotent radical of the standard parabolic subgroup associated to (n —nq —
e My Ny Ty

Proof. Again we only consider 7 to be in Irr,. The module 7 determines a set of cuspidal
representations p1,..., p, such that

csupp(7) + p1 + ... + pr = csupp(m).

We shall relabel p1, ..., p, such that p; # p; for i < j.
Using the Hecke algebra realization [CS19] of Bernstein-Zelevinsky derivatives (see Sec-
tion 9), there is a submodule of wy+ of the form

TXw,
where w contains a generic representation. Hence we have an embedding
TR w = 7y,

as G,,—; X G;-modules. Since w contains a generic representation, it is standard (see [Ch21,
Proposition 2.3]) to obtain a non-zero map

P1 X oo X P — W,

Hence, wy~ has as submodule p,. X ... X p;, where N” is the unipotent radical of the
parabolic subgroup associated to the partition (nq,...,n,). Thus, by Jacquet functors in
stages,

T&prg...gpl — TN’

as desired. O
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We also prove a kind of converse of the above statement.

Definition 3.16. (c.f. [Ze80, Theorem 6.1]) A sequence of segments Ay, ..., Ay is said to
be ascending or in an ascending order if for any i < j, A; £ A;. This is opposite to the
ordering which usually defines a standard representation, that means St(A;) X ... x St(Ag)
is isomorphic to A({AY,...,AY})Y. This also coincides with the one defined in Section
1.3 when all A; are in Seg, for a fixed p. Here, for writing A; = [a;, bi],, define AY =
[—bi, —ai]pv.

Proposition 3.17. Let w € Irr. Let Ay, ..., A be an ascending sequence of segments. Let
ni,...,ng be the absolute lengths of Ay, ..., Ar. Let N be the unipotent radical associated
to the partition (n —ny — ... — ng,n1,...,nk). Let n’ =ny+ ...+ ny and let N' = N,/.
Then,

(1) For any 7 € Irr(Gr—nr ),
dim Homg (7 W St(Ag) K ... KSt(Ay),7n) <1,

where G = Gy X Gy X ... X Gy, .

(2) For any 7 € Irr(Gr—rv),
dim Homg/(T X (St(Al) X ... X St(Ak)),ﬂ'N/) <1,

where G/ = Gp—_p X Gy

(3) If the dimensions above are non-zero, then T is a submodule of 7).
Proof. Note that (1) and (2) are equivalent by Frobenius reciprocity. (We remark that the

ordering of segments in (1) and (2) is switched since we switch from the opposite unipotent
subgroup to the usual one defined for x.) We consider (2). Suppose

dim Homeg (7 & (St(Aq1) X ... X St(Ag)), 7n7) > 2.

Claim: Let f, f’ € Homg (7 W (St(A1) X ... X St(Ag)), mn+) with f # cf’ for some scalar
c. Then im f # im f'.

Proof of claim: For a non-zero f € Homeg (7 & (St(A1) X ... X St(Ag)), mn), it suffices
to show Endg (im f) = C.

To this end, we observe that im f = 7 X k for some quotient of St(A1) X ... x St(Ag).
Then

Endg (im f) = Endg/ (1 X k) = Endg, (1) ® Endg, , (k) = C,

where the last equality follows from Endg, _ ,(7) = C by Schur’s lemma and Endg , (k) = C
by that « has unique simple quotient and other simple composition factors are not isomor-
phic to that.

By the claim, there exist quotients k1, ko of St(A1) X ... x St(Ag) such that

TNWK BTN Ky — TN

Note that k1 and ko have a generic representation as the unique quotient by [JS83] (also

see [Ch21, Proposition 2.3]) and no other composition factor of k1 and k4 is generic. Hence,

now taking the (exact) (U, ¢ )-twisted Jacquet functor, we obtain an embedding
TOT— ),

This contradicts Lemma 3.11. Hence, we have (2). Similar argument above will also give
(3). O
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3.9. A reduction to Irr, case. Let m € Irr. By [Ze80, Proposition 8.5], there exists
Py, pr € Irr® such that

o for j # k, p; ¥ v°py, for any c € Z;

o T=m X...xm, for some 7; € Irr,.

For any integer i, the geometric lemma gives that

(3.7) VARE= @ ﬂ'gil) X . .ox i)
it i =i

where the direct sum is guaranteed by Ext-vanishing from a comparison of cuspidal sup-
ports.

Proposition 3.18. We use the above notations. Suppose T is a simple quotient of ().
Then there exist integers iy, ..., with iy +...4+14. =1 such that 7 = 7 X ... X 7, for some
simple quotients T; of i),

Proof. By (3.7), T is a simple quotient of 7r§i1) x ... x 7 for some integers iy +. ..+, = i.

Now, applying Frobenius reciprocity, we have a non-zero map from ﬂgil) X... KX ﬂﬁi") to

Ty~ . Thus we have representations 7; € Irr,, (j = 1,...,r) such that there is a non-
DYyt b

zero map from 7 X ... x 7. onto 7. Since 71 X ... X 7, is irreducible (by [Ze80, Proposition

8.5]), we have 7 = 7 X ... X 7.

Now, we have:
ngl) X .. XW,E,ZT) = T1 X ... X Ty

Then, Frobenius reciprocity with some slight cuspidal support arguments gives that:
ﬂgil) X...@ﬂﬁir) =

)

This implies that 7; is a simple quotient of ’/Téij as desired. O

3.10. Counting cuspidal representations from derivatives of an admissible as-
cending sequence of segments.

Lemma 3.19. Let m € Mult, and let 7 = (m) € Irr,. Let Ay,..., A, in Seg, be an
ascending sequence of segments such that Da, o...0 Da,(w) # 0. For an integer c, let
multy (7, ¢) be the number of segments A in m such that b(A) =2 v°p; and let x. be the total
number of segments A in {Aq1,..., A} such that v°p € A. Then, for any c,

2o < multy(m,c).

Proof. Let 7 = Da, o...0 Da, (). By Proposition 3.17, 7 is a simple submodule of 7(?),
where i = >, _, l(Ag). Now the lemma follows from Lemma 3.14 and a cuspidal support
condition. O

4. ON COMMUTATIVITY OF DERIVATIVES

4.1. ep-invariant. Let A be a segment of absolute length m. Let 7 € Irr(G,,) with n > m.
Let 7 be the maximal semisimple representation of G,,_,, such that

TR St(A) = 7y

m)

or equivalently, by Proposition 2.1, 7 is the maximal semisimple representation of G,_,
such that

mN,, — TXSt(A).
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It is known that 7 is either irreducible or zero (see e.g. Lemma 3.4 or Lemma 3.5, also see
[Ch22+]). We shall denote such 7 by Da(7) if it is non-zero. If such 7 does not exist, we
set Da(m) =0. Let

ea(m)
be the maximal integer k such that
k times
DK (m):==Dao...0Da(m) #0.

When A = [a],, ea coincides with ¢, defined in Section 3.2.
We have the following reformulation by using Frobenius reciprocity:

Lemma 4.1. Let 7w € Irr and let A € Seg. Suppose Da(w) # 0. Then
m < Da(m) x St(A).
Proof. By definition,
DA(T[‘) X St(A) — TN;»
where ¢ = [(A), and so, by Proposition 2.1,
TN, — DA(T(') X St(A)
Now the statement follows from Frobenius reciprocity. O
Indeed, it is known that ea(7) coincides with the maximal integer k' such that 7 is a
submodule of
k' times
7' x St(A) x ... x St(A),

for some irreducible representation 7’ of G,,_j,(a). To see this, we need the fact that
7/ X St(A) x ... x St(A) has a unique simple submodule (Lemma 3.4), where St(A) appears
for arbitrary times. The uniqueness implies that 7 is a submodule of

r times

wr X St(A) x ... x St(A),

k' —r times

where w, is the unique submodule of 7/ x St(A) x ... x St(A). Then, inductively, we obtain
that w, = D} (7) and so k' = k.

4.2. Maximal multisegments at a (left) point. Recall that Mult] . for some integer ¢
is defined in Section 2.5, whose elements will be referred as multisegments at the point v°p
(see Section 1.3). An ordering <¢ on Mult} . is also defined in Section 2.5.

For a multisegment m = {A;,... A} in Multj ., we define: for any m € Trr,(Gy),

D (m) := Da, 0...0Da, (7).

When m is the empty set, Dy, is just the identity map. Since 7xSt(m) has unique submodule
for any irreducible 7, the same argument as in Section 4.1 shows that D, is independent
of the choice of ordering of segments.

We also adapt the convention that: Dy(mw) = 7.

Lemma 4.2. Let m € Irr,. Fiz c € Z. There exists a unique <Z-mazximal multisegment m
in Mult? . such that Dy (7) # 0.

pc
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Proof. Let m; and my be maximal multisegments at a left point v°p. Let

m; = {[C’ bl}ﬁv RN [Ca bT]P} , M2 = {[Cv bll]ﬁ? ) [Ca b;]}
with by > ... > b, and b} > ... > b,. Write A; = [¢,b;], and A = [¢, U]].
If by = b/, then one can proceed inductively since my — [¢, b1], and my — [c, by], are still
maximal for Dy, (7). If by > by, then one considers, by Lemma 4.1,
T < D, (m) X St(my).

Now one applies the functor N, _c11)n(p) and uses geometric lemma and Section 2.9 to see
that the only possible layers of the form w X St([c, b1],) as a submodule gives the following
possible embedding:

Dicpy), (1) = W' x St(my — {A}),
for some wy € Irr, where A is one of the segments in my. However, then m’ := my — {A} +
{le,b1],} also satisfies Dy () # 0. This gives a contradiction to the maximality of m,.
The case for b] > by is similar. O

Definition 4.3. Let 7 € Irrp Let ¢ € Z. Define mgpt®(m, ¢) to be the unique <?-maximal
multisegment at the point vp such that Dy (r,c)(m) # 0.

Proposition 4.4. Let m € Irr, and let n € Mult] .. Let ¢ € Z. Suppose n <2 mgpt®(m,c).
Then

Dy(m) #0.
Proof. We have the embedding:
T = Dm;pt“(mc) (7() X St(mxpta(ﬂv C))
For n <% mg(w, ¢), we have that:
7 X St(n) — St(mept? (7, ¢)) N,
for some 7 € Irr. Here i = l,(n). One may prove the last statement by discussions in
Section 6 (or see [Ch21, Corollary 2.6]) and we omit the details. Thus we have a non-zero
map:
Dmppta(ﬂ',c) (7‘(‘) XX St(n) — TN,
where N = Ny (x)—1, (mepte (r,c)),la (mepta (m,c))—ii- BY Frobenius reciprocity, we have
7 K St(n) — 7,
for some 7 € Irr, as desired. O

4.3. Maximal multisegment at a point and 5. We introduced the notions of eo and
mrpt®(m, ¢). The relation of the two notions is given as follows:

Proposition 4.5. Let 7 € Irr,. Fizc € Z. For b > c, let mult([c,b],, 7) be the multiplicity
of [¢,b], in mypt®(m,c). Then

(1) mult([e, b]p, 7) = (g[c,p), (T) = Efc,p41, (7))

(2) e, (M) = 2w, mult(lc, v'],), where [c,b], runs for all the segments in

mrpt®(m,c).
Proof. By the definition of mrpt®(m, c) we have the inequality:
Eleb), ( Zmult ([e, V], 7).
b>b

The opposite inequality follows from Proposition 4.4. The remaining assertion of the propo-
sition then follows by solving mult([c, '], ). O
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4.4. Maximal multisegment at a right point.

Definition 4.6. Recall Multgc is defined in Section 2.2. We shall call the multisegments
in Multg,C are the multisegments at the right point v°p.

Similar to the argument in Lemma 4.2, one can deduce that there is a unique maxi-
mal multisegment n at the right point v°p such that D,(7) # 0. We shall denote such
multisegment by mxpt®(r, c).

Remark 4.7. e We remark here that the analogous version of Proposition 4.4 for a
multisegment at a right point and using <’ instead of <¢ is not true in general.
(c.f. Corollary 6.24 below)
o As we shall see later that, the two notions of multisegments at a point in Definitions
4.3 and 4.6 have quite different uses. The maximal multisegment at a left point
is mainly used to define the highest derivative multisegment while the maximal
multisegment at a right point is mainly used in some inductions for some proofs.
(See one property in Proposition 4.9 below)

For convenience, we define the following notion. Let ¢ € Z. An irreducible representation
m € Irr, is said to be with the mazimal point v°p if v°p € csupp(m) and for any integer

d > ¢, vip & csupp(n).
Example 4.8. ([1,2],) and St([1,2],) have the maximal point ?p.
Proposition 4.9. (c.f. [LM22, Proposition 7.3]) Let © € Irr,(Gy). Let ¢ € Z. Suppose

mept®(m,¢) = 0. For any 1 < i, 7y, does not have a simple composition factor of the form
TXw for some w € Irr, with mazimal point v°p and for some T € Irr,.

Proof. Suppose not. Then 7y, also has a simple composition factor of the form 7 K w for

some w € Irr,(G;) having the maximal point v°p and for some 7 € Irr,(G,—;). Since w

has the maximal point v“p, there exists j > 0 such that wy; have an irreducible quotient

isomorphic to 7/ K St(n) for some multisegment n at the right point v°p and 7’ € Irr(G,_;).
Hence, by taking Jacquet functors in stage, we have a surjection:

mn — 7 X7 K St(n),

where N’ is the unipotent radical of the parabolic subgroup P,_;;—;;. Now applying
Frobenius reciprocity, we have a non-zero map:

mn, = (7 x 1) X St(n).
Thus D, (7) # 0, giving a contradiction. O

4.5. First commutativity result.
Lemma 4.10. Let w € Irr. Let Ay and Ay be unlinked segments. Then
Da, 0 Dp,(m) 2 Da, 0 Da, ().

Proof. One can apply geometric lemma to get the lemma. Alternatively, St(A1) x St(As)
is a generic representation and so St(Aj1) x St(Az) = St(Asz) x St(A;) [Ze80]. Moreover,
one has

Da, 0 Da, (W)
is the unique submodule of Homg;, (St(A1) X St(Az), 7, ), where I = [,(A1) 41 (A2), which
is regarded as a G, (r)—;-module. (See [Ch22+| for more discussions on big derivatives.)
Then the lemma follows from Lemma 3.4 (also see Remark 3.5). g
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Lemma 4.11. Let m € Irr,. Let Ay = [a1,b1], and Ay = [ag, ba], be linked with Ay < As.
Suppose Da, (m) # 0 and Da,(7) #0. Then

Da, 0 Dp,(m) #£0, Da,oDa,(m)#0.

Proof. Let w1 = Da,(7) and let wy = Da, (7). Let | = n(p) and let £k = by — a1 + 1. Then
T wi X St(A1), 7= wa x St(As).

Checking the first one is easier by geometric lemma and cuspidal support. Some similar

computation appears for the second one and so we omit the details for the first one.
Now we prove the second one. One applies geometric lemma on

(w2 % St(A2)) Ny

to reduce the possibility contributing to a factor of the form 7 X St(A;) to those of the
form

(*) 7'/ X St([bl + ].,bg]p) X St([al,ag — ]-]p) X St([C+ ]-»bl]p) X St([ag,c]p),

for some ¢, or simply

(**) " % St([a27 bg]p) X St([al, bl]p).
Here one of the irreducible factor in (*) has to take the form St([a1, a2 —1],) x St([c+1,b1],)
by picking the unique generic representation with given cuspidal support, and another
irreducible factor St([az, c],) comes from the Jacquet module of St(As) by Section
2.9.

Here 7’ is an irreducible representation such that 7/ & St([aq,as — 1],) is a composition
factor of (w2)n(,, _,, 41, and 7 is an irreducible representation such that 7" X St([a1, b1],).
However, for Case (*), by Frobenius reciprocity, the St([ai,b1],) does not appear in the
submodule of St([a1, az —1],) x St([az, b1],). Thus only (**) can contribute to a submodule
of the form kX St(Ay) in wn,, _, ), (which we know such submodule exists by Da, () #
0). Thus the socle of (w2)ny,, _,, ., has a factor of the form 7" X St(A;). This shows
DAQODAI(W)#O. U

Proposition 4.12. Let m € Irr,. Let Ay = [a1,b1], and Ay = [ag, bs], be linked with
Ay < Ay. Suppose Da, () # 0 and Da,(m) # 0. Suppose

DAZ o DAl (ﬂ') % DAlmA2 o DA1UA2(7T)>

N(c—ay+1)1

and
Da, 0 D, () 2 Dana, © Dajua, ().
Then Da, o Da,(m) =2 Da, © Da, (7).

Proof. By Frobenius reciprocity,
™ — DA2 o DAI(TF) X St(Ag) X St(Al)
There are two composition factors in St(Asz) x St(A;) [Ze80]: St(A; + Ag) and St(A; U
As 4+ A; N Ay). Thus we have either:
™ “— DAZ o DAI (’R’) X St(Al n AQ + Al @] Ag),
or
™ “— DA2 o DAl (71') X St(A1 + AQ)
In the former case, Lemma 3.4 gives that Da,na, © DA,ua, () & Da, o Da, (), giving a

contradiction. Thus we must be in the latter case.
We similarly have that

m < Da, 0 Da, (1) x St(A1) x St(As).
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With a similar argument as above, we have that
T Da, 0 Da, () X St(Ay + Ag).
Now the ladder representation case of Lemma 3.4 gives that
Dp, o Da,(m) 2 Da, 0 Da, (7).
O

Remark 4.13. As shown in the proof of Proposition 4.12, D, o Da, () is the irreducible
submodule of m x St(A; + As) or irreducible submodule of

T X St(Al U AQ + Al N Ag)

We shall need the following in Section 7.2. We also remark that dropping the condi-
tion that Da,(7) # 0 or Da,(m) # 0 below will make the statement fail in general (e.g.
considering some derivatives on a Speh representation).

Lemma 4.14. Let m € Irr,. Let Ay = [a1,b1], and Ay = [ag, bs], be linked with Ay < As.
Suppose Da, (7) £ 0 and Da,(7) #0. Let A = Ay UAy. If Da(w) =0, then

DAl © DAz(’]T) = DA2 © DAl(W)'
Proof. This is a special case of Proposition 4.12. O

4.6. Commutations in another form. As mentioned before, Lemma 4.14 requires the
assumption that Da, (7) # 0 and Da,(7) # 0. It is not convenient for the purpose of some
applications. We now prove another version of commutativity, and one may compare with
the proof of Lemma 4.14.

Lemma 4.15. Let m € Irr,. Let ¢ € Z. Let T = Dyypia(n,e)(m). Let d > c be an integer.
Let n € Multy ;. If Dy(7) # 0, then Dy(m) # 0.

Proof. Let 7/ = D,(7). By Lemma 4.1, we have embeddings:
7 — 7 X St(mrpt*(m,c)), T 7 x St(n).
Hence,
7 7' x St(n) x St(mrpt®(m,c)).
The lemma will follow from the following claim. The main idea in proving the lemma is to

switch a pair of segments respectively in n and mgpt®(7,c) each time by using the maxi-
mality of mppt®(m, ).

Claim: m < 7' x St(mgpt®(m, ¢)) x St(n).
Proof of Claim: We shall write the segments in mgpt®(w, c) as:

(4.8) Ay <9 <A,

and write the segments in n as:
A <%...<SA.
(Note that the order is opposite to (4.8).)
We shall inductively show that:
T =7 % Aij X St(zj) X Bij7

where

Aij = (St(Zl) X ... X St(ZjJrl)) X (St(Ak) X ... X St(Az))
and o o

Bij = St(Al_l) X ... X St(Al) X St(Aj_l) X ... X St(Al)
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The basic case has been given before the claim. Suppose the case is proved for i = i* and
j =j*. To prove the case that i = ¢* — 1 and j = j* (if i* = 1, then we proceed i = k + 1
and j = j* + 1 and the argument is similar), we consider two cases:

(1) Aj« C Aj+_1. Then it follows from (i*,;*) case and the fact that St(A;-) x

St(A=—1) = St(Aj_1) x St(Aj).
(2) Aj« ¢ Aj_1. Then there are two composition factors in St(Aj) x St(As_1),
which are

R= St(Zj* @] Ai*—l) X St(Zj* n Ai*,l),

and a non-generic factor denoted by S.
Now, by induction hypothesis,

T 7 X A i X SE(Aje) X St(Aje_1) X Bye_q -
and so the above discussion implies that
(o) T 7' X Ap ju X R X Bp_y j»,
or
(x) T T X A je X S X Bis_yq .

We first prove the former case is impossible. Suppose the former case happens.
We write A = Aj« UA;«_;. We choose all the segments Aq,..., A, in mypt®(7, ¢)
such that those A C A, (x =1,...,p). Then, by the ordering above, we also have

ANjw 1C...CA]CACA,C...CA;.

We also further have that A is unlinked to A, for any y. Thus, using (2.4) several
times, we have that:

A jo X R X By 1 j» = Aje jo X R x St(A) x St(A,) x ... x St(Ay),

where R is the product of those St(A’)s for the remaining segments.
This implies that, by Frobenius reciprocity,

{éa A17 DI Ap} SZ mxpta(ﬂ-a C))

but this gives a contradiction to the uniqueness of the maximality in Lemma 4.2.
Thus we must lie in the (*) case. Now combining

S < St(As_1) x St(A;-)

with (*), we obtain the case that ¢ = ¢* — 1 and j = j*, as desired.

5. HIGHEST DERIVATIVE MULTISEGMENTS

In this section, we construct the highest derivative of an irreducible representation by
a sequence of St-derivatives. One may compare with the construction using p-derivatives
in Proposition 3.9, and the two situations give two extreme cases: the minimal (shown in
[Ch22+d]) and maximal one (Proposition 3.9) under <.
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5.1. A computation on maximal multisegments at a point.

Lemma 5.1. Let m € Mult, and let 7 = (m). Let c € Z with e.(7) # 0. Then, for any
d > c,
WPt (Dingpte (r,0) (1), d) = mypt* (m, d).
Proof. We abbreviate b, for mgpt®(7, ¢) and by for mppt®(7, d). We have that:
7w — Dy, (m) x St(he).

This implies that
Dy, (m) X St(ha) = (Dy, () x St(he))nN,,,
where ns = 1,(hq)-
By the geometric lemma and comparing cuspidal support at v°p (and using (2.6)),
Dy, (m) K St(hg) can only come from the layer

md$" (Dy, (7),, ®St(h.))?,

where P = P,_p, —ny.nyn, for n1 = lo(m;). This implies that Dy, o Dy, (7) # 0. Hence,
ha <4 n.

Now the opposite inequality follows from Lemmas 4.15 and 4.2, and hence we are done.

O

5.2. Highest derivatives by St-derivatives. Recall that in Proposition 3.17, we have
shown that an ascending sequence of segments can be used to construct a simple quotient of
BZ derivatives. On the other hand, the highest derivative of an irreducible representation
is known to be irreducible. Thus, the strategy of a proof of the following result is to show
an ascending sequence of segments has sum of absolute length of segments equal to the
level of the representation.

Theorem 5.2. Let m € Mult,. Let m = (m) in Irr,. We choose the smallest integer c such
that v°p = b(A) for some A in m and choose the largest integer d such that vip = b(A) for
some A in m. Then

Dm;pt“(w,d) 0...0 Dm;pta(ﬂ',c) (7‘(‘) =7,
Remark 5.3. In the statement of Theorem 5.2 above, mypt®(w,d) can be an empty set

and we only pick a certain range to guarantee the sequence of derivatives gives the highest
derivative of 7.

Proof. For simplicity, let b = mppt®(m,e).

Step 1: Claim: The following two conditions:

e Dy,o...0Dy (m) #0; and
e hy+ ...+ b, is a multisegment whose sum of absolute lengths of all segments is
equal to the level of ;

imply the theorem.

Proof of the claim: Let
T =Dy, 0...0Dy (7).
The first bullet and Lemma 4.1 give that
m— 7 X St(hg) x ... x St(h.),
and so, by Frobenius reciprocity again,
TN, — TR St(ha) X ... x St(he),
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where k is the sum of the absolute lengths of all multisegments by, ..., .. By Proposition
3.17, 7 is a submodule of 7(*). By the second bullet, 7(*) is the highest derivative and so
it is irreducible. Thus 7 22 7).

Note that the first bullet follows from repeatedly using Lemma 5.1. It remains to prove
the second bullet in the claim.

Step 2: We now prove the second bullet. Let x. be the total number of segments in
Be + ... + be—1 containing v°p. Let multy(m,e) be the number of segments in m such that
b(A) 2 v°p i.e. multy(m,e) = |m(e)|. We shall show by induction on e that

(¥)  x. + number of segments in mrpt®(7,e) = multy(m,e) .

The second bullet will then follow from (*).
When e = ¢, one can compute quite directly by Lemma 3.10 (also see [MW86, Ja07,
Mi09]). Now again let

T:=Dy, ,0...0Dy,(m).

As argued in Step 1, we have that 7 < 7)), where j is the sum of the lengths of all
segments in b, + ... + he—1. We also have, by the induction hypothesis (and a cuspidal
support calculation using Lemma 3.14), that multy(m,e — 1) (i.e. all) segments in m with
b(A) = v°~1p are truncated to produce the segments in m(7) € m) (see Section 3.6). In
other words, mult,(7,e — 1) = 0. By Lemma 3.10 (and Lemma 4.2), this implies that b,
mult, (,e) times

contains at least mult, (7, e) number of segments since { v°p,...,v% } <% b, by Lemma
5.1, but indeed contains exactly mult,(7, €)-number by Lemma 3.19.

By Lemma 3.14 and a cuspidal support consideration again, the multisegment associated
to Dy, (7) does not have any segment A satisfying b(A) = v°p. Again 3.14 and a cuspidal
support consideration on

Dy, o...0 Dy, (m) = Dy (7),
we have:

Z. + number of segments in b, = multy(7,e).

This gives (*). O

6. OPERATIONS OF ST-DERIVATIVES ON h0

6.1. Highest derivative multisegment hd. For 7 € Irr,, recall that for ¢ € Z, mgpt®(m, c)
is the maximal multisegment m at v°p such that Dy (7) # 0 (Definition 4.3). Define ho(r)
to be the multisegment

bo(m) = 3 mept (o),
cEZL

which is called the highest derivative multisegment for . Note that there are finitely many
¢ such that mrpt®(m,c) # 0.
By definitions, we have that

ho(m)[c] = mppt®(m, c).

However, hd(m)(c) is not necessarily equal to mrpt’®(r,c) (see Corollary 6.23 for a precise
description).
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6.2. A combinatorial removal process.

Definition 6.1. Given a multisegment h € Mult,, a segment A = [a,b], is said to be
admissible to b if there exists a segment in b of the form [a, ¢|, for some ¢ > b.

Remark 6.2. Suppose h = hd(m) for some 7 € Irr. Then A is admissible to b if and only
if Da(m) # 0. This explains the above terminology.

Definition 6.3. Let h € Mult,. Let A = [a, b], be a segment admissible to . The removal
process on b by A is to obtain a new multisegment t(A, h) given by the following steps:

(1) Choose a segment Aj in b which has shortest relative length among all segments
of the form [a, V'], for some b’ > b. (In particular, °p € Ay.)

(2) (Minimality condition and nesting condition) For i > 2, choose recursively segments
A; = [ai, b;], such that [a;,b;], is the <F-minimal segment (see Section 2.3) in h
satisfying a;,_1 < a; and b;_; > b;. This step terminates when no further such
segment can be found. Let A, be the last segment in the process.

(3) Obtain new segments A", ... A" defined as:

e for 1 <i<r-— 1, AZT = [ai+1,b,’]p;
o A" =[b+1,b,], (possibly an empty set).

(4) The new multisegment t(A,h) is defined as:

t(Ah) =h =D A+ > Al
=1 =1

Remark 6.4. (a) A in Step (1) above is guaranteed to exist by the assumption that
A4 is admissible to b.

(b) In (2), the condition that b(A;) = b(A;+1) indeed can be dropped, and the resulting
multisegment defined in such way is the same as the way defined in Definition 6.3.
Imposing such condition is more convenient for the proofs.

(c) If a segment A is not admissible to a multisegment h, we simply set t(A,h) = co.
Moreover, we also set t(A, co) = co.

Definition 6.5. (1) In the above notation, we shall call that Aq,..., A, form a re-
moval sequence for (A,h). The nesting condition refers to the condition that
A;r1 © A; for any i. The minimality condition refers to the minimal choice of
A; in Step (2). We shall call A" ... Al" to be the truncations of the removal
sequence for (A, h).

(2) Define T(A,h) = Ay, the first segment in the removal sequence above.

Example 6.6. Let h = {[0,4],[2,5],[2,3],[2]}. (The blue points in the graph represent
those ’removed’ to give t(A,h).)
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(1) t([oa 2]7 h) = {[2’4]a [27 5]7 [273]}:

2
°
2 3
° °
2 3 4 5
° ° ° °
0 1 2 3 4
° ° ° ° °
(2) ‘C([O, 3]pv h) = {[274];07 [27 5]/77 [Q]p}a
2
°
2 3
° °
2 3 4 5
° ° ° °
0 1 2 3 4
° ° ° ° °

(3) ([0, 5],,h) is not defined since [0, 5], is not admissible to h.

Example 6.7. (1) Let h ={][0,7],[1,4],[1,6]}. Let A =[0,5] and let A’ = [1,4]. The
removal sequence for (A, h) is [0, 7], [1, 6]. The removal sequence for (A’, ) is [1,4].

1 2 3 4

° ° ° .

1 2 3 4 5 6

° ° ° ° ° °
0 1 2 3 4 5 6 7
° ° ° ° ° ° [ °

The blue points represent the points removed for t(A, h) and hence give the corre-
sponding removal sequence for (A, h).

(2) Let h ={][0,7],[1,5],[1,6]}. Let A = [0, 5] and let A" = [1,4]. The removal sequence
for (A, ) is [0,7],[1,5]. The removal sequence for (A’, ) is [1, 5].

(3) Let h ={]0,7],[1,5],[1,8]}. Let A =[0,5] and let A’ = [1,4]. The removal sequence
for (A,h) is [0, 7],[1,5], and the removal sequence for (A’ ) is [1,5].

6.3. Properties of removal process. A simple but useful computation is the following:
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Lemma 6.8. (Removal of a cuspidal point at one time) Let h € Mult,. Let A be a
non-empty segment admissible to . Let

h* =b—{T(A, )} + {"T(Ah)}.
Then
t(Ah) =t(TA,bY).
(As a convention, t(0,h*) = h*.)

Proof. Let A = Y(A,h). Write A = [a,b],. Suppose hla + 1] has no segment A satisfying
b(A) < b(A). Then YT(~A,h*) = ~A;. Since the only difference between b and h* is on
that one segment, one checks that the remaining segments in the sequences are picked in
the same way by the minimality and nesting condition. This gives v(TA, b*) = t(A, h).

Suppose hla + 1] has some segments A satisfying b(A) < b(A). Let A" be the shortest

such segment. We further have two cases:

(1) Suppose A" C ~A.

(2) Suppose A ¢ A or A" = ~A,.
In Case (1), we have that Y(~A,§*) is A", coinciding with the second segment in the
removal sequence for (A, h). By the minimality and nesting conditions, the subsequent
segments in the removal sequence for (TA,h*) are the same as those (starting from the
third one) in the removal sequence for (A, h).

In Case (2), T(TA,b*) = ’51, and, by the nesting condition, the subsequent segments
in the removal sequence for (T A, h*) are those (starting from the second one) in the removal
sequence for (A, b).

In any such case, we will then obtain t(A,§) = t(TA, h*). O

We prove some further properties in Lemmas 6.9 to 6.13. One may compare with prop-
erties in the derivative side such as Lemmas 4.10 and 4.11.

Lemma 6.9. (No effect on previous segments) Let ) € Mult,. Let A = [a,b], € Seg,, be
admissible to h. Then for any a’ < a, hla'] = (A, h)[d'].

Proof. This follows directly form Definition 6.3 since those segments do not involve in the
removal process. O

Lemma 6.10. (Removing o whole segment in h) Let h € Mult,. Let A € ). Then

Proof. Write A = [a,b],. Note that T(A,h) = A. The nesting property guarantees that
there is no other segments in the removal sequence for (A, ). |

Lemma 6.11. Let h € Mult,. Let A, A’ € Seg, with a(A) = a(A"). Then
{T(A,5) +T(A x(A,h))} = {T(A",h) + T(A, (A", b))}
The above lemma is a straightforward exercise from definitions and we omit a proof.

Lemma 6.12. (Removal sequence involving the largest end point) Let h € Mult,. Let
A € Seg, be non-empty and admissible to hy. Let c be the largest integer such that h{c) # 0.
If one of the segments in the removal sequence for (n,h) is in h{c), then T(A,h) € bh{c).

Proof. This follows from the nesting property in the removal sequence. O
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Lemma 6.13. (Commutativity for unlinked segments) Let ) € Mult,. Let A, A" € Seg,, be
unlinked segments. Suppose t(A,h) # 0 and (A, t(A,h)) #0. Then

t(Av(A, b)) = (A, x(A,h)).
Proof. We shall prove by an induction on the sum of lengths of all segments in . For
induction purpose, we also allow A, A’ to be an empty set and in such case, it is trivial.
We now assume both are not empty sets. By switching the labellings if necessary, we may

and shall assume that a(A’) > a(A). Let A; = T(A,h).
Case 1: a(A) 2 a(A),v=ta(A’). Hence a(A’) > a(A). Now we consider

b =h—{A}+{"A}
and so, by Lemma 6.8, t(A,h) = t(TA,h*). Thus,
() (A x(A,B)) = (A x(TA, b)),
Now using Lemma 6.9 and the assumption in this specific case, we still have T(A, t(A', b)) =

A;. Hence, we have that: by Lemma 6.8 again,
(6.9) t(Av(A)h)) = (A (A, b)),

where we also use t(A’, ) — {ﬁl} + {’Kl} =t(A’,p*) by Lemma 6.9.
Now,
(A (A D)) =v(ALr(TA D7) = (A (A h7)) = r(A, x(A' D)),
where the middle equality follows from the inductive case. Hence, we are done.
Case 2: a(A) 2 a(A’). Let
b =bh —T(A,h) — T(A,x(A, b)) + "T(A,h) + ~T(A",x(A,h)).
We use Lemma 6.8 twice and combine with Lemma 6.11 to obtain:
t(A e(Ah)) =v(TA (TA D))
and
oA, t(A D)) =v(TA, (A HT)).

Then the equality follows from the induction.
Case 3: a(A) 2 v~1a(A’). We further divide into two more cases:

(1) There is a segment A in b such that a(ﬁ) > pa(A) and A’ C A C ~A;. In such
case, one has the equalities (*) and (6.9) as in Case (1).
(2) There is no such segment in the above case. Let A; = Y(A’,h). Let h* = b —
{Zl} + {*Zl}. Then, by Lemma 6.8, we have that
(A, h) =(TA bY).
Hence,
() (A, r(A D)) = (A, x(TA b))
On the other hand, by the nesting property for the removal sequence for (A, )

and the assumption in this case, A; cannot be involved in the removal sequence
for (A, h). Hence,

t(A7 b) - {Zl} + {_Zl} = t(Aa b*)
By using the assumption in this case, we still have that

T(At(A,§) = Ay
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Thus, by Lemma 6.8 again,
(ex) (A x(Ah)) = (A x(A,BY)).
Now, using (*) and (**) and induction case, we have that:
t(A e(A D)) = (A, x(Ab)).

6.4. Derivative resultant multisegments.

Definition 6.14. (1) Let h € Mult,. A multisegment n is said to be admissible to b,

if we label the segments Ay, ..., Ak in nin an ascending order, A; is admissible to
t(Aifl, e t(Al, b)

forall i =1,...,k. By Lemma 6.13, it is independent of a choice of an ascending

order.

(2) Using the notations in (1), we also write

t(n, ) =c({Ay,..., A}, h)
for v(Ak,v(Ag_1,...v(A1,h)...). We also consider @) to be admissible to any h €
Mult,,.
For any multisegment n admissible to h, we say t(n,h) to be a derivative resultant
multisegment for b.

6.5. Shrinking derivatives. The following lemma is more technical, but the original mo-
tivation comes from the representation-theoretic counterpart for the removal process e.g.
Theorem 7.2. One should also compare with some reduction techniques in [LM22, Ch22+,
Ch22+d].

Lemma 6.15. Let h € Mult,. Let n be a multisegment admissible to b. Let c € 7 such
that, for any i > 1, v°tip is not in any segment of n. Let s = t(n,h). Recall that h(c)
(resp. s{c)) is the submultisegment of b (resp. s) containing all the segments A in b (resp.
s) satisfying b(A) = v°p. Furthermore, we assume that

s(e) = b(e)
for any e > c+ 1. Then
5 —s(c) +b(c)
is also a derivative resultant multisegment for b.

Proof. We shall prove by an induction on I,(h). We write the segments in n in the following
ascending order:
(x) Ay =F o <A,

When [,(h) =0, it is clear.

Let A = T(Ay,b). We first consider the case that A ¢ h(c). Note that, by the definition
of t,

t(n — A, (A1, b)) = t(n,h).
Let ' = (A1, h). The assumptions in the lemma imply that Ae h{e) for some e < ¢ and
then the nesting property with A ¢ h{c) imply that b(c) = h’{(c). Now induction hypothesis
with (*) gives that
s —s(c)+ bh{c) =5 —s(c) + b’'(c)

is still a derivative resultant multisegment i.e. for some multisegment n,

t(n,h') =5 —s{c) + b{c).
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It remains to observe from (*) that we still have
t(n+ Ay, b) =r(n,h').

We now consider the case that A € h(¢’) for some ¢ > ¢. Let

h*=h—{3}+{‘ﬁ},
n=n—{A}+{ A}
By Lemma 6.8,
t(Ar,h) =v(TAL,b")
and so, by Lemma 6.13,
() t(n,b) = (", b").

Now, by induction hypothesis, we have that s — s(c) + h*(c) is a derivative resultant
multisegment, say there exists a multisegment 1 such that

(6.10) t(n, b*) =5 —s{c) + h™(c).

We now claim: _
Claim: t(n,5*)[a] = b*[a], where a satisfies a(A) = v?p. (This claim means that after
shrinking, no more segments in h*[a] are involved.)
Proof of claim: In the removal sequences for (n, h*), all the first segments involved are A by
the minimality in the removal process and the assumption that s{e) = h{e) for all e > c+1.
Thus, we have that,

5= t(n,b) = t(n—nfa] + ~(n[a]),h — {&,...,&} + {—&,...,—&}),

where both A and ~A appear |n[a]|-times. Thus, by Lemma 6.9,
[n[a]|-times [n[a]| — 1 times
—_— —_—
sla] = hla] — {A,..., A} =b"[a] - {A,...,A}

Hence, s(a] — s[a](c) = bla] — blal(c) = b*[a] —b*[a](c) and so (s —s(c) + b (c))[a] = b~[a].
This proves the claim by (6.10).

Now the claim with our minimal choice of A, we must have that
(xx) m[d] =0, for any integer d < a.

Then one observes that t(n,h) = t(n, h*) + {ﬁ} - {’E} by using Lemma 6.9, (**) and

the fact that any segment in the removal sequence for (n, h*) does not involve ~A (using
(6.10)). Hence,

e(i,h) =5 = s(c) +b°(c) + {A} = {"A} =5~ s(c) + b(e)
is still a derivative resultant multisegment as desired. (]

Example 6.16. Let b = {[1, 5], [2,4], [4,5]}.
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(1) Let A = [1,3]. Then t(A,h) = {[2,5],[4],[4,5]}. Then {[1,5],[4],[4,5]} is also
a derivative resultant multisegment by Lemma 6.15. One can also check that

t([2’ 3]a b) = {[17 5]5 [4}7 [45 5]}

4 5
° [ ]
2 3 4
[ ] [ ] °
1 2 3 4 5
[ ] [ ] [ ] ° [ ]

Here those red and blue points are removed to obtain t([1, 3], h), and the red point
is added to obtain a new derivative resultant multisegment.

(2) Let n = {[1,3],[2]}. Then v(n,b) = {[3,5],[4],[4,5]}. Then {[1,5],[4],[4,5]} is a
derivative resultant multisegment.

Lemma 6.17. We use notations in the previous lemma. Let n' € Mult, such that
t(n', ) =5 —s{c) + b{c).

Then
t(h{c) +n',bh) =5 — s(c).

Proof. Note that

t(h{c) +n',b) = t(h{c), t(n’,h)) = t(h{c),s — s(c) + h(c)).

Then the lemma follows from Lemma 6.10. O

6.6. Effect of St-derivatives. We shall now compute the effect of St-derivatives on the
invariant ea. We need a preparation lemma first, which allows one to do the induction.
For a segment A = [a,b],, define TA =[a —1,b],.
Lemma 6.18. Let m € Mult, and let # = (m). Let ¢ be an integer such that m(c) # 0 and
let k =e.(r). Let @ = D¥(r). For A = [a,b], with b> 0,

(1) ifa>c+1, then

ea(m) = en(m);
(2) ifa=c+1, then
ea(m) =ea(m) +e+a(m)
Proof. We consider (1). Suppose ¢ # b. Otherwise, it is easier (see Section 4.4). Let
I =ea(m). Then we have
(o) F x T = 1 7' x (St(A))*!

By geometric lemma and comparing cuspidal support, we have a non-zero composition
factor on 7y, of the form 7X (St(A))*!, where i is equal to [ times the absolute length of A

and 7 € Irr, and hence Ty, also has a quotient of such form 7 (St(A))*!. Thus [ < e (7).
Let I’ = ea(7). We have an embedding:

7w x () F s 1 x SHAYVY x (vop)F 2 x (1p)*F x St(A)<

where the last isomorphism follows from [Ze80, Theorem 4.2]. Hence, by Frobenius reci-
procity, | = ea(m) > 1. Thus [ =’ and this proves (1).
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We now consider (2). We shall write b, = mgpt®(m, ¢) and hepq1 = mppt®(m,c+ 1) (see
Definition 4.3). Note that by the definition of a maximal multisegment and &., h. has
exactly k-segments. By Lemma 5.1, we have an embedding:

T w X St(hey1) x St(he)

and so we also have:
T w X St(hey1 4+ ~(he)) x (v°p)*F.
(see Section 3.7 for the notation ~(h.)). Thus, by Corollary 3.8,

T wX St(bc-l—l + _(hc))

Then
(*) ea(m) = ea(m) +e+a(m).

To prove the opposite inequality, suppose it fails for some A = [c+1,b],. Let | = ea (7).

Then we can write
> DA (T) x (St(A))*! x (v°p) ¥,
which implies that
7 — DY (T) X w,

for some composition factor w in St(A)*! x (v°p)**. Since the only possible segments
appearing in the multisegment for w include [c,b],, [c+ 1,b], or [¢],, we must have:

7 DL (T) x (1°p)" x St([c, bl,)* x St([c+1,b],)",
where s + ¢ = ea(7) = l. Hence, by our assumption, we have either:
s>ea(m) or t>erp(nm).
However, one applies Frobenius reciprocity and obtains a contradiction to the definition of

ea(m) or e+ (), as desired. O

The following is a key property that allows one to deduce that the derivative resultant
multisegments ‘'matching’ the effect of St-derivatives by an induction.

Lemma 6.19. Let m € Mult, and let 7 = (m). Let ¢ be an integer such that e.(w) # 0.
Let A = [c,b], for some b. Let ® = D¥(r), where k = e.(r). Then

T 7T x (1°p)F.
Then
Da(m) = D-a() x (15p)" .
Proof. A simple application of geometric lemma and comparison of cuspidal support gives
that:
Da(m) RSt(A) = Indgr v (my, X (1°9)")w,)%,

where n/ = n(7) —l,(TA), n” = (k—=1) -n(p),r =1l,(TA),s =n(p) and ¢ is a twist to get
a Gp_p X Gy X Gpi_g X Gg-representation.

Now apply Frobenius reciprocity on the second factor and then apply the adjointness of
the tensor product to get

() Da(m) < Homg, (St(TA), 7y, ) X (ch)><(k—1)7

where r = [,(TA). (Note that for the form of the second factor in (*), one may use [Ch22+,
Lemma 9.1 or Theorem 9.4] while one may also simply use the fact that all composition

factors in ((v°p)**)n,,,, are isomorphic to (vep)* =1 K (1°p).)
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By Lemma 4.10 and Proposition 4.4, we have that .(Da (7)) = k — 1. Hence, Corollary
3.8 and (*) give

D" o Da(7) < Homg, (St(TA),7n,)
and hence D¥~1 o DA(7) 2 D- (%), which gives the lemma. O

We now study the change of mgpt® under the derivatives. The proof is based on two
special cases: Lemma 6.18 and Proposition 4.4.

Theorem 6.20. Let m € Mult, and let A = [a,b], be a segment. Let 7 = (m) and let
b = bo(m).
(1) Suppose A is not admissible to h. Then Da(m) = 0.
(2) Suppose A is admissible to . Let ©’ = Da(w). Then
e For any c > a,
mrpt (7', ¢) = (A, 7)[c].
(See Section 2.2 for the notations.)
e For any ¢ < a, mypt®(n’, c) satisfies
ble] <& mrpt* (7', c).
e For any A’ unlinked to A and a(A’) # a(A),
EAI(TF/) = EA/(W).

Proof. (1) follows from definitions. The second bullet of (2) can be proved by a similar
manner as the first case in the proof of Lemma 4.11 and we omit the details.

We shall prove the first bullet of (2) by an induction on n(w). When n(r) = 0,1, it is
trivial. Let A = [a,b], be an admissible segment for 7. Let @ = D¥(r), where k = ,(r).
Now we have that:

(x) w7 x (V2p)<F
By Lemma 6.19,
Da(r) = D-a(F) x (7)<,

Now we consider two cases:

(i) Suppose ¢ > a + 2. In such case, Da o D*~1(7) = Dk=1 o DA(7) . Let n be a
multisegment at v“p. Then
DyoDaoDFYm)#0 < DF1loDyoDa(m)#0 < DyoDa(r)#0,

where the first ’if and only if’ condition follows by applying Lemma 4.10 twice, and
the second ’if and only if’ condition follows by an analogous statement for Lemma
4.11 in the linked case. Now one deduces the maximal multisegment at v°p (¢ > a)
for Da(m) as follows: First,

mept? (Da- (7), ¢) = ¢(A7, 7)[e] = (A, 7)]d],

where the first equality follows from the inductive case and the second equality fol-
lows from using Lemma 6.18 and the definition of removal process. Then, by Lemma
6.18 (with Lemma 6.19), we have that mypt®(Da- (7), ¢) = mppt®(Da(7), ¢). Com-
bining all, we have

mppt? (Da(m), ¢) = v(A, m)[c]

as desired.
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(ii) Suppose ¢ =a + 1. Let
s = mpt®(m,a) — Ao,

where A is the shortest segment in mrpt®(m, a) such that A C Ay.
By Lemma 6.18,

n=mept® (7,0 + 1) = ~ (mrpt®(m, a)) + mppt®(7m,a + 1).

By Proposition 4.4,
Dy o Dy(m) #0
and now by repeated uses of Lemma 6.19,
Dgs o Da(m) 2 D-, 0 D-A(7).

Hence, by the inductive case,

mpt®(Ds 0 Da(m),a + 1) = mppt®(D-5 0 D-A(7),a + 1)
is precisely

t(Ts+ A Ma+ 1] =t(s+ A, 7)[a+ 1]
The last equality follows from the rules of removal process and Lemma 6.18.
Indeed we also have

s+ A, m)a+ 1] =ls, (A7) e+ 1) = (A, m)[a + 1],

where the second equality follows from that applying Da+ for each A’ € s will
simply remove the segment A’ in v(A, ) by Lemma 6.10.
Since 5 = mypt*(Da(7),a), Lemma 5.1 implies that

mrpt® (Da(7),a + 1) = mppt®(Ds 0 Da(7),a + 1).
Now, combining all the equations, we have that:
mept?(Da(m),a+ 1) = v(A,7)[a + 1].
(iii) Suppose ¢ = a. Then mrpt®(n’, a) follows from Proposition 4.4 and Lemma 4.2.
We now prove the third bullet of (2). The inequality
en (') < enr(m)

follows from Lemma 4.10. The opposite inequality follows from an application of geometric
lemma. We omit the details. O

Definition 6.21. Let 7 € Irr,. Let n € Mult,. We say that n is admissible to = if, for
writing segments Ay, ..., A, in n in an ascending order, Da_o...0Da, (7) # 0. By Lemma
4.10, the admissibility is independent of a choice of an ascending sequence.

Corollary 6.22. Let m € Irr,. Let n € Mult,. Then n is admissible to m if and only if n
is admissible to ho(r).

Proof. Write Ay = [ag,bi],. We shall assume that a1 < ... < ai. We consider the if
direction. Let k& be the smallest integer such that Ay is not admissible to

t({A1, ..., Ak_1},b0(m)).
We have that
(x) mppt*(Da,_, 0...0Da,(m),a) = v({A1,...,Ar_1},b0(m))[ak]
by Theorem 6.20(2). Thus the admissibility of Ay to t({Aq,...,Ax_1},Hh0(7)) implies that
{Ar} <, mzpt*(Da,_, 0...0Da,(7),ax)
by (*). Hence Da, 0 Da,_, 0...0Da,(m) #0.
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The only if direction is similar by using (*) and we omit the details. O
6.7. Multisegment at a right point (revised).
Corollary 6.23. Let 7 € Irr,. Fiz an integer c. Then

mept® (7, ¢) = Z la, .
[a,b],€h0(7),a<c<b

Proof. Let ¢ = Z[a,b]pehb(ﬂ'),agcgb[a’C]P' By Theorem 6.20(2) several times, we see that
Dy(m) # 0. On the other hand, t(¢, hd (7)) does not have any segment A such that vp € A.
Hence, by Theorem 6.20(2) again, ¢ is maximal and so mrpt® (7, c) = . O

More generally, by Theorem 6.20(2), we have:

Corollary 6.24. Let m € Irr,. Let m € Multzc for some ¢. Then Dy () # 0 if and only
if m is a submultisegment of mxpt®(m, c).

Example 6.25. Let 7 € Irr, with ho(7) taking the form:

1 2 3 4 5
[ ] [ ] [ ] L] [ ]
4 5
[ ] L]
3 4 5 6
[ ] [ L] [
3
[
0 1 2
[ [ ] [ ]

The red points contribute to mrpt®(n, 3) to give {[1,3],[3], [3]}.

7. ISOMORPHIC SIMPLE QUOTIENTS OF BERNSTEIN-ZELEVINSKY DERIVATIVES

7.1. Complementary sequence of St-derivatives. For 7 € Irr, and n € Mult,, we
shall write:

t(n, m) := t(n, ho(m)),
where the latter term is defined in Definition 6.3. We prove a main property of the derivative
resultant multisegment.

Theorem 7.1. Let m € Irr,. Let n € Mult, be admissible to m. Let m = v(n, ). Then
Dy o Dy(m) 27,

Proof. Write n = {Aq,..., A} in an ascending order. Let w = Dy (7). We shall prove by a
backward induction on the sum of the lengths of all those Ay, ..., Ay. Since the sequence
is admissible, the sum must be not greater than the level of 7 (by Proposition 3.17). If the
sum is equal to the level of 7, then w = 7w~ by the irreducibility of the highest derivative
of w. In this case, t(n,7) = () and so we have such case.
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Let ¢* be the smallest integer such that v({A1,..., A}, 7)[c*] # 0. In other words, v° p
is isomorphic to a <-minimal element in

{a(A") : A" € v({Aq, ..., A}, )}
We shall choose the ascending order of the sequence such that
a(Ar) < ... < a(Ag).
Let < k such that Aq,..., A, be all the segments such that I/c*p >a(A;) fori=1,...,r.

We rearrange the segments As(,11), ..., Ask) so that
b(Asry) > - > b(Asri1)),
where ¢ is a permutation on {r +1,...,k}.
Let 7 = DA, o...0Da, (7). Note that the sequence As(,41),...,As) can be obtained
from A,iq,...,A by repeatedly switching two adjacent unlinked segments. Hence, by
Lemma 4.10,

(%) Dasyy - ODAE(TH)(T) > Dp,0...0Da,_,(T) Zw.

r+1
Now we let A be the longest segment in t({Aq, ..., Az}, 7)[c*]. We claim that: for i > 2,
Dﬁ o DA(S(i) 0...0 DAa(l)(T) = DAé(i,) © DZ ° DAS(i—l) ©...0 DAS(l)(T)7
and for i =1,
Dﬁ ° DAS(I)(T) = DAa(l) o DZ(T)~

Suppose the claim holds for the meanwhile. We have a new ascending sequence of
segments,

(7.11) Ar, A A A A
which is admissible since the composition of their corresponding derivatives is non-zero by
(*) and the claim. Now one applies induction hypothesis to obtain that

Dt(n—&-ﬁ,ﬂ) ° Dn-&—&(ﬂ-) =7

By Lemma 6.9, t(n,7) = t(n + A, )+ A. Thus, by the claim, we have that
Dt(n,ﬂ') (UJ) =7
It remains to prove the claim. Indeed, it will follow from Lemma 4.10 or Lemma 4.14 if
we could check those conditions in the lemma. Use the notations in the claim. If A and

Aj(;y are unlinked, then we use Lemma 4.10 and we are done. Now suppose A and A,
are linked. Note that, by Lemma 6.9,

[ t({Ah ey Al} s W)[C*] = t({Al, ceey AT, Aé(r+1)7 ey Aé(l)} ,W)[C*}.
This implies that, by Theorem 6.20,

(+) Dx(k) #0,
where
k= Dps,_1y0---0Dns, ., 0Da, 0...0 D, (7).

Now let A" = Ay U A and we have to check that Da/(x) = 0. Note that b(A’) > b(A).
Thus, we have:

(1) by the maximality of our choice on A in t({Ay,..., Az}, ) and the above bullet,

DA/ (’7’) ES O
(2) our arrangement on Aj,)s gives that A’ and Ay, are unlinked for z =1,...,i—1.
(Here we also use that a(Ag,)) > vp. See the third paragraph of the proof.)
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Hence,
(—|-+) DA/(K) =Dna/o DA6(1‘71) 0...0 DA(;(l)(T) = DAé(i—l) o0...0 DA5(1) o DA/(T) =0,

where the second equality follows from (2) above with Lemma 4.10 and the last equality
follows from (1) above.
Since Da, o...0 Da,(m) # 0, we also have

(+++) Dayy, (k) #0.

Hence, the conditions (+), (++), (+ + +) guarantee conditions in Lemma 4.14 and this
completes the proof of the claim. a

7.2. Isomorphic simple quotients under St-derivatives. We now prove a main result
using the highest derivative multisegment and the removal process to determine when
two sequences of St-derivatives give rise to isomorphic simple quotients of a Bernstein-
Zelevinsky derivative. The strategy for ’if’ direction below of Theorem 7.2 below is that
we use Theorem 7.1 to construct isomorphic modules by taking the same sequence of St-
derivatives. The strategy for ’only if’ direction is to find some St-derivatives that kill one,
but not another one. However, in order to do so, we need to do it on some other derivatives
via some constructions.

Theorem 7.2. Let Ay,..., A, and A},..., A} be two ascending admissible sequences of
segments. Then

Dpy 0...0Dp,(m) = Dajo...oDpy(m)
if and only if
t({Ar, .., A, m) =({A], ..., A}, 7).
Proof. Let
wlzDAko...oDAl(w), OJQZDA;O...ODA/I(W).
For if direction, we write Ay, ..., A, to be all the segments in t({Ay,..., A}, 7) as an

ascending sequence. It follows from Theorem 7.1 that
Dz o...0oDgx (w1) 2 D o...0Dx (wo2) Z7 .
Hence, both w; and ws are isomorphic to
151 o... O]ET(T('_>7

where I3 (7) (for 7 € Irr) denotes the unique irreducible submodule of 7 x St(A) (see Lemma
3.4, and for more discussions on ’integrals’, see [LM16, Ch22+, Ch22+c]). In particular,
they are isomorphic.

We now consider the only if direction. We denote by

vy =t({Aq, ..., Ag}, ), v =t({A], ..., A}, 7).

For p = 1,2, let v, (c) be the sub-multisegment of t,, containing all the segments A satisfying
b(A) = v°p. Suppose c¢* is the smallest integer such that

ti(c”) # va(c’).
Let ¢ be the largest integer such that vp € csupp(w). Let ¢; = ¢ — i for ¢ > 0, and let 2z
be the integer such that ¢, = ¢*. Set

wl,o:DAkO...ODAl(Tr), WQ,OZDAEO---ODAQ(W)-
For p = 1,2, we inductively, for each ¢; (i =0,..., z), define representations:

K1, = Dp,;_l(wl,i—l), K24 = Dp,;_l(WQ,i—l)a
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where p;—1 = t1(c;—1) = ta{c¢;—1) (possibly empty and the equality follows from our choice
of ¢*), and
Wi, W2

are the representations with the derivative resultant multisegment obtained in Lemma 6.15
(we are in the special case that s(¢) = 0 in the notation of Lemma 6.15) i.e. by Lemma
6.17 and the (proved) if direction of this theorem, w; ; and wy; are those satisfying that

K1, = D, ,(w14), Koi = Dg, o (w2,),
where ;1 = h{c;—1).
We have either
Doy (F1,e+) =0, or Dy exy(k2,ex) = 0.
This implies that k1« % K20+, and so we obtain that, for p = 1,2,

[qz—l o DPz—l ©...0 Iqo ° DPO (w;lho) = Kp,e*-

Here I, ,(kp.+) is the unique simple submodule of £, .+ % St(q;—1) (see Lemma 3.4).
Hence, we must have wy g % wa . O

7.3. Comparing with p-derivatives. We give a simple quotient of a Bernstein-Zelevinsky
derivative that cannot be obtained from an ascending sequence of derivatives of cuspidal
representations.

Example 7.3. Let m = {[0,1],,[1],,[1,2],} and let 7 = (m). Then ho(xr) = {[1],, [1,2],}.
Hence, there is a simple quotient of 7(2) obtained by applying Dy 91, and its derivative
resultant multisegment is {[1],}. But Dy, o Dyy, () = 0.

8. EXAMPLES OF HIGHEST DERIVATIVE MULTISEGMENTS

8.1. Generic representations. An irreducible representation 7 of GG, is said to be generic
if 7" # 0. According to [Ze80], for m € Mult,, (m) is generic if and only if all the segments
are singletons. Equivalently, (m) = St(n) for a multisegment n whose all segments are
unlinked. One can compute n, for example, by the Mceglin-Waldspurger algorithm [MW86].
In this case, ho(m) = n (e.g. use (2.4)).

8.2. Arthur representations. We write
Ap(d) = [=(d—=1)/2,(d = 1)/2],.
Let
wp(d,m) = <{y(m*1)/2Ap(d), . .,y’(m’l)/QAp(d)})

Let Y (u,(d,m)) = v(d=m)/2 5 The representations u,(d, m) are so-called Speh representa-
tions. For each Speh representation u,(d,m), it associates with a segment
A(up(d,m)) := [(d —m)/2,(d+m —2)/2],.
It follows from [LM16] (also see [CS19]) that
bo(up(d,m)) = {A(u,(d,m))} .
Proposition 8.1. Let m be a Arthur type representation in Irr, i.e.
T=m X ... X Ty,
where each 7, is a Speh representation. Then

ho(m) = A(my) + ... + A(my).
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Proof. To compute the lower bound of the multisegment at a point v°p (see Proposition
4.4), we rearrange [Ta86] the Speh representations such that

T X oo X T X M1 X oo X Ty

satisfying that Y(m) & ... 2 Y () 2 vpand, fori=k+1,...,7, Y (m;) 2 v°.
One has that a composition factor of the form (m x ... x 7 ) B (St(A(m)) x ... x
St(A(mg)) is in
(7T1 X ... X 7TI<:)N1-~
Now, using geometric lemma,

(1 X oo X )N, X (g1 X oo X )2 = (T X oo X ) N,

where ¢ is a twist so that the resulting representation is a G,,_; X G;-representation. Here
n = n(w). Combining with the previous paragraph, we have that

7 (St(A(m1)) X ... x St(A(7g)) < 7N,
Hence, the maximal multisegment of 7 at the point v(4=™)/2) ig
(d—my/2 = A(m) + ...+ A(mg).

We obtain the lower bound for each multisegment at each point. We conclude that the
lower bound is also the upper bound by the level of m and using Theorem 5.2. (]

8.3. Ladder representations. As we saw above, the highest derivative multisegment for
a Speh representation is simply a segment. Let 7 € Irr, be a ladder representation. Then
its associated multisegment m = {A4,..., A, } € Mult, satisfies the property:

a(Ay) <...<a(Ay), bA) <...<bA).

Note that there is a unique multisegment n such that UacaA = {b(A1),...,b(A,)} and its
segments are mutually unlinked. We have that hd(7w) = n.

8.4. O-irreducible representations. An irreducible representation 7 of GG,, is said to be
O-irreducible if 7 x 7 is still irreducible [LM18]. For progress on characterizing such classes
of modules, see, for example [Le03, GLS11, KKKO18, LM18] and references therein.

Proposition 8.2. Let w € Irr. Suppose w is O-irreducible. Then
bo(r x ) = () + bd ().

Proof. One can, for example, deduce from Proposition 4.9. We omit the details. O

9. APPENDIX: BERNSTEIN-ZELEVINSKY DERIVATIVES FOR AFFINE HECKE ALGEBRAS

9.1. BZ functor. In this section, we explain how the results in this paper can be formu-
lated in the affine Hecke algebra setting and we first give some background. We mainly
follow [CS19], but we remark that we only need the Iwahori case to transfer results to the
affine Hecke algebras using the Borel-Casselman’s equivalence [Bo76], in which earlier work
of Barbasch-Moy and Reeder [BM94, Re02] shows that generic irreducible representations
correspond to modules containing the sign module of the finite Hecke algebra, and is later
used to study the unitary dual problem by Barbasch-Ciubotaru [BC08]. Using the idea of
finite Hecke algebra modules in characterizing modules also goes back to earlier work of
Rogawski [Ro85].

A key to formulate the Bernstein-Zelevinsky derivative in [CS19] is using an explicit affine
Hecke algebra structure of the Iwahori component of the Gelfand-Graev representation
in [CS18], and such expression is also obtained in Brubaker-Buciumas-Bump- Friedberg
[BBBF18]. Our realization of the Gelfand-Graev representation is obtained via viewing
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the affine Hecke algebra as the convolution algebra on Iwahori-biinvariant functions of
G, and there is an alternate approach of describing affine Hecke algebra in terms of an
endomorphism algebra due to Heiermann [Hell]. For Hecke algebras arising from other
Bernstein components, see the work of Waldspurger [Wa86] and Bushnell-Kutzko [BK93],
and also the work of Sécherre-Stevens [SS12] for inner forms of general linear groups.

Let ¢ € C*. Assume that ¢ is not a root of unity. The affine Hecke algebra H,, := H,,(q)
is defined as an associative algebra over C with the generators 11, ..., T,_; and Glﬂ, o, 0
satisfying the following relations:

( ) Tka+1Tk = Tk+1Tle~c+1 for k = 1, N 2;
(2) (Tx + 1)(T — q) =0 for all k;

( ) 9k¢91 = Hlok for all k l

( ) Tkﬁk — 0k+1Tk = (q - 1)0k for all k

( ) Tkﬁl—elTk lfl#]ﬂ ]f—‘rl

The subalgebra, denoted Hg,, generated by Ti,...,T,_1 is isomorphic to the finite
Hecke algebra attached to the symmetric group S,,. For £k = 1,...,n — 1, define s; to be
the transposition between k£ and k—1. For w € S,, with a reduced expression w = s, ... Sk,.,
define Ty, = Ty, ... Tk, . It is well-known that T, is independent of a choice of a reduced
expression of w.

We now define the analogous Bernstein-Zelevinsky functor for #,, [CS19]. There is a
natural embedding from H,_; ® H; to H, explicitly given by: for k = 1,...,n — i — 1,
m(Ty 1) =T fork=1,...,4, n(1Q®Ty) = Th—irx; for k=1,...,n—i, m(0x ®1) = O;
for k=1,...,i, m(1®60) = 0,,_i+r. Define the sign projector:

—1/¢)'™ T, € Hg,,
Z €S; 1/(] l(w) w;

Let S = m(1 ® sgn,;). The i-th Bernstein-Zelevinsky derivative for an H,-module o is
defined as:

sgn; =

BZ,(c) = S} (o).

The following result for ¢ = 1 is covered by [GV01] by using p-derivatives. We remark
that [GVO01] covers other cases such as the works of Kleshchev and Brundan [K195] and
[Brog] for some positive characteristic algebras. See a survey of Kleshchev [K110] for an
overview of this problem. We remark that the branching law has deep connections with
the theory of crystal bases. For instance, the decomposition matrix for restriction coincides
with the coefficients of crystal bases in certain way, see the work of Lascoux-Leclerc-Thibon
[LLT96] and Ariki [Ar96] and even the development for other classical types by Enomoto-
Kashiwara, Miemietz, Varagnolo-Vasserot, Shan-Varagnolo-Vasserot [EK08, Mie08, VV11,
SVV11]. The following result generalizes part of [GV01] and opens up some possibilities of
connections with crystal theory:

Theorem 9.1. Let o be an irreducible H,-module. Then the socle and cosocle of BZ;(o)
are multiplicity-free.

Proof. We first assume that ¢ is a prime power. We choose F' to be a p-adic field with
|O/wO| = q, where O is the ring of integers in F' and w is the uniformizer. Then, by
[CS19, Theorem 4.2] and Lemma 3.11, we have the multiplicity-free result in such case.
Note that in the case that o has a real central character (see [CS19, Section 5.2], also see
[0S10, Section 2]), we can further obtain that for the corresponding graded Hecke algebra
H,,, its analogous Bernstein-Zelevinsky derivative gBZ, () also has multiplicity-free socle
and cosocle, where ¢ is the corresponding module under Lusztig’s second reduction [Lu89]
(see [CS19, Theorem 6.3]). Here gBZ, is defined in [CS19, Section 6.3]. Thus this implies
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that gBZ,(¢’) has multiplicity-free socle and cosocle for any simple module ¢’ of H,, of
real central character. (We remark that, by a rescaling argument, H,, can be defined as an
associative algebra over C generated by the group algebra C[S,] and the polynomial ring
S(C™) subject to some relations independent of q.)

We now counsider arbitrary ¢ (which is not of root of unity). In such case, by using
Lusztig’s first reduction [Lu89] (see [CS19, Section 5.2]) and [CS19, Theorem 5.3], we
can transfer to the problem of some affine Hecke algebra modules H,, ® ... ® H,, with
n1 + ...+ ng =n, and in which, we can apply Lusztig’s second reduction. Now the result
follows from the graded Hecke algebra case in previous paragraph. O

For a given segment A = [a, b] for b —a € Z>(, the Steinberg module Sty (A) of Hp—q41
is the 1-dimensional module Cv determined by: for all k,
Tpv=—v, 6Opv=q"F 1o

For the St-derivatives, for an #H,-module ¢ and a given segment A, one defines Da (o)
to be either zero or the unique H,,_;-module 7 such that

T St’H(A) — U‘Hn—i®?-lq‘,'
Now one can define analogously the terminology of highest derivative segments, derivative

resultant segments to formulate and prove the corresponding statements.

9.2. Left BZ functor. We define an automorphism ¢ = (,, on H,, determined by:

C(ek) = G;ikﬂ.la C(Tk) = Tn—k

for any k. Note that ¢ will send the relation (4) for the affine Hecke algebra to

Tk gy — 0, 5 Tnie = (= 1)0, 1,1,

which is equivalent to 0, x Ty —x — Tr—kOn—r+1 = (¢ — 1)0p_p.
The left Bernstein-Zelevinsky functor ;BZ in the spirit of [CS21, Ch21] is defined as:

iBZ(0) = (n—i(BZi((n(0))).
For any H,,-module ¢ and s € C, we can define x°* ® o as
Tk oo V=T ¢V, Ok y0ov=0q0k v
We define the shifted Bernstein-Zelevinsky functors as:

BZ;(0) = x /? @ BZ;(0),

1BZ(0) = x'/* ©:BZ(0).
As shown in [CS21] and the argument in Theorem 9.1, we have the following asymmetry

property:

Theorem 9.2. Let o be an irreducible H,-module. Suppose i is not the level of o i.e. not
the largest integer such that BZ;(c) # 0. If BZy)(0) # 0 and (yBZ(0) # 0, then any
simple quotient (resp. submodule) of BZ;)(o) is not isomorphic to that of ;;BZ(0).
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