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ABSTRACT. In this article, we explore Higgs bundles on a projective manifold X, focusing
on their spectral bases — a concept introduced by T. Chen and B. Ngo. The spectral base
is a specific closed subscheme within the space of symmetric differentials. We observe that
if the spectral base vanishes, then any reductive representation p : m1(X) — GL-(C) is
both rigid and integral. Additionally, we prove that for X = Q/T", a quotient of a bounded
symmetric domain 2 of rank at least 2 by a torsion-free cocompact irreducible lattice T,
the spectral base indeed vanishes, which generalizes a result of B. Klingler.

1. INTRODUCTION

Let X be a projective manifold and denote by Q2% its cotangent bundle. A symmetric
differential is a holomorphic section of SymiQ}( for some positive integer i. According to
Hodge theory, the cotangent bundle Q}( admits non-zero holomorphic sections if and only if
the abelianization of 71(X) is infinite. However, the relationship between symmetric differ-
entials and fundamental groups remains mysterious, and this question has been introduced
by F. Severi | | and H. Esnault in various contexts.

Question 1.1 (Severi, Esnault). What is the relationship between the symmetric differen-
tials and the fundamental group?

The question mentioned above has been approached from different perspectives in | ]
and | ], where the main tool is the non-abelian Hodge correspondence, which identifies
the moduli space of Higgs bundles and character varieties. In this article, we attempt to
gain insight into this question by adopting a novel approach proposed by T. Chen and
B. Ngo in | .

The moduli space of Higgs bundles has been extensively utilized to investigate the topol-
ogy and geometry of character varieties | , , , |. For a fixed rank
r, consider the moduli stack M;t?gcé{s’r of Higgs bundles of rank r. The Hitchin morphism,
introduced by Hitchin [ , ], plays a crucial role in understanding the moduli
space. By taking invariant polynomials, the Hitchin morphism is a map

T
hx : Mimee” — A = @D HO(X, Sym' Q).
=1

Moreover, the affine space A’y is called the Hitchin base.

When dim X > 2, a Higgs bundle (&, ¢) must satisfy an extra integrability condition
@ A ¢ = 0, which makes the Hitchin morphism not surjective in general. T. Chen and
B. Ngo6 introduced in | | the spectral base S as a closed subscheme of the Hitchin base
A'. They demonstrated that the integrability condition leads to the Hitchin morphism hx
factoring through the natural inclusion vx : 8% — A%.
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We denote by |G (©) the GL,(C) character variety. Recall that a representation
[p] € RCEL(©) is called rigid if it is an isolated point, and SRE(©) is termed rigid if ev-
ery representation [p] € |G (©) is isolated. In particular, since the character variety is a
complex affine variety, the character variety is rigid if and only if it is zero-dimensional.
Rigid representations are of particular interest. It has been shown in [ | that rigid
representations are C-variations of Hodge structures (C-VHS for short). Furthermore, it
is conjectured that rigid representations (local systems) originate from geometric sources
[ J

A representation p : m(X) — GL,(C) is called integral if it is conjugate to a repre-
sentation m1(X) — GL;(Ok), where K is a number field and Ok is the ring of integers
of K. The motivation to consider rigid representations comes from Simpson’s integrality
congjecture, which predicts that any rigid representation is integral. This conjecture has
been confirmed by H. Esnault and M. Groechenig for cohomological rigid local systems (see
also Remark 4.8).

Using the spectral base, we obtain the following result, which generalizes | , ,

|, see also | , , , , | for various generalizations.

Theorem 1.2. Let X be a projective manifold such that 8% = 0 for some r > 1. Then the

following statements hold:

(1) Any reductive representation p : w1(X) — GL,(C) is rigid and integral. Moreover, it is
a complex direct factor of a Z-variation of Hodge structures.

(2) Let F be a non-Archimedean local field. Then any reductive representation p : m1(X) —
GL,(F) has bounded image.

Therefore, we will be particularly interested in the varieties with vanishing spectral
bases. In view of Margulis’ superrigidity [ |, examples of varieties with rigid character
varieties are Hermitian locally symmetric spaces of higher rank. Thus we would like to
understand Simpson’s integrality conjecture from the perspective of Higgs bundles and
spectral varieties in the case of Hermitian locally symmetric spaces with rank > 2, following
the approach of Klingler | ]. In particular, we obtain the following:

Theorem 1.3. Let Q = Q1 x--- X Q,, be a bounded symmetric domain of rank > 2 together
with its decomposition into irreducible factors. Let I' C Aut(Q2) be a torsion-free irreducible
cocompact lattice, and write X == Q/T". Then S% =0 for any r > 1.

By | , Appendix IV, Proposition 3], the cotangent bundle of a compact quotient
X of an irreducible bounded symmetric domain €2 of rank > 2 by a torsion-free lattice
I' C Aut(Q) is big (aka almost ample in | ]), and a similar proof yields the same when
Q is reducible and of rank > 2, and the lattice I is irreducible — see also | , Theorem
1.1]. In particular, for k sufficiently large and sufficiently divisible, we have

hO(X, Sym*Qk) ~ O(K> M),

So Theorem 1.3 is somewhat surprising because the dimension of the Hitchin space A’ is
very large for r > 1, while the closed subset S% of A’ is just a single point. This may
also be seen as a strong piece of evidence that Theorem 1.2 may be applicable in other
interesting cases.

On the other hand, we remark that it has been shown by B. Klingler in | , Theorem
1.6] the vanishing of the Hitchin base in some small ranges for compact quotients of certain
irreducible bounded symmetric domains. Its proof is based on classical plethysm, a van-
ishing theorem of the last author | , P- 205 and p. 211] and a case-by-case argument
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depending on the types of 2. However, one cannot expect to generalize its proof to large
r: the dimension of A% can be as large as possible for » > 1 as explained above. Our
argument is purely geometric and provides a unified approach to all 2 and all r. It relies
on a Finsler metric rigidity theorem of the last author proved in | ].

Finally we note that Theorem 1.3 cannot be strengthened to the rank-1 case, i.e., the
case where (2 = BZ: there exists ball quotients satisfying HY(X, ) # 0 and then one can
easily construct a non-zero element in S% for any r > 1 in this case.

Thanks to Theorem 1.2, we conclude from the vanishing of the spectral base the following
result.

Corollary 1.4. In the notation of Theorem 1.3 and under the assumption given there, any
reductive representation p : I' — GL,(C) is rigid and integral for any r > 1. Moreover, it
is a complex direct factor of a Z-variation of Hodge structures.

The rigidity result allows us to recover Margulis’ rigidity result | | in the case
of cocompact lattices. It can be seen as a strengthening of Klingler’s result [ | for
any r and any {2 of rank > 2. Moreover, we note that Margulis’ rigidity only concerns
representations, which are identified with topologically trivial Higgs bundles via the non-
abelian Hodge correspondence, while we can also obtain a result on general Higgs bundles
from the vanishing of the spectral base as in the corollary given below. This can be used
to help us understand the analytic aspect of the Hermitian-Yang-Mills equation, for which
we refer the reader to [ | for a discussion.

Corollary 1.5. In the notation of Theorem 1.3 and under the assumption given there,
every Higgs bundle over X is nilpotent.
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2. HIGGS BUNDLES AND HITCHIN MORPHISM

In this section, we delve into the non-abelian Hodge correspondence and explore the
Hitchin morphism over a projective variety. This subject has garnered extensive attention
in various notable works, including | , , , |. Readers interested in
the topic may consult the surveys | , , ].

2.1. Higgs bundle and non-abelian Hodge correspondence. Let X be a projective
manifold, and denote by Qﬁ( the holomorphic cotangent bundle of X. We collect some
basic definitions and facts about Higgs sheaves/bundles, which we refer | , , ,

!

Definition 2.1. A Higgs sheaf on X is a pair (&,p), where & is a torsion-free coherent
sheaf on X and ¢: & - & ® Q&, called a Higgs field, such that the composed morphism

&5 ek 22 000k 00k U2 £ 0%
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vanishes. Following tradition, the composed morphism will be denoted by ¢ N ¢ and the
equation ¢ N\ p = 0 is called the Higgs equation.

Given a Higgs sheaf (&, p) over a projective manifold X, a coherent subsheaf .# C & is
said to be p-invariant if and only if p(#) C .F ® QL. Now we can introduce the concept
of slope stability. Recall that, given a torsion-free coherent sheaf & on an n-dimensional
projective manifold X, the slope (&) of & with respect to w is defined to be

PR I
H  rank&  rank &

Definition 2.2. A Higgs sheaf (&, ) is called stable (resp. semistable) if and only if for
any p-invariant coherent subsheaf F C &, with 0 < rank(.#) < rank(&’), we have

W(F) < W) (resp. u(F) < (&)
A Higgs sheaf (&, ) is called polystable if (&, ) is semistable and
(g’ 30) = (éﬂlv 301) D---D (éara SOT‘)a

where (&;, ;) are stable Higgs sheaves with the same slope.

We will now focus on Higgs bundles, equivalently locally free Higgs sheaves, and will
return to the general notion of Higgs sheaves in §2.4, where such sheaves are constructed
from spectral varieties defined by spectral data.

Let E be a complex smooth vector bundle over X. We write QP4(E) for the complex
vector space of F-valued (p,q)-forms on X. In the sequel of this paper, we will naturally
identify the holomorphic structures on E with the d-operators dp: QP4(E) — QP4tL(E)
satisfying the integrability condition 0% = 0. We denote by & := (E,Jg) the holomorphic
vector bundle with the holomorphic structure defined by O if there is no confusion.

Let g € Aut(FE). Then g acts on the Higgs bundles & = ((F,0g),¢) by g- (0p, ) =
(g7t odgog,g ' o®og). We define the moduli stack of polystable Higgs bundles of rank
r as

(1) MEEKT = {(&,9)|(&, ¢) polystable} /Aut(E).

A complex smooth vector bundle E is said to be topologically trivial if all the Chern
classes of E in H*(X; Q) vanish. Let [(&, ¢)] be the equivalence class of (&, ) in the orbit
of Aut(FE). Under S-equivalence of Aut(F) action, a semi-stable topologically trivial Higgs
bundle [(&, ¢)] is polystable. Following | , Proposition 6.6], we define the Dolbeault
moduli space Mp,; as the moduli space parametrizing topologically trivial polystable Higgs
bundles on X, which is a quasiprojective variety. It follows from [ , Proposition 3.4]
that a polystable Higgs bundle (&, ¢) is topologically trivial if and only if ¢;(&) - w™ 1 =0
and c2(&) - w2 = 0.

Let X be a projective variety. The GL,(C) character variety RELr(©) of X is defined to
be the set of conjugacy classes of reductive representations of the fundamental group given
by

(2) REL(©) .= ). 1 (X) = GL,.(C) | p reductive}/ ~ .
Theorem 2.3 (] , , , ). There exists a bijective map
3) £ 1 Mpg — R,

which is real analytic over the smooth locus.
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2.2. Hitchin morphism. The Hitchin morphism is a useful tool to study the moduli space
of Higgs bundles. In this subsection, we will introduce the Hitchin morphism for projective
manifolds, following | , , ]. Let X be a projective manifold. Then the
Hitchin base of X with rank r is defined to be

(4) =P HO(X, Sym'Q).
=1

The Hitchin morphism for the moduli stack of Higgs bundle is defined as follows:
(5) hy : Mie” = Ak, [(8,9)] = (Tr(), Tr(%) -+, Tr(")).

Theorem 2.4 (] , ]). The restriction hx|amy = My, — A is proper, and it
is also surjective in the case where dim(X) = 1.

2.3. Spectral base. We briefly recall the definition of the spectral base, which was intro-
duced by T. Chen and B. Ngo in | ].

Definition 2.5. The spectral base S is the subset of A’ consisting of the elements s =
(s1,...,8) € A such that for any point x € X, there exist r elements w1, ... ,w, € Q%x
satisfying si(x) = oi(w1,...,wy), where o; is the i-th elementary symmetric polynomial in
r variables. Moreover, an element s € S is called a spectral datum.

Let V be a complex vector space of dimension n and let Chow” (V') be the Chow variety
of zero cycles of length r on V. By | , Theorem 4.1], the following natural map

Chow” (V) =V x Sym?V x --- x Sym"V, [vy,...,v,] = (01,09,...,0,),
is a closed embedding and thus it induces the following closed embedding
(6)  Chow"(Tot(Q2})/X) — Tot(Qk) x x Tot(Sym2QL) x x - - x x Tot(Sym"QY),

where Tot(e) denotes the total space of the corresponding vector bundle and the space
Chow” (Tot(2})/X) is the relative Chow space of zero cycles of length r. In particular,
under this closed embedding, the spectral base S% can be identified with the space of
sections o : X — Chow” (Tot(Q2})/X) and so S% is a closed subset of A%.

The following observation shows that it suffices to check the condition in Definition 2.5
over general points to see whether an element s € Ay is a spectral datum.

Lemma 2.6. Let s € A’y be an element. If there exists a dense Zariski open subset X° of
X such that s satisfies the condition in Definition 2.5 for any point x € X°, then s € Sk.

Proof. Denote by
o X — Tot(Q) xx Tot(Sym2QY) x x - -- x x Tot(Sym" Q%)

the section corresponding s. Then the image of o is contained in Chow” (Tot(Q%)/X) over
X° by our assumption and (6). However, since (6) is a closed embedding and the image of
o is irreducible, the image of ¢ is contained in Chow”(Tot(2%)/X). Hence, o is a section
of Chow” (Tot(Q%)/X) — X. O

Remark 2.7. (1) As an immediate consequence of Lemma 2.6, one can derive the bira-
tional invariance of the spectral base S% as proved by L. Song and H. Sun in | ,
Theorem 5.3].
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(2) For any positive integers r’ < r, there exists a natural inclusion S}}/ C S% defined as

following:
s'=(s1,...,87) —~>s:=(s],-+,s,,0,---,0) € Ax.

We only need to show that s is contained in 8% . Indeed, given an arbitrary point z € X,

let wy,...,w € Q}XI be the points such that s, = o;(wi, ..., w, ). Then one can easily

conclude by considering the set {wy, ..., w,, O’”*’"/}. In particular, if S% = 0, then so is

Sk for any 7/ < 7.
Proposition 2.8 (| , Proposition 5.1]). The Hitchin morphism hx : M%t?;gkf — A%
factors through the natural inclusion map vx : S — A’. In other words, there exists a
map sdx : M?{t?gcgl;{s’r — S% such that the following diagram commutes:

stack,r
MHiggs

‘” - N

The map sdx s called the spectral morphism

Proof. Let (&, ) be a rank r Higgs bundle with Tr(y') = s; € H°(X,Sym'Q%). Given
an arbitrary point € X, let dz',dz?,--- ,dz" be a frame of Qﬁ( at ¢ € X. If we write
o(x) =31 | A;d2", then the condition ¢ Ay = 0 implies that [A;, A;] = 0 for any 1 <1 < j.
Thus A;’s can be simultaneously upper-triangularized and so is p(z) as an r X r-matrix with
values in one forms. In particular, after changing local coordinates, we may assume that
() is a upper triangular matrix and let wy,...w, € Qkx be its diagonal elements. By
the definition of the Hitchin morphism, we have s;(z) = o;(w1,...,w;) and hence we are
done. 0

In | ], T. Chen and B. Ng6 conjectured that sdx is surjective. This conjecture has
been confirmed in | | and | ] for smooth projective surfaces, in | | for rank
two case and studied in | ] for abelian variety. However, in general the moduli stack
ME?;;T may be much larger than Mf, ;. We are in particular interested in the image of
the restriction of the spectral morphism to the Dolbeault moduli space, which leads to the

following definition.
Definition 2.9. The Dolbeaull spectral base S' ) is defined to be the image sdx (Mpy))-

Clearly we have the natural inclusions S%.,; C S C A% and both of them are strict in
the general case (see | , Example 3.4]). Moreover, since by Theorem 2.4 the restriction
hx| My, is proper, the Dolbeault spectral base S%.pop 18 a closed subset of S¥.

2.4. Spectral variety and its decomposition. Let p: Tot(Qﬁ() — X be the natural pro-
jection. Given a spectral datum s = (s1,...,s;) € S%, the spectral variety X corresponding
to s is the closed subscheme of Tot(£2}) defined as follows

X ={\N — SIN T (—1)T713r—1)\ +(=1)"s, = 0},

where A € HO(Tot(Q}), p*Q%) is the Liouville form and for any 1 < i < r, the term s; A"~
is regarded as an element of H(Tot(Q2%), Sym"p*QL). In particular, the subscheme Xj is
locally defined by ("jﬁ;l) equations. To understand the spectral variety, we introduce the
notion of multivalued holomorphic 1-forms — see [ , Definition 5.8].
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Definition 2.10. Let X be a projective manifold, and let {U;} be an open covering of
X in the Euclidean topology. A multivalued holomorphic 1-form is a collection of multi-
sets {win, -+ ,wir} where wy € HO(U;, Q4 |v,) and over U; N U;, we have {wi1, -+ ,wir} =
{wj1, -+ ,wjr} counted with multiplicity. We write [(w1,--- ,w,)] to denote a multivalued
holomorphic 1-form.

Let )?S be the reduced scheme underlying Xg; that is, )?s is the same topological space
as Xg, but with the reduced structure sheaf. Then the natural morphism 7 : )A(S — X is
surjective and finite. In particular, there exists a dense Zariski open subset X° of X such
that X’g =1 1(X°) = X, is an unramified finite covering. Moreover, we can also write

m

vo o

Xs - U Xs,k
k=1

for the decomposition of )?;’ into irreducible components. Since )?SO — X° is unramified, the
decomposition above is actually a disjoint union. On the other hand, one can easily see that
each irreducible component )?;’k defines a multivalued holomorphic 1-form [(w¥, ... ,w,’?k)]
over X° whose local representatives have no multiple elements.

Now we can define the multiplicity of X sk I the spectral variety Xs. For any k and
[, we define the multiplicity m(k,[) of the section wl to be its multiplicity as a root of the
equation

N — s A (D) s A 4 (—1)s, = 0.

Lemma 2.11. The multiplicity m(k,1) is independent of l.

Proof. Define a function p : )?;’ — N as follows. Any point w € X 2 is a tangent covector
at = m(w) of the form w = w;(x) for some j, 1 < j < r. Define now p(w) to be the
multiplicity of w; at * € X° From the definition of the multiplicity it follows that pu

is locally constant on )?g, hence it must be constant on each connected component )?;’k,
1<k<m.

We shall denote m(k,l) by m(k) Then we have > ;" m(k)ry, = r. Let X’sk be the
closure of X° ok in X and let 7 : XS & — X be the natural morphism. We define
fj\k = ﬁ—k*ﬁf(s,k'

Since XS k is integral, the structure sheaf O'¢ . is torsion-free. So .%j is also torsion-free
and it carries a natural Higgs field vy, deﬁned as follows:

A N B X
(8) Uk Ty =T0O%, 55 T (ﬁ)?s,k ®7er}(> = 7, @ Q%.

Recall that a coherent sheaf . over a complex manifold is said to be a normal sheaf
if Hartogs’ extension across subvarieties of codimension > 2 holds, and .% is said to be a
reflexive sheaf it F** = . By | , Chapter 2, Lemma 1.1.12], a coherent sheaf on a
complex manifold is reflexive if and only if it is normal and torsion-free.

Proposition 2.12. Let &}, be the reflexive hull of Fy, i.e., E = 5‘**.
(1) The Higgs field 1y, extends to a Higgs field oi on 8.
(2) The sheaf &) carries a natural Ox-algebra structure.
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Proof. There exists a dense Zariski open subset ¢ : U < X such that X\ U is of codimension
> 2 in X and such that % is locally free on U, so that Z|y = 8x|y. Hence, 8|y inherits
from %}, the structure of an Op-algebra. On the other hand, since &} is reflexive, we have

& = 1:(Elv) = w(Filv).

In particular, the restriction

~ & ¢ ‘ > ~
@(dk‘U = gk‘U ﬂ> ﬁk’U (= Q%] = £k|U ®QlU

extends to a morphism @y : 8 = &L ® Qﬁ( and we have an extension of the structure of the
Oy-algebra structure on 8|y to an Ox-algebra structure on &. ]

Remark 2.13. Let )Z'k be the variety defined as Spec, &;. Then we have a natural
finite birational morphism Xsj; — X, which is an isomorphism in codimension one.
Moreover, since &, is locally free in codimension two, the variety X j is Cohen-Macaulay

in codimension two (] , IV, D, Corollaire 2]). In particular, the variety )?5714; is Cohen-
Macaulay if dim(X) = 2.

Since X is smooth and &}, is reflexive, there exists a dense Zariski open subset X°° of X
such that X \ X°° is of codimension > 3 in X and such that the restriction &j|xoo is locally
free ([ , Chapter 2, Lemma 1.1.10]). Denote by ¢3° the restriction ¢y|xeo and let

Tk
(555 52%) = hcen (6 oo 95°1) € D) HO(X, Sym' Q).
i=1
Since codim(X \ X°°) > 3 and Sym‘Q}; is locally free, the sections s5¢ extend to sections
sik € HY(X,Sym’QY). Let
Pk(T) =T — SlkTrkfl 4+ 4+ (_1)rk3rkk

be the corresponding characteristic polynomial. Over the dense Zariski open subset X°,
one can easily derive the following equality of polynomials

(9) P(T) =T —s;T" ' -+ (—1)Fs), = ﬁ Po(T)™®).
k=1

Then it follows that the equality above actually holds over the whole X by comparing the
coefficients. Now let X C Tot(2}) be the subscheme defined by Py(\) = 0. Then clearly

we have Xg, Np~1(X°) = )?;’k and we may also write the equality (9) as an equation on
cycles in the form

(10) Xs) = > m(k) X,

k=1

where for a pure-dimensional complex subspace A of X, [A] denotes the cycle in the Chow
space Chow(X) associated to A.
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Remark 2.14. An analogue of the decomposition (10) was obtained by L. Song and H. Sun
in | , §3] in the case where X is a smooth projective surface and in higher dimension
one can use (10) to reduce Chen—Ngo’s conjecture to the case where the spectral cover Xg
is irreducible and generically reduced, i.e., m = 1 and m(1) = 1.

The Hitchin morphism (5) and the spectral morphism (7) can be directly extended to
Higgs sheaves and one can immediately derive the following result from our argument above.

Proposition 2.15. Let X be a projective manifold. Given a spectral datum s € S, there
exists a reflexive Higgs sheaf (&, ) of rank r over X such that sdx ([(&, ¢)]) = s.

Proof. We conclude by letting (&, ¢) = @, (&, pr) 2™ H). O

Remark 2.16. (1) Since reflexive sheaves are locally free in codimension two (] ,
Chapter 2, Lemma 1.1.10]), one can use Proposition 2.15 to recover the surjectivity of
the spectral morphism sdy proved in | | and | | in the surface case.

(2) Assume that the spectral variety X is irreducible and generically reduced. As 7: Xg —
X is finite, the natural surjection Ox, — & < induces a surjection

F =mO0x, = .04 = F,
S

where m: Xg — X and 7: Xg — X are the natural finite morphisms, respectively.
Moreover, since .# — % is an isomorphism over the generic point of X and .% is
torsion-free, we must have

F 2 F|T(F),

where .7 (%) is the torsion subsheaf of .#. In particular, we have Xg = Specg,, F | T(F).
This construction has already appeared in | , Remark 7.1] and in some special case
the sheaf .# is already locally free, and hence reflexive — see [ , Example 8.1]. In
particular, our construction of X, can be viewed as a generalisation of that given in
[ , Remark 7.1].

(3) Assume that dim(X) = 2, and X is irreducible and generically reduced. Then the
reflexive hull & = .Z** is locally free. So the variety )~(s i= Specg, & is a finite Cohen-
Macaulayfication of Xg (Remark 2.13 and | , IV, D, Corollaire 2]). On the other
hand, T. Chen and B. Ngo has also constructed a Cohen-Macaulayfication XM of X,
in | , Proposition 7.2] via the Hilbert scheme. Now we claim that X, is actually
isomorphic to XM, Indeed, let U be the largest open subset of X such that F | is
locally free. Then X \ U has codimension > 2 in X and we have

Flo=Elv =&y

as Oy-algebras ([ , Proposition 7.2 and Remark 7.1]), where &’ = 7, 0xcom and
7't XM 5 X is the natural finite morphism. Since both & and &” are locally free, we
get an isomorphism of & and &’ as Ox-algebras. Hence, there exists an isomorphism
between XS and XM satisfying the following commutative diagram:

~ ~

Xs X CM

N7

Xs
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3. THE SPECTRAL BASE FOR A QUOTIENT OF A BOUNDED SYMMETRIC DOMAIN WITH
rank > 2.

Let X be a quotient of a bounded symmetric domain by an irreducible torsion free
cocompact lattice. In this section, we will explain the relationship between the spectral
base and Finsler metrics. Moreover, we will use the Finsler metric rigidity theorem of the
last author | ] to prove the vanishing of the spectral base whenever rank(X) > 2.

3.1. Finsler (pseudo-)metric. Let .Z be a holomorphic line bundle over a complex man-
ifold X. We briefly recall the definition of a (singular) Hermitian metric on .Z.

Definition 3.1. A singular (Hermitian) metric h on a line bundle F is a metric which is

given in any trivialization 0 : L|y SUxC by
I€lln = 16(E)|e#") 2 € U, ¢ € 4,

where p € LIIOC(U) is an arbitrary locally integrable function, called the weight of the metric
with respect to the trivialization 6.

The curvature current of £ is given formally by the closed (1, 1)-current g@ Lh =
dd®p on U. The assumption ¢ € LllOC guarantees that © ¢, exists in the sense of distribution
theory. Moreover, for the curvature current for is globally defined over X and independent
of the choice of trivialisations, and its de Rham cohomology class is the image of the first
Chern class ¢1(.%) € H*(X,Z) in H3z(X,R). If we assume in addition that ¢ € C*(U,R),

then h is the usual smooth Hermitian metric on .Z.

Example 3.2. Let D be an effective divisor and let . = Ox(—D) be the ideal sheaf of D.
Let £ — O'x be the natural non-zero map to the trivial line bundle &x over X. Then the
standard Hermitian metric over Ox induces a singular Hermitian metric h over .Z. Indeed,
let g be the generator of &x(—D) on an open subset U of X, then

defines a trivialisation of Ox(—D) over U, thus our singular metric is associated to the
weight ¢ = —log|g|. By the Lelong—Poincaré equation, we find

)
' 0y =ddp =D
o 74 2 []7

where [D] denotes the current of integration over D.

Let & be a holomorphic vector bundle over a complex manifold X. Let P(&) be the
projectivisation in the geometric sense, i.e., P(&) parametrises the one-dimensional linear
subspaces contained in the fibres of &. Let Opg)(—1) C 7*& be the dual tautological
line bundle over P(&), where 7 : P(&) — X is the natural projection. Given a (singular)
Hermitian metric h over Op(g)(—1), we can define a pseudo-metric h over & as in the
following. For any v € &, \ {0}, we define

[olls = l[olla,

where on the right-hand side we regard v as the corresponding point in the fibre of the
natural projection Op(s)(—1) — P(&) over [v]. Such a metric h is called a (complex) Finsler
pseudo-metric and we call it a (complex) Finsler metric if the metric h is a smooth Hermitian
metric.
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3.2. Bounded symmetric domain and Finsler metric rigidity. We collect some basic
definitions and facts about bounded symmetric domains and we refer the interested reader
to [ ] for more details. Let € C™ be a bounded domain in a complex Euclidean
space. We say that  is a bounded symmetric domain if and only if at each z € €, there
exists a biholomorphism o, : Q@ — € such that 02 = id and z is an isolated fixed point of
oz. In this case, the Bergman metric als?2 with Kéhler form w on 2 is Kéhler—Einstein and
(Q,w) is a Hermitian symmetric space of the non-compact type. The rank of 2 is defined
to be the rank of (,ds?) as a Riemannian symmetric manifold. We say that the bounded
symmetric domain €2 is érreducible if and only if (£2,ds3) is an irreducible Riemannian
symmetric manifold. Denote by Aut(€2) the group of biholomorphic self-mappings on €.
Write G for the identity component Aut,(£2) and let K C G be the isotropy subgroup at a
point o € €, so that Q@ = G/K as a homogeneous space.

Now we introduce the minimal characteristic bundle — see | , Chapter 6,§1] and
[ ]. Let Q be an irreducible bounded symmetric domain. Then we can identify  as a
subdomain of its compact dual M by the Borel embedding (] , Chapter 3, §3]). Let

GC be the automorphism group of M and P C G be the isotropy subgroup at o. Then
G® 5 G is a complexification of G. Consider the action of P on P(T,M). There are exactly
r orbits O C P(T,M) = P(T,Q), 1 < k < r, such that the topological closures Oy, form an
ascending chain of subvarieties of P(T,M) with O, = P(T,M). In particular, the variety O;
is the unique closed orbit, which is thus a homogeneous projective submanifold of P(7,M).
Moreover, the submanifold O; C P(7,M) is nothing other than the wvariety of minimal
rational tangents (VMRT) of M at o, i.e., the variety of tangent directions at o of projective
lines on M passing through o with respect to the first canonical projective embedding of M.
In particular, the subvariety Oy C P(T,M) is linearly non-degenerate, i.e., not contained
in a hyperplane. The G-orbit S(2) of a point 0 # [n] € Oy is a holomorphic bundle of
homogeneous projective manifolds over €2, which is called the minimal characteristic bundle
of Q.

Let Q be an arbitrary bounded symmetric domain, and write = Q1 x --- x €, for its
decomposition into the Cartesian product of its irreducible factors. Write TQ) = T1®- - -®T,,
for the corresponding direct sum decomposition of the holomorphic tangent bundle. Let
us denote by S*(Q) C P(TQ) the holomorphic bundle over © obtained from the natural
embedding of S(€2;) C P(TQ;) into the projective subbundle P(7;) C P(T2). Let X = Q/T’
be the quotient space by a torsion-free irreducible cocompact lattice. Then the Bergman
metric ds?2 on () descends to a quotient metric g on X, which is again a Kéhler-Einstein
metric. We have the following Finsler metric rigidity theorem on X proved by the last
author in | ].

Theorem 3.3 (| , Theorem and Remarks]). Let Q = Qp x --- x Q,, be a bounded
symmetric domain of rank > 2 together with its decomposition into irreducible factors. Let
' C Aut(Q2) be a torsion-free irreducible cocompact lattice and set X: = Q/T". Let g be the
canonical Kdhler—Finstein metric on X, and let h be a continuous complex Finsler pseudo-
metric on X such that the curvature current of the associated possibly singular continuous
Hermitian metric on the line bundle Opirx)(—1) is non-positive. Denote by || - |5 (resp.
Il -1|n) lengths of vectors measured with respect to g (resp. h). Then there exist non-negative
constants cy,- -+ , ¢y such that for any v € TX that can be lifted to a vector v' € T; with
[v] € §' (), 1 <i<m, we have ||[v]|n = cil|v]]y-
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3.3. Rigidity and Integrality. We will apply Finsler metric rigidity to study the rigidity
and integrality of irreducible compact quotients of bounded symmetric domain of complex
dimension > 2. We start with the following easy lemma from linear algebra.

Lemma 3.4. Fiz a positive integer n and denote by o1, --- , 0, the elementary symmetric
polynomials in n variables. Let V be a complex vector space of dimension r. Let Ly,--- , Ly
be n (possibly non-distinct) elements in the dual space V* and denote oy (L1, - , Ly) by P,
1 <k <n. Then we have B(Ly,--- ,L,) = B(Py,--- , P;), where

B(Ly, -, Ly) ={v € V|[Lk(v)=0,1 <k <n}
and
B(Py,---,P,) ={veV|P((v)=0,1<k<n}.

Proof. 1t is clear that B(Lq,-- -, Ly) is contained in B(Py,---, P,). So it remains to show
the reverse inclusion.

First we claim that the set of common zeros of ¢;’s consists of only the origin. Indeed,
set o9 = 1. Then we have

n n
[[x-X)=> (-1)e:x"".
i=1 i=0
In particular, if x = (z1,--- ,z,) is a common zero of oy, the equality above implies

n

[[x—2)=x"

=1

Then letting X = x; shows that z}' = 0 and hence z; = 0, 1 <4 < n. In other words, the
point (0,---,0) is the only common zero of oy, - , oy,.

Next we consider the natural linear map ® : V. — C" defined as (Li,---,Ly). In
particular, if we regard o as a homogeneous polynomial of degree k defined over C", then
we get,

B(Py,---,P;) =B(o10®,--- ,0,0P).

We have seen from above B(o1,--- ,0,) = {(0,---,0)}. This yields
B(Py,- -, P,) =ker(®) =B(Ly, -, Ly),
which finishes the proof. O
Now we are in the position to prove Theorem 1.3.

Proof of Theorem 1.3. Assume to the contrary that S% # 0 and let s = (s1,---,s,) € Sk
be a non-zero element. Let hg, 1 < k < r, be the induced possibly singular Hermitian
metric defined by s; on the dual tautological line bundle Oprx)(—1) over P(T'X). More
precisely, for any v € Op(rx)(—1), we define the length of v with respect to h as following:

1
[0lln, = s (v")]%,

where we regard s, € H(X,Sym*Q}) as an element of H°(P(TX), Op(rx)(k)) with the
canonical isomorphism

HO(X, Sym*QY) = HY(P(TX), Op(rx)(k))
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and v* is viewed as a point contained in Op(rx)(—k). Then hy = 0 if and only if s, = 0,
and if s # 0, then the curvature current of hj is non-positive as shown in Example 3.2.
Let g be the canonical Kahler—Einstein metric on X and denote by ¢’ the induced
Hermitian metric on Op(7x)(—1). Then for any 1 < k < m such that hy # 0, by Theorem
3.3, there exist non-negative constants cig, - - - , i such that for any v € T X that can be
lifted to a vector v' € T; such that [v/] € SY(Q) C P(T;) C P(TQ), 1 < i < m, we have

[Vl hy o] = Cirllvllgr -
The the result will follows directly from the following claim.

Claim 3.5. There exist positive integers 1 <1 < m and 1 < k < r such that c¢; > 0.

Proof of Claim 3.5. We assume to the contrary that ¢;z; = 0 for any ¢ and k. Fix a point
x € X. By the definition of Sx, there exist r (maybe non-distinct) elements wy, -+, w,
contained in Q% , = T*X such that we have

Sk(:ﬂ) = (_1)kak(w1’ T 7w7")7

where o}, is the k-th elementary symmetric polynomial in n variables. If ¢;; = 0, then for
any element v € T, X that can be lifted to a vector v’ € T; such that [v'] € S'(2), we always
have si(v) = 0. In particular, for given i, as ¢;; = 0 for any 1 < k < r, by Lemma 3.4, it
follows that for any v € T, X that can be lifted to a vector v’ € T; such that [v'] € S(Qy),
we have

w1 (v) =+ =w,(v) =0.

As a consequence, since the wy’s are linear functionals over T, X, it follows that w;’s vanish
along the linear subspace of T, X spanned by the vectors v € T, X that can be lifted to
vectors v € T; such that [v/] € S¥(£2). On the other hand, since S*(2) C P(T;) is pointwise
linearly non-degenerate, it follows that the wy’s vanish along the subspace of T, X generated
by vectors v which can be lifted to v" € T;. Thus the wy’s vanish identically over T, X as ¢
is arbitrary. Then si(z) = 0 for all 1 < k < n and hence s = 0 for any 1 < k < r, which is
absurd. O

Now choose i and k such that ¢;; # 0. Then for any v € T, X that can be lifted to
v' € T; such that [v'] € §Y(Q), we have ||[v]|n, = cil|v]ly- In particular, if v # 0, then we
have si(v) # 0 and hence the curvature current of hy at v vanishes (see Example 3.2), which
contradicts with Theorem 3.3. The proof of Theorem 1.3 is complete. O

Remark 3.6. As mentioned in §1, Theorem 1.3 does not hold for the rank-one case, i.e.,
compact quotient of complex balls. However, for the Kottwitz lattice I' € SU(n, 1), B. Klin-
gler proved in [ , Theorem 1.11] that A% = 0 for r < n —1 if n+ 1 is prime. So it
should be interesting to ask whether the spectral base S is trivial for any r in this case.

4. RIGIDITY AND INTEGRALITY FROM SPECTRAL BASE PERSPECTIVE

The vanishing of the Hitchin base plays a significant role in understanding the rigidity
and integrality of representations, as indicated in | , , |. For further insights,
see also | , ] for generalizations to the quasi-projective situation.

Moreover, it is interesting to explore the relationship between symmetric differentials and
the fundamental groups, as discussed in | ]. As a consequence of the construction by
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Chen—Ngo, we observe that the Hitchin morphism factors through the spectral base, which
allows us to strengthen many statements concerning the vanishing of the Hitchin base to
apply to the vanishing of the spectral base as well.

4.1. Rigidity of the character variety. In this subsection, we will discuss the relation-
ship between the rigidity of the character variety and the spectral base, as outlined in

[ J
Theorem 4.1 ([ ). If the Hitchin base A% =0, then REL(©) s rigid.

This method has been successfully used by B. Klingler | , Theorem 1.11] to study
the rigidity problem of the Kottwitz lattice I' C SU(n, 1) as mentioned in the introduction.
However, on the one hand it is in general not an easy task to check the vanishing of A’ in
Theorem 4.1 on the other hand there are many examples of varieties with rigid character
variety but having non-vanishing A’ — see Examples 4.11 and 4.12 and | |. Arapura’s
theorem above can be strengthened using the spectral base as follows.

Theorem 4.2. The character variety R (©) is rigid if and only if S% por = 0. In partic-
ular, if 8% =0, then RELr(©) s rigid.

Proof. Note that WG (©) is an affine variety. So MG (©) is rigid if and only if it is compact.
If Sx,;pol = 0, then M}, ; C sd)_(l(O) is compact by Theorem 2.4 and so is RELr(©) by
Theorem 2.3. Hence MG (©) s rigid.

Conversely, suppose that the character variety S8 (©) is rigid. Then REL(©) only
consists of a finite number of points. We assume to the contrary that there exists a Higgs
bundle (&,¢) € M, such that sdx((&,¢)) # 0. Note that for any ¢t € C*, the Higgs
bundle (&,tp) is again polystable and sdx((&,¢)) # sdx((&,tp)) for t # 1. Thus we
obtain a non-trivial deformation family of Higgs bundles and then there exists a non-trivial
deformation in RS (©) by the non-abelian Hodge correspondence (cf. Theorem 2.3), which
contradicts the assumption that | (©) is rigid. O

4.2. Harmonic Maps into Bruhat-Tits Buildings. In this subsection, we will briefly
review the construction from harmonic maps into Bruhat-Tits buildings by Gromov—Schoen
[ |, as well as the construction of the spectral variety by means of harmonic maps. For
more details, we refer to | , Appendix A], | , , ].

Let F' be a non-Archimedean local field. For the group GL,(F'), one can construct a
Bruhat—Tits building, denoted as V. The Bruhat-Tits building is a contractible locally
finite simplicial complex. Moreover, the group GL,(F') acts continuously on V by simplicial
automorphisms, and the action is proper. The apartments of V are isomorphic to the Cartan
subalgebra b.

The Bruhat—Tits building is a metric space of non-positive curvature, and the theory of
harmonic maps into metric spaces has been developed in | , |. Let F' be a non-
Archimedean local field. A representation p : m1(X) — GL,(F) is defined to be reductive if
the Zariski closure of p(m1(X)) is a reductive subgroup of GL,(F').

Let X be the universal cover of X. Given a reductive representation p : m1(X) —
GL,(F), by Gromov-Schoen | |, there exists a Lipschitz harmonic p-equivariant map
f: X 5V, A point T € X is called reqular if there exists an apartment of V containing
the image by f of a neighborhood of #, and other points in X are called singular. For the
covering map X — X, we denote by X™8 C X the image of the regular points and X5"8
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as the complement of X in X. By | , Theorem 6.4], the subspace X*"& has real
Hausdorff codimension at least 2.

Let T be the maximal F-split torus of GL,(F') and let {h1,--- , h,} be the root system
of T'in GL,(F). For each apartment A C V, we can take the derivative of h;, obtaining
r real 1-forms {dhq,--- ,dh,} on the apartment V. Additionally, if U C X is an open
set with f(U) C A consisting of only regular points, we define w; = f*(dh;)'? € QL.
The harmonicity of f implies that w; is holomorphic. Moreover, let A; and As be two
apartments. Then, over the intersection, the sets

{dhs,--- dhYa, and {dhi,-- dh}]a,

match up to permutation by the Weyl group action. Therefore, over the regular locus X8,
we obtain a multivalued holomorphic 1-form.
In analogy to the definition of the Hitchin morphism, we can define a map

ap: @(Sih*)w — @HO(Xreg,SymiQ%eg),
(11> i=1 i=1
(hlu'”)hr)’_)(o-l)"'ao-?“)v

where o;’s are the symmetric polynomials taking values as (hy,---,h,). Based on the
definition of the spectral base Sxres, the image of «, lies in the spectral base.

Moreover, since the singular set X®"8 has Hausdorff codimension at least two and f is
a Lipschitz map, the sections o; uniquely extends to X, and the extension of (o1, ,0;)
also lies in the spectral base Sx by Lemma 2.6. Using the same notation, we write the
extension map as

a, : P — A% = @ HOX, Sym' Q).
i=1 i=1
Let RO (F) .= {p|p : m(X) — GL.(F)}/ ~ be the character variety. The above

construction allows us to define the Hitchin morphism sdx.r for non-Archimedean repre-
sentations, which is defined as

(12) sdx;F : R Sx, sdx;p(p) = ap.

Recall that p : m1(X) — GL,(F) is said to have a bounded image if p(m1(X)) is contained
in a compact subgroup of GL,(F'), where the topology of GL,(F) is defined by the topology
of the local field F'.

Definition 4.3. Let F' be a non-Archimedean local field. The non-Archimedean Dolbeault
spectral base S)I\(If%fl 1s defined to be S)I\(I%fl = st;F(SRGLT(F)) C Sx.

For any reductive representation p € R (F) | we write fo: X — V for the corresponding

harmonic map to the Bruhat-Tits building defined by GL,(F'). We now state the following
theorem, which is an analogue of Theorem 4.2.

Theorem 4.4. For a non-Archimedean local field F' the non-Archimedean Dolbeault spectral
base with respect to F' vanishes, S)l\(%){l = 0, if and only if every harmonic map f, defined
by p € RO () s 4 constant map. In particular, if Sx = 0, then every p € R () has g
bounded image.
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Proof. If Sx,po1 = 0, then for «, in (12), we have a, = 0, which implies that the harmonic
map is a constant map. On the other side, if for every p, f, is a constant map, then based
on the definition, o, = 0.

If Sx = 0, then f, is a constant. As p(m(X)) fixes the point f(X), and GL,(F) acts
properly on V, p(71(X)) is bounded in GL,.(F). O

It would be very interesting to know the relationship between the Dolbeault spectral base
Sx:pol and the non-Archimedean Dolbeault spectral base. Given an embedding o : F' — C,
then o induces a map o : Rgrr(p) — RGL(C) | It will be very interesting to understand the
following question:

Question 4.5. Let F' be a non-Archimedean local field F' of characteristic zero and fix an
embedding o : F — C. For a representation p € REY(F) | do we have the following equality

sdx.r(p) = de(f_1 ocoop)?

Here the map €1 is the non-abelian Hodge correspondence map in (3) that maps the re-
ductive representation o o p to a polystable Higgs bundle.

4.3. Applications. In this subsection, we will summarize previous results in [ , ,
| and rephrase them using the spectral base instead of the Hitchin base. The first one
is a combination of Proposition 2.8 with | , Proposition 2.4] and | , Theorem 1.6].

Theorem 4.6. Let X be a projective manifold such that S% = 0 for some r > 1. Then the

following statements hold.

(1) The character variety R (©) is rigid.

(2) Let F be any non-Archimedean field. Then any reductive representation p : w1 (X) —
GL,(F) has bounded image.

Proof. (1) follows directly from Theorem 4.2 and (2) follows from Theorem 4.4. O

The second application is related to Simpson’s integrality conjecture.

Proposition 4.7 (] , Theorem 5] and | , Corollary 1.8]). Let X be a projective
manifold such that S% = 0 for some r > 1. Then any reductive representation p : w1 (X) —
GL,(C) is integral and it is a complex direct factor of a Z-VHS.

Proof. By Theorem 4.6, the character variety RGLr(©) is rigid and hence is zero-dimensional.
In particular, as RGLr(©) is defined over Q, there exists a number field K such that the point
[p] € MRGL(©) is defined over K. Then after replacing p by some conjugation, we can assume
that p takes values in GL,(K). Let v be an arbitrary finite place of K. Then the induced
representation p, : m1(X) — GL,.(K,), which is obtained from p through the embedding
K — K,, is still reductive. So Theorem 4.6 implies that p, has bounded image in GL, (K,).
As v is arbitrary, the image p(71(X)) lies in GL, (O ).

Finally, since p(m1(X)) is contained in GL,(Ofk), the traces Tr(p(7y)) are algebraic in-

tegers for any v € m1(X). So it follows from | , Theorem 5] and the discussion in the
paragraph before [ , Corollary 4.9] that p is a complex direct fact of a Z-VHS. O
Remark 4.8. We have learned from a talk by H. Esnault that the argument of [ | can

be applied to show that if dim(9R%%(©)) = 0, then any representation p : m(X) — GL,(C)
is integral.

Proof of Theorem 1.2. 1t follows from Theorem 4.6 and Proposition 4.7. O
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H. Esnault asked whether a projective manifold with infinite fundamental group must
have a non-zero symmetric differential. This question was answered by Y. Brunebarbe,

B. Klingler and B. Totaro in [ | for its linear version. As the last application, we
obtain the following variation of | | following the same argument there.
Theorem 4.9 (Variation of | , Theorem 6.1]). Let X be a projective manifold and let

K be a field of characteristic zero. If there is a linear representation p : w1 (X) — GL,(K)

such that the image is infinite, then one of the following statements hold.

(1) 8% #0 for some k > 1.

(2) The semi-simplification p® of p is a complex direct factor of a Z-VHS with infinite
discrete monodromy group.

Proof. Let p° : m(X) — GL,(K) be the semi-simplification of p. Assume that the repre-
sentation p® has finite image. Then there exists a finite étale covering 7 : X’ — X such that
HO(X', Q%) # 0 by the same argument of the proof of | , Theorem 6.1]. Choose a
non-zero holomorphic 1-form a € H°(X’,Q%,). Then we can define a Higgs bundle on X
as following:

0: & =m0x =% 1 (Ox @ V) > m0x @V = &0k,

where the last isomorphism follows from the projection formula and the fact W*Q}( =~ Q}(,
as m is étale. One can easily see that the Higgs field ¢ is non-zero and so s := sdx ([&, ¢])
is a non-zero element in S%, where k = deg(r).

Now we assume that S;“( = 0 for any k > 1 and the representation p° has infinite
image. Then, by Theorem 4.2, the representation p® is rigid and then we can conclude by
Proposition 4.7 that (2) in the statement of Theorem 4.9 holds. O

Remark 4.10. (1) By the Grothendieck-Riemann—Roch theorem, since 7 : X’ — X is a
finite étale morphism, the Higgs bundle & = 7,Ox is actually topologically trivial. So
the non-zero spectral datum s is contained in SS(;DOI,

(2) We briefly recall the argument of | | to show the existence of non-zero symmetric
forms in the second case of Theorem 4.9. After replacing X by a finite étale covering
X', we may assume that the monodromy group I' is torsion-free. Let Y be a resolution
of the image of the period map ® : X’ — D/T". Then Y is positive-dimensional as T
is infinite. Let Z — X be a resolution of the rational map X’ --+ Y. Note that the
cotangent bundle 3, is big by | , Corollary 3.2]. This implies that in particular
Y has non-zero symmetric forms and then it also induces non-zero symmetric forms
on Z, which naturally descends to X’. As 7w : X’ — X is étale, we have the following
commutative diagram

P(Tx/) —— P(m*Tx) —— P(Tx)

| | J

X' — » X' = X.

Recall that 7*Op(7,)(1) = Op(1y1) (1) and the Iitaka dimension is preserved under finite
morphisms. Hence, using the following two natural identifications for any k > 0

HO(P(Tx/), Op(r,,(k)) = H(X',Sym™QY,)
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and
HO(P(Tx), Opry) (k) = HO(X, Sym*Q),

one can derive that the existence of non-zero symmetric forms on X’ also yields the
existence of non-zero symmetric forms on X.

(3) One cannot expect to derive that S& # 0 for some k& > 1 in the second case of Theorem
4.9 — see Theorem 1.3 and Example 4.12.

Proof of Corollary 1.4. This follows directly from Theorem 1.3 and Theorem 4.6. U
Proof of Corollary 1.5. This follows directly from the vanishing of the spectral base. O

4.4. Examples. In this subsection, we summarise the relations between the various van-
ishing of symmetric differentials and the rigidity /integrality /finiteness of representations in
the following diagram.

/7 /
Thm. 4.2 [ ]
= &
dim(RE(©)) = ) =——= Rig"(X)
\ u [ ]
[ ] Conj.
Thm. 1.2 \ i}
¥ Il’ltr(X)
Fin(X) zzz===7:2===> FinLin(X)
\::::::::::‘\ ‘\
~= Conj. e [ ]
‘\::::::::§
Sx =0 — Ax =0

Here Rig"(X) means that every representation p : m(X) — GL,(C) is rigid and Int" (X))
means that every representation p : m(X) — GL,(C) is integral. The notation Fin(X)
means that the fundamental group 71 (X) is finite and FinLin(X) says that all the linear
representations of 1 (X) have finite image. Moreover, the condition Sx = 0 (resp. Ax = 0)
just means that S% = 0 (resp. A’ =0) for all r > 1.

Example 4.11 ([ , p- 1092, Example]). There exists a simply connected smooth
projective threefold X such that 8% # 0. In particular, the natural inclusion S%.DO] C S%
is strict in this case.

Example 4.12. Let X = Q/I" be a quotient of bounded symmetric domain of rank > 2 by
an irreducible torsion-free cocompact lattice as in Theorem 1.3. Then we have S% = 0 by
Theorem 1.3 and dim(A% ) > 0 for r sufficiently large. In particular, the natural inclusion
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S C A’ is strict for r > 0. Moreover, as I' is infinite, it follows that Sx = 0 does not
imply FinLin(X); that is, the conclusion of Theorem 4.9 cannot be improved to Sx # 0.
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