ADAPTIVE NONOVERLAPPING PRECONDITIONERS FOR THE
HELMHOLTZ EQUATION*
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Abstract. The Helmholtz equation poses significant computational challenges due to its os-
cillatory solutions, particularly for large wavenumbers. Inspired by the Schur complement system
for elliptic problems, this paper presents a novel substructuring approach to mitigate the potential
ill-posedness of local Dirichlet problems for the Helmholtz equation. We propose two types of pre-
conditioners within the framework of nonoverlapping spectral additive Schwarz (NOSAS) methods.
The first type of preconditioner focuses on the real part of the Helmholtz problem, while the second
type addresses both the real and imaginary components, providing a comprehensive strategy to en-
hance scalability and reduce computational cost. Our approach is purely algebraic, which allows for
adaptability to various discretizations and heterogeneous Helmholtz coefficients while maintaining
theoretical convergence for thresholds close to zero. Numerical experiments confirm the effectiveness
of the proposed preconditioners, demonstrating robust convergence rates and scalability, even for
large wavenumbers.

Key words. Helmholtz equation, large wavenumber, domain decomposition methods, Schur
complement, adaptive coarse spaces, preconditioners.

AMS subject classifications. 35J05, 65F08, 65F10, 65N55.

1. Introduction. The time-dependent wave equation is a fundamental partial
differential equation that arises in numerous scientific and engineering applications,
including acoustics, electromagnetics, and seismic imaging. This paper focuses on
preconditioning the Helmholtz equation, which corresponds to the time-harmonic case
of the wave equation. Let Q C R?3 be a bounded convex polygonal or polyhedral
domain. We study the Helmholtz equation subject to impedance boundary conditions,
formulated as:

—Au—kKu=f in Q

1.1
@—Fiku:g on 012, (L)
on

where, without loss of generality, we assume the wavenumber k > ky > 0. The
variational formulation of the Helmholtz equation is defined as follows: Given f €
(H*(Q)) and g € H-Y*(T"), find u € H'(Q) such that

b(u,v) =I(v) for all v € H'(Q), (1.2)

*Submitted to the editors May 1, 2025.

Funding: YY was supported by the National Natural Science Foundation of China (Project
12301497). ZZ was partially supported by the National Natural Science Foundation of China (Project
12171406), the Hong Kong RGC grant (Project 17307921), and the Seed Funding Programme for
Basic Research (HKU).

fSchool ~of Mathematics and Information Science, Guangxi  University, P.R.
China(yiyu@gxu.edu.cn).

*Mathematical Sciences, Worcester Polytechnic Institute, MA, USA (msarkis@wpi.edu).

$Department of Mathematics, The University of Hong Kong, Hong Kong, P.R. China(lo-
tusli@maths.hku.hk).

YDepartment of Mathematics, The University of Hong Kong, Hong Kong, P.R. China
(zhangzw@hku.hk).


mailto:yiyu@gxu.edu.cn
mailto:msarkis@wpi.edu
mailto:lotusli@maths.hku.hk
mailto:zhangzw@hku.hk

2 YI YU, MARCUS SARKIS, GUANGLIAN LI, ZHIWEN ZHANG

where

b(u,v) ::/VUoV@dxka/uﬁdx+ik/ uv ds
Q Q o0

I(v) ::/Qfﬁdx—k/mgﬁds.

The existence and uniqueness of the weak solution of (1.2) can be found in [19].

Numerical schemes to solve the Helmholtz equation present significant challenges,
especially when the wavenumber k is large. Two main difficulties arise in the numeri-
cal solution of the Helmholtz equation. First, the solution u exhibits highly oscillatory
behavior, which requires fine meshes to accurately capture the oscillations. The num-
ber of degrees of freedom (DOFs) N needed to resolve the solution typically scales as
N = k%, where d is the spatial dimension. Furthermore, due to the ”pollution effect”
in the standard H'-conforming variational formulation, achieving a numerical error
that is comparable to the best approximation error requires even more stringent mesh-
ing conditions [1]. For example, when using piecewise linear finite element spaces, it is
necessary that k2h be sufficiently small to maintain quasi-optimality, where h denotes
the mesh size. This requirement results in the generation of large linear systems that
are computationally expensive to solve. Second, the resulting discrete systems are
often strongly indefinite, leading to convergence issues for standard iterative solvers.
Indefiniteness arises because the Helmholtz operator is not positive-definite, compli-
cating the development of efficient solvers. Therefore, effective preconditioners are
crucial to efficiently solving these large linear systems.

Over the years, several preconditioners have been proposed to address these chal-
lenges, each with its own set of advantages and limitations. The shifted Laplacian
preconditioner [8, 14] is among the most commonly employed techniques. It involves
solving a modified Helmholtz equation with a complex shift to enhance convergence
properties. However, while this approach can accelerate convergence for small k, it
still suffers from convergence difficulties for large wavenumbers. Sweeping precondi-
tioners, as introduced in [7, 6], can achieve convergence in a few iterations, but their
lack of parallelizability makes them less suitable for high-performance computing en-
vironments.

Domain Decomposition Methods (DDMs) divide a computational domain into
smaller subdomains, allowing the problem to be solved in a parallelized manner.
Traditional DDMs have demonstrated excellent performance and strong theoretical
guarantees for elliptic preconditioners. However, they face significant challenges when
applied to the Helmholtz equation. One of the main issues is that the local Dirichlet
boundary problems can be ill-posed. Introducing a local impedance boundary con-
dition, as suggested by [13], can help alleviate this issue to some extent. However,
achieving good convergence rates requires careful selection of the transmission con-
ditions at the subdomain interfaces [10, 9]; see also [12, 11] for the analysis of such
preconditioners.

For overlapping domain decomposition methods, effective preconditioning gen-
erally requires a substantial overlap between subdomains. However, increasing the
overlap also leads to greater computational costs and memory requirements, which
can hinder scalability and efficiency, particularly in parallel computing environments.
On the other hand, nonoverlapping methods have also been explored for the Helmholtz
problem. These methods simplify the problem by eliminating overlap, which reduces
communication costs between processors in parallel implementations. However, con-
structing an effective coarse space for nonoverlapping methods remains a considerable



NOSAS FOR THE HELMHOLTZ 3

challenge. An effective coarse space must accurately capture the global behavior of the
solution, which is difficult in Helmholtz problems because of their highly oscillatory
nature and the indefiniteness of the operator.

Motivated by the success of using generalized eigenvalue problems to precondition
elliptic equations with heterogeneous coefficients, we propose a novel substructuring
approach and introduce two types of DDMs to address these challenges. A signifi-
cant issue with traditional methods is the potential ill-posedness of the local Dirichlet
boundary problem. To address this, we introduce a new iterative substructuring
method, which is similar in concept to the Schur complement system used for elliptic
problems. This new structure ensures the well-posedness of the local Dirichlet prob-
lems by incorporating the small-magnitude eigenvalues from each subdomain into the
coarse problem. We note that because the partition of unity and overlapping are not
used, our final results depend only on a few parameters, and there is no issue with
respect to the redundancy of the coarse basis functions. We note that the use of
generalized eigenvalue problems for the overlapping case was considered in [2].

Another key challenge lies in constructing an effective coarse space for non-
overlapping methods. To overcome this, we leverage the new substructuring approach
along with the framework of Nonoverlapping Spectral Additive Schwarz (NOSAS)
preconditioners [21, 22] and propose two types of DDMs that tackle this issue. The
proposed preconditioners aim to improve convergence by focusing on extracting eigen-
values that are either too small or too large. Initially, we consider only the real part of
the Helmholtz problem, introducing two preconditioners: P; ' and P, '. While P,
provides a better convergence rate estimate, P, 1is computationally less expensive,
has better scalability, and achieves a comparable (albeit slightly worse) convergence
rate. We then extend this approach to handle both the real and imaginary components
of the Helmholtz system, resulting in two additional preconditioners: P?f1 and P[l.
Similarly, P4_1 is more cost-effective, provides better scalability, and offers convergence
rates similar to those of P; ! Importantly, all the generalized eigenvalue problems
we consider involve real matrices with symmetric positive-definite right-hand sides,
which allows us to compute the eigenvalues and eigenvectors using Cholesky decom-
position rather than the generalized Schur factorization (QZ algorithm). Moreover,
our construction is purely algebraic in nature, facilitating straightforward extension
to other discretizations and the case of heterogeneous Helmholtz coefficients. This ap-
proach can be similarly applied to more general geometries and unstructured domain
partitions. While the specific eigenvalue problems we solve do depend on the mesh
and subdomain geometry, this dependence does not fundamentally alter the algebraic
character of our method. Furthermore, the convergence theorems remain valid when
the thresholds are close to zero.

The remainder of this paper is organized as follows. In Section 2, we introduce
preliminary concepts related to discretization and domain decomposition notation.
Section 3 presents a novel iterative substructuring scheme. In Section 4, we introduce
the first type of preconditioner, which focuses on the real part of the Helmholtz
operator, demonstrating well-posedness and convergence when the threshold is chosen
close to one. In Section 5, we present the second type of preconditioner, designed to
handle both real and imaginary components of the linear system, offering improved
scalability when the imaginary part is globally assembled. Finally, Section 6 presents
numerical experiments to validate the performance of the proposed preconditioners.

2. Discretization and Domain Decomposition Notation. To discretize the
problem in (1.1), we first introduce a domain decomposition of Q. Let {€;}2; be non-
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overlapping polygonal subdomains of size O(H) that satisfy the following conditions:

N
ﬁzuﬁz and QZﬂQ]:Q), Z?éj
i=1

Each subdomain is further partitioned into a union of shape-regular elements with
mesh size h. This fine-scale partition of € is denoted by T,. We also define the
interface and interior of each subdomain as I'; and I;, respectively. The global interface
T" and the global interior I are correspondingly defined as:

The finite element space over Ty, is denoted by V,(€), and for convenience, we
use the simplified notation V;. Additionally, the local finite element space is defined
as Vh(QZ) = {Uh|§i S Vh}

The H!'-conforming Galerkin approximation to the problem (1.2) seeks uj € Vj,
such that:

b(uh,vh) = l(’l}h) for all vy, € Vj, (2.1)

and the corresponding linear system can be written as:
Buh = l, (22)

where we use the same notation uy, for both the finite element solution and its column
vector of nodal values. Here, B is the matrix representation of b(+,-) in Vj, x V},, and
also denote [ as the column vector representation of [(-) in Vj,.

Next, we consider the local assembly of the matrix B. We define the local
sesquilinear form () (-, ) : V3,(Q;) x V4, (Q;) — C as:

b (u® ) = / (Vu' - Vo — k2D p®)de + zk/ uDp()ds,
Q 0%, M09

And the matrix form of () (-, ) in V3,(;) is given by:

B9 BY

BY = i i
By 5]

: (2.3)

where the superscript denotes the subdomain number, and the subscripts denote the
vectors associated with the nodal points in I'; and I;, respectively.
We note that (2.2) can be expressed as:

N
Brr Brr

B = frnd

n {BIF BII} h ;

RL B{{Rr,r RE B R {Ur} _ [ZF}
R};IBYF)RE‘F RITiIBYI)RL:I ur ]’
where the extension operator R . : Vi(T';) = Vi4(T) is a zero extension from I'; to
T, with V4(T) := {vr;;Yo € Va(Q)} and V4(T) := {vr; Vv € Vi(Q)}. Similarly,
the extension operator R} ; : Vi(I;) = Vi(I) is a zero extension from I; to I, with
Vi(li) == {v)1,; Vv € Vi(Q)} and Vi (I) == {v;;Yv € Vi ()}, The restriction oper-
ators Rp,r : Vi(I') — V,(I;) and Ry, @ Vi(I) — Vi(I;) are the transposes of the
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corresponding extension operators, which restrict a nodal vector in a larger space to a
nodal vector in a smaller space. An important property is that Ry, IRIqu ; is an identity
matrix of size n; X n; if ¢ = j, and a zero matrix of size n; x n; if ¢ # j. Throughout,
we use the superscript T' to denote the transpose and the superscript * to denote the
conjugate transpose.

We first introduce some standard notation for function spaces and their norms.
For any E C Q, let L?(E) denote the standard Lebesgue space with the corresponding
norm ||- || 2(gy, and let H'(E) denote the Sobolev space with the semi-norm |- | g1 (g).
We also define the following Helmholtz energy norm:

onll3, = |Uh|§11(9) + k2||vh”2Lz(Q)'

When ; is a subdomain of €, we denote the corresponding norm on ; by || - ||#.q;-
We consider the matrix representations of the norms ||-||7,0, and |-|1 o, as follows:

) (4) (4) . (@) (2)
wo— [ ] o= 4], 24
Hyp Hyy A A
and the matrix representation of || - || is given by:
Her H > [RL HORr» RLLHOR
H = [ rr Fl] — Z r,rHrr e [N WA LR I
Hir Hpp i=1 R%;IHJE?RFJ‘ REIH%)RI'J

Next, we recall the well-posedness of the discrete problem. Let V} be the finite
element space on 7,. We assume the following:

AssuMPTION 2.1 (Discrete Inf-Sup Condition). Assume that 2 is a convez poly-
gon/polyhedron domain, for the finite element spaces T, there exists a constanty > 0,
such that the following discrete inf-sup condition holds:

b
inf sup M >y > 0.
weVi\{0} yev, \foy |[ull2l|v]]x

Remark 2.2. For linear finite element spaces, if hk? is sufficiently small, [16,

Proposition 8.2.7] shows that v = O (#), and the finite element solution wj, satis-

T+k
fies:

— < inf - < hk ,

lu—unlln S ot |l = vl < RE(f]|220) + [l9ll2200))
where u is the exact solution of (1.1). The above mesh condition, along with these
results, is typically referred to as hk?-quasi-optimal. The p-finite element method and
the hp-finite element methods were analyzed by Melenk and Sauter in [15] and [17].

For the p-finite element method, the best-known result is hkaH—quasi—optimal. The
hp-finite element method achieves quasi-optimality if kh/p is sufficiently small and
p 2 1+1og(k) (ie., p grows logarithmically with k, with a fixed number of points per
wavelength dependent on p). Such methods can be highly effective because the error
converges exponentially with respect to the number of DOF's.

However, the above mesh condition can be too restrictive for practical computa-
tions. If we only require the well-posedness of a finite element solution, a less restric-

tive mesh condition can be used. For example, for FEM and CIP-FEM, if hE5 s
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sufficiently small, the well-posedness of the discrete solution and the preasymptotic er-
ror estimate are guaranteed (see [20] and [5]). Finally, depending on the type of finite
element error (accuracy, data accuracy, quasi-optimality), different mesh conditions
may be chosen. For a complete explanation, see [18]. In this paper, our preconditioner
relies solely on the discrete inf-sup condition.

Next, we introduce iterative substructuring methods by splitting the problem into
N local problems and a global interface problem. The classical approach to achieve
this involves solving NN local homogeneous Dirichlet problems and one global inhomo-
geneous Neumann problem in I'. The Neumann problem is obtained by eliminating
interior unknowns at the I; nodes and introducing the Schur complement matrix
B - BU (BB

There are several issues with this approach when applied to the Helmholtz equa-
tion. The matrix Byl) may be singular and/or indefinite. To address this, in Section 3,
we exclude a few DOFs in each subdomain. Another issue is that the Schur comple-
ment matrix can be singular and/or indefinite for floating subdomains. This problem
is addressed in Section 4.

3. A New Iterative Substructuring Method. In this section, we introduce
a novel substructuring approach that incorporates a global interface problem along-
side N local problems. The key idea is to extract small-magnitude eigenvalues from
each subdomain €2; and incorporate them into the global problem to ensure the well-
posedness of local problems. To achieve this, we consider the following generalized
eigenvalue problem in each subdomain, seeking eigenpairs (,ug»z), qi)y)) € R x V() for
7 =1,...,n;, which satisfy:

B ol = u{ 1)l (3.1)

where the eigenvectors (bgi) are orthonormal with respect to H}?, ie., (qﬁgi))T H}i)gsl(f) =

Ojk B}? € R™i*"i jg gymmetric, and HI(ZI) € R™*"i jg gymmetric and positive-definite,
as defined in (2.3) and (2.4), respectively. Here, n; represents the DOFs in the in-

2

terior of the subdomain 2;. Consequently, the eigenvalues {ugi) e

increasingly ordered, and less than or equal to 1.

are real, non-

The rationale for choosing HI(ZI) as the right-hand side matrix is its symmetric
positive-definite nature, as well as the fact that the corresponding norm || - |3.0,
is used in the analysis. We select a small threshold value 5 > 0 and identify the
eigenvalues whose magnitudes are smaller than 3, that is, |,u§z)| < |uéi)| < e <
|,u,(€? < . We then construct Qg) = | gl),...,(b,(;)] € R™*k as the eigenspace
corresponding to these small eigenvalues, the remaining eigenfunctions being denoted
by Q(Lz) = [¢§€t)+17..., ,(fl)] € R™x(mi—ki)  Here, the notation S and L represent
”small” and ”large” modes, respectively.

Accordingly, any u(?) € V},(€;) can be represented as:

ur,
. Ir. 0 0
U(L) - |:uF1:| - |: 0 :| OC’ES)

(%) (4)
ur, 0 ;
I; S QL OéL)
Here, oz(si) = [agi),...,a,(c?}T € CF and oz(Li) = [a,(jb_)ﬂ,...,aﬁff]T € C™~ % In this

context, ag) and a%) represent the coeflicients of w;, with respect to the orthogonal

bases Qg) and Q(Li), respectively.
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Using the above notations, we can rewrite the linear system (2.2) as follows:

N N
Brrur + Y REpBUQ ol + 3" R BIQY ol =i, (3:2a)
i=1 i=1
N .
Brrur + Z REIB”Q%)O‘(LU + Z R, B?}Qg)ag) (3.2b)
i=1 i=1

Next, we aim to reformulate the above system into one global interface problem
and N local problems. For the local problems, we consider:

. T . . —1 AT
P @Y B QY Rialy.
In practice, the dimension k; of Qg) is usually small, often zero, while n; — k;
is large. Therefore, it is computationally efficient to avoid directly calculating Q%). In-

stead of directly computing (Q(Li)TByI) Q(Li)) 71, let us denote B(Li) = Q(Li) ( (Li)TBgil)Q(Li)) 71Q(Li)T.
To obtain u;, we consider the following saddle point problem:

B;g) - AgiI)Qg) [ (1} |:RI 111} .
Qw Al o W 0

where )\ € C" is a Lagrange multiplier. The well-posedness of this saddle point
problem can be established by proving the uniqueness of the solution, utilizing the or-

thogonality of Q(Li) and Qg) with respect to the H}?—norm. Numerically, this problem
can be solved using an LDLT factorization.

Next, we derive the global interface problem. Multiply Q(Li)T by (3.2b) to obtain

an explicit expression of a () in terms of u; and ug ), for 1 < i < N, and substitute in

(3.2a). Also multiplying QS RI ;7 in (3.2b) again to eliminate each a(L), the interface

problem can be expressed as follows:

ZR B R, qu+ZR BOQWW ZF—ZRT BYu;,

i=1

"BUR O BOODD — 0D R 1y for1<i< N
QS o, rur +Q5’ HQS Qg QS 1,11, or 117

where we use the fact that QL) Byl)ul = 0, and B%ll B§3 Bl(fI)B( )BYF) The
global problem can then be expressed in the following matrix form:

N [ RELBERrr RE ¢ BS}Qg)R(“ UF] N (1 — RE 1B u;
= |RY QY BYRr . RO QW as| I | RYTQY Ry

(3.3)

where ag = [a(sl), e ,agN)]T, Rg) is the restriction operator for selecting the local

T
i-th index set a(s) from all index sets ag, and R(SZ)
operator.

is the corresponding transpose

As mentioned earlier, the computation of BI(ﬂF using B(Li) can be avoided by em-
ploying the following saddle point problem with Lagrange multipliers:

T [ A
ur, By By 0 ur,

o || B B HPQY| | W
N0 & () A9
fig 0 QW H! 0 s
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This construction is purely algebraic. We now transform this formulation into a
two-level nonoverlapping additive Schwarz method. We define the new interface space
and new local spaces as follows:

DEFINITION 3.1. (New space) Let
N N\NT . .
Vo :=Vu(l) & Z Rg) ag), and V; = Rcmge(Q(Ll))7
i=1

then the direct sum decomposition holds:
Vi(Q) = RIVo @ RTVi @ ... R V.

Here, RiT : Vi = Vi(Q) for 1 < i < N represents the zero extension to the nodal
points in Qy \ I;. The extension operator R : Vi — Vi,(Q) is defined as:

Ir 0

RYu, = N ) ) N ) N
O TN R B B Rer Y ORIQYRY |

=1 i=1

with its transpose operator Ry : Vi,(Q) — Vi defined as:

N
I Y -RL.BYBY R,

Roup, = =y Up,
nT T
0 Y RY QY Ris
i=1

where It is the identity matriz with respect to I'. We also define the local component
of the coarse space Vo(z) =V ® ag).

We follow the procedure of two-level additive Schwarz methods to construct the
local and coarse solvers. First, we consider the local problem. We define the local
sesquilinear form b;(-,-) on the local space V; as:

bi(ui,vi) = b(RlTul,RlTvl) Yu;,v; €V, 1<1<N.

Next, we define the projection-like operator P; : Vi, — Vj, given by P; = R;-‘FIBZ-,
where P; : V}, — V; is defined as the local solver for the following local problem:

bi(Pyup, v;) = b(up, RFv;) Vo; € V;. (3.4)

The well-posedness of P; depends on the invertibility of the local sesquilinear form
bi(+,-). It is important to note that since we choose Q(LZ) as the orthonormal basis of
H%), we have:

DT () A G i DT 560 A3 .
(L) HI(I)Q(L):I(”7 and Bi:QSJ) B;I)Q(L):dlag{uki+l7...,uni},

where 1() is the identity matrix.
Next, we define the global sesquilinear form by(-,-) on the interface space Vj as:

bo(uo, vo) = b(RE ug, RYve)  Vuo,vo € Vo, (3.5)
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and we denote the corresponding matrix form as By, which is the left-hand side matrix
n (3.3). We consider the projection-like operator P : Vo — V}, given by Py = RI Py,
where Py : V() — V} is defined for the following global interface problem:

bo(Poun, vo) = b(up, Rj vo) Vg € V. (3.6)

We note that the matrix form of the above coarse problem (3.6) is exactly (3.3).
The well-posedness of Py depends on showing the inf-sup condition of the global
sesquilinear form bg(-,-). To demonstrate this, we first define a norm ||| - ||| in the
space Vj.

T

For any ug = [Z ] € Vo, let |||uo||| = |HE woll#, where the minimum H-energy
S

extension operator Hl : Vo — V4, () is defined as:
Ir 0

HTU/ _ N . . N . . m
O TN RLH H Re Y RE,QYRS |
=1 i=1

where H](f) = S—j) (Q%)THI(z-)Q(LZ))_lQ%)T. Since H{ is the minimum H-energy ex-
tension, we have |HZuoll% < ||R%uoll%. The following theorem shows the stable
decomposition of the coarse space and local spaces, as well as the inf-sup condition of
bo(+, ), which guarantees the stability of the new system.

THEOREM 3.2. Any up € Vi, admits the unique decomposition in the form:
N
up = Rguo + E:R;‘Fuz
i=1
with ug € Vo and u; € V; for 1 <i < N. Furthermore, for any vg € Vg, we have

bo(UO, ’Uo) = b(uh, R(j;’l)o),

and )
inf 1Bo(uo, vo)l > .
uo€Vo\{0} voevp\ {0} |l [uolll [[volll
ur
ur N N
Proof. Let up, = = i) (i 3 @) | € Va(Q), then let
g et = (1] = 155 ag e + 35 qag| €5
i=1 i=1

u; = BY(BW R rur + BY) Ry, jup) € Vi for 1 <i < N, and ug = BF} € Vp. It is
S

N
easy to check that up = Rguo + E:R;‘Fu2
i=1
Next, we show the inf-sup condition of bo(+,-). Notice that by the definition
of by(-,-) in (3.5), we have by(ug,v9) = b(RE ug,vp), for any vy, that satisfies v, =
N

Rtvo + ZR;W with v; € V; for 1 < ¢ < N. Using the inf-sup condition of b(-, ), we

i=1
know that for any u = Rg ug, there exists v, € Vj, such that

[b(RE w0, vm)| > VIR wol o lon |2
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Together with the definition of the norm ||| - |||, we have that for any ug, there exists
Vg, such that:

[bo (0, vo)| = [b(RG o, vi)| = VI Rg wollaellonllze = Yllluoll] I[volll
O

Theorem 3.2 implies that the well-posedness of the coarse problem (3.6) is a direct
consequence of the well-posedness of the discrete problem (2.1). Moreover, the inf-
sup constant of the coarse problem is greater than or equal to the inf-sup constant of
the discrete problem. Following the construction outlined above, we obtain an exact
solver for the coarse problem and N local problems, expressed as:

N
B = RE(Bo) ' Ro+ Y RIQ(B) Q)" R,
i=1
However, it is important to note that this direct solver has significant drawbacks
in practical computation, primarily due to the computational cost associated with
solving the interface problem. The size of the interface problem is determined by the
number of DOFs in V,(T") plus Zfil k.

In the next section, we will explore and discuss effective preconditioners for the
interface problem By using the NOSAS (Nonoverlapping Spectral Additive Schwarz)
methods framework. We believe that this approach can be extended to other classes of
Schwarz methods, providing efficient and scalable solvers for the Helmholtz problem.

4. NOSAS Preconditioners for %Bj. In this section, we utilized the con-
cept of Nonoverlapping Spectral Additive Schwarz (NOSAS) to develop a precon-
ditioner for the newly introduced substructure. We design the preconditioner for

N
By = S RYg B RY, where:
=1
o [ B sy
o - T . T i .
0B 0 o

Rrhp 0

0 Rg
pose. It is important to emphasize that By is a complex matrix, necessitating separate
treatment of its real and imaginary parts, which will be discussed in Section 5. In this
section, we focus on preconditioning the real component of By, represented by R By,
while leaving the imaginary component 3By unchanged. We first introduce a pre-
conditioner along with its theoretical proof of the convergence rate when thresholds
close to zero. Additionally, we suggest a computationally more efficient algorithm
that achieves similar numerical performance, albeit with a weaker bound in the con-
vergence proof.

. AT
and R{f )S = [ } is the restriction operator, with Réz )S representing its trans-

4.1. Preconditioner P, . Let us consider the following generalized eigenvalue
problems for i =1,--- , N:

RBe = NVHPE) (=1 V), (4.D)

where the eigenvectors {§J(~i)} are orthonormal with respect to Héi), and N; is the
number of DOFs on I'; combined with the dimensions of Qg). The right-hand side
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positive-definite matrix Héi) corresponds to the minimum #H-energy extension || - ||
norm as follows:
Fr (@) ()
i H
HY = | i) o g o (4.2)
Qs HIF Qg Hp Qg

with f{ﬁ’g = Héllz - Hl(fI)Hg)H%) We note that Yug € Vg, we have:
ZR Hi R o = 11 ol 3

We set a threshold n € (0,1) and denote ng‘) = | Y)7 éi), ce ,(:)]7 where the
chosen eigenfunctions correspond to eigenvalues smaller than 1 — n or greater than

14+ 1n. Let Qgi) [€k+17 . ,51(\?] which are the eigenfunctions corresponding to

the elgenvalues between 1 —n and 1+ . And deﬁne the projection operator H( D=

Q@ B Q) QM B = QP B
Next, note that Hél) is a dense matrix. To facilitate parallelization of the coarse
problem, we consider using a symmetric positive-definite matrix C(gl) with a block

diagonal structure. The construction of C(()l) follows two main principles:

1. Approximation to §RB((]“ : The matrix C’((]i) should closely approximate S?B(()i)
to minimize the number of eigenfunctions needed, implying that the generalized ei-
genvalues should be as close to 1 as possible.

2. Block Diagonal Structure: The matrix should be locally block diagonal with
respect to the vertices and edges in each subdomain. This ensures that the globally
assembled matrix retains a block-diagonal structure, facﬂltatlng parallel computation.

Thus, we propose the following construction for C

) 0 1

O(i) DT 16) A
0 QY HyQY

0 =

where CA’I(flz is the block-diagonal version of fllgllz by breaking the connection between
subdomain vertices and edges.
Then, we should also consider the following generalized eigenvalue problem:

i)t i) (@) i i i)~ (G
@QV)TCQM ¢ =A@ ) THIQY ¢, (4.3)

. N . N
where the eigenvectors ¢§1) are orthonormal with respect to ( Y) )THSZ)QY) . We

denote Qéi) = [Qgi)Lgbgi),Qgi)Lqﬁg),...,Qgi)Lgbgi)], where the chosen eigenfunctions
correspond to the eigenvalues that are smaller than 1 —n or greater than 1+7. Define
. NT .
the projection operator H(’) ng)Q(;) Hél).
(D) — D @ @ — o) H@7 1)
Notice that IT;"”II;” = 0. Let us define: II;;) = II" +115” = Q1. Q. Hy", where
%)e = [Q'”,Q'"]. Then it is straightforward to see that:

()™ Hy" (I = TI)) = 0

€

Let us define our local preconditioned sesquilinear form bgl)(~, E Vo(i) X Vo(i) —C
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as follows:

. . . ~NH . . NT . . T . .
b (), 0y = of " (RB + 9B — (1 =M RBI (T - + (1 -1 e (1 -

€

— " (0 i — DN — 1) DR - 1))l

€

(4.4)

where DY) = 00— RBY).
The global sesquilinear form bp, (-, -) : Vo x Vo — C is then defined as:

N
bpl (UO, 1}0) = Z bgil) (Rl(—\l,)N’U,o, Rl(ﬂl))N’Uo).

i=1

Consequently, we denote the matrix representation of the global sesquilinear form
bp,(-,-) as Bp,.
Together with the local problems, we define the first preconditioner as:

N
i —14@T
Pt = B{Bp!Ro+ 3 RTQE (B)7'Q)) R (4.5)

i=1

Remark 4.1. Apart from some specialized discretization methods, we emphasize
that for B(()l)7 while Bl(fl), BYI), and BYF) are real matrices, the imaginary part of Bl(flz
is nonzero only when the subdomain €2; touches the impedance boundary. We avoid
complex generalized eigenvalue problems because the generalized Schur form (QZ

algorithm) for a complex matrix may not be diagonalizable.

Remark 4.2. The orthonormal property of the generalized eigenfunctions §j(-i) with

respect to Héi) ensures that Q(i)THéi)Q(i) is the identity matrix. Furthermore, let
N . .
%)e be the orthogonal complement of QS;)S with respect to Hél). We have the
following properties:

(1- T])’U%—;_Héi)vri < v%i%Béi)vri <(1+ n)vgiHéi)vpi Yor, € Range(Q%):).

The above properties also hold when replacing %Béi) with C’éi).

Remark 4.3. The sesquilinear form (4.4) is in the form of a block diagonal part
plus two low-rank perturbation parts. Hence, the globally assembled matrix also takes
the form of a block diagonal plus some low-rank perturbation parts. Since %Béz)
appears in the subdomains that touch the impedance boundary condition, the largest
block is associated with all the DOFs on the impedance boundary, while the rest of
the block is associated with all the DOFs on vertices and edges. The parallelization
property is obtained using the Woodbury matrix identity, which we will illustrate at
the end of this subsection.

We note that the size of the global problem in the above method is twice the to-
tal number of selected eigenfunctions from both (4.1) and (4.3), since the sesquilinear
form (4.4) contains two low-rank perturbation parts. Moreover, we need to find all the
eigenfunctions of (4.1). We propose a cheaper approach that does not require finding
all eigenfunctions; instead, only a small number of eigenvalues are needed. Further-
more, the size of the global problem is just the number of selected eigenfunctions.

)

€

))ut’
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4.2. Preconditioner P2_1. Instead of considering two generalized eigenvalue
problems, we consider the following generalized eigenvalue problem locally:

where the eigenvectors fj(»i) are orthonormal with respect to C’éi)

We choose the eigenvectors corresponding to eigenvalues smaller than 1 — 7 and
larger than 1+ 7 to construct the eigenfunction space @ = [552), e ,Sg] € RNixKi
We then define the local projection operators Hg) = Q(i)Q(i)TC’(-)

Next, we define the local sesquilinear form bg(~, E Vo(i) X Vo(i) — C as:
b () o) = o (8 RBOTY + (118 ) (1 - H( >) +iSB)uy’
— " () 413 B — 0 QO DO QWD)

where D() = diagonal(1l — )\(11), -1 )\(Z)) € RExKi The global sesquilinear form
bp,(+,-) is then defined as the sum of all local Sesqulhnear forms. Then, we obtain the
resulting preconditioner as follows:

N
i PNOH
;! = RE(Br) " Ro+ Y _RIQY (B) QY R (4.7)
i=1
4.3. Scalability of the preconditioner. We show the scalability of B;ll. The

scalability of BP is obtained in a similar way. Let C'= ZR(” C(i) +iR¥”)OT %BS”R?}O) Rg)s,

=1
N N
DEENC i i DR OPNC
Uy = R, DRlQRL R, Vi ZR HRY,, U =Y R HP QG Ry,
i=1 i=1

N
Vo= Z RiQ%): Dgi(l(i) — Q%)e %); Héz))R%)s, where R, is choose the eigenfunc-
i=1
tions in i-th subdomain from all chosen eigenspace. Then the matrix of bp, (-, -) can
be written as:
Bp, =C—-U Vi — UsVs.

Since C~! can be computed in parallel, we employ the Woodbury matrix identity
(see Appendix Theorem 8.1) to obtain the explicit expression:

Bpl =C '+ CT UL Up) M [“ﬁj c1,

where M =1 — {“;1] C~1[U1,U,] is a dense matrix.
2

Remark 4.4. For the Helmholtz equation with Dirichlet or Neumann boundary
conditions, the imaginary part of BI(T vanishes. For some special discretizations, such
as Hybrld Dlscontlnuous Galerkin (HDG) with real penalty parameters, the imaginary
part of B - can be constructed as block diagonal. In such cases, C' becomes a block
diagonal matrix with each block associated only with vertices and edges, thus C~! has
an excellent parallel structure. For cases where C&B(()i) is a globally assembled matrix,
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the largest block is associated with all the DOFs on the impedance boundary, while
the rest of the smaller blocks are associated with vertices and edges, therefore C~!
can also be computed in parallel. Finally, for B;ll the size of the global matrix M
is twice the number of selected eigenfunctions, while for B;;, the size of the global
matrix equals the number of selected eigenfunctions.

We also consider the computational cost associated with each iteration of the
algorithm. As for all our proposed preconditioners using RZ and Rq for the coarse
problem, it is important to note that the explicit construction of RY and Ry is un-
necessary, as their actions are equivalent to solving IV local problems. One of the
advantages of using RY and Ry is that, if the residual satisfies 7 = R'rg, and given

that Q(Li)TRiBT =0, we can deduce:
P™'Br = RIBp'RyBr.

This approach is similar to the ”residual correction” method discussed in [22], which is
used for harmonic extension in elliptic problems. Therefore, instead of solving a large
preconditioned system for B, we solve a smaller preconditioned system for By. The
proposed algorithm for the numerical implementation of the preconditioner described
in (4.5) is as follows:

Algorithm 4.1 NOSAS Preconditioner for the Helmholtz Equation

Input: Matrices R;, Bl(fl)7 By, preconditioner Bp, right-hand side vector b.
Output: Solution uy,.

Step 1: Solve the N local problems to obtain solutions u; for 1 < ¢ < N. Then,
multiply each local solution by the corresponding local matrix —BI(fI) to construct
ro, where rg = Rgb.

Step 2: Solve the preconditioned system:

—1 —1
BP Bo’LL() = BP To-

Step 3: Upon obtaining the coarse solution ug by solving the preconditioned sys-
tem, compute RYwug, which is equivalent to solving N local problems. The final

N
solution is then given by uj, = RIug + ZRiTui.
i=1

In particular, local problems are solved only twice, before iteration to obtain u;
for 1 <i < N and Rgb, and after iteration to construct RIug. During iteration, we
solve the preconditioned system of the smaller matrix By using an iterative method,
rather than the entire matrix B. Here, By represents the Schur complement for the
Helmholtz equation, and Bp denotes the preconditioner for By. Importantly, no local
problems need to be solved during the iteration phase.

4.4. Well-posedness of the Coarse Problem When 7 Is Close to zero.
The well-posedness of the coarse problem is closely related to the inf-sup condition of
the sesquilinear form bp, (-, -). The following theorem establishes the inf-sup condition
of bp, (+,-) when 7 is close to zero.

THEOREM 4.5. If n is chosen such that v := v — 2n > 0, the global sesquilinear
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form bp, () satisfy the following inf-sup condition:

mf sup om0l o
uo€Vo\{0} woevi\{o} Il[uolll [[volll
Proof. We first show that
|bo(uo,vo) — bp, (o, vo)| < 2nl[uoll[ [[[volll- (4.8)

Using the definition of sesquilinear form (4.4), we note that

N
T i i i i i
bo 10, v0) = b (o, v0)] = | D e R (1 = TR (CS) = RB{ ) — ) Ry
=1

N
I L e A R AL

<O+0Q®,

)T i
where (@) = ‘ZUHR“ 1= ) (€~ B (1T R o | and @ —jz HRD(1-

) = RB{ ) - 1) R o .
We first show that (D) < n|||uo||||||vol||. Consider V3 (T;) = @ QRe , which

are orthogonal with respect to H(i) And we denote ng)Nuo = ug) = uy + usz, where

w € Q) and up € Q%e Similarly, R{ﬂ)NUO = (" == vy + vy where v; € Q) and
vy € Q(i)L. Let o1, ,px be any set of the normalized basis vectors of Q%)e with

. -\ L
respect to H(gz), and g1, , @y be the normalized basis of Q%)e with respect to
Hél) and orthogonal with Cél). ie

[@K"rl?'” 7@H]TH(§Z)[QDK+17"' 78071] = I’ [(pK"rl"“ 7¢H]TOSZ)[§0K+17"' 7@”] = A7

where A is a diagonal matrix with eigenvalue Agy1, -, A, on the diagonal. Using
Remark 4.2, we note that 1 —n < Agq1 <--- <\, < (1 —|— n).

Let u((f) = 191 + aopa + -+ - oy and vé = B1p1 + Bawz + - - Bron. Then, we
have

O =

iyH 0T i i i)y, (i
o8 (1 =11y (05” — BT - 1)

-

S
Il
-

(1 = Ag41)ag+1Br41 + -+ (1= Ap)ay |

I
.mz

&
Il
-

a1+ a2 = A1) By + o+ (L= Aa)?B1T?

-

s
I
-

N
Z Qgeyr o+ 22 BR g+ 4 B

| A

(ud H ua) V2 (03 H§02) /2 < 1l uo| || |]]vo] .

Il
'Fﬂz I

s
Il
-
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Similarly, we can show that (2) < n|||uol|||||vo]||, except that we use ¢pri1,...,dn

N . .
as the normalized basis of Q1) with respect to RB{” and HS".
Next, using the inf-sup condition of by(-, ) in Theorem 3.2, we have:

[bo (o, vo)| = |[[uoll] [I]vol -

Combining the above result with the triangle inequality, we obtain the desired
result. ]

The next theorem provides the key bounds for the preconditioned system of the
Helmholtz equation.

THEOREM 4.6. For any v, € V,, we have
(I = P B)vnlla < Cnyy)l|vnl o

where C(n,11) = 7’7, and I : V, — V}, is the identity mapping matriz.

Proof. First, notice that I = RI'(By)~ 1ROB—|—ZRTQP i) 1Q RZ-B7 )

=1
I - P 'B=RI(By) 'RoB - RY(Bp,) ' RyB. (4.9)
ur

bet on = Vi, th have th
et vy { } ZR?IQ(U (z)+ZR?1Q(z) (i)| € Vh, then we have the

N
. . v
unique decomposition vy = Rg vo + E Rvai, where vy = LF} € Vo and
s
i=1

vi = B (B Rp ror + B Ry jvr) € Vi for 1 <i < N.

In order to bound (I — P B)(REvy + Y%, RTv;), we first consider the bound
for (I — P{*B)R}vy. Using the property of By, we have:
RY(Bo) 'RoBR{ vy = RE (By) ' Bovo = R vo,

and also
Rg (Bp,)"'RoBRjvo = Ry (Bp,) ™" Bovo.

Together with (4.9), (4.8) and Theorem 3.2, we have that
I = P )Rl = | = B (Br,)" Bl = NG (B (B, = Bl

<
7 —||Jvoll| < ,THUhHH
(4.10)
0 0
N
So, it only reminds to bound (I—-P; 1B . Notice that RyB =
’ < > RE o ; ZRI

=1
6, then we have:

0

J— —1 N —_'
(I - P 'B) SR o =0. 0
i=1
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Finally, together with (4.10), we have that
—1 2n
(I = Py B)up|ln < %thHH-

Next, using Theorem 4.6, we obtain the following bound on the preconditioned
system.

THEOREM 4.7. For the upper bound of the preconditioned system, we have:

Pr'B
max I[P~ Bualln <14 C(nm).
v €Vh HUhHH

Moreover, when C(n,vy1) = i—’f < 1, the lower bound of the preconditioned system
satisfies:
. |(vn, P{ " Bup)u
min ——————>1-C(n,m).
v ol © (. m)
Proof. Notice that ||P; ' Bup||2 < ||vnll% + ||(I — Py ' B)vp|a, the upper bound
follows directly from Theorem 4.6.
For the lower bound, using the Cauchy—Schwarz inequality and Theorem 4.6, we
get:

(vn, (I = Py B)on)a < C(n.m)vnl 3y

Then, the lower bound is easily obtained by moving C(n,v1)||vs||3 to the left-hand
side and moving (vs, P; ' Buy,)y to the right-hand side. 0

Remark 4.8. All the above theorems hold for Py ! with the constant 2 replaced
by Ciaz = O(H/h), where Ci,q, is a constant such that C(()z) < C’mawHéz).

5. NOSAS Preconditioners for By and $By. From Remark 4.4, the scala-
bility of C~! depends on the imaginary part of the linear system. For the Helmholtz
equation subject to impedance boundary conditions, the imaginary part of the matrix
Bl(flz typically consists of a large block matrix, except in specific cases such as the HDG
method with real penalty parameters, where it is already in block diagonal structure.
To obtain better scalability, we propose a new preconditioner that separately han-
dles both the real and imaginary parts, while still ensuring robust convergence for
the preconditioned system. In this section, we focus primarily on the linear finite
element space and present the corresponding results. However, the construction for
other discretizations is similar, since all the construction is entirely algebraic, and the
theoretical proofs are similar.

For the real part, we consider the construction for bp, (-,-). Specifically, we
consider generalized eigenvalue problems in (4.1) and (4.3). We set a threshold
Nre € (0,1) and select eigenvalues that are smaller than 1— 77Re or greater than 1+nRe.

We denote the corresponding eigenvector space as — ¢ Rey ¢ Reps """ N3 Rex, |» and
we denote H%)e = g)e (l) Héz).

To develop better parallehzation properties, we also consider the imaginary part
of B(()l), which is exactly SBI(‘IIZ in the linear finite element space. Let us consider the

following generalized eigenvalue problem:

SB{L&rn, = Mo, WEStinrn, (=1 M), (5.1)
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where the eigenvectors fgzj are orthonormal with respect to 51(111)1 Here SSI)I =
Hﬁ% - Hgl)z(Hl(g{)’1HI(-;1)1 is the minimum H(-energy extension from Vj,(II;) to
Vi (82;), where II; := 09, (09, R; := I, |J(092;\0Q) and N; is the number of DOF's
on I'; N 9Q. For a threshold 7y, € (0,1), we denote ng) = [5;211,«55212, e ,552%],
where the chosen eigenfunctions correspond to the eigenvalues that are smaller than
1 — nry, or greater than 1 4 np,. Let Q ? [gImk_H .. 7fzm ], which are the

eigenfunctions corresponding to the eigenvalues between 1 — 7y, and 14+ 01m.-
We should also consider the following generalized eigenvalue problem:

NG NO= i) AT G
@)y oy = Ao, (@) TRESHQY 61, (52)

Diag

Where Cl()lag is the diagonal or block-diagonal form of %Bl(fg We denote Qél) =
[Q1 ¢Im17Q1 ¢I7n2 e ,nglqﬁ%)ng}, where the chosen eigenfunctions correspond

to the eigenvalues that are smaller than 1 — 7y, or greater than 1+ 7;,,. We denote
o = (017, @5"). and 1Y), = QP QF), S

Remark 5.1. On the r1ght—hand side of the generalized eigenvalue problems in

(5.1) and (5.2), there is a constant hk on the right-hand side. This is because in the

linear finite element space we have SBrp, (¢ ) < ChhkAHH, where A%h is the II; part of
the stiffness matrix A®, and C), = O(1 ) is a constant that depends on the shape of
the elements. Therefore, we have:

SBY < ChkhHS) < CLCrnanhkSLY, (5.3)

where Cynq = O(H/R) is the constant such that Hgl)j < C’kas*l({l)T

We then define a sesquilinear form bp,(+,-) : Vo x Vy — C as follows:

bgz;@g@,v(g“):vgﬂ”(m@umy (1 -1ORBO 1 -1y + 1 -1 el - nd

(I H(l)

Im

JSBY (1 —T,) + (1 =T ICH, (1~ 110, Juf”

— " () + 108

@ = DWny) 1 p) (1 -y —ip{ ) ...

Im~"Im

) D ol

where DY) = C§") — RB{”, and DY), = ¢} — 3B,
The resulting precondltloner can be written as:

RT(BP3) 1RO+ZRT (7') ) Q(Z) Z'

=1

Similarly to the analysis in Section 4, we have the following theorems for the
well-posedness of the coarse problem of the second preconditioner.

THEOREM 5.2. Choosing n such that v = v — 2nge — 2hknr, > 0, the global

sesquilinear form bp,(-,-) satisfy the following inf-sup condition:

f |bp, (10, o) > .
UOGVU\{O}UOEVO\{O} [[lol[] [[volll

i)

€
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Proof. This follows from a similar proof as shown in Theorem 4.5. O

We also have the following theorem regarding the convergence rate of the precon-
ditioner.

THEOREM 5.3. For the upper bound of the preconditioned system, we have:

PilB'Uh H
max T8 Bunlln < 1+ C(NRes Nrm, V2)s
VR EVh ||UhHH
where C(MRre, Mim,Y2) = M Moreover, if we choose nre and N, such that

7
C(NRe, Nim,v2) < 1. Then, the lower bound of the preconditioned system satisfies:

|(vn, Py " Bup)u|

in ——=——*""=>1-C , ,Y2)-
vinel‘r}h ||’UhH%_[ = (771%5 Nim 72)
Proof. This follows from a similar proof as shown in Theorem 4.7. ]

Remark 5.4. For the imaginary part, since hk is very small, 7y, can be chosen as
a small number compared to ng.. This is verified by numerical experiments, indicating
that convergence remains robust with relatively smaller thresholds for the imaginary
component.

We also propose a cheaper preconditioning method similar to P* in (4.7). Let
%) and the projection operators Hgl = (Z) %33 C’(z) be obtained from (4.6). We

€
solve the following generalized eigenvalue problems locally for the imaginary part:

SB{EY = APChLE =1 ), (54)

where the eigenvectors §§i) are orthonormal with respect to C](Dii)ag. We denote ngr)n
as the eigenspace of eigenvalues that are either smaller than 1 — Mim Or larger than

1+ nrm. The projection operators are defined as H QImQI) Cgldg
Next, we define the local sesquilinear form bggz(-, E VO( ) x Vo(l — C as follows:

i i i i i)T i i
b (g, 05) = o () RBJTI) +<1—H%3€ )C5 I~ T -+

e

+ s + (-1 yie$) (-1 y)ul?

Diag
(] K3 3 T K3 3 K3 K3 K3 3 K3
= U(() ) (C C](Z)l)ag C( )QR) D( QR)e C(() 1C’Dl)ag w D§7ZL o C](Z)l)ag)u(() )’
here D) = diag(1— ) -+, 1-A%) ), and DY) = diag(1-A) .- 1-A0) )
whnere Re 1ag Rey’ ReK an 1ag Imy» Imy )t

The global sesquilinear form b p4( ,+) s then deﬁned as the sum of all local sesqulhnear
forms. The resulting preconditioner is:

N
i _ HT
= RI(Bp) 'Ro+ >_RTQY(B)'QW R
=1

Remark 5.5. All of the above theorems also hold for P, !, with the constant 2
replaced by Cpyee = O(H/h).
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6. Numerical Experiments. We present numerical results for problem (1.1)
with f = 0 and varying wavenumbers k. The computational domain is the square
Q = (0,1)2, with an impedance boundary condition defined by the plane wave elkV-X
on 0. Here, the direction vector is V = (cos(7/8),sin(m/8)), and X represents the
coordinate vector of the wave. The domain € is discretized using a triangulation 7y,
which consists of 1/h? congruent squares, each subdivided into two right-angled tri-
angular elements. Additionally, we partition the square domain into 1/H? congruent
square subdomains, where H is an integer multiple of h.

To evaluate the performance of the four preconditioners, we employ different finite
element spaces, focusing primarily on P, L and P, 1 due to their lower computational
cost. For all tests, we set § = 0.01 in the generalized eigenvalue problems (3.1)
to ensure local problem solvability. For the real part generalized eigenvalue problems
(4.6), we test performance with varying ngr. and select eigenvalues outside (1 —nge, 1+
Nre) to construct the coarse problem. For P, !, we additionally consider the imaginary
part generalized eigenvalue problems (5.4) with 17, = 0.9, but no eigenfunctions are
selected since all eigenvalues lie within (0.1, 1.9). Therefore, all tests primarily display
the iteration counts and selected eigenfunctions from the real part eigenvalue problem.
The method is implemented via Algorithm 4.1, where N local problems are solved
both pre- and post-iteration, and GMRES solves the preconditioned system with By
until the relative residual error falls below 1076 in the ¢?>-norm.

We first present numerical results using the linear finite element method, com-
paring the performance of preconditioners P, Land P[l. The results, summarized in
Table 1 and Table 2, indicate that P; ! selects a smaller number of eigenvalues and
achieves a slightly better convergence rate, consistent with the convergence theorem.
However, the global matrix size for P, !is twice the number of selected eigenfunc-
tions, while for P4_1 it equals the number of selected eigenfunctions, therefore the two
preconditioners have similar sizes of global matrices. Considering P, bs superior scal-
ability and lower computational cost for solving the eigenvalue problem, we conclude
that P; ! is the more effective preconditioner overall.

k =20 k=30
}lf{ 12 | 1/4 | 1/8 | 1/16 ]zf{ 1/4 | 1/8 | 1/16 | 1/32
1/32 | 8(18) | 8(9) | 7(4) | 6(3) 1/64 | 7(16) | 6(9) | 7(4) | 6(3)
1/64 | 7(22) | 7(12) | 6(8) | 7(4) 1/128 | 7(16) | 8(9) | 7(7) | 8(4)
1/128 | 7(22) | 7(12) | 7(8) | 8(5) 1/256 | 8(16) | 9(9) | 8(7) | 9(5)
k=40
hlf 1/8 | 1/16 | 1/32 | 1/64
1/128 | 7(12) | 7(8) | 9(4) | 6(3)

7(
1/256 | 7(12) | 8(8) | 10(5) | 9(4)
1/512 | 8(12) | 8(8) | 14(5) | 11(5)

TABLE 1
GMRES iterations with preconditioner Pfl (B =0.01, n =0.4) using P1 finite element. Paren-
theses indicate the number of selected eigenfunctions per subdomain for the generalized eigenvalue
problems (4.1) and (4.3).

As the wavenumber k increases, the mesh size h must decrease to maintain proper
resolution for the Helmholtz equation, consequently increasing iteration counts. We
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K =20 K =30
N foya | oys [ ae || N s | ys | e | s
1/32 | 10(17) | 10(8) | 9(4) | 8(6) 1764 | 11(13) | 15(7) | 9(6) | 8(6)
1/64 | 11(25) | 11(13) | 11(9) | 10(7) || 1/128 | 10(19) | 14(12) | 12(9) | 11(8)
1/128 | 11(27) | 10(17) | 10(12) | 10(10) || 1/256 | 10(24) | 16(16) | 13(13) | 13(9)
K =10
hH 18 | 116 | 1/32 | 1/64
1/128 | 11

(13) [ 12(9) | 11(7) | 8(6)
1/256 | 10(17) | 10(12) | 12(10) | 12 (9)
1/512 | 10(20) | 9(16) | 13(13) | 10(11)

TABLE 2
GMRES iterations with preconditioner P;l (B = 0.01, nre = 0.4, nry = 0.9) using P1
finite element. Parentheses indicate the number of selected eigenfunctions per subdomain for the
generalized eigenvalue problems (4.6).

evaluate P, bg performance for large wavenumbers using both P1 and P2 finite el-
ements in Table 3 and Table 4, respectively. Our numerical experiments show that
reducing the threshold parameter 7 effectively mitigates the iteration growth at higher
wavenumbers. For fixed values of k and h, reducing the subdomain size H leads to
larger global problem dimensions, as our approximation strategy for near-zero eigen-
values becomes less effective with decreasing H. Thus, optimal selection of both H
and 7 is crucial for Helmholtz preconditioning. The optimal choice of H depends
on computational constraints: the processing capacity per compute node and the
maximum locally solvable eigenvalue problem size. The threshold 7 is determined
empirically. The rule of thumb for choosing an appropriate threshold is to select as
few eigenfunctions as possible while ensuring reasonably fast convergence. We avoid
selecting an excessively small threshold, as this would include too many eigenfunc-
tions, thereby increasing computational costs despite potentially reducing iteration
counts. Furthermore, as demonstrated by the convergence theorem, the impact of
the imaginary part is minimal - even when 7y, decreases to 0.5, only one additional
eigenvalue is chosen per subdomain, with negligible effect on the convergence rate.
Since 77, = 0.9 selects no eigenfunctions for the imaginary part generalized eigen-
value problems, the global problem is constructed solely from eigenfunctions selected
in the real part. Finally, we note that selecting all eigenvalues from the real and
imaginary parts yields a direct solver.

We next present results for the linear HDG method. For implementation details
of the HDG method, we refer to [3]. A crucial aspect of HDG for the Helmholtz
equation is the selection of the stabilization parameter 7, which may be either purely
real or purely imaginary. Stability and error analyses for these choices are available in
[23, 4]. When 7 is purely real, the imaginary part of the resulting HDG linear system
becomes block diagonal, with each block corresponding to an element. This structure
allows direct application of P{l without considering the imaginary part generalized
eigenvalue problems. Conversely, when 7 is purely imaginary, the imaginary part of
the linear system forms a globally assembled matrix, requiring the use of P, 1 In
this case, since the local problem is well-posed, we avoid solving the first generalized
eigenvalue problem, resulting in the simplified local solver B; = R; BRI = BYI)
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k =50 k =60
N a 1/8 | 1/16 | 1/32 | 1/64 hH 1/16 | 1/32 | 1/64 | 1/128
1/256 | 9(27) | 9(17) | 11(13) | 8(11) 1/512 | 9(20) | 9(16) | 10(13) | 9(11)
1/512 | 9(28) | 9(20) | 9(16) | 10(13) 1/1024 | 9(21) | 10(16) | 9(16) | 10(13)
171024 | 9(29) | 9(21) | 9(17) | 9(15) 172048 | 9(27) | 9(23) | 10(17) | 9(15)

TABLE 3
GMRES iterations with preconditioner P4_1 (B = 0.01, nge = 0.2, Ny = 0.9) using P1
finite element. Parentheses indicate the number of selected eigenfunctions per subdomain for the
generalized eigenvalue problems (4.6).

k=50 k =60
hH 1/8 1/16 1/32 1/64 hH 1/16 1/32 1/64 1/128
1/128 | 7(28) | 6(20) | 7(15) | 7(12) 1/256 | 7(20) | 7(16) | 10(13) | 7(12)
1/256 7(28) 7(20) 7(16) 10(13) 1/512 7(23) 8(17) 7(16) 10(13)
1/512 | 7(29) | 7(21) | 8(18) | 7(16) 1/1024 | 7(28) | 7(23) | 7(20) | 8(16)
TABLE 4

GMRES iterations with preconditioner P471 (B = 0.01, nre = 0.2, nry = 0.9) using P2
finite element. Parentheses indicate the number of selected eigenfunctions per subdomain for the
generalized eigenvalue problems (4.6).

In the numerical tests below, we evaluate the performance of these two precondi-
tioners for different choices of 7. Table 5 and Table 6 present the results for real 7 with
varying thresholds 7, while Table 7 shows the corresponding results for imaginary .
The preconditioner performs significantly better for real 7 than for imaginary 7, since
for real 7 we only need to solve real eigenvalue problems, and the imaginary part re-
mains block diagonal due to HDG properties - making the preconditioner’s imaginary
part identical to the original system’s imaginary component. Similar to FEM cases,
our experiments confirm that increasing wavenumber k and decreasing mesh size h
requires reducing threshold parameter n to maintain convergence rates. For fixed k
and h, smaller subdomain size H increases coarse problem dimensions due to our
preconditioner’s approximation properties, making optimal selection of both H and
7 crucial for Helmholtz preconditioning. Theoretically, we select eigenvalues either
smaller than 1 — # or larger than 1+ n. Numerically, we observe that for Helmholtz
problems, larger eigenvalues significantly degrade convergence rates - unlike elliptic
problems where large eigenvalues have a modest impact on the convergence rate. Fur-
thermore, we find that selecting eigenvalues either smaller than 1 — n or larger than
2 achieves comparable convergence rates to those shown in the tables, while substan-
tially reducing the number of selected eigenfunctions per subdomain and consequently
decreasing the global problem size.

7. Conclusion. In this paper, we introduce a novel iterative substructuring ap-
proach that guarantees the well-posedness of local Dirichlet problems for arbitrary
wavenumbers. The proposed substructuring framework provides a general structure
that can be readily adopted by other domain decomposition methods. Building on
this structure and motivated by the success of generalized eigenvalue problems in pre-
conditioning elliptic equations with heterogeneous coefficients, we develop two new
classes of preconditioners within the NOSAS framework: one targeting the real part
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k=120 k=30

N2 | | ys | e N s |y | s | s

1/32 [ 18(17) | 14(9) | 13(6) | 19(4) 1/64 | 12(16) | 12(10) | 13(6) | 21(4)

1/64 | 11(30) | 14(13) | 12(9) | 11(6) 1/128 | 13(24) | 12(14) | 12(8) | 11(6)
=10 =50

hH 18 | 1/16 | 1/32 | 1/64 > BVt | 132 | 1764 | 17128

17128 | 15(13) | 13(9) | 13(6) | 22(4) 17256 | 12(14) | 17(7) | 14(6) | 23(4)

1/256 | 18(25) | 11(14) | 14(7) | 13(6) 1/512 | 10(25) | 11(14) | 13(7) | 14(6)

TABLE 5

GMRES iterations with preconditioner P{l (B =0.01, n = 0.7) using linear HDG. Parentheses
indicate the number of selected eigenfunctions per subdomain for the generalized eigenvalue problems

(4.6).
k=120 k=30
N2 | | ys | g N s | ys | e | s
1/32 | 7(53) | 8(24) | 7(13) | 7(6) 1/64 | 7(50) | 7(25) | 7(13) | 20(5)
1/64 | 6(105) | 7(51) | 7(25) | 6(12) 1/128 | 7(108) | 7(50) | 7(25) | 6(12)
k=10 k=50
hH 1/8 | 1/16 | 1/32 | 1/64 > B0 16 | 132 | 164 | 17128
1/128 | 7(51) | 7(25) | 7(12) | 21(6) 17256 | 7(50) | 7(26) | 6(12) | 23(6)
1/256 | 6(102) | 6(51) | 6(26) | 6(12) 1/512 | 6(102) | 6(51) | 6(26) | 6(12)
TABLE 6

GMRES iterations with preconditioner P2_1 (8 =0.01, n = 0.4) using linear HDG with T =
k. Parentheses indicate the number of selected eigenfunctions per subdomain for the generalized
eigenvalue problems (4.6).

k=20 k=30
H H
h 1/2 1/4 1/8 1/16 A 1/4 1/8 1/16 1/32
1/32|15(17,14) | 14(9,8) |14(6,5)|19(4,2) 1/64 |14(15,16) | 12(10,9) | 14(6,5) | 25(4,2)
1/64 |14(27,27) | 14(13,18) | 14(9,9) | 13(6,4) 1/128 | 15(24,36) | 14(14,18) | 15(8,9) | 16(6,4)
k = 40 k=50
H H
h 1/8 1/16 1/32 1/64 A 1/16 1/32 1/64 | 1/128
1/128 | 15(13,18) | 15(9,9) |17(6,4)|32(4,2) | | 1/256 | 15(14,18) | 24(7,9) |23(6,4) |44(4,2)
1/256 | 21(25,36) | 15(14,18) | 21(7,9) | 22(6,4) | | 1/512 | 16(25,36) | 17(14,18) | 24(7,9) | 33(6,5)
TABLE 7

GMRES iterations with preconditioner F’;1 (B = 0.01, nre = 0.7, Ny, = 0.9) using linear

HDG with 15 =

ne

the generalized eigenvalue problem (4.6) and (5.4), respectively.

Parentheses indicate the number of selected eigenfunctions per subdomain for
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of the Helmholtz operator and another jointly addressing its real and imaginary com-
ponents. We establish asymptotic convergence theorems for near-zero thresholds and
present supporting numerical results for various discretizations with large wavenum-
bers.

Our preconditioners possess several features:

1. They are of nonoverlapping type, offering lower computational costs and
memory requirements compared to overlapping methods.

2. The generalized eigenvalue problems involve only real matrices with sym-
metric positive-definite right-hand sides, enabling efficient computation via
Cholesky decomposition while ensuring high numerical accuracy in local ei-
genvalue and eigenvector computations.

3. The construction is purely algebraic, based solely on local Neumann matrices,
which allows for easy adaptation to various discretizations, heterogeneous
coeflicients, and complex geometries without geometric constraints.

Future research directions include extensions to multilevel preconditioners and ap-
plications to related wave-propagation problems. The generality of our substructuring
framework suggests potential adaptations to other domain decomposition methods,
particularly for high-frequency or heterogeneous problems.

8. Appendix.

THEOREM 8.1 (Sherman-Morrison-Woodbury formula). Let A be an n x n ma-
triz, C; be a k; X k; matriz, U; be an n X k; matriz, and V; be a k; X n matriz for
i =1,2. Define U = [U1,Us], V = E;l], and C = {Cl C} Assume that A, C,

2 2
and C~Y4+V AU are invertible. Then, A+U,C1Vi +UsC5 Vs is also invertible, and
we have that

(A+ULCiVL +UsCoVo) P =A" —A U (Cc 4+ vA~ )~ tvAa™h (8.1)

Proof. Note that UCV = U;C1V1+U3C5 V5. Therefore, we can apply the Sherman-
Morrison-Woodbury formula to A + UCV. ]

We note that if A, C, and A+ UCYV are invertible, then C~! + V A~1U must also be
invertible.
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